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1. WHY ALGEBRAIC GEOMETRY & SCHEMES?

Classical algebraic geometry is the study of affine algebraic sets, X C C", given by the common zero
set of a bunch of polynomials,

X = {fi(2) = ... = fulx) = O},

forsome f1,..., fx € Clz1,...,xy).
Remark v.x. Classical algebraic geometry also studies projective algebraic sets.

Classical algebraic geometry is captured by the slogan:
“algebra = geometry”

The slogan “algebra = geometry” is captured in the algebra-geometry correspondence. This correspon-
dence forms a fundamental bridge between geometric objects and algebraic structures. This correspon-
dence allows us to translate geometric problems into algebraic ones and vice versa. This duality is central
to many powerful methods and results in affine algebraic geometry, enabling a deep interplay between
geometry and algebra. When K is algebraically closed, this leads to the classical algebra-geometry corre-
spondence:

{Affine algebraic subsets of X C K"} <— {Radical Ideals of K[z1, - - - , 2]}

Scheme theory is the language of modern algebraic geometry. Since the slogan “algebra = geometry” is
already embodied in classical affine algebraic geometry correspondence, why go further? One motivation
lies in the following meta-principle:

A scheme is to a variety as an abstract

manifold is to an embedded submanifold of R™.

Recall the Whitney embedding theorem, which states that any smooth finite-dimensional manifold can
be embedded in R™ for some n € N. Yet, smooth manifold theory is not about studying objects distinct
from submanifolds of R™, but about understanding them in a way that emphasizes intrinsic properties,
free from artifacts of any specific embedding. Similarly, scheme theory seeks to study classical affine and
projective varieties intrinsically—beyond their realization as subsets of affine or projective space. This per-
spective not only clarifies foundational aspects but also provides the natural framework for advanced topics
in algebraic geometry.

(1) Intersection Theory: Consider a basic example from intersection theory: the intersection of the
line y = 0 and the parabola y = 2. Classically, their intersection is the single point (0, 0), but this
misses an important feature—namely, tangency. From a scheme-theoretic perspective, the intersection
is given by

SpecR[z,y]/(y,y — 2°) = SpecRlz]/(a?),
which reflects the fact that the curves are tangent at the origin. Thus, the scheme-theoretic approach
captures geometric information—Ilike tangency—that the classical viewpoint overlooks.

(2) Moduli Spaces: Scheme theory also provides the natural language for constructing and understand-
ing moduli spaces—parameter spaces that classify algebraic objects up to isomorphism. In many im-
portant cases, moduli spaces are most naturally and accurately described using the language of stacks.
This is particularly true when the objects being classified have non-trivial automorphisms. Stacks gen-
eralize schemes, allowing for a more flexible framework. In this sense, schemes serve as a foundational
stepping stone toward understanding stacks, making scheme theory an essential prerequisite for mod-
uli theory.
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Part 1. Spectrum of a Ring

The spectrum of a ring forms a fundamental bridge between commutative algebra and geometry. It
provides the foundational framework through which algebraic data—such as rings and their ideals—are
reinterpreted in geometric terms. In this part, we develop the concept of Spec R, the spectrum of a commu-
tative ring R, and introduce the Zariski topology, which endows Spec 2 with a natural topological struc-
ture. The notion of the spectrum serves as the starting point for the theory of affine schemes, which are
locally modeled on spectra of rings, and ultimately paves the way for the construction of general schemes.

2. AFFINE ALGEBRAIC SETS

The goal of affine algebraic geometry is to study the solution sets of polynomial equations in several
variables over a fixed ground field. We introduce the main objects of study and outline the relationship
between algebra and geometry.

Remark 2.x. We denote affine n-space over a field K by
Ag :={(ar,...,a,) | @i e Kfori=1,...,n},
which is just K" viewed geometrically. We will abbreviate Ag as A",

LetK[z1,. .., zy] be the polynomial ring in 1 variables over K. We begin by defining an affine algebraic
set.

Definition 2.2. Forasubset S C K[z1, ..., z,] of polynomials, the affine zero locus of S,
V(S) :={z € A" : f(z) =0foral f € S} C A",
is an affine algebraic set.

Note thatif a is the ideal generated by S, then V(S) = V(a). Moreover, V(a) = V(y/a) where \/a is
the radical ideal of a.

Remark2.3. IfS = {f1,..., fr}isafiniteset, wewillwrite V(S) = V(f1,..., fr). SinceK[z1,- -, 4]
isa Noetherian ring, Hilbert’s basis theorem (Proposition 27.6) implies that everyV (S) isof the form V (f1, . . ., fx)
formmefl,- te 7f’r‘ € K[‘rh' te ,SCn].

Example 2.4. The following is a list of affine algebraic sets:

(1) Any pointin A" witha = (ay, ..., a,) € A" isan affine algebraic set.
(2) Linear subspaces of A™ are algebraic sets.
(3) Let K = R. Some affine algebraic sets in R? are shown below:

V(z? +y* 1) V(y2—a3-1) V(zy)
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Our goal is to study geometric properties of affine algebraic sets through their defining polynomials
from an algebraic perspective. However, it is not sufficient to consider only the initially given polynomials,
since they are not unique. For example,

V(z® + 9% —1) = V((@* +¢* - 1)),

even though the defining expressions differ. This motivates the need to consider all polynomials that vanish
on a given affine algebraic set—that is, its vanishing ideal.

Definition 2.5. Let X C A" be any subset. The ideal of X is the set:
I(X):={f €eKlz1,...,x,) : f(z) =0forallz € X}.
Remark 2.6. 1(X) is indeed an ideal, as can be easily verified. In fact, it is a radical ideal.

Note that we now have two distinct operations, V(-) and I(-). Moreover, these operations allow us to

move and forth between subsets of A™ and subsets of K[x1, - - - , 2.
{Subsets of A"} <— {Subsets of K[z1,- -+ ,zp]}
X s I(X)
V(S)«— S

Actually, [(X) is a radical ideal of of K1, - - - , 2] and I(S) is an affine algebraic subset of A™. Hence,
we have the following maps:

{Affine algebraic subsets of A"} <— {Radical ideals of K[y, - - - , zp]}
X = 1(X)
I(S) <~ S
This begs the question: are the operations V(-) and I(-) and inverses of each other? An investigation of

this question is important since since it is in some sense the central question in affine algebraic geometry:
is there a bijective correspondence between geometric objects (affine algebraic sets) and algebraic objects

(radical ideals)?

Conjecture 2.7. Let K be an algebraically closed field. Consider the operations V (-) and 1(-) define above.

{Affine algebraic subsets of A"} <— {Radical ideals of K|x1,- - ,xp]}
X s I(X)
I(S) <~ S

Then V (-) and 1(-) yield an inclusion-reversing bijective correspondence between affine algebraic sets of A™
and radical ideals K[x1, - -, xy)

We will prove Conjecture 2.7 in Proposition 3.6. For now, we assume the validity of the bijective corre-
spondence between affine algebraic sets and their vanishing ideals, and explore some of its consequences.
Throughout, we assume K is an algebraically closed field. If X C A" is a fixed affine algebraic set, we are
often interested in identifying polynomials in K[z, . .., 2, that take the same values at every point of

X. This leads to the following definition:

Definition 2.8. Let X C A" be an affine algebraic subset. The coordinate ring of X is the quotient
ring:
Klzy, -, 2]

AKX ="
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Remark 2.9. In A(X), we identify two polynomials f, g € K|z, ..., x| if and only if f — g vanishes on
X; thatis, f(x) = g(x) forall x € X. Thus, an element f € A(X) can be viewed as a function X — K,
given by evaluating a polynomial at points of X, where functions differing by a polynomial vanishing on X
are considered equal.

Given a fixed affine algebraic set X, one may focus on studying affine algebraic subsets of X. This
motivates the following definition:

Definition 2.10. Let X C A" be an affine algebraic subset and A(X) be the associated co-ordinate ring.
Forany S C A(X), the X -affine algebraic subsets is the zero locus

Vx(S)={z € X: f(z)=0forall f€ S} C X
For subset Y C X,
Iy(Y) = {f € A(X): f(z) = Oforallz € Y} C A(X)
is the ideal of all polynomials on X that vanish on Y.
The assumed bijective correspondence can now be refined as follows:

Conjecture 2.0x. Let K be an algebraically closed field. Let X C A™ be an affine algebraic subset. There is
an inclusion reversing bijective correspondence:
{Affine algebraic subsets of X C A"} <— {Radical ideals of A(X)}
Y = Ix(Y)
Vx (S ) — S

We now illustrate this principle with several examples.

Example 2.12. We can give a geometric interpretation of various operations of ideals:

(1) Clearly, Vx(0) = X and Vx (A(X)) = 0.
(2) Forany two ideals I, J be ideals in A(X), note that I + J is the ideal generated by 1 U J. We have:

Vx(IUJ)=Vx(I+J)
={reX: f(x)=0foral feTUJ}
={reX: f(x)=0foralfel}n{z e X: f(x)=0forall f € J}
=Vx(I)NVx(J).

Hence, the ideal I U.J corresponds to the union of the algebraic sets Vx (1) and Vx (.J). In particular,
if I +J = A(X), then I and J are coprime ideals, and

Vx(I) N Vx(J) = (.
(3) For any two X-affine algebraic subsets Y, Z C X:

Ix(YUZ)={fe€ AX): f(x) =0forallz € YU Z}
={feAX): f(z)=0foralz e Y}N{f € AX): f(x) =0forallz € Z}
= Lx(Y)NIx(Z).

Hence, the ideal Iy (Y') NIx (Z) corresponds to the union of the affine algebraic subsets Y, Z C X.
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Algebraic Subsets Ideals of K[z1,. .., 2]

A" (0)
0 Klz1,...,z,]
X A(X)
Ynz I+J
YuZz InJ
YCZ I:J
YNZ=1 I+J=A(X)

Algebra—geometry correspondence. Here Vx (/) = Yand Vx (J) = Z.

(4) For any two X-affine algebraic subsets Y, Z C X:
Ix(Y\Z)={f € AX): f(z) =0forallz € Y\ Z}
={f e AX): f(z)g(x) =0forallz € Yandg € Ix(Z)}
={f e AX): f-Ix(2) CIx(Y)}
=1Ix(Y):Ix(2)
So taking the set-theoretic difference Y\ Z corresponds to quotient ideals.

Given X C A" andY C A™, we can also consider functions between affine algebraic subsets.

Definition 2.13. Let X C A" and Y C A™ be affine algebraic sets. A polynomial morphism from X
to Y is a set-theoretic map
f: X—>Y
such that there exist polynomials fi, ..., fp, € Klz1, ..., 2, satisfying
F@) = () fnla)) €Y
forallz € X.

Given the algebra-geometry correspondence discussed above, a natural question arises: what is the alge-
braic counterpart at the level of coordinate rings of a polynomial morphism between affine algebraic sets?
The answer is provided by the following definition:

Definition 2.14. Let X C A" and Y C A™ be affine algebraic setsand f : X — Y be a polynomial
morphism. Then f induces a ring homomorphism

¢: AY) = A(X)
g=gof=g(fr, fm)
given by composing a polynomial function on Y with f to obtain a polynomial function on X.

Remark 2.15. 1t is casy to check that the ¢ defined above is a K-algebra homomorphism.

Example 2.16. Let K = R, X = A! (with coordinate x) and Y = A? (with coordinates 1 and 32).
Then A(X) = R[z] and A(Y) = R[y1, y2]. Consider a polynomial morphism of affine algebraic sets,

f:X—=Y
z— (x,2?)

The image is obviously the standard parabola Z = V(ys — 3?).
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The associated ring homomorphism A(Y') = Rly1, y2] — R[z] = A(X) is given by composing a
polynomial function defined on Z with f, i.e., by plugging in = and 22 for y1 and 1o, respectively:

Rly1, y2] — R[z]
g g(x, %),

Example 2.r7. Let f : X — Y be a polynomial morphism of affine algebraic sets, and let ¢ : A(Y) —
A(X), g — g o f bethe associated map between the coordinate rings.

(1) For any X-affine algebraic subset Z, we have
I(f(2)={g9g€ A(Y) : g(f(x)) =0forallz € Z}
={9c A(Y): ¢(9) € 1(2)}
=¢71(1(2))

Hence, taking images of X -affine algebraic subsets corresponds to the contraction of ideals.
(2) For any Y -affine algebraic subset Z, the zero locus of the extension I (Z) by ¢ is

V(o(I(2))) ={x € X : g(f(x)) =0forallg € I(Z)}
= f_l({y €Y :g(y) =0forallg € 1(Z)})
= 71 (V(1(2)))
=f12)
Hence, taking inverse images of Y -affine algebraic subsets corresponds to the extension of ideals.

Remark 2.18. One can keep on asking similar guestions:

(1) What X -affine algebraic sets correspond to maximal ideals in of A(X)?
(2) What X -affine algebraic sets correspond to prime ideals on of A(X)?

We will answer this question in Proposition 3.20 by arguing that maximal ideals in A(X) correspond ro points
in X and prime ideals in A(X) correspond to irreducible' X -affine algebraic sets.

3. ALGEBRA-GEOMETRY CORRESPONDENCE

We now set out to prove the algebra-geometry correspondence for affine algebraic sets. To do so, we
first need to define a topology on the set of affine algebraic sets. This can be done via the following result:

Proposition 3.1. The following properties are true for affine algebraic sets in A"

(1) The empty set and the whole space are affine algebraic sets.
(2) The intersection of any family of affine algebraic sets is an affine algebraic set.
(3) The union of two affine algebraic sets is an affine algebraic set.

Proor. The proof proceeds in the following steps:

"We will need to make sense of irreducible algebraic subsets as well.
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(1) The empty setis ) = V(1), and the whole space is A™ = V(0).
(2) If Yy, = V(T,) is any family of algebraic sets, then

ﬂn:V<Un>,
50, Ya is also an affine algebraic set.
(3) Let Yy = V(T1) and Yy = V(T3), where 11, To» C K[z, ..., xy]. Then
Y1 UYs = V(T Ty),
where T1T5 denotes the set of all finite sums of products fg with f € T7 and g € T5.
(a) Ifx € Y1 U Y5, then z is a zero of every polynomial in 7775 since € Y7 implies f(z) = 0 for
all f € Ty, and similarly for Y5.
(b) Conversely, suppose x € V(11T%) butz ¢ Y;. Then there exists f € T} such that f(z) # 0.

Forany g € Tb,since (fg)(x) = f(x)g(z) = Oand f(z) # 0, it follows that g(x) = 0.
Hence, z € Y5.

This completes the proof. O

Proposition 3.1 implies that the collection of affine algebraic sets is closed under arbitrary intersections
and finite unions. This observation motivates the following definition of a topology:

Definition 3.2. The (classical) Zariski topology on A" is defined by taking open subsets to be the com-
plements of affine algebraic sets. This is a topology by Proposition 3.1.

What are the basis open sets in the (classical) Zariski topology? Let U C A" be open in the Zariski
topology. By definition, its complement U is an affine algebraic set, so

Uc=V()
for someideal I C K[z, ..., zy,]. Since
U= V()
fel

it follows that

v=Jve=UDWu.
fel feI

where

D(f) ={z € A" | f(z) # 0}.
Hence, the collection

{D(f) | f € Klzy,...,xn]}

forms a basis for the Zariski topology. Sets of this form are called distinguished open sets.
Example 3.3. Let K be an algebraically closed field. Consider the Zariski topology on A®. Since every ideal

in K[z] is principal, every algebraic set is the zero locus of a single polynomial. Given that K is algebraically
closed, every nonzero polynomial f(x) € Klx] factors as

f(@) =c(z —ar) - (z = an),

forsomec,ay,...,a, € K. Thus,

V(f) ={a1,...,an}.
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Consequently, the (closed) algebraic sets in A are exactly the finite subsets (including the empty set) and
the entire space (corresponding to the zero polynomial). In particular, this implies that the Zariski topology
on A is not Hausdorff.

Example 3.4. Using properties of the classical Zariski topology, one can show that the zero loci of tran-
scendental functions are not necessarily algebraic sets. Consider the set

X ={(z,y) €eR? |y — cosz = 0}

Assume that X is an affine algebraic set. Proposition 3.1 implies that W = X N {(z,0) | € R} isan
affine algebraic set since {(z, 0) | € R} is the zero set of g(z, y) = y. But W is an infinite subset of R,
and the only non-trivial affine algebraic subsets of R are finite subsets (Example 3.3). Its Zariski closure is

X =V(I(X)) = V(0) = R?

Proposition 3.s. (Hartshorne L1.4) [fwe identify A with Al x At in the natural way, the Zariski topology
on A? is not the product topology of the Zariski topologies on the two copies of Al.

Proor. Consider the affine algebraic set V(y — ) C A2, Clearly, V(y — z) is closed in the Zariski
topology. However, V(y — z) is not closed in the product topology on A2 = Al x A equipped with
the Zariski topology on each factor. Indeed, if V(y — x) were closed in the product topology, then its
complement would be open. Any point in the complement would then be contained in a basis open set of
the product topology. Since open sets in the Zariski topology on A are complements of finite sets, every
basis open set in A? is a product of cofinite sets and therefore must intersect V(y — z). This contradicts the
assumption that the complementis open, proving that V(y—x) is not closed in the product topology. [

We now use Hilbert’s Nullstellensatz (Proposition 30.7), we are now able to prove the algebra-geometry
correspondence (Conjecture 2.7).

Proposition 3.6. Let K be an algebraically closed field. There is an inclusion-reversing bijection between
radical ideals in K[x1, - - -, xyp)and algebraic sets in A™. More specifically,

() fTh C Ty aresubsets of K[x1, -+ -, xy,], then V(T) C V(T1).
(2) IfY; C Y5 are subsets of A", then I(Y2) C I(17).

(3) Foranyideal ain K[z1,- - ,2y], I(V(a)) = V/a, the radical of a.
(4) Foranysubset Y C A", V(I(Y)) =Y, the closure of Y.

Remark 3.7. In what follows, let R = K[z1, - - -, xy).

PRrOOF. (1), (2) are clear. The D inclusion in (3) is clear. We first argue that:

(1) Va= [ m

aCm m maximal

The C inclusion is clear. For the opposite inclusion D, let f € R with f ¢ v/a; we have to find a
maximal ideal m O a with f ¢ m. Consider the multiplicatively closed set S = {f™ : n € N}. Since
f & +/a, anS = 0. Hence, a can be thought of as a prime ideal in the S~ R. A standard Zorn’s lemma
argument then shows that there is a prime ideal p with p D aandp NS = 0 such that S™'p := pyis
maximal. It only remains to show that p is maximal in R. Consider the ring extension

K= R/p— (R/p)y = Ry/py

Note that the second map is, in fact, an inclusion since R/p is an integral domain. Moreover, Ry /py isa
field since p ¢ is maximal and finitely generated as a K-algebra. So K C Ry /p ¢ is afinite field extension, and
hence integral. But then R/p C Ry /py is integral as well, which means that R/p is a field since R /p ¢
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is. Hence, p is a maximal ideal. This proves Equation (1). For C inclusion, assume that f ¢ \/a. Then
there is then a maximal ideal m with m D aand f ¢ m. By Hilbert’s Nullstellensatz (Proposition 30.7),
m has to be of the form

m=1[(a) =(x1 —a1, -,z — ayn)
for some pointa € A". f ¢ I(a) means f(a) # 0. Sincea € V(a), we have f ¢ I(V(a)). In particular,
for any radical ideal a, we have [(V(a)) = a.

To prove (4), we note that Y C V(I(Y")), which is a closed set in the Zariski topology on A", so
clearly Y C V(I(Y)). On the other hand, let W be any closed set containing Y. Then W = V(b)
for some ideal b. So V(b) D Y, and by (3), I(V(b)) C I(Y'). But certainly b C I(V (b)), so we have
W = V(b) 2 V(I(Y)). Thus, V(I(Y)) = Y. In particular, if Y is an algebraic subset of A", then
VI(Y)) =Y. O

We immediately have the following corollary:

Corollary 3.8 (Conjecture 2.7). Let K be an algebraically closed field. There is an inclusion-reversing
bijective correspondence:

{Closed affine Algebraic Sets of A"} «— {Radical Ideals of K[x1, - - - , ]}
X — I[(X)
I(a) «—a
We also have the following corollory:

Corollary 3.9 (Conjecture 2.11). Let K be an algebraically closed field. Let X C A"™ be an affine algebraic
subset. There is an inclusion reversing bijective correspondence:

{Closed affine algebraic subsets of X C A"} «— {Radical ideals of A(X)}
Y o Ix(Y)

Remark 3.10. Corollary 3.9 follows from Corollary 3.8. We omit details.

Example 3.11. If we had not assumed K to be algebraically closed, then Corollary 3.8 would break down
in the simple example with the the prime (and hence radical) ideal

a= (2% +1) C Rlz]

Theideal hasan empty zero locusin A* (over R of course), so we would obtain I(V(a)) = I()) = R[z] #
Va=a.

Example 3.02. If X1, X5 are closed affine algebraic subsets, we can use Corollary 3.8 to prove that
(X1 N Xo) = v/I(X7) + I(Xz).

Indeed, we have

I(X1 1 Xa) = IV(I(X1) N V(X)) = (VLX) +1(X2)) = /I(XD) T 1(%a).
Moreover, if X1 N X9 = 0and X = X; U X5, we have

A(X) 2 A(X,) x A(X2).
Indeed, we obtain in A(X)
I(X1) NI(X2) = [(X1 U Xy) = [(X) = {0}
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On the other hand, from X; N Xy = &, we have in A(X)
VIX)) +1[(Xe) =1(X1 N Xe) =1(2) = (1),
and thus also I(X7) 4+ I(X32) = (1). By the Chinese Remainder Theorem, we conclude that
A(X) 2 AX)/I(X1) x A(X)/I(X2) =2 A(X7) x A(X2).
Remark 3.33. In light of Corollary 3.8 and Example 3.11, we almost exclusively assume that K is an alge-
braically closed field. In particular, we will work over K = C.

We have now established a correspondence between affine algebraic sets of A™ and radical ideals of
Klz1, -+, 2y). This correspondence allows us us translate from thinking about affine algebraic sets as
from either a geometric or an algebraic vantage point. Before moving on, let’s look at an example:

Example 3.14 (Hartshorne L.r.1). Let Y7 be the plane curvey = 22 and let Y3 be the plane curve zy = 1.
The real locus of the plane curves is drawn below?. We claim that A(Y7) = Clx, y]/(y—x?) is isomorphic

N\

to polynomial ring in one variable over C. Consider the following morphism:
T+t
Y — t2

2

The map is clearly a C-algebra morphism. Note that the polynomial y — 2 is contained in the kernel of

@. Therefore, ¢ descends to the map:
¢ : Cla,yl/(y — 2*) — C[]
It is easily seen that the map:
¢ : Clt] — Clz,y]
t—T
is a C-algebra morphism that is the inverse of ¢. Therefore,
Cla, )/ (y — %) = C[t].
On the otherhand, A(Y2) = Clx, y]/(y—1/x) is not isomorphic to polynomial ring in one variable over

C. In the coordinate ring,  has a unit, namely y = 1/z. However, the indeterminate of a polynomial
ring in one variable over C is never a unit.

Using the algebra-geometry correspondence, we can characterize irreducible affine algebraic sets.

Definition 3.15. Let X be a topological space. A non-empty subset Y C X is irreducible if it cannot be
expressed as the union Y = Y7 U Y5 of two proper closed subsets of Y.

*We shall only be able to plot the real locus of affine algebraic sets.
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Example 3.16. Let K be an algebraically closed field. The following is a basic list of examples of irreducible
and reducible affine algebraic sets:

(1) If K is infinite, A! is irreducible in the Zariski topology, because its only proper closed subsets are
finite, yet Al is infinite?.

(2) Theaffinealgebraic V(zyz) C A3 is notirreducible, as it can be written as a union of three coordinate
planes:

V(zyz) = V(z) UV(y) UV(2).

Proposition 3.r7 (Hartshorne 1.1.6). Any nonempty open subset of an irreducible topological space is dense
and irreducible. If' Y is a subset of a topological space X, which is irreducible in its induced topology, then Y

is also irveducible.

Proor. The proof has been commented out as it follows from standard results in point-set topology. [

With the notion of irreducible sets in a topological space in mind, we can now define the concept of an
affine variety which are irreducible algebraic sets.

Definition 3.18. Let K be an algebraically closed field. An affine variety is an irreducible affine algebraic
set of A"

Remark 3.19. An affine variety cannot be written as a union of two non-empty affine algebraic sets.

Proposition 3.20. Let K be an algebraically closed field, and let Y C A™ be an affine algebraic set. Y is as
affine variety if and only if (Y') is a prime ideal.

PrOOF. Assume Y isirreducible. If fg € I(Y'), then using that V(fg) = V(f) U V(g), we have
Y =Y AV(fg) = (Y AV() U (Y N V(g)),

both being closed subsets of Y. Since Y is irreducible, we have either Y = Y N V(f), in which case
Y CV(f),orY C V(g). Henceeither f € [(Y) or g € I(Y'). Conversely, assume that I(Y) is a prime
idealand Y = Y] U Y5. If Y = Y7, we are done. Hence, assume that Y # Y7 := V(a;). Then there
isa fi € ajandy € Y such that fi(y) # 0. Writing Y5 := V(ay), we have that for every fo € ay,
f1f2 vanishes on Y and hence f1 fo € I(Y). Since fi ¢ I(Y) and [(Y) is a prime ideal, we have that
f2 € I(Y). This implies that ag C I(Y"). But this implies that

Y CV(I(Y)) C V(az) = Ya.
Hence, Y = Y5 and we are done. O
We have shown the following bijection:
{Closed, irreducible affine Algebraic Sets of A"} <— {Prime Ideals of K[z1, - - - , 2y}
If X C A" isan X-affine algebra set, we also have a bijection:
{Closed, irreducible affine Algebraic Subsets of X C A"} <— {Prime Ideals of A(X)}

Example 3.21. Let K be an algebraically closed field. The following is a basic list of affine varieties:

(1) A™isirreducible since it corresponds to (0) which is a prime ideal (0) as K is a field.

3Having K be infinite is crucial here.
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V(y? —2° - 1)

(2) Let K = Cand X = V(y? — 2% — 1). We claim that X is irreducible by showing that the ideal

I(y* — 23 — 1) is prime in C[, y]. We consider the quotient ring:

R = Clz,yl/(y* — 2° = 1) = Cla]ly]/(* — 2° — 1)
Suppose y? — 23 — 1 is reducible in C[z][y]. Then it must factor as:

y =2’ —1=(y— f(2)(y - g(x))
forsome f(z), g(z) € C[z]. This is because y? = 2 + 1 in R. Expanding:
(y = f(@)(y —9(2)) = y* = (f(2) + g(2))y + [ (2)g(x)
Comparing coefficients with y* — 3 — 1, we get:
f(@) +g(x) =0
f(a)g(z) = —a® —1
From the first equation, g(x) = — f(z). Substituting into the second:
f@)(f@)=-2"-1= —f(z)’ =2’ —-1= f(a)’ =2" +1
This implies that 23 + 1 must be a perfect square in C[x]. However:
2 4l=@+1)(2* -z +1)

which is not a square in C[z]. Hence, [(y* — 2® — 1) is a prime ideal in C[z, y].

Remark 3.22. We have an additional bijection correspondences:

{Points in A"} «— {Maximal Ideals of K|x1, - -+ ,xp]}
{Points of X C A"} «— {Maximal Ideals of A(X)}

Here X C A" is an affine algebra set. This can be eastly proven given what we know now.

4. MORPHISMS OF AFFINE ALGEBRAIC SETS

We first study the case of morphisms from an affine algebraic set to the affine algebraic set A’ = K.
Classical affine algebraic geometry studies the zero loci of polynomial functions, which correspond to
morphisms from A" to Al or more generally, from an affine algebraic set X to Al that is, elements of
the coordinate ring A(X ). However, a broader class of functions is also important in this setting: rational
functions. These only make sense in a restricted context, since for an affine algebraic set X, the coordinate
ring A(X) is not, in general, an integral domain. As shown in Proposition 3.20, this is the case if and only
if X is an affine variety. Hence, we can make the following definition.
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Definition 4.1. Let X be an affine variety, and let A(X') denote its coordinate ring. The function field
of X, denoted K (X)), is defined to be the field of fractions of A(X):
K(X) := Frac(A(X)).

Elements of K (X) are called rational functions on X . A rational function f € K (X) issaid to be regular
atapointz € X if there exists g, h € A(X) such that f = g/hand h(x) # 0.

Remark 4.2. One can check that Definition 4.1 is independent of the choice of representative fraction.

For z € X, the set of rational functions that are regular at 2 forms a subring of K (X), called the local
ring of X at x:
Oxp:={f € K(X)| fisregularatx}

The ring Ox ; is indeed a local ring, with maximal ideal

m, = {f € Ox. | f(z) =0}.
In fact, ifx = (a1,...,a,) € X,and we writem,, = (1 — ay,..., T, — ay) for the maximal ideal in
A(X), then
Oxz=A(X)m,-
To see this, note that since A(X) is an integral domain, the localization A(X )y, is naturally a subring of
K(X).Anelement f € K(X) liesin A(X ), ifand only if it can be written as a/b with b ¢ m,, which
is equivalent to f being regular at x. If U C X is an open set, we define

Ox(U) :={f € K(X) | fisregularatevery pointin U} = m Ox -
zelU
Note that each Ox (U) is a sub-K-algebra of K (X'). Moreover, if V' C U, then any f € K(X) thatis
regular on U is also regular on V, so there is an inclusion
Ox(U) C Ox(V).
Remark 4.3. We will later see that O x is a sheaf.

Proposition 4.4. Let X be an affine variety.
(1) Ifa rational function g € K(X) is regular at every point of X, then g is a polynomial function. In other

words,
Ox(X) = A(X).
) Iff € A(X)and D(f) ={xr e X ] f(z) # 0}, then
Ox(D(f)) = A(X)y.

Proo¥. (1) follows from (2) by taking f = 1. Clearly A(X); C Ox(D(f)). Conversely, given g €
K (X), define the ideal
I, ={bec A(X) | bg € A(X)}.

This ideal has the property that g is regular at a point © € X if and only if ¢ V(I;). Note that
x ¢ V(1) if and only if there exists some b € I, with b(x) # 0, which is equivalent to g being of the
form g = a/bwith b(x) # 0. Therefore, if g is regular on all of D( f), it follows that V(I,) C V(f). B
Proposition 5.20, we conclude that f € I, for some n > 0. But then f"g € A(X), which shows that
g€ A(X) f- U

Remark 4.5. Proposition 4.4 is a sort of ‘local-to-global principle’ being regular is a local condition, which
has to be verified near every point, but the conclusion is that a rational function which is regular at every point

can be represented globally by a polynomial function.
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Example 4.6. Let U = A'\ {0} = V(z). Then K (A') = K(z) and Op1 (U) = K[z, z71].

We now turn to the notion of morphisms between affine varieties. We define morphisms between affine
varieties in a way that captures the algebraic structure encoded by regular functions. To do this, we adopt
a functorial perspective: a morphism of varieties will be defined in terms of how it pulls back regular func-
tions. The utility of this functorial definition will become apparent later on when we derive an appropriate
equivalence of categories.

Definition 4.7. Let X, Y beaffine varieties. A morphism between X and Y isa continuousmap f: X —
Y such that the pullback of any regular function is again regular. That is, for every openset V' C Y and
every g € Oy (V), the composition g o f liesin Ox (f~1(V)).

Remark 4.8. We write the pullback of f as f*.
Given n regular functions f1,. .., f, € A(X), we can define a morphism
f: X — A"
e (fi(@), ..., ful®).
Let’s check that f is continuous. Let W = V(gy, ..., gr) € A™ be a closed set., then
F7HwW) ={z € X | gi(fi(),..., fu(x)) = Oforalli = 1,...,r} = V(f*(g1),- .-, [*(9r)),
which is closed in X. Let g € K(1, . .., yn) be a rational function on A", and assume g is regular on an
openset V. C A" Letx € f~1(V)andsety = f(x). Locally around y, we may write ¢ = a/b where
a,b € K[y1, ..., Yn). Then in a neighborhood of z € f~1(V), we have
. a(f1(@),- .., fu(z))
ff(g)(x) = .
A T R AE)

After expanding, this can be written as a quotient of polynomials where the denominator does not vanish
at x. Hence f*(g) € Ox(f~1(V)), and f is a morphism. In fact, we can now argue that all morphisms
with target affine variety A" are of this form:

Proposition 4.9. Let X be an affine variety. Then every morphism f: X — A" is of the form
f: X — A"
z = (fi(@), ., fal2)),
where fi € A(X) fori=1,...,n.

Proor. Let f: X — A" be a morphism. The coordinate functions y1, . . . , Yy, are regular functions on
A", so their pullbacks f*(y;) are regular on X. The morphism defined by these functions,
X — A"
z = () (@), f () (@)
coincides with f, since both are determined by the same set of regular functions. O

Grothendieck emphasized studying affine algebraic sets via their coordinate rings rather than the sets
themselves. This is also the philosophy underlying the algebra-geometry correspondence: the geometry of
X reflects the algebra of its coordinate ring

AX) = Klzy, ..., za] JI(X),

and vice versa. This can be formalized by arguing that we have an appropriate equivalence of categories
between affine algebraic sets and finitely generated reduced K-algebras. These categories are defined as
follows:
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(1) The category AffVar of affine varieties and morphisms of affine algebraic varieties.
Dom

(2) The category fgAlgg®™ of finitely-generated K-algebras that are integral domains and morphisms of
K-algebras.
Dom

Proposition 4.10. Let K be an algebraically closed field. The categories AftVar and fgAlgg®™ are equiva-
lent.

Proor. Consider the functor that assigns to each affine variety X C A" its coordinate ring A(X) =
Klz1,...,z,]/I(X). Clearly, A(X) is finitely generated as a K-algebra since K[z1, ..., zy] is finitely
generated. Moreover, A(X) is reduced because I(X) is a radical ideal. The functor is essentially surjective.
Indeed, if A € ngIgﬂgom we can choose a presentation

A=Klzy,...,z,]/p

for some ideal p. Since A is an integral domain, p is a prime ideal. Then X = V(p) C A" is an affine
variety with A(X) = A. We claim that
Homgtvar(X,Y) — Homggp p00m (A(Y), A(X))
f=1
is a bijection. We first show that the map is surjective. Let ¢: A(Y) — A(X) be a morphism of K-
algebras. Suppose Y C A", and let y1, .. ., yp be the coordinate functions on A™. Define f; := ¢(y;)
fori =1,...,n. Then the functions f1, ..., f, € A(X) define a morphism
f: X — A"
x> (fi(x),..., fal@))

This induces a map K[z1, - - - , x| = A(X) via the pullback (Definition 2.14). More explicitly for h €
Kz, -+ ,xy,), we have

f*(h)(l') - h(f(.%‘)) - h(fl(x)v .- 7fn(x)) = ¢(h<y17 cee 7yn)) (l‘)

The last equality holds because both sides agree on the generators y1, . . . , Yn, taking values f1,..., fn,
respectively. This shows that

f*(h) =¢(h) =0 foreveryh € I(Y),

since A is zero in A(Y"). Therefore, the image of f is contained in Y = V(I(Y")). This shows that f*
factors through A(Y') = K[z1,--- ,2,]/I(Y). Hence, the map is surjective. The map is also injective
since f* = ¢. O

5. SPECTRUM OF A RING

Recall the classical algebra-geometry correspondence (Proposition 3.6). There are some limitations of
this correspondence:

(1) The bijection isn’t natural. since morphisms of affine (projective) algebraic sets assumes an embedding
of affine (projective) algebraic sets in some underlying affine (projective) space.

(2) Theclassical algebra-geometry correspondence for affine (projective) algebraic sets holds for algebraically
closed fields. How does one study the analog of affine (projective) algebraic sets over non-algebraically

closed fields?
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We address these limitations by providing an intrinsic characterization of relevant concepts for affine
algebraic sets. The classical algebra-geometry correspondence states that there we have bijections:

{Points of A"} «— {Maximal ideals of K[z1, - -, x,]}
{Closed irreducible affine algebraic sets A" } «— {Prime ideals of K[x1, - - - , 2]}
We can now attempt to generalize to the case of an arbitrary commutative ring, 2. Previously, we have kept

track of the data consisting of all irreducible algebraic subsets of A", which correspond to prime ideals of
R =Kz, ..., xy). Thisleads us to the following definition:

Definition s.1. Let R be a commutative ring. The spectrum of a ring R, denoted as Spec R, is the set
of all prime ideals of R.

Remark s.2. All rings, unless otherwise specified, will be commutative with an identity. From now on,
we shall use the phrase ‘let R be a ring.” We will use the phrases the spectrum of a ring and affine schemes
interchangeably to refer to the set Spec R. We will justify the use of the phrase affine schemes in Section 14
when we formally define schemes.

Remark s5.3. The construction R — Spec R is functorial in R in a contravariant sense. That is, given a
ring homomorphism f : R — S, there is an induced map:

F : SpecS — Spec R,
defined by sending a prime ideal p C S to its preimage f ~Y(p) C R, which is easily verified to be a prime
ideal. This establishes a contravariant functor

Spec : CRing — Sets,
from the category of commutative rings with identity to the category of sets.

Example s.4. The following is a list of basic examples of the spectrum of a ring:

(1) The spectrum of a ring is empty if and only if the ring is the zero ring.

(2) If R = Kis a field, then the spectrum of K is a single point, (0). The corresponds to the notion of a
point in affine algebraic geometry.

(3) Let R = Clz1,...,zy]. Classical affine algebraic geometry can be reformulated as the study of the
scheme Spec Clz1, . . ., ). More generally, for any ring R, we define
% = Spec R[z1, ..., Zy],

which is called affine n-space over R. When the base ring R is clear from context, we will simply write
A",
(4) Let R = Z. We have

SpecZ = {(0)} U{(p) | p prime}

Schemes over Z, QQ, or more generally over number fields, play a central role in the application of
scheme theory to number theory.

Remark s.s. Example 5.4(b) raises an important concern. There are many non-isomorphic fields; however,
the spectrum of all fields is the same singleton set. We will see later that the structure sheaf will allow us to
distinguish between non-isomorphic fields.

We now endow the spectrum of a ring with a topology. In affine algebraic geometry, the Zariski topology
is defined as the coarsest topology in which all affine algebraic sets are closed. The definition of the Zariski
topology on a a spectrum of a ring (or an affine scheme) is motivated by its classical counterpart in affine
algebraic geometry.
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Definition 5.6. Let R be aring. The Zariski topology on Spec R is given by declaring the closed sets to
be of the form,

V(S)={p € SpecR | S C p},
for all subsets S of R.

Remark s.7. Notethar V(S) =V ((5)).

Remark 5.8. [f K is an algebraically closed field and R = Klx1, - - - , xy] the dassical algebra-geometry
correspondence implies that V (S) can be identified with the set of all irreducible affine algebraic sets in A™
that are contained in the affine algebraic set V(S).

Remark s.9. Here is another way to think of V (S). Forp € Spec R, define the residuc field k(p) to be the
Jfield of fractions of the integral domain R/p. For f € R, note that we have

V(f)={p €SpecR | f(p) = 0inr(p)}.
Here f(p) := (f) is the image of (f) in R/p. In other words, we can think of f € R as a function on

Spec R, and f(p) is the clement (f) in R/p. Consider R = C[z|. For f € Clz], note (f) = 0in
R/(z — a) ifand only if f(a) = 0. More precisely, the evaluation map

Ev,:C[z] = C
f=fla)

induces an isomorphism C|z]/(z — a) = C. For instance, we have
V(224 24+1) = {(z — ™?), (z — /%))

Let us verify that the Zariski topology on Spec(R) is indeed a topology. The argument is similar to
that of Proposition 3.1, but in this setting we must work purely algebraically to check that the collection
of closed sets satisfies the axioms of a topology.

Lemma s.xo. Let R be a ring. The following statements are true:

(1) V(0) = Spec(R), V(1) = 0.

(2) If aand b are two ideals of A, then V' (ab) = V' (a) UV (b).

(3) If {a;} is any set of ideals of A, then V(3. a) =), V(&).

(4) Ifaand b are two ideals, V (a) C V(b) ifand only if v'b C v/a.

(s5) V(a) =V(Va)

Proo¥F. The proof is given below:

(1) This s clear.

(2) Ifa C porb C p,thenab C p. Conversely, if ab C p, and if b is not contained in p, for example,

then thereisa b € b such thatb ¢ p. Now, forany a € a, ab € p, so we musthave a € psincepisa
prime ideal. Thus, a C p.

(3) pcontains ), a; ifand only if p contains each a;, simply because ) *; a; is the smallest ideal containing
all of the ideals a;.
(4) Recall that the radical of a is the intersection can be defined as:

Va={»
aCp
This shows that
Vac Vb < V(a) D V(b)
(s) This follows from the definition of 1/a.
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This completes the proof. O

Lemma s.10 shows that finite unions and arbitrary intersections of sets of the form V'(a) are again of
that form. Hence, these sets define the closed sets of a topology on Spec(R).

Example s.u. Consider Spec Z. Let us describe the closed subsets. These are of the form V(1) where
I C Zisanideal,so I = (n) forsomen € Z.

(1) If n = 0, the closed subset is all of Spec(Z).
(2) Ifn # 0, then n has finitely many prime divisors. Hence

V(n) ={(1),--.,(Pk,) | piisprimeand p; | n}
For example, V' (33) is {(3), (11)}.

We have seen that Spec induces a contravariant functor from CRings — Sets (Remark 5.3). Next, we
check that the morphisms induced on Spec’s from a ring-homomorphism are in fact continuous maps of
topological spaces.

Lemma s.x2. Spec induces a contravariant functor
Spec : CRing — Top,
from the category of CRing commutative rings to the category Top of topological spaces.
ProoF. Let f : R — S be aring homomorphism. We claim that the induced map
F : Spec S — Spec R,
P ).

is continuous in the Zariski topology. Consider a closed subset V' (1) C Spec R, where I C R is an ideal.
Then the preimage under F' is given by

FNV(I)) ={p € SpecS | f'(p) 2 I}.

This is precisely the set of prime ideals p C S such thatp O f([I), which is the definition of the closed
subset V(f(I)) C Spec S*. Thus,

showing that [ is continuous. ]

Note that we can also characterize the Zariski topology in terms of open sets. Indeed, for any f € R,

define
Up:={p €SpecR| [ ¢ p}.

Then Uy is the subset of Spec R consisting of prime ideals that do not contain f. This is precisely the
complement of the closed set V' (f), so Uy is open in the Zariski topology.

Lemma s.x3. Let R be a ring. The sets Uy form a basis for the Zariski topology on Spec R.
ProoF. Suppose U C Spec R is open. We have U = V' (I)€ for some ideal I. Note that we have

vin=viH=U=JVv)=U;

fel fel fer

This completes the proof. U

4Forp € Spec S, we have F'(p) € V (I)ifandonlyif f~'(p) D I, which holdsifand onlyifp 2 f(I),ie.p € V(f(I)).
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Example s.14. Let R = SpecC|z]. For f € C[z], the open set Uy consists of all prime ideals (z — z)
such that f(z) # 0. Therefore,

V() =Uj={2€C| f(z) =0}
If f is not the zero polynomial, then V' ( f) is a finite subset of C. Otherwise, V' (0) = C.
Proposition s.1s. Let R be a a ring. The collection of open sets Uy have the following properties:

(1) Uy = Spec Rand Uy = ()

(2) Upg =UrNU,.

(3) Uy = 0iff f is nilpotent.

(4) Uy = Spec Rift f is a unit.

(5) More generally, | J,c; Uy, = Spec R if and only if the ideal generated by { f; }ic1 is R.

(6) Uy C UL f € /9.

Proo¥. The proof is given below:

(1) This follows because because prime ideals are not allowed to contain the unit element and because
every prime ideal contains 0.

(2) This follows because fg lies in a prime ideal p if and only if one of f, g does.

(3) This follows because Uy = 0 iff every prime ideal contains f iff f is in the intersection of all prime
ideals, i.e., nilradical.

(4) This follows because Uy = Spec R iff no prime ideal contains f iff f is a unit.

(5) This follows because | J;c; Uy, = Spec R. if and only if the ideal generated by { f; }ic1 is R. Note
that {J;c; Uy, = Spec R iff that all prime ideals cannot contain all f;’s iff for every prime ideal, p,
there exists a ¢ € I such that f; ¢ p iff no prime ideal contains the ideal generated by { f; }ic iff the
ideal generated by { fi }icr is R.

(6) This follows directly from Lemma s.10.

This completes the proof. U
Remark 5.16. For basic open sets, we will use the notation Uy, Vy, D(f) interchangeably

Remark s.a7. Let f : R — S be a ring homomorphism, and let F' : Spec S — Spec R denote the
induced morphism of affine schemes. Then, for anyr € R, we bave the identity

Fﬁl(Ur) = Uf(r)a

Let us define an operation that s, in a certain sense, an “inverse” to the process of taking closed subsets in
Spec R. This construction is analogous to the definition of T in classical affine algebraic geometry, where
one assigns to a subset of affine space the ideal of all polynomials vanishing on it. This perspective will
allow us to formulate and prove an analogue of the algebra-geometry correspondence in the more general
setting of spectrum of a ring (or an affine scheme).

Definition 5.18. Let R be a ring. Given a subset S C Spec R, define
I(S)={f€R| fepforallpe S} =(pCR
peS
Example s.19. Let R = SpecC|zy, - - , z,]. Then
I(S)= () {f€Clz,-- 2] fla) =0}
(z—a)esS

Identifying S C Spec C[zy, - - - , 2] with asubset of C", I(S) is the set of polynomialsin C[z1, - - -, 2]
that vanish at all points of S. Hence, the operator I(-) generalizes the operator I(+) discussed before.
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Proposition s.20. The I(-) operation has the following properties:

(I) I(S) is an an ideal of R.
(2) I(-)isinclusion-reversing: if S1 C So, then I(S2) C I(S1).

(3) 1(51U S3) = I(51) NI(S2)

(4) V(I(S)) = S.

(s) I(V(J)) = V/J for anideal J in R.

(6) (Nullstellensatz) We have the following bijection:

{Closed sets in SpecR} +— {Radical ideals in R}
S I(9)
V(a) <~ a
PrOOF. (1), (2) and (3) are clear. For (4), note that S C V' (I(S)), because if p € S, then clearly
I(S)=(\pChw,
pes

andsop € V(I(S)). Conversely, if V' (a) is any closed subset containing .S, then this means that for any
b € S,wehave b € V(a) and hence a C b. Taking the intersection over all b in S, we see that I(S) 2 a.
Since I reverses inclusions we get that V' (I(.S)) € V (a). This shows that V' (1(S)) is the smallest closed

set which contains S. (s) follows because
= (1 e={1r=

peV(a) aCp
(6) follows from (4) and (5). O

Proposition s.20 is the analog of the classical algebra-geometry correspondence (Proposition 3.6). While
the classical correspondence connects radical ideals in a polynomial ring with the geometry of their zero
sets in affine space, Proposition 5.20 provides a similar bridge in a more general setting.

6. PROPERTIES OF ZARISKI TOPOLOGY

We now discuss various topological properties of the Zariski topology on the spectrum of a ring. These
properties include closed points, compactness, characterization of irreducible closed subsets. Understand-
ing these features is essential for grasping the geometric intuition behind the algebraic structure of the
spectrum.

6.1. Closed Points. Note that Proposition s5.20(s) characterizes closed sets in the Zariski topology. In
particular, we can characterize closed poznts in the Zariski topology as well.

Proposition 6.1. Let R bea ring and p be a prime ideal. We have {p} = V (p). In particular, dlosed points
of Spec R correspond to the maximal ideals of R.

PrOOF. Observe that V(E) is a closed set that contains the point p if and only if E C p. Hence, we have

Pr=VE)=V|{E|=V®

ECp ECp

Hence, {p} is closed if and only if
pr={p} =V
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if and only if there doesn’t exist any prime ideal q of Spec R properly containing p if and only if p is a
maximal ideal. O]

We have a bijection:
{Closed Points in Spec R} <— {Maximal Ideals of R}

Proposition 6.1 illustrates that the Zariski topology on Spec R behaves quite differently from the Eu-
clidean topology on manifolds. In particular, Spec R is not Hausdorft if R contains a prime ideal that is
not a maximal ideal. Consider the following example:

Example 6.2. Let R be an integral domain. Then (0) is a prime ideal that is not a maximal ideal. Hence,

(0) is not a closed set since (0) = R. In particular, Spec R is not Hausdorff.

Example 6.2 motivates the concept of a generic point.

Definition 6.3. Let R be aring, A point p € Spec R is called a generic point if {p} = SpecR.

We conclude this section with a proof that Spec R is a Ty space. Recall that a topological space, X, is
Ty ifz,y € X are distinct points, then either there exists a neighborhood of  that does not contain ¥, or
there exists a neighborhood of y that does not contain .

Proposition 6.4. Let R be a ring. Spec R is a Ty space.

Proor. Letp, q € Spec R be distinct points. Then we have p # q as ideals. WLOG assume thatq < p.
Then there exists an element o € ¢ such that @ ¢ p. The distinguished open set Uy, is then an open
neighborhood of p that does not contain . O

6.2. Irreducible Closed Sets. We have characterized the closed subsets of the spectrum of a ring, R. We
now turn to characterizing the irreducible closed subsets of Spec R. In analogy with the classical algebra-
geometry correspondence, these irreducible closed subsets correspond precisely to the prime ideals of R.

Proposition 6.5. Let R be a ring. A closed subset Z C Spec R is irreducible if and only if Z is of the form
Z =V (p) for some prime ideal p € Spec R.

Proor. Firstassume that Z = V/(p) for some prime ideal p. By Proposition 5.20(s), we have

Z=V(p)=VUp) = {p}
If Z is reducible, then L
pe{pt SV(a)UV(b)
Hence, p € V(a) orp € V(b) and since V' (a), V (b) are closed sets we have Z = {p} € V(a) or V (b),

contradicting that Z is reducible. Hence, Z isirreducible. Conversely, assume that 7 is a closed irreducible
set. Let

Z =V(a)=V(Va)
for some ideal a € Spec R. It suffices to show that \/a is a prime ideal. Assume this is not the case. Then
there exist b,¢ € R such thatbc € \/abutb,c ¢ y/a. Ifb = (b) and ¢ = (c), then bc € /a but
Vb, /¢ ¢ \/a. We claim that V' (y/a) € V(b) UV (c). Note that
V(Va) CV(6)UV(e) <= va=I(V(va)) 2 I(V(6)UV(c)) = I(V(b))NI(V(c)) = Ve
Since b and ¢ are principal ideals, we have

Vadvbenye <= Vadbne

The latter condition is clearly true. Hence, Z is reducible, a contradiction. O
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We have a bijection:
{Closed irreducible Subsets of Spec R} «— {Prime Ideals of R}
Corollary 6.6. Let R be a ring. Spec R is irreducible if and only if the nilvadical of R is a prime ideal.

Proor. This follows from Proposition 6.5 and the fact that Spec R = V/(0) and 1/0 is the nilradical of
R. O

Example 6.7. Let R be an integral domain and let ab € A'(R). By definition of .4 (R), we have
a"b™ = (ab)™ = 0 for somen € N. Since R is an integral domain, a” = 0 or b” = 0if and only if @ or

bis contained in 4" (R) if and only if A" (R) is a prime ideal. Hence, Spec R is irreducible.

An irreducible component of a topological space is a maximal irreducible subset. Recall that any topo-
logical space can be written as a union of its irreducible components. We can also characterize irrecucible
components of the spectrum of a ring.

Proposition 6.8. Let R be a ring. The irreducible components of Spec R are the closed sets V (p), where p
is a minimal prime ideal of R.

PrROOF. A maximal irreducible subspace of Spec A must be closed, that is of the form V' (a) for some
ideal @ of A. Since it is irreducible, we can assume the ideal to be prime, so itis V'(p). Now p is minimal
because V' (p) is maximal. O

6.3. Compactness & Noetherian-ness. We first show that the spectrum of a ring is always a compact
topological space. This is a very convenient property to have. However, a general scheme need not be
compact, as we shall see later.

Proposition 6.9. Let R be a ring. Then Spec R is compact. More generally, U s is compact forevery f € R.

ProOF. Assume that

Ui = Spec R = U U,
el
is a union of basic open sets. This is true if and only if

V(1) =(V(h)= V<Zhl->.

iel el

By Lemma s.10, this implies 1 € /) .(hs), or 1 € ). (h;) for some n. This means that 1 can be
expressed as a finite sum 1 = ) . b;h;, b; € R. Hence a finite subset of the h;’s will do. ]

Example 6.10. Spec R can have non-empty non-compact open sets. For instance, take R = K[z, 22, - - - ].
Then

U D(zn) € Spec(K[z1,25,...])

n>1

is open but not quasi-compact. A similar arcument shows that U ¢ is compact for every f € R.
Y q p g f p y

We now discuss an additional topological property of the spectrum of a ring. Recall that Noetherian
rings form a special class of rings satistying certain finiteness conditions. It is natural to define an analogous
notion of Noetherian-ness at the level of topological spaces, yielding topological spaces that satisty certain
finiteness properties.
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Definition 6.11. A topological space X is called Noetherian if it satisfies the descending chain condition
for closed subsets. Any sequence

71279 D7y D
of closed subsets eventually stabilizes. That is, there is a r € N such that
Ly ="LZpp1=""-.
Example 6.12. A" is a Noetherian topological space. Indeed, if
Y12, D...
is a descending chain of closed subsets, then
I(Y1) CI(Yz) C ...

is an ascending chain of ideals in R = K[z, ..., z,]. Since R is a Noetherian ring, this chain of ideals is
eventually stationary. But for each ¢, Y; = V(I(Y;)), so the chain Y; is also stationary.

Noetherian topological spaces possess desirable properties, making them more tractable due to the
finiteness conditions imposed by the Noetherian property. We illustrate this with the following example
result:

Proposition 6.13. Suppose X is a Noetherian topological space. Then every nonempty closed subset Z can be
expressed uniquely as a finite union Z = Z1 U - - - U Z,, of irreducible closed subsets, none contained in any
other.

Proor. Consider the collection, ¥, of closed subsets of X that cannot be expressed as a finite union of
irreducible closed subsets. We will show that itis empty. Assume that ¥ # (). Since X is Noetherian, there
is a minimal element in ¥. Callit Y. By construction, Y is not irreducible. So we can write Y = Y UY"”
where Y/ and Y are both proper closed subsets of Y. Both of these by hypothesis can be written as the
union of a finite number of irreducible subsets, and hence so can Y, yielding a contradiction. Thus each
closed subset can be written as a finite union of irreducible closed subsets. We can assume that none of
these irreducible closed subsets contain any others, by discarding some of them. We now show uniqueness.
Suppose
Z=721UZU---UZ.=2Z1UZ5U---UZ.

are two such representations. Then Z] C Z3 U Zy U+ U Z,,s0 Z] = (Z1 N Z{) U ---U(Z, N Z7).
Now Zj isirreducible, so one of these is Z] itself, say (without loss of generality) Z1 N Z}. Thus Z] C Z.
Similarly, Z; C Z; for some j; but because Z] C Z; C Z]'~, and Z{ is contained in no other Z/, we must
have j = 1,and Z] = Z;. Thus each element of the list of Z’s is in the list of Z"’s, and vice versa, so they
must be the same list. O

Example 6.14 (Hartshorne L.1.3). Let K be a field, and let Y be the algebraic set in A? defined by the two
polynomials 2% — yz and 2z — 2. We have the following equalities of ideals in K[z, y, 2]:

(2% —yz, 2 —x) = (2% —yz, 2) N (2% —yz, 2 — 1)
:(937 yz)ﬁ(z2—y, 2_1)
= (z, y)N(z, 2)N (2% -y, z—1).

Therefore, Y is the union of three irreducible components: two of them are lines, and the third is a plane
curve.

Proposition 6.15. (Hartshorne 1.1.7) The following statements are true:
(1) The following conditions are equivalent for a topological space X :
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(i) X is Noetherian.
(1z) Every nonempty family of closed subsets has a minimal element.
(111) X satisfies the ascending chain condition for open subsets.
(iv) Every nonempty family of open subsets has a maximal element.
(2) A Noetherian topological space is compact.
(3) Any subset of a Noetherian topological space is Noetherian in its induced topology.
(4) A Noctherian space which is also Hausdor{f must be a finite set with the discrete topology.

Proor. The proof has been commented out as it follows from standard results in point-set topology. [
We conclude by showing that if R is a Noetherian ring, then Spec R is a Noetherian topological space.
Proposition 6.16. Let R be a Noetherian ring. Then Spec R is a Noetherian topological space.

Proo¥F. Suppose
V()2 V() D...

is a descending sequence of closed subsets of Spec RR. Using Lemma s.10, we have that,

VLHCcVLC...,

is an ascending sequence of ideals in 2. Since [? is a Noetherian ring, this sequence stabilizes. Thatis, there

exist a 7 such that /T, = \/T,;1 = ---. Since V(I) = V(v/T) for any ideal I in R, we have that the
descending sequence of closed subsets also stabilizers. Hence Spec(R) is Noetherian. O

Example 6.17. Let R be a Notherian ring. Then R|[x] is 2 Noetherian ring. This is the celebrated the
Hilbert basis theorem (Proposition 27.6). Therefore, R[z1, - - , Zy] is also a Noetherian ring. Hence,
Spec R[x1, - -, xp]isaNoetherian topological space. In particular, Spec K[z, - - - , 2] isaNoetherian
topological space for any field K.

Remark 6.18. IfSpec R is a Noetherian topological space, R need not be Noetherian. One example is
2 .3
R =Kz, z2,23,...]/(x1,25, 23, ...)
Then Spec R has one point, so it is a Noetherian topological space. But T is not a Noetherian ring.
6.4. Conectedness. We can now characterize when the spectrum of a ring is disconnected. To do so, we

invoke properties of the structure sheaf that is naturally endowed on the spectrum of a ring (see Proposi-
tion 11.8). The structure sheaf itself will be introduced in detail later, when we discuss sheaves in Part 2.

Proposition 6.19. Let R be a ring. Spec R is disconnected if and only if R is a direct product of rings.

More generally, the following are equivalent:

(a) Spec R is disconnected.

(b) There exist nonzero elements e1, es € R such that ejes = 0, e% = ey, e% = eqg, and e1 + es = 1 (these
elements are called orthogonal idempotents).

(c) R isisomorphic to a direct product R1 X Ry of two nonzero rings.

Prookr. The proof is given below:

(1) (a)implies(c): Assume Spec Risdisconnected. Then Spec R can be written as a union of two disjoint
clopen subsets. Let these subsets be V' (a) and V/(b) for some ideals a, b C R. Noting that V' (a) =
Spec(R/a) and V (b) = Spec(R/b), we have:

*) Spec R =V (a) |_| V(b) = Spec(R/a) |_|Spec(R/b) = Spec(R/(a x b)).
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Since we can recover the ring by taking global sections of the structure sheaf’, we conclude that
R=R/ax R/b.

(2) (c)implies(b): Simply takee; = (1,0) and ez = (0, 1). Itis straightforward to verify that the desired
properties hold.

(3) (b)implies (a): Since ejea = 0, for every prime ideal p C R, we must have eithere; € pores € p.
Hence, the closed subsets V' (e1) and V' (ez) cover Spec R. Suppose a prime ideal p lies in both V' (e;)
and V(e2). Thenej, ez € p,andsol = e; + ez € p, implying p = R, which contradicts the
definition of a prime ideal. Therefore, V (e1) NV (e2) = &, and the cover Spec R = V' (e1) UV (e2)
is by two disjoint closed subsets. It follows that Spec R is disconnected.

This completes the proof. O

Remark 6.20. The last equality in Equation (*) follows from the fact that the prime ideals of the product
ring R X Ry are precisely those of the form p1 X R and Ry X pa, where p; is a prime ideal of R; for
1=1,2.

7. EXAMPLES

The purpose of this section is to present a collection of examples of spectra of various rings. These
examples serve to illustrate the diversity of behaviors that can arise and will be revisited throughout the
text as more theory is developed. We begin by examining examples of spectra of rings that recover classical
affine algebraic geometry as special cases.

Example 7.1. Let K be an algebraically closed field.

(1) Let’s describe Spec K[x], which is called the affine line over K. Since K is algebraically closed and
K[z] is a PID, we have

SpecK[z] = {(zr —a) | a e K} U {0}

We can identify each @ € C with the prime ideal (x — a). Thus, the non-zero prime ideals of
Spec K[z] correspond bijectively to the points of K.
(2) Consider the following spectrum of a ring:

Spec K[z, y].

The ring K[z, y] is not a principal ideal domain, since the ideal (z, y) is not principal. Nevertheless,
one can show that every prime ideal of K[z, ] is of one of the following forms:

(0)7 (x_aay_b)7 (f)a
where a, b € K, and f € K[z, y] is an irreducible polynomial.

Remark 7.2. Note that the zero ideal (0) in K] is contained in every non-zero prime (in this case, maxi-

mal) ideal. (0) is called the generic point of K|x]. Generic point of Spec R will formally defined later.

We can also examine the spectra of fields that are not algebraically closed. This provides one of the first
indications that the language of schemes is well-suited for studying algebraic geometry over arbitrary fields,
not just algebraically closed ones.

Example 7.3. Let R = Spec R[z]. We have
Spec(R[z]) = {(0)} U {(z —a) | a € R} U {p(x)) | p(z) is an irreducible quadratic}

SStructure sheaf will be discussed in the next section.
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A picture of Spec C[z]. This picture is taken from [Vakr7].

Note that (0) and (x —a) fora € R areall the maximal ideals of R[x]. Maximal ideals of R[x] correspond
to R. Each (p(z)) can be identified with a complex number with positive imaginary part that is the root

of p(x).

r <

0.5+ 2z

- - - - -

—————— -- T

A picture of Spec R[z]

Remark 7.4. Example 7.3 highlights the key observation that, over a field that is not algebraically closed, there
exist points on the affine line whose residue fields are nontrivial extensions of the base field. More precisely, if
K is a field that is not algebraically closed, then there exist points x € AL such that the residue  freld is a proper
freld extension of K.

One might ask: why do we identify an irreducible quadratic f(z) € R[z] with its complex root having
positive imaginary part, rather than the conjugate root with negative imaginary part? This choice is a
matter of convention, not mathematical necessity. The two complex conjugate roots correspond to the
same prime ideal (f(z)) in Spec R[z], since f(z) is irreducible over R. Therefore, selecting the root with

positive imaginary part is simply a canonical way to represent the conjugate pair.
Remark 7.s. Let K be a perfect field. Consider Spec K|x|. Since K is a field, K[x| is a PID. Therefore,
SpecK[z] = {f(x)) | p(z) is an irreducible polynomial}
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Since K is perfect, f has distinct roots in K and these roots 1, - - -, n, form an orbit of K under the action
of the Galois group, G, of the field extension K /K. Indeed, if any non-trivial subset of S C {ry,- -+ ,rn} is
G-invariant, then

[I@—r)

i€S
would be an element of K[z] dividing f7, contradicting that f is irreducible. Conversely, given any G-
invariant finite subset S C K which bas no non-trivial G-invariant subsets, the polynomial

H (x —s)
ses
is in K and irreducible by the same logic. So we have a bijection between K /G and the non-zero prime ideals
of Kz].
Let us now discuss the spectrum of quotient of aring. If I C R isan ideal, recall that there is a bijection:
{Prime ideals of R/I} <— {Prime ideals of R containing I}

Thus we can picture Spec R /I asasubsetof Spec R. In fact, Spec R/I = V(I). In particular, Spec R/( f) =
V(f)for f € R.

Example 7.6. Consider the following examples:
(1) Consider K[z]/(2?). An elementary argument shows that
SpecKlz]/(2%) = {(x)}
(2) Consider K[z]/(x(z — 1)). Using the Chinese Remainder Theorem:
Klal/(z(x = 1)) = Klz]/(x) x K[z]/(z = 1) = K x K
Therefore, the spectrum of the ring is:
SpecK[z]/(xz(z — 1)) = {(0) x K, K x (0)}
Remark 7.7. The classical algebraic geometry correspondence implies that if K is an algebraically closed field
, then points in Spec(K /1) correspond to the points on V (I), as well as to the irreducible algebraic subsets of
V(I). For example, points of Spec Clz,y|/(zy) correspond to the points on the coordinate axes and the

irreducible algebraic subsets of their union. One should use this intuition in the general case for a arbitrary
commutative ring R.

Let’s now discuss the spectrum of a localized ring. Consider Spec S 1R, where S'isa multiplicatively
closed subset of R? containing 1. Recall that there is a bijection between Spec S ~1 R and the set of prime
idealsp C Rsuch thatp NS = 0.

{Prime ideals of S™'R} <— {Prime ideals of R that don’t intersect with S}

Example 7.8. Let R be a ring. Consider the following examples:
(1) Let Sy = {1, f, f%,...}. The prime ideals of R := S;lR correspond to the prime ideals of R that

do not contain f. Hence,
Spec Ry = {Prime ideals of R that don’t contain f}
Since Uy NUy = Uy, we have
Spec Ry N Spec Ry = Spec Ry,

6Because it is co-prime to its derivative.

7This follows from Galois theory.
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(2) Let Sy = p¢, where p is a prime ideal. The prime ideals of Ry := S} 'Rare precisely the prime ideals
of R that are contained in p. Hence,

Spec R, = {Prime ideals of R contained in p}

Remark 7.9. If R = Clx1,...,xy,), the dassical algebra-geometry correspondence implies that we can
picture Spec S'JTIC (1, ..., xp] as the set of all points in C™ that do not lie on the zero set of f, along with
irreducible affine algebraic sets not contained in the zero set of f.

Local rings play a fundamental role in algebraic geometry, as they capture the behavior of schemes at
a single point. The spectrum of a local ring provides a simple but illustrative example of a scheme with a
distinguished closed point (corresponding to the maximal ideal) and a generic point. These examples are
crucial for understanding local properties of schemes.

Example 7.10. Consider the localization of the polynomial ring K[z] at the prime ideal (), denoted by
K[z](z). Its spectrum, Spec(K|[x] ) ), consists of exactly two prime ideals:

Spec(Klz] ) = {(0), (x)}

This provides an example of a scheme with a unique closed point (x) and a generic point (0).
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Part 2. Sheaves

A space, such as a topological space or a smooth manifold, can often be studied through the algebra of
functions defined on it. However, a generic space may admit few globally defined functions—for instance,
consider a non-normal topological space or bounded holomorphic functions on C™. A more precise per-
spective is that the structure of a space can be understood by studying locally defined functions. This richer
perspective is formalized using a mathematical object called a pre-sheaf. Pre-sheaves and sheaves are objects
studied in sheaf theory. We will use sheaves to endow the spectrum of a ring with a collection of functions
that generalize the polynomial and rational functions studied in classical affine algebraic geometry. More
generally, sheaves can be used to define objects like vector bundles by specifying their spaces of sections
over any open set and describing how those sections restrict to one another and glue together. Hence,
sheaves are an important tool in algebraic geometry for keeping track of locally defined geometric data. By
associating data—such as functions, sections, etc.—to open subsets of a space and ensuring compatibility
across overlaps, sheaves enable a cohesive transition from local to global phenomena.

8. DEFINITIONS

Before we define sheaves, we first want to introduce the notion of pre-sheaves, which is simpler and
yet very helpful in understanding sheaves. Philosophically, pre-sheaves provide a powerful framework for
systematically organizing and locally defined data. More precisely, given a topological space, X, the idea
of a pre-sheaf is to associate each open set in X with an object in a category, C in such a way that we can
establish a map from a bigger open set to a smaller open set inside it. More formally, we have the following
definition:

Definition 8.1. Let X be a topological space and let C be a category. Let Open(X) denote the category
of open sets on X A C-valued pre-sheaf on X is a contravariant functor:

F : Open(X) — C
Remark 8.2. If.F isa pre-sheafon X, we refer to F (U) as the sections of the pre-sheaf F over the open set

U. We sometimes use the notation I' (U, F) to denote F (U ). If U C V., we write py 7, resy iy or |u for the
morphism between F (V') and F (U).

Given a pre-sheaf on X, a natural question to ask is the extent to which its sections over an open set
U C X are determined by their restrictions to the open subsets of U. A sheaf is roughly speaking a
pre-sheaf where the aforementioned question can be answered affirmatively.

Definition 8.3. Let X be a topological space and let C be a category admitting all limits®. A C-valued
sheaf on X is a pre-sheaf if the following diagram is an equalizer for every open cover % = {Uj }icy of
any open set U

FU) — I, #(U) — H” F(UinUj)
The first map in Definition 8.3 is the product of the restriction maps
resyy, : F(U) — Z(U;),
and the pair of arrows are the products of the two sets of restrictions:
resy, vinu; - 7 (Uy) = F (U N Uy),
resy; u;nu; ¢ F (Uj) — F(U; N U;).
If C = Sets, Ab, R-Mod, the condition in the definition of a sheaf simplify to the conditions:

8Tt would be sufficient to require that C admits all products and equalizers. However, this assumption implies that C admits
all limits.
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(1) (Identity Axiom) If {U; };c is an open cover of U, and f1, fo € Z(U), and fi|y, = fa|v, forall
i, then f1 = f2.

(2) (Gluing Axiom) Suppose {U; }icr is an open cover of U. Suppose for each i we have f; € . (U;)
such that f; = fjin % (U; N Uj). Then thereis a unique f € % (U) such that f|y, = f;.

We can package the above argument in the form an equalizer diagram to reconstruct Definition 8.3. For
each open cover U = UiE ;Ui ofanopenset U C X, there is a sequence

0— 7)) S[[Z7W) 5 ] #winuy),
el 1,5€l

where the maps o and 3 are defined by the assignments

a(s) = (S’Ui)iela

B ((si)ier) = (silvinw, = sjlvinu,) ;e -
Then .7 is a sheaf if and only if these sequences are exact. Indeed, exactness at .# (U) means that o is
injective, i.e., that s|¢7, = Oforallé € I implies s = 0. Exactness in the middle means that ker § = Im a5
thatis, elements (s;) € [[.# (U;) satisfying
5i|U¢ﬁUj = Sj’UiﬂU]- for alli,j el

come from a global section s € .Z (U ) such that s|y, = s;.

Remark 8.4. We'll mostly be working with Ab, R-Mod, CRing.

In some cases, it is assumed @ priori that F(()) is a terminal object in C. For instance, if C = Ab, it is
often assumed a priori that F(()) = 0, where 0 denotes the trivial abelian group. However, we show that
this is actually a consequence of the definition of a sheaf.

Lemma 8.5. Let X be a topological space and let C be a category with all limits and a terminal object, T'. If
F : Open(X) — Cisasheaf, then F(0) = T.

ProoF. Let U = (. Since the product over objects in C indexed over () is a terminal object, the equalizer
condition becomes
FO) LT —3T
Idr
The morphism ¢ : .% () — T is unique since T is a terminal object. Let X € Candlet f : X — T
be a unique morphism from X to 7T'. The equalizer condition states that there exists a unique morphism
1"+ X — Z(0) such that the following diagram commutes:

g Idp
F0) — T 2T

K. Idr
S fI /

X

On the other hand, a7y morphism f' : X — .7 ()) makes the left-most triangle commute. Therefore

Z (0) is an object such for any X there exists a unique morphism X — F'((). In other words, F'((}) =
T. U

Category theory teaches us to always define morphisms between mathematical objects. We now define
morphisms of pre-sheaves, and similarly for sheaves. In other words, we will describe the category of pre-
sheaves and the category of sheaves
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Definition 8.6. Let X be a topological space and .% and & be C-valued pre-sheaves. A morphism of
pre-sheaves, ¢ : .F — ¥, is a natural transformation. That is, for each open set U C X there exists a
morphism from .7 (U) — ¢ (U) such that whenever U C V, the following diagram

7v) 2, gv)

resy, Uy lres V,U

F(UV) — 9(U)

commutes.

Remark 8.7. Wedenote by o(V') : F(V') — G (V') the morphism on sections over an open set V. C X,

and we write its restriction to an open subset U C 'V as
eWlo = F(V)lo = 4(V)|u.

If Cis a concrete category, and s € F (V'), the commutativity of the restriction diagram (written in compo-
nentwise notation) is expressed by the equation:

p(s)lv = pi(slv),
where ; = F|u, — 9\u, is the given morphism on a piece of an apen cover {U; }icp, and U CU; NV

Remark 8.8. If . and ¥ are sheaves of abelian groups, R-modules etc. then we require all the maps o(U )
to be homomorphisms in the appropriate category.

Definition 8.6 makes the collection all pre-sheaves on X into a category, which we denote as PreShv (X, C).
The category of sheaves on X, which we denote as Shv (X, C), is then a full subcategory of the category
of pre-sheaves on X satisfying the identity and gluing axioms.

Example 8.9. Note the following basic examples:

(1) Consider the simplest case where X = {x} is a one-point space. Then the category of presheaves
PreShv(X, C) is equivalent to C itself.

(2) There is a natural forgetful functor
Shv(X, C) — PreShv(X, C),

reflecting that every sheaf is in particular a presheaf.

9. EXAMPLES

Sheaves offer a unified language to study and solve problems that involve patching local solutions into
a global context. This makes them essential tools in diverse fields, including algebraic geometry, topology,
and complex analysis. Let’s look at some examples of sheaves.

Example 9.1. Let C = Setsand let X = {x*} be a one-point topological space. Lemma 8.5 implies thata
C-valued sheaf on X is defined by .% () = S and .% () = {pt}, where S € Sets.

Sheaves of functions form an important example of sheaves. For instance, the assignment that sends
each open set U C X to the ring of functions on U defines a sheaf. These examples are central in areas
such as differential geometry and complex analysis.

Example 9.2. The following is a list of some examples of sheaves of functions:

(1) If X is a topological space, the pre-sheaf of continuous functions, ¢, defined by U +— €' (U), where
% (U) is the abelian group of continuous functions on U (with usual restrictions), is a sheaf.
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(2) If X is a topological space, the pre-sheaf of nowhere vanishing continuous functions, ¢, defined by
U — €*(U), where €*(U) is the abelian group of no-where vanishing continuous functions on
U (with usual restrictions), is a sheaf.

(3) If X = C", the pre-sheaf of holomorphic functions, ¢, defined by U — 5 (U), where 7(U) is
the abelian group of holomorphic functions on U (with usual restrictions), is a sheaf.

(4) If X = C", the pre-sheaf of nowhere vanishing holomorphic functions, 7>, defined by U +
7 (U), where 7 (U) is the abelian group of non-where vanishing holomorphic functions on U

(with usual restrictions), is a sheaf.
Note that .Z (()) = 07 is forced by Lemma 8.5 in all examples above.

Remark 9.3. We can casily generalize Example 9.2 by considering the sheaf of functions restricted to open
subsets of the appropriate space. Moreover, all the examples discussed above are, in fact, examples of R-module
valued sheaves with R = R, C as appropriate.

Arguably the most important example of a sheaf of functions in algebraic geometry is the sheaf of reg-
ular functions on an affine variety. This is the sheaf of functions that can be written as rational func-
tions—that is, quotients of polynomials—that are regular on their domain of definition.

Example 9.4. (Sheaf of Regular Functions) Let K be an algebraically closed field, and let X C A" be an
affine variety. For an open set U C X, let Zx (U) be the ring of all rational functions which are regular
onU:

Zx(U)={f e K(X)| fisregularonU}.
Note that if V' C U, then Zx (U) C Zx(V), so this defines a pre-sheaf by letting the restriction maps

be the inclusion maps. The sheaf axioms are also satisfied.

(1) The identity axiom holds because if f € K (X) restricts to zero in some %Zx (U), then this simply
means that f = 0in K (X).

(2) The gluing axiom holds because if { f; € %Zx (U;)} is a collection of rational functions that agree on
the overlaps U; N U; of an open covering, then they are all equal to the same element f € K (X).
This rational function f must in turn be regular on all of U = | J; U; because if p € U, then p lies in
some Uj, and hence f = f; can be written as a /b with b(p) # 0.

It follows that Zx defines a CRing-valued sheaf, called the sheaf of regular functions on X.

The next examples concern constant pre-sheaves and sheaves, which, despite their simplicity, play a
foundational role in the development of sheaf cohomology. They also provide key intuition for under-
standing how local data can fail to glue globally.

Example 9.5s. Let X be a topological space and let C = Ab. Let A € Ab with the discrete topology. The

following are two examples of Ab-valued pre-sheaves:

(1) For any non-empty openset U € Open(X),let A(U) = A. Clearly, A is a pre-sheaf with restriction
maps the identity. This is called the constant pre-sheaf.

(2) For any non-emptyset open set U € Open(X), let A(U) be the abelian group of all continuous
maps of U into A. Then with the usual restriction maps (as in the previous example), we obtain a
sheaf. Note that each function in A(U) is locally constant for each open set of X. This is called the
constant sheaf.

Once again, .7 () = 0 is forced by Lemma 8.s.

Remark 9.6. Ler A be the constant sheaf. Note that for every connected open set U, A(U) = A since the
image of a continuous map from a connected set to a discrete space is constant. This justifies the terminology.

9Here 0 is the trivial abelian group.



SCHEME THEORY 35

Example 9.7. All examples discussed in Example 9.2 are examples of sheaves of R-modules with R =

R, C as appropriate.

Example 9.8. Let X be a topological space and let 0 denote the trivial abelian group. Fix any abelian
group, A,and x € X. Consider the assignment

A = A %fer?
0 ifz¢U.

This is can be made into a pre-sheaf if for open sets U, V' C X such that V' C U, the map i2(U) —
i2(V) is defined such that:

(1) Ifz ¢ U, then the map is simply the identity morphism 0 — 0

(2) Ifz € V, then the map is simply the identity morphism A — A

(3) Ifz € U \ V, then the map is simply the unique morphism A — 0.

It s easy to verify that this defines a pre-sheaf. Let {U; }ic1 for an open cover for an openset U C X. The
identity and gluing axioms are essentially satisfied since U contains « if and only if some U; contains .

This is called the skyscraper sheaf.

Next, we consider the sheaf of sections, which is fundamental in relating sheaf theory to geometry by
associating sheaves to vector bundles and other fibered structures.

Example 9.9. (Sheaf of Sections) Let X, Y be topological space and let 7 : Y — X be a continuous
map. Recall that a section of 7 is a continuous map o : X — Y such that 7 o 0 = Idx. For an open
non-empty set U C X, define & (U) to be the set of sections of m on U. That s,

EU)={0:U =Y |oiscontinuousand 7 o o = Idy }.

The empty set is sent to the singleton set and the restriction maps are are given by restriction of functions.
This is called the pre-sheaf of sections of 7. In fact, pre-sheaf of sections of 7 is a sheaf of sets. Indeed,
since sections are indeed continuous function, it is clear that the identity axiom is satisfied. Similarly, the
gluing axiom is also satisfied if we note that if {U; };c is an open cover of of U and 0; € & (U;) such that
o; = 0; € &(U; N Uj), then the function o : U — Y such that 0|y, = 0; is indeed a section.

Remark 9.x0. IfY is a topological group, the sheaf of sections is a sheaf of groups.

Remark 9. IfY = X X R, and m is projecting onto the first factor, then sections of T are just continuous
maps X — R. In other words, the sheaf of sections generalizes the sheaf of real-valued continnous functions.

Finally, we examine presheaves that fail to satisfy the sheaf axioms and thus are not sheaves. These exam-
plesillustrate the necessity of the gluing and locality conditions in the definition of a sheaf, and understand-
ing such presheaves is crucial for constructing sheafifications and for deeper insights in sheaf cohomology.

Remark 9.x2. A pre-sheaf may not be a sheaf. Here are two examples:

(1) (Identity axiom fails) Let X = {*1, 2} with the discrete topology. Let F be a pre-sheaf of abelian
groups defined as follows:

F({*1,%2}) = Z, F({x1}) =22, F({x2}) =22, F(0)=0,

with the obvious homomorphisms 7, — 0 and 7. — Lo However, this is not a sheaf. Indeed, X =
{1} U {*2}. Then 2,4 € 7 such that these elements restrict to the 0 element in Zo. However, 2 # 4.
(2) (Gluing axiom fails) Let X = R, and let F (U) be the abelian group of bounded functions on non-empty
open sets U. Then F defines a pre-sheaf but not a sheaf. Indeed, let X = |72, (i1 + 1] and let f; = i
on (i,i+1]. Since V;N\V;j = 0 fori # j, trivially we bave that f; = f; on each ViV = 0 fori # j.
Houwever, there is not f € F(R) such that f |(,~7,~+1] = fis otherwise, f must be an unbounded function.
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The constant pre-sheaf is usually not a sheaf. Let X be a topological space with two open sets, U1, Ua, such that
Ui NUz = 0. Let A € Ab be a non-trivial abelian group and let A be the corresponding constant pre-sheaf

on X. Specifically,
— A, U#0,
AlU) = {0 U i 0

Let’s show that the gluing axiom fails. Let ay # ay € Asuch that a; € A(U;) fori = 1,2. Lt U =
U1 U Us. The overlap condition is trivially satisfied. However, it is clear we cannot find any a € A(U) such
that

aly, = a1 and aly, = az,
Hence, this constant pre-sheaf is not a sheaf. Conceptually, if we view elements of Z(U ) as constant functions
U — A, this example illustrates that we are attempting to take constant functions on Uy and Us with
different values and glue them to obtain a constant function on Uy U Us, which is impossible.

10. STALKS

Stalks are fundamental tools in sheaf theory, providing a way to study the behavior of a sheaf at a single
point. This construction allows us to isolate and analyze local data while still capturing the global structure
of the sheaf. Stalks play a crucial role in understanding the local-to-global correspondence in mathematics,
as they bridge the gap between local properties (encoded in sections over open sets) and global phenomena.
Let’s first motivate the definition of a stalk with the help of an example.

Example1o.1. Let X = C™ andlet & denotes the sheaf of holomorphic functionson X. Foreachz € X
and open set U containing , we define an equivalence relation on &/(U)

f~g <= thereexists an open set W C U containing p such that f|y = g|w

The equivalence class of a function f € O/(U) is called the germ of f at z and is denoted by [f],. The
stalk of & at x, denoted 0, is the vector space of all germs of holomorphic functions at . Addition and
scalar multiplication of germs are defined by performing these operations on any representatives that are
defined on the same open set. For example, addition is defined as:

[f]x + [g]x = [f + g]z
Let’s check that addition is well-defined. Assume that [f]; = [f’]s and [g]z = [¢']s. Then there exist
opensets V, W C U such that f|yy = f’|y and glw = ¢'|w. Itis clear thaton V N W C U, we have
f+glvew = +d'lvew
This shows addition is well-defined. Similarly, it can be checked that scalar multiplication is well-defined.
Remark 10.2. O is actually a ring. This can be checked easily. In fact, Oy, is a local ring. Let m, C F,

denotes germs vanishing at x. This certainly forms an ideal. In fact, the ideal is maximal since ¥, /m, = C.
This is the unigue maximal ideal since any germ not contained in W, is invertible.

The construction given above can be applied to continuous or smooth functions on an appropriate
space. We can now give the general definition of a stalk of a pre-sheaf, abstracting away from the previous
example.

Definition 10.3. Let X be a topological space and let C be a category admitting filtered colimits. Let .
be a C-valued pre-sheaf on X. The stalk of a pre-sheaf, .#, ata point x € X, denoted by .7, is
Ty = hgl F(U)

zelU
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Remark x0.4. The stalk of a sheaf is the stalk of the underlying pre-sheaf.

If C = R-Mod, then colimits exist in C and the characterization of colimit of a directed system allows
us to unpack the definition of the stalk of a pre-sheaf. For example, let % be a R-Mod-valued pre-sheaf on
a topological space X. Foreach z € X, the collection of R-modules .# (U), where U ranges over all open
sets containing x, together with the restriction maps, forms a direct system with the relation U < V' if
U 2O V. The intersection of two open sets containing p serves as a common upper bound. Definition 10.3
defines the stalk of % at x as the direct limit of this system.

Remark xo.s. Let’s recall the direct limit of a directed system of R-modules. Recall that a directed set (I, <)
is a non-empty set I with a binary relation, <, that is reflexive and transitive, and where every pair of elements
has a common upper bound. A direct system of R-modules consists of a_family { My }acr of R-modules
indexed by a directed set I, along with R-module homomorphisms fo5 : Mo — Mg for o < B, satisfying

foa=1ldp,, a el
foy o fap = fay, a < B <7
The direct limit (or colimat in this case) is defined by defining an equivalence relation on 11, ; Mo such that
Mo ~ Mg <= thereexistssomey € 1 suchtht o, B < vy and for(ma) = fa(mg) € M,
The direct limit of the direct system is denoted as

i ot = ( T )~

acl acl

It is easy to check that hﬂae s M, is R-module. For example, addition is defined by

[ma] + [ma] = [fary(ma) + fy(mp)],
where 7y is some upper bound for o and B. This can be checked to be well-defined because all maps fop5 are

homomorphisms. Other operations are defined in a similar manner.

Example 10.6. Let X, Y be topological space and let 7 : ¥ — X be a local homeomorphism. Let & be
the pre-sheaf of sections. We show that for each x € X, we have

&~ By, =1 Y(x)
Foreach x € X such thatz € U, define
nu - g(U) — Ewa
s+ s(x)
We use the maps 7¢7 to induce a map on the colimit:
n:éy = ligéa(U)—)Ex,
zelU
[s] = s(z)
We check that ) is well-defined. Let [s1], [s2] € %, such that [s1] = [s2] If s1, S2 are defined such that
s1 : Uy — FEand sy : Uy — FE, then there is a neighborhood of z € W C U; N Us such that
s1lw = sa2|w. In particular, s;(x) = s2(z). Hence 7 is well-defined. We claim that 7 is a bijection.
First, we show that 7) is surjective. Because 7 is a local homeomorphism, givene € E, = a1 (z), we can

find open neighborhoods O, of e and U,, of z = 7(e) such that

7o, : Oc — Uy
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is a homeomorphism. Then
(7T|Oe)_1 U, — O,

is a section of 7, and

n((7lo.) ™) = (xlo.) "' (x) = (7lo.) " (n(e)) = e.
Hence 1) is surjective. Now we prove that 7 is injective. Suppose 1[s1] = 71[s2]. Then s1(x) = s2(z).
By using properties of local homeomorphisms, we can check that there is an open neighborhood of x on
which s1, s agree. That s, [s1] = [s2]. Thus, 1) is injective.

Example 10.7. Let % be the sheaf of regular functions on an affine variety. Then the stalk %, is the local
ring Ox ;.

Category theory teaches us to focus on the properties of morphisms between objects rather than the
objects themselves. Consequently, we infer the concept of the stalk of a morphism of sheaves from the
following result:

Lemma 10.8. Let X be a topological space. Let C be a category admitting filtered colimits and let F |9 be
C-valued pre-sheaves on X. There is a functor

S+ PreShv(X,C) — C

called the stalkification at x functor for each x € X. In particular, if there is a morphism ¢ : F — 9,
there is an induced morphism on stalks oy, © Fy — G, foreach x € X.

Proo¥. (Sketch) The functor is defined by mapping .# to its stalk %, foreachx € X. If o : # — &
is a morphism of sheaves, then the morphism ¢, : %, — %, is induced by the universal property of
colimits. It is straightforward to verify that this construction defines a functor.

Remark 10.9. If C = R-Mod, then the morphism @, : Fy — Gy of stalks can be described concretely.
It is the morphism @y = Fy — Gy such that ¢ ([f]z) = [©(f)]a- Let’s check that this is well-defined.
Suppose [f1z = [[']zsuch that f € F(U) and f' € F(U'"). Then there exists an open set W C U N U’
containing x such that f|w = f'|w. We have

F(Hlw = Z(flw) = Z(f'lw) = Z(f)lw
Hence [ F (f)o = [F ([")]a- 1t is easy to check that F, is a morphism in C.

Sheaves are an important tool for keeping track of locally defined data. Therefore, we expect that many
properties of sheaves can be checked at the level of stalks. We discuss some properties of sheaves that can
be determined by looking at the corresponding stalks. Here is a sample proposition when C = R—Mod.
Proposition 10.x0. Let X be a topological space and F be a sheaf of R-modules on X.

(1) (Sections are determined by stalks) For U € Open(X), the natural map
h:Z(U) = [ %
zelU
is a monomorphism. Equivalently, the natural map
h:Z(U)— [[ Z
zeU

is injective. That is, if f, g € F(U) then f = g ifand only if fy = gy forall x € U.
(2) (Morphisms are determined by stalks) Let 0,7 : F — 9 be a morphism of sheaves such that
Pz = Yy foreach x € X. Then ¢ = ).
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Proo¥. The proof is given below:

(1) The forward direction is trivial. Conversely, assume that f; = g, foreachx € U. Forafixedzo € U,
fzo = 9u, if and only if there exists a neighborhood z¢ € Uy, C U such that

f|U7:O = g’U:I‘O

If we take all such neighborhoods U, forall z € U, we get an open cover for U = U,epyUy, and by
the definition of sheaves,

FU) - [ ZW.)
zelU

is injective. Hence, f = g.
(2) Consider the following diagram:

FU) — 9(U)

| |

[cv #o — ocv %

The top map is either p(U) or 1) (U) and the bottom map is the corresponding induced map on stalks
ateach p. Since the diagram commutes by assumption, the following diagram commutes:

o(U)
F(U) GU) — L%

Y(U)

Since the second map is 2 monomorphism by (1), we have o (U) = (U for each open set U. Hence,
=1
This completes the proof. O

Remark x0.xx. Proposition 10.10 is false for general pre-sheaves. Let X = {1, %o } with the discrete topology.
Let F be a pre-sheaf of abelian groups defined as follows:

F {1,008 =2, F({n}) =2, F({x2}) =22, F(0) =0,

with the obvious homomorphisms 7. — 0 and 7. — Zg. Note that F ., , Fv, = Lo X L.
(1) Let U = X. Note that the map

Z=7U)~ ] #2212
zeU

is clearly not injective. Hence, a section is not necessarily determined by stalks for a general pre-sheaf.

(2) Let o be a morphism of F. Let @ be such that o(X) : Z — 7 is the identity map. The consistency
conditions for p to be a sheaf morphism implies that the maps Lo — Lo are identity maps. However, if
o(X) is changed to ' (X ) : Z — 7 which is multiplication by n map where n is the odd, consistency
conditions for @' to be a sheaf morphism implies that the maps Lo, — Lg are identity maps. In either
case, the induced maps on stalks are identity. This shows that morphisms are not necessarily determined

by stalks for a general pre-sheaf.
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1. STRUCTURE SHEAF

We now look at an example of a sheaf, called the structure sheaf, that is important in algebraic geometry.
We have endowed the spectrum of a ring with the structure of a topological space. For a commutative
ring R, to view Spec R as a geometric space, we equip it with a sheaf analogous to the sheaf of regular
functions on an affine variety (Example 9.4). The structure sheaf on Spec R is constructed by considering
the “regular fnunctions” associated with the ring .

i..1. Sheaves Defined on a Basis. We first need to look at the concept of sheaves defined on a basis. Let
C = CRing. We can also take C = Ab, R-Mod. Sheaves are defined with Open(X) as the domain
category for a topological space X. Given a basis Z for X, we can attempt to track the sheaf data at the
level of open sets in 2.

Definition m.1. Let X bea topological space with basis Z. A CRing-valued %-pre-sheaf is a contravari-
ant functor:

F : Open”(X) — CRing

Here Open'@(X) is the category of open sets of X in %. A CRing-valued sheat % pre-sheaf is a CRing-
sheaf if the following diagram is an equalizer for every open cover % = {U;}ic; C 2 of any open set
U e %:

FU) — 1, 7 (Ui) —= vaUimUjVegz F (V)
Lemma xx.2. Let X be a topological space with basis B, and let F be a CRing-valued %B-sheaf. We have

F(U) = 1£1 F (V).
VCU
VeR
PrOOF. An element of lim .% (V') defines a section on each base open set V, and these sections are com-
patible with restriction. Thus, by the gluing axiom this collection corresponds to a unique section over U,
since the base open sets V' € 4 clearly form a cover of U. This gives a unique map
@ FV)— F(U)

VCU
Ve

such that for every base open set W C U, the following diagram commutes:

mycy F(V) —— F(U)
~

F

F (W)
Since any object with morphisms to each .# (V') factors uniquely through the limit, this implies that
Z (U) satisfies the same universal property. This concludes the proof. g

The primary motivation for introducing Z-sheaves is encapsulated in the following proposition, which
states that, as anticipated, any %-presheaf can be extended to a presheaf on X by approximating open sets
in X through open sets in the basis .

Proposition 11.3. Let X be a topological space with basis 5. Every CRing-valued %B-sheaf F extends to a
CRing-valued sheaf F on X, which is unigque up to isomorphism.
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The idea of proof of Proposition 11.3 is to define .7 (U) as the set of all possible gluings of sections of F
over open sets in 4 that cover U. More precisely, a section s € .% (U) is given by a collection of sections

s; € F(V;)
for some open cover {V; }icr of U with V; € 4, such that
silw = sjlw
forany W € % with W C V; N V;. The only drawback is that each section depends on the choice of

a covering {V;}. To define the group .% (U) in a manner that is independent of any particular cover, we
consider the largest cover of U, consisting of all open sets V' € Z such that V' C U.

Proor. Let U C X be any open subset, and let By C % denote the collection of open sets in %
contained in U. Using Lemma 11.2, define
Z(U) := Jm
Ve%y

An element of . (U) is therefore given by a compatible family of sections sy, € .# (V). Note that we
have

FWU) =S (sv)e [[ ZOV):svlw =sw, forallW CVwith W,V € By
VeRBy

Note thatif Uy C U, then By, C Py, and the projection maps induce restriction maps

F(U) — Z(Uy).
This makes .% into a pre-sheaf. The sheaf axioms are easily verified. Moreover, if U is an open set in %,
there is a canonical isomorphism

F(U) = F(U),
sending a section t € .Z (U) to the collection (s )veg, where sy = t|y. The inverse is given by the
projection onto the “U-th component”. O

1.2. Structure Sheaf. To motivate the definition of the structure sheaf, let us recall the case when X C
A" isan affine variety, and A(X') denotes its coordinate ring. For a distinguished open subset D(f) C X,
we have

Ox(D(f)) = A(X)y,
where A(X) ¢ is the localization of A(X') at the element f (Proposition 4.4). Moreover, if D(g) € D(f),
the corresponding restriction map

Ox(D(f)) = Ox(D(9))

is given by the canonical localization map A(X )y — A(X),. In fact, the sheaf Ox is completely deter-
mined by the values Ox (D(f)) = Ay foreach f € A. Indeed, we have

Ox(U)= () Ox(D(f)).
D(f)cU

Motivated by this discussion, we can define a pre-sheaf on a basis of open subsets of the spectrum of an
arbitrary ring R.
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Definition 11.4. Let R be a ring, and let Z denote the basis of distinguished open subsets of Spec R.
The %B-structured sheaf is contravariant functor
& : Open”(Spec R) —» CRing
U — Ry
We now show that . is a Z-sheaf. The result is proved using an algebraic lemma, which is also stated
below.

Proposition 1v.s. Let R be a ring, and let P denote the basis of distinguished open subsets of Spec R.
(1) Let g1, ..., gr € R beclements generating the unit ideal. For any R-module M, the following sequence
1s exact: ; .
0—M %5 PDM, 5 @ M,
i=1 ij=1
where the maps o and [3 are defined by
a(s) =(s/1,...,s/1),
,B(Sl, ey Sr)i,j = Si/l — Sj/l.
(2) & isa CRing-valued FB-sheaf.

Prookr. The proof is given below:

(1) Skipped.

(2) Let Uy is a distinguished open subset of Spec R. First assume that {Uy, }7_, is a finite open cover of
Uy. Applying (1) to the ring R and the module M = R, we obtain an exact sequence:

T s
0— Rf % @Rfi E) @ Rfifj‘
i=1 ij=1
The sheaf axioms are verified by the exactness of the sequence constructed above. Now assume that
{Uy, }ier is a general open cover of Uy. Since Uy is compact, there exists a finite subset J C I such
that {Uy, } je s forms a finite subcover of Uy. We check the two sheaf axioms:
(a) If s € Ry maps to zero in Ry, for every ¢ € I, then in particular, it maps to zero in Ry, for each
i € J. The argument above for the finite cover case implies that s = 0 in Ry.
(b) Lets; € Ry, be compatible elements for ¢ € I. Thatis

S; / 1= Sj / 1
Ry, fi forall 7,5 € I. The argument above provides a unique element s € Ry such that s; =

s/1 € Ry, foralli € J. We show that this element s also induces the sections s; forall i € 1.
Fix an index o € I. Consider the finite covering

{Ufl }iEJU{a}
of Uy. The argument above implies there exists an element s’ € Ry such that s'/1 = s;in Ry,
foralli € Jand s'/1 = s, in Ry, . Since both s and s’ restrict to the same elements in R, for
all i € J, uniqueness implies that s = s" in Ry. Hence, s/1 = s, in Ry, as well.
Hence, . is a %-sheaf.

This completes the proof. (|
The discussion above shows that the assignment Uy +— R define a sheaf on the basis of distinguished

open sets of Spec 2. We now extend this to a sheaf on the entire space, giving the precise definition of the
structure sheaf.
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Definition 11.6. Let R be a ring. The structure sheaf, Ogpec R , is the unique sheaf extending the %-
sheaf, .. In particular, Ogpec g is defined as:

ﬁSpec(R)(U) = {(SZ) € Hquz

si = sjin Ry, ¢, forallz,j € I} ,
el

Remark 1v.7. Proposition 11.3 implies that Definition 11.6 is well-defined.

Proposition 11.8. Let R be a ring.
(1) Ospec R(Spec R) = R.
(2) Foranyp € Spec R, we have
ﬁSpecA,p = Rp-

Proo¥. We defined Ogpec g s0 that Ospec r(Ur) = Ry forevery f € R. Taking f = 1, we obtain
Ospec R(Spec R) = R

For (2), since the distinguished open sets form a basis for the topology, the stalk of Ogpec r at a point
p € Spec R can be computed as the direct limit

OSpec Rp = lim Ospec r(Uy) = lim Ry
peUy fép

We claim that the natural map hgl Fé R; — R, induced by the maps Ry — Ry for f ¢ pisan

isomorphism.

(a) Anyelementa/s € Ry, with s € p, lies in the image of the canonical map Rs — Rj,. Hence, the
map is surjective.

(b) Supposean elementa/f™ € Ry mapsto zeroin Ry,. This means there exists s € psuch thatas = 0
in R. Thena/f" = 0in Ry, where g = sf. Hence, the element vanishes in the direct limit. Hence,
the map is injective.

Hence, we have

Ospec rp = M Ry = Ry
fép

This completes the proof. OJ

Example 11.9. The structure sheaf carries essential algebraic information beyond the underlying topolog-
ical space. Let K be an algebraically closed field. Then Spec K consists of a single point, (0) (Example s.4).

However, we have
ﬁSpec(K) (K) =K

Hence, the structure sheaf distinguishes non-isomorphic algebraically closed fields whose spectra are home-
omorphic as single points.

12. GLUING SHEAVES

A central theme in modern geometry and topology is the principle of constructing global objects from
compatible local data. In the theory of sheaves, this idea is made precise through the process of gluing. The
ability to glue sheaves is fundamental not only to the construction of sheaves themselves but also to many
deeper results, such as the formulation of sheaf cohomology and the development of schemes in algebraic
geometry. We discuss how to glue morphisms of sheaves and sheaves.
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Remark 12.1. We work with sheaves taking values in a concrete category, such as CRing (the category of
abelian groups) since sheaves defining schemes discussed later on take values in concrete categories. Arguments
below can be adapted to apply to C-valued sheaves, where C is a locally small category, by using the Yoneda
embedding to reduce to the case of set-valued sheaves.

Gluing morphisms of sheaves is the easiest of case.

Proposition 12.2. Let X be a topological space and {U, }ic is an open cover of X. Let F and 9 be sheaves
on X taking values in a concrete category such as CRing. Suppose we are given, for each© € I, a morphism
of sheaves p; : F|u, = G|y, such that for all i, j € I, the restrictions agree on overlaps:

pilu,nu; = $jluinu;-
Then there exists a unique morphism of sheaves p : F — 4 satisfying

olu; = i
foralli € 1.

PrOOF. Let V' C X be an open set, and let s € 7 (V). We define p(s) € 4(V). The open sets
Vi :=U; NV form an open cover of V. For each ¢ € I, consider the section

pi(slv;) € 4(Vi).
We have
@i(8)lvinv; = wi(slvinv;) = @i(slviny;) = @5(8)lvin;
which shows that the sections ¢; (s|v; ) agree on the overlaps V; N V. By the gluing axiom for the ¢, there
exists a unique section ¢(s) € ¢ (V') such that p(s)|y; = @i(s|y;) forall i € I. We define ¢(s) to be
this glued section. By construction, |y, = ; for all i € I. For uniqueness, suppose ¢ and 1) are two

morphisms of sheaves such that |7, = |y, foralli € I. Let V' C X bean openset,andlets € .7 (V).
Then for each 7 € I, we have

p(s)lvi = wilslvi) = Yilslv) = ¥ (s)lv;-
Thus, ¢(s) and ¥(s) agree on the open cover {V; } of V. By the identity axioms for the sheaf ¢, it follows
that p(s) = 1(s). Hence, ¢ = 1) as morphisms of sheaves. O

We now discuss how to glue sheaves. Suppose we are given a sheaf .%; on each open set U; of an
open cover {U; }ic of a topological space X. The goal is to construct a global sheaf .# on X such that
F|u, =2 F;foreachi € I. A necessary condition for such a sheaf .% to exist is that the local sheaves .%;
must be isomorphic on the overlaps U; N U;. Moreover, by providing a collection of isomorphisms on
the intersections together with compatibility on triple overlaps (i.e., satistying the cocycle condition), this
gluing data becomes not only necessary but also sufficient to construct such a global sheaf.

Proposition 12.3 (Hartshorne IL1.22). Let X be a topological space with open cover {U; }ic1. Suppose we
are given:

(1) foreachi € I, a sheaf F; on U; taking values in a concrete category such as CRing,

(2) foreach pairi,j € I, an isomorphism of sheaves

7ji : Filuy, = Filu,,
where U;j := U; N U;,

satisfying the following cocycle conditions:

(a) 15y = 1d g, foralli € I,

() Tji = T,L»Elforalli,j el
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(c) T; = Tkj © Tji over Uy := U; NU; N Uy foralli, j, k € 1.

Then there exists a sheaf F on X taking values in a concrete category such as CRing, together with isomor-
phisms

v . ﬁ ‘ U; l> 9 7y
such that for all i, j € I, the following compatibility condition holds over U,j:
Vj = Tji (¢] Vi‘Uij'
Moreover, the sheaf F, together with the isomorphisms {vi}, is unique up to unique isomorphism.

PrOOF. A section of .# over an open set V' C X is given by a collection of compatible sections s; €
Fi(Vi), where V; := U; NV, satisfying the condition that for all ¢, j € I, the identifications

Tjilsilviy) = silv,,  inF5(Vij)
hold, where V;; := U;; N V. In particular, we have:

FV):= {(Si)iel € Hﬁi(Vi)

el

sz‘(si‘Vi]') = 5j|V¢j foralli,j € I} .

The restriction maps are defined componentwise: if W C V/, then the restriction map is
FV)—= FW)
(si)ier = (silw; )ier-
This is well-defined because the transition isomorphisms 7;; are compatible with restrictions; that is,
Tji(3i|Wij) = Sj |Wij whenever Tji(si|Vij) = Sj |‘/;jj .
We next check the two sheaf axioms.

(1) (Identity Axiom) Let s = (s;) € .# (V') be a section, and suppose that s|y,, = 0 for every open set
Vo in an open cover {Vy, }aen of V.. Then, for each i and o, we have

5i|UzﬂVa =0 in yZ(UZ M Va).

Since the sets {U; N V4, }aea form an open cover of U; NV, and each .%; is a sheaf on Uj, it follows
that

s; =0 inﬁi(UiﬂV).
As this holds for every 7, we conclude that
s=0 inZF (V).

(2) (Gluing Axiom) Let {s, }, with s, € .# (V,), be a compatible family of sections over an open cover
{Va}aen of V. Compatibility means that for all «v, 3,

SalVas = 58|Vags
where V3 := V,, N V. Fixing i € 1, this induces a compatible family of sections
Sa,i = Saluinva, € Zi(Ui N Vy).
Since each .%; is a sheaf on Uj, the sections {54, } o glue uniquely to a section
si € F(U;NV).
By construction, the compatibility condition on the transition maps holds:

T’L](S]) ’Uijﬂv = Si’U¢jﬂV7
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since this equality holds on each V, N Uj; and the s, are compatible. Hence, the tuple s = (s;)
defines an element of .% (V'), which by construction restricts to S, on each V.

We now construct isomorphisms

vi: Flu, = Fi.
To avoid getting confused by the indices, we fix the index 0 € I. Suppose V' C Uy is an open set. The
projection map

wy  FV)—= F(V),
(8i)ier = 0.

induces a well-defined sheaf morphism

v Flu, = Fo.

We claim that v is an isomorphism. Note that we have /5 0 739 0 1. Indeed for V' C Upg we have

760 (10(s)) = Tso(s0) = 55 = v5(s)-
We first show that vy is injective. If s = (s;) € [[;c; %i(V) is a section such that so = 0 € F(V),
then for all i € I we have
si = silvau, = Tio(s0) =0,

and hence s = 0. We now show that vy is surjective. Take any section o € %((V') over some V' C U
and define

s := (Tio(olvrvnuy) ) e r-
Note that for every 7, j € I, we have
7ji(Ti0 (o lvav.nu,nuy)) = Tio(olvavnu,no,)-

Therefore, s defines an element of % (V). As 190 (0'|vnu,nu,) = o by the first gluing condition, we also
have 1/(s) = o. This shows that 1 is an isomorphism. The proof of uniqueness is skipped. t

13. PusuwoRD FUNCTOR

Our discussion of sheaves has so far been confined to a single topological space X. However, it becomes
essential to understand how sheaves defined on different topological spaces relate to one another in scheme
theory. We now discuss the pushforward functors that allow us to related sheaves defined on different
topological spaces

Remark 13.x. We assume all sheaves are sheaves of R-modules.

Given a continuous map between topological spaces, we can ask how the sheaves on X and Y are re-
lated. We discuss the pushforward construction in this section. This notion will play a crucial role in the
definition of (locally) ringed spaces in Section 14, which combines the notion of the spectrum of a ring
with its associated structure sheaf.

Definition 13.2. Let X,Y € Topand f : X — Y be a continuous map. If . is a sheaf on X the
pushforward sheaf, f..%, onY defined by

(fF)U) = Z(f1(U)),
for every open set U C Y and the restriction maps
(fT)U) = (f7)(V)
are defined to be those induced by the restriction maps of .7, for opensets V C U C Y.
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Let’s check that the direct image pre-sheaf is in fact a pre-sheaf. We begin with a simple observation.
Since f is continuous, the preimage of any open set in Y is still an open set in X, and the operation of
taking preimages preserves inclusions. Consequently, f naturally induces a functor f~! from Open(Y")
to Open(X'). Moreover, by reversing the arrows in both categories, f ~1 retains its functoriality. Now, let
Z be a pre-sheaf of R-modules over X, and consider the following diagram:

(%) : Open®(Y) L5 Open®P(X) A R-Mod.

This gives the desired contravariant functor. Hence, the direct image pre-sheaf'if indeed a pre-sheaf. If .7
is a sheaf, it is clear that the direct image pre-seafis in fact a sheaf.

Example 13.3. The following is a basic list of computations of the pushforward.

(1) Leti : {z} — X be theinclusion of a closed point z into X, and let A be an abelian group, regarded
as a constant sheaf on {x}. The pushforward sheaf is the skyscraper sheaf (Example 9.8):

Z,*(A)(U):{A ifr €U,

0 otherwise.
(2) Leti : U < X be the inclusion of an open set U into X. If % is a sheaf on U, we have
i(F)V)=Z(VNU)
(3) Letm : X7 {x} be the map from X to a one point topological space. If . is a sheaf on X, we have
r(F)(x) = F(X) = T(F)
Hence, 7, computes the global sections.

We can now define a functor:
f« : PreShv(X, R-Mod) — PreShv(Y, R-Mod)

Let’s verify that f, is indeed a functor. If ¢ : .# — .#' is a morphism of pre-sheaves on X, we have the
following commutative diagrams for opensets U C V' C Y

LFU)=Z(f7H0)) +—— Z(f71 (V) = LT (V)
Sof_l(U)l f” “1v)
LF(U) = F'(f7H0)) +—— F'(f7H(V)) = L T'(V)
Thus, p¢-1(_y defines a pre-sheaf morphism -1 (_y : fu# — fi.7". ’. Hence, f4 is indeed a functor

called the direct image functor. f, also restricts to a functor
f«lshy = Shv(X, R-Mod) — Shv(Y, R-Mod)

This illustrates the functorial nature of sheaf-theoretic constructions—something we will explore further
in later sections.
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Part 3. Schemes

The theory of schemes is the foundation of modern algebraic geometry. It provides a unified frame-
work that generalizes classical varieties and allows one to rigorously handle objects defined by arbitrary
commutative rings.

14. LocArLYy RINGED SPACES

Geometrically, a spectrum of a ring with its structure sheaf encodes both the topological space of prime
ideals of R and the ring of functions defined locally on this space. This naturally leads to a more general
framework: a category of geometric spaces equipped with a sheaf of rings. To capture this structure ab-
stractly, we introduce the category of locally ringed spaces, which formalizes the essential features of affine
schemes and provides the appropriate categorical setting in which schemes naturally reside. We first define
aringed space.

Definition 14.1. A ringed space is a pair (X, % x ), where X is a topological space and .#x is a CRing-
valued sheaf on X. A morphism of ringed spaces from (X, Zx) to (Y, %) is a pair (f, f#), where
f X — Y isacontinuous map and

f# Yy — f* Fx
is a morphism of sheaves of rings on Y.

Remark 14.2. The adjunction between the pushforward and pullback functors (22) shows that the notion
of a morphism of ringed spaces could equivalently have been defined in terms of the pullback of sheaves of
commautative rings rather than pushforwards of sheaves of commutative rings. This perspective highlights the
fundamental role of the adjunction.

Remark 14.3. The definition of morphisms of ringed spaces given in Definition 14.1 is inspired by the classi-
cal setting of affine varieties, where morphisms are continuous maps compatible with the pullback of regular
functions. In particular, if X,Y are morphisms of affine varieties defined over an algebraically closed field,
a morphism of affine varieties

f: X—>Y
is precisely a continuous map such that the pullback defines a ring homomorphism

Py (U) — Zx(f~1(U)),

where Zx y are the sheaf of regular functionson X, Y respectivelyand U C'Y isan open set (Definition 4.7).
In other words, we have a morphism of sheaves By — [« X x.

In a ringed space (X, Fx), it is natural to ask how to evaluate a section at a point. Given an open set
U C X,asection f € #x(U),andapointx € U, the germ f, € Fx , captures the local behavior
of f near x, but does not in itself define evaluation unless the stalks carry additional structure. In typical
examples—such as the structure sheaf on Spec R or the sheaf of smooth functions on a manifold—the
stalks are local rings. Each stalk . x , has a unique maximal ideal m,, consisting of germs vanishing at ,
and evaluation corresponds to the image of f; in the residue field .#x , /m,. This motivates the notion
of a locally ringed space, where the stalks are required to be local rings, ensuring that evaluation at points

is well-defined.

Definition 14.4. A ringed space (X, .#x) is a locally ringed space if for each point 2 € X, the stalk
Fx z is a local ring with unique maximal ideal m,. A morphism of locally ringed spaces (f, f#) :
(X, Fx) — (Y, Fy) is a morphism of ringed spaces such that the induced map

ff : yy’y — ﬁx,x
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maps m,, into m,, forevery z € X,y € Y such that f(z) = y.

Remark 14.5. We now clarify the definition of a morphism between locally ringed spaces. Let f : X —'Y
be a morphism of topological spaces and suppose v € X with f(x) = y. The morphism of sheaves f#
Oy — f+Ox induces, for every open subset VVC'Y, a ring homomorphism

FAV) 0y (V) = Ox(F1(V)):
As V. varies over all open neighborboods of y, the preimages [~(V') form a cofinal system of open neighbor-

hoods of x. Passing to colimits, we obtain an induced map on stalks:

[ Ovy =lim Oy(V) —  lim  Ox(f7'(V)) = Ox,
yev zef~1(V)

Hence, any morphism of ringed spaces (f, f ) gives rise to a local map of stalks at each point x € X. In the
context of locally ringed spaces, we require that this induced map

ff : ﬁxy — ﬁXﬂC
be a local homomorphism of local rings'*.
Example 14.6. Let R be aring. (Spec R, Ospec r) is a locally ringed space.

Remark 14.7. It can be checked that locally ringed spaces assemble into a category, denoted LocRing. Let’s
verify that the composition of morphisms of locally ringed spaces is well-defined. Given morphisms

(faf#) : (XayX) - (Y7<92.Y)7

(gug#) : (YvaﬁY) - (ng\Z)
we define the morphism X — Z by the composition g o f on the level of topological spaces. The associated
sheaf map (gof )# is defined, for an open set U C Z, by the composition
ar g(#f ar —1 ff_l(U) ar —1
Fz(U) — Fy(g(U)) —— Fx((go f)(U))

An isomorphism of locally ringed spaces is a morphism f : X — Y. That is, f is a homeomorphism of
topological spaces and for every open set U CY, the map

i Fy(U) = Fx(fH0)
is an isomorphism of rings.
15. AFFINE SCHEMES

Having introduced the spectrum of a ring and constructed the structure sheaf on this space, we are now
ready to give the formal definition of an affine scheme.

Definition 15.1. Let R be a ring. An affine scheme is a pair (Spec R, Ogpec r) consisting of the topo-
logical space Spec R together with the structure sheaf, Ogpec g

Example 15.2. Let X = SpecZ. Then the points of X are the prime ideals generated by prime num-
bers, together with the zero ideal. Since Z is a principal ideal domain (PID), every open subset of X is a
distinguished open set. In particular, for the distinguished open set Uy, we have

Ospecz(Un) = 7Z [Tll] :

Note that X does not have an analogue in the category of (classical) affine varieties, AffVar.

©Thatis, if (A, m4) and (B, mg) are local rings, a ring homomorphism ¢ : R — S is called local if o ™" (mp) = ma.
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Example 15.3. (Hartshorne IL.2.11) We describe the affine scheme Spec IF,,[x]. Since IFy,[z] is a PID, the
set of prime ideals is in 1-1 correspondence with irreducible monic polynomials in Iy, [z]. Therefore,

SpecFp[z] = {(0)} U{(f) | fis an irreducible monic polynomial in Fp[z]},

When f = 0, then Ogpecr, (2,0 = SpecFy[z](g) = SpecFy(z) and the maximal idea mg is the zero
ideal since SpecIF, () is a field. When f is a non-zero irreducible monic polynomial of degree n, note

that by definition,
SpecFy[z](sy = {g/h : g,h € SpecFplx] f 1 h}
Recall that Spec IFp[x] f) is a local ring since (f) is a prime ideal and that the unique maximal ideal of
Spec Fy[z] ) is given by:
mep) = {a/b:a,be SpecFylz] ftbf]|a}
Here m ) is the ideal m = (f) localized at (f).
Let AffSch be the full subcategory of LocRing consisting of locally ringed spaces isomorphic to the

spectrum of some ring. We now come to the all-important result: the category AffSch is equivalent to
CRing opposite category of commutative rings, establishing a deep duality between algebra and geometry.

Proposition 15.4. AffSch is equivalent to the category Rings°P.
Remark 1s.5. We write AffSch ~ CRing®P.
Proor. Consider the functor:
I' : AffSch — Rings®?
(Spec R, Ospec R) — Ospec R(SPec R) = R

We show that I' is fully faithful and essentially surjective. The latter follows since Proposition 11.8 implies
that Ospec R(Spec R) =2 R. We now show that I' is fully faithful by showing that forany R, S € CRing,
the map

TR,S - HOmRings(R, S) — HomAffsch(Spec S, Spec R)

defined by Lemma s5.12 is bijective. Let ¢ : R — S be a ring homomorphism, and let f : Spec S —
Spec Rinduced map as in Lemma 5.12. We must show that f induces a morphism on the structure sheaves
in order for it to define a morphism of locally ringed spaces. It suffices to define the morphism

f#: Ospec R — Fi(Ospecs)
on distinguished open sets. First note that
Ospec R(Un) = Ry,
Ospec R(f T (Un)) = Spny-

There is a ring homomorphism B — S — S, (4. Since the image of g is invertible in .S, ), the universal

property of localization gives an induced ring homomorphism Ry — S, (4. This defines f # and shows

v(g
that 7 g is well-defined. The candidate for the inverse map is given by
YR,s : Homagsch(Spec S, Spec R) — HomRings(R, S)

defined by taking global sections. It is clear that yg g o Tg g is the identity map. We now show that
TR,S © YR,s is the identity map. Suppose given a morphism of locally ringed spaces

(f, f#) : Spec S — Spec R
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Taking global sections, f # induces a homomorphism of rings ¢ : R — S. Given p € Spec .S, we obtain
a morphism of local rings on stalks, which is compatible with ¢ and localization, yielding the following
commutative diagram:

R—%2 45§

L

Ry (») — Sp

Since f7# isalocal homomorphism, it follows that o =1 (p) = f(p) " This shows that the underlying map
f coincides with the canonical map

Spec R i> Spec S
induced by ¢. It then follows that f# is also the structure sheaf morphism induced by ¢, so that the

morphism (f, f#) of locally ringed spaces is indeed induced by the ring homomorphism (. This shows
TR,S © YR,s is the identity map O

Example 15.6 (Hartshorne I1.2.5). Z is the initial object in CRing because any commutative ring R, there
exists a unique ring homomorphism

p:Z — R
1—1pg

Therefore, Proposition 15.4 implies that Spec Z is the final object in AffSch. It follows that in AffSch, for
any affine scheme Spec R, there exists a unique morphism

Spec R — SpecZ.

We have established the category of affine schemes and demonstrated the fundamental result:

The category of affine schemes is equivalent
to the opposite category of commutative rings.

However, this does not capture the full scope of schemes. To illustrate the limitation, consider the analogy
with complex manifolds, which are geometric spaces locally modeled on (C", ), where 7 denotes the
sheaf of holomorphic functions. In this analogy, the category of affine schemes corresponds to the local
models (C", 7). Therefore, a general scheme is a topological space equipped with a sheaf of rings that is
locally isomorphic to an affine scheme. Schemes are discussed in the next section.

16. GENERAL SCHEMES

A scheme is a locally ringed space that is locally isomorphic to an affine scheme. This construction
mirrors the classical notion of a smooth manifold: whereas a manifold is a topological space locally modeled
on open subsets of R", equipped with a sheaf of smooth functions, a scheme is built by gluing together
spectra of rings, each with a corresponding sheaf of regular functions. This local-to-global approach allows
schemes to capture both geometric and aripropetic information in a unified framework.

Definition 16.1. A scheme is a locally ringed space (X, .Zx ) such that every € X has an open neigh-
borhood = € U, such that (U, #x |y, ) is an affine scheme.

Example 16.2. Let R be aring. Then (Spec R, Ospec r) is a (affine) scheme.

USuppose ¢ f(p). Then the image of 7 in R (y) is a unit, so f (r) isa unitin Sp. Hence, ¢(r) € p,ie,r & ¢ ' (p).
Conversely, assume r & ¢~ ' (p), so that () ¢ p, and thus the image of ¢(r) is a unit in Sp. Since fi : Ry — By is
alocal homomorphism, the preimage of a unit is a unit. Therefore, the image of 7 in R () is a unit, which implies r ¢ f(p).

Thus, we conclude that f(p) = ¢~ *(p).
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A morphism of schemes is defined as a morphism of the underlying locally ringed spaces. That is, it
consists of a continuous map between the underlying topological spaces together with a morphism of
structure sheaves that respects the local ring structure at each point. This definition places the category of
schemes, denoted by Sch, as a subcategory of the category of locally ringed spaces, LocRing.

Remark 16.3. The category of affine schemes, denoted AffSch, is a full subcategory of Sch.

Remark 16.4. If f : (X, Zx) — (Spec R, Ospec R) s a morphism of schemes, there is an induced
morphism of sheaves

f#: Ospec r = foFx,
which on global sections induces a ring homomorphism
R =T(Spec R, Ospec r) = I'(X, Zx).
This yields a map
a : Hom((X, #x), (Spec R, Ospec r)) — Hom(R,T'(X, Zx))).

A generalization of Proposition 15.4 states that the map o is bijective. In particular, this shows that Spec Z
is a final object in the category Sch since Z is initial in CRing. Similarly, Spec 0 is initial in Sch since 0 is
final in CRing.

16.1. Basic Topological Properties. We establish some basic topological properties of schemes. The
topological space underlying a scheme is not generally expected to be Hausdorff. Indeed, as we have seen,
even an affine scheme is not Hausdorff. However, an affine scheme is a Tj-space, and since any scheme can
be covered by affine open subsets, we expect that a general scheme is also a Tp-space.

Proposition 16.5. Let X be a scheme. Then X is a To-space

PrOOF. e can cover X by affine open subsets. If 2 and y are contained in a common affine open subset,
then the Tp-property follows from the fact that any affine scheme is a Ty-space (Proposition 6.4). Other-
wise, there exists an affine open neighborhood of one point, say 2, which does not contain the other point
1. ([l

We now turn to a basic property of generic points in a scheme.

Proposition 16.6. [Hartshorne I1.2.9] If X is a scheme, then every non-empty irreducible closed subset 7 C
X has a unique generic point, €.
Prookr. The proof is given below:

(1) Assume first that X is an affine scheme. Since Z C X is a closed and irreducible subset, there exists a
prime ideal p C A such that Z = V/(p). In particular, p € Z, and by Proposition 6.1, we have

=V =2
(2) Now assume that X is a general scheme. Letz € Z # (), and let U C X be a non-empty affine open

subset containing x. Consider the set V' := U N Z. Then V is a non-empty closed and irreducible
subset of U. By (1), there exists a point § € U such that

{&=vcz,

where the closure is taken in U. Consider {¢} in X. Observe that we can write Z as the union of two
closed subsets: L

Z={&uUNnZ).
Since Z is irreducible and Z # U° N Z, it follows that Z = {£}.
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(3) We now show uniqueness. Assume that there exist two distinct points & 2 such that {{; 2} = Z.
Since X is a Tp-space (Proposition 16.5), there exists an open subset U C X such that {; € U and

& ¢ U. However, this contradicts the assumption that §; € {&}, which implies that every open
neighborhood of &1 must also contain &>. Thus, &1 = &a.

This completes the proof. U

16.2. Relative Schemes. Let S be a scheme. A scheme over S is simply a scheme X equipped with a
morphism
X =S

A scheme over S is also called as S-scheme. .S is also called the base scheme. If we have an S-scheme, then
the morphism X — S allow us to think of X as being defined relative to S, much like families of algebraic
varieties or solutions to polynomial equations depending on parameters. A morphism of schemes over S
is then a commutative diagram

This allows us to define the category of schemes over a base scheme .S, denoted by Schg. Note that Schg
is the slice category of Sch over S.

Example 16.7. let K be a field and let V' be an affine variety, that is, the spectrum of a finitely generated
K-algebra
A(V) =K[z1,...,x4]/p,

where p is a prime ideal. The inclusion K < A (V') induces a morphism of schemes

V — SpecK.

17. OPEN AND CLOSED SUBSCHEMES

We discuss open and closed subschemes. These constructions are essential for understanding how
schemes are built from and relate to their local pieces.

17.1. Open Subschemes. Recall that an open subset of a smooth manifold naturally inherits the structure

of a manifold. We ask whether an analogous statement holds for schemes.

Proposition x7.1. [Hartshorne I1.2.1 € [1.2.2] Let (X, Fx) be a scheme.

(1) If (X, Fx) = (Spec R, Ospec R) #s an affine scheme, then the locally ringed space (Uy, Ox |u,) is
isomorphic to (Spec Ry, Ospec R, )-

(2) Let U C X be any open subset. Then (U, Fx|v) is a scheme.

Prookr. The proof is given below:

(1) Recall that we have the following bijective correspondence:
{Prime ideals of R} <— {Prime ideals of R that don’t contain f}

Hence, Spec Ry = Uy as sets. This correspondence extends to the level of topological spaces. Indeed,
{Spec Ry} 4R is a basis for the topology on Spec R. On the other hand, the sets

{Spec Ry N Spec Ry} 4er

form a basis for the topology on Spec I, and this is also a basis for the subspace topology on Uy. To
conclude that Spec Ry = Uy as locally ringed spaces, it remains to verify that the structure sheaves
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)
A
> T

The scheme Spec K[z, y] \ {(0,0)}

agree under this identification. This follows from the construction of the structure sheaf: the stalks at
a prime ideal p in Uy are isomorphic to Ry, and since f ¢ p, the element f is invertible in R,,. Thus,
localization at f does not affect the local behavior at such prime ideals.

(2) Foreachx € U letx € V;, be an open set such that

(Vas Zx|v,) = (Spec Ry, Ospec R, )-
Because z € U NV, is an open set in (Spec Ry, Ospec R, ), there exists a distinguished open set
x e Uy CUNV,. By (1),
(Uy, ﬁX|Uf) = (Spec Ry, ﬁSpech)-
Thus (U, Zx |y ) is a scheme.
This completes the proof. O

Remark x7.2. Proposition 17.1 implies that the underlying topological space of every scheme has a base of open
affine schemes

Remark 17.3. We referto (U, Ox|v) as an open sub-scheme of X.

Example 17.4. Theopenset U = A\ V() is an open subscheme of the affine line A} = Spec(K [z]).
Note the isomorphism of schemes (Example 3.14)

_ Kz, y]
U = Spec(K[z, z71]) = Spec () .
(zy —1)
Armed with the notion of an open subscheme, we are now ready to examine an example of a scheme
that is not affine. This example is geometrically well-motivated and illustrates that the passage from affine

schemes to general schemes is both natural and necessary.

Example 17.5. Let K be a field. Consider the affine scheme (Spec K[z, y], Ogpeckaz,y))- Let

X = SpecK[x, y] - {(.iL‘, y)}
Note that X = U, UU,;. Hence, X is an open set of our affine scheme. Therefore, (X, OspecK[zy) | x) 15
an open sub-scheme. We show that this sub-scheme is not an affine scheme. We compute Ogpec k[, (X)
We find rational functions defined on U, and U, that agree on the intersection U, N Uy = Uy,,. Clearly,
rational functions that have only powers of x in the denominator and also only powers of y in the denom-
inator must, in fact, be polynomials. Thus, we conclude':

ﬁSpec K[z,y] (X) = K[x7 y]

In other words, the removal of the origin does not introduce any new global regular functions.
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More precisely, we have the following sequence of rings:
B
0— ﬁSpec]K[x,y} (X) = K[x7 y]z S2) K[:Ua y]y — K[x, y]my
Here a(s) = (s|u,, slv,) and B(a/z",b/y™) = a/x™ —b/y™. Ospec k(s ) (X) isidentified with the
kernel of 3, which consists of pairs (a/x", b/y™) such that
a b

xin = yim an[x,y]xy.
This equality implies that ay™ = bz in K[z, y]. Since Kz, y] is a UFD, we conclude that

a=cx" and b=cy™

for some ¢ € K[z, y]. Hence, any element in the kernel is of the form (¢, ¢) with ¢ € K[z, y]. Hence,
OspecKlz,y) (X) = K[z, y]. If X were affine, then

SpecK[z,y] — {(z,y)} = X = Ox(X) = SpecK|z, y]

However, X is not homeomorphic to Spec K[z, y]. Every properideal in an affine scheme has a nonempty
vanishing locus, yet the ideal (x, y) has empty vanishing locus in X

We now study an important class of morphisms of schemes, namely, open immersions. Open immer-
sions correspond to the inclusion of open subschemes, and as such, reflect the local nature of the scheme
structure.

Definition 17.6. Let (X, Zx), (Y, .%y) be schemes. An open immersion is a morphism of schemes
[ (X, Zx) — (Y, Zy) such that f induces an isomorphism of locally ringed spaces p : (X, Fx) —
(U, #y|u), where U C Y is an open subset. Thatis, f factors as the composition

(X, Zx) ? (U, Zvlv)

T~

(Y» gY)

Remark 17.7. Note that if X is a subset of Y, then the image under the open immersion, which can be
identified with (X, Fx), is an open subscheme of (Y, Fy ). The difference between open immersions and
open subschemes is a bit confusing, and not too important: at the level of sets, open subschemes are subsets, while
open immersions are bijections onto subsets.

Proposition 17.8. The following is a basic list of properties of open immersions.

(1) A composition of open immersions is an open immersion.

(2) If f :+ X — Y is an open immersion, then for any open subset V' of Y, the restricted morphism
f~YV) — V is an open immersion.

(3) If f : X — Y isamorphism of schemes such that if there is an open cover {V; } of Y for which each
restricted morphism f~1(V;) — Vj is an open immersion, then f is in an open immersion.

PRrOOF. (1) is clear since an open subscheme of an open subscheme is an open subscheme (of the orig-
inal scheme). (2) follows using the fact that a non-empty intersection of open subschemes (U, %y |v/)
and (V, Zy|v ) is an open subscheme (U NV, Zy |y ). (3) follows because an arbitrary union of open
subschemes is an open subscheme, and that isomorphisms of schemes follow the propety given by assump-
tion. U
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Remark 17.9. f : X — Y isan open immersion. If' Y is compact, then X need not be compact. Indeed,
consider
f: U Uz, < Spec(K[z1,z2,...])
n>1
Clearly, f isan open immersion since it is an isomorphism onto the open subscheme determined by J,,~., D(zy).
Spec(K[x1, w2, . . .]) is compact, but \ ), ~, D(xy,) is not compact. Additionally, if f : X — Y isa mor-
phism of schemes such that if there is an open cover {V; } of X for which each restricted morphism V; — f(V;)

is an open immersion, then f need not be in an open immersion. Consider:
f : SpecK|x] H SpecK[y] < SpecK]z]

be defined by the obvious inclusion map on each component ®. Clearly, f isan open immersion when restricted
to Spec K[xz] or Spec K[y|. However, f is not an open immersion itself since it is not even an injective map

of the underlying sets.

17.2. Closed Subschemes. Intuitively, we expect a closed subscheme of a scheme X to be a scheme Z
together with a morphism Z — X that identifies Z with a closed subset of X, endowed with a scheme
structure compatible with that of X'. However, a given closed subset may admit multiple distinct scheme
structures. This fact introduces additional subtlety in the definition of a closed subscheme, in contrast to
the relatively straightforward case of open subschemes. The prototypical example we aim to formalize as
a closed subscheme is given by closed subsets of Spec R for some ring 1. Let R be a ring and let a be an
ideal of R. If a is an ideal of R, then the ring homomorphism R — R/a induces a morphism of schemes

f :Spec R/a — Spec R
Since the R — R/a s surjective, the map f is a homeomorphism onto the closed subset V' (a) of Spec R,
and the map of structure sheaves
ﬁSpec R — f* ﬁSpec R/a
is surjective as we now show.

Lemma 17.10. [Hartshornll.2.18(c)] Let o © R — S be a surjective ring homomorphism. If Y = Spec S
and X = Spec R, then f Y — X is a homeomorphism of Y onto a closed subset and the morphism

f7:0x = [0y
is surjective.
ProoOF. We have S = R/ ker ¢ which implies that
Spec S = Spec(R/ ker p) = V (ker ¢),

Since we already know that the induced map f is continuous and its image is the closed subset V' (ker ¢), it
follows that f is a homeomorphism onto its image, which is a closed subset of Spec R. It suffices to show
that f# is surjective on stalks'*. Let q € Spec S, and consider the corresponding prime ideal ¢~ 1(q) €
Spec R. Then we have the identifications

Ospec Rio=1(a) = L1 (),
ﬁSpec S,q = Sq-
Since ¢ : R — S is surjective, the induced map on localizations R,-1(5) — Sy is also surjective. It

follows that the morphism of sheaves f7 is surjective. O

BDisjoint union of schemes is a coproduct in the category of schemes so f is indeed well-defined.
This statement is proved in other notes, which discuss further details on sheaves.
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Remark r7.0x. Let Y = Spec S and X = Spec R. We also have a converse to Lemma 17.10. That is, if
f Y = X isa morphism that is a homeomorphism onto a closed subset of X, and the induced morphism
of sheaves

f# 1 Ox — Jx Oy

is surjective, then f is a closed immersion. This is [Harrz, Exercise I1.2.18(d)].

The discussion above motivates the following definition:
Definition r7.x2. Let (X, .#x) and (Z,.%2) be schemes. A morphism ¢ : Z — X is called a closed
immersion if there exists an open cover {U; };c1 of subschemes of X such that for each i € I:
(1) the preimage .~ (U;) is affine subscheme, and
(2) the induced ring homomorphism

L# : ﬂx(Ul) — yz(L_l(Ui))
is surjective.

We say that Z is a closed subscheme of X.

Concretely, the schemes X and Z can be covered by affine open subsets U; = Spec(R;), such that
171(U;) = Spec(S;) for each 4. The induced ring homomorphism R; — S; is surjective, which implies

that S; = R;/a; for some ideal a; C R;. Consequently, the restriction TN = U corresponds to
the morphism of affine schemes

Spec(R;/a;) — Spec R;.

Remark 17.13. A composition of closed immersions is a closed immersion. This is clear. Moreover, if f
X — Y is a morphism of schemes such that if there is an open cover {V;} of Y for which each restricted
morphism f (Vi) — V; is a dosed immersion, then f is in a closed immersion. (1) in Definition 17.12 can
be checked easily. On the induced morphism of sheaves, we have:

(fi)*(gZ}f_l(Ui)) = (f*fZ”UZ

Hence f is surjective if and only if ( ;) is surjective for all i.

18. GLUING SCHEMES

We will encounter a variety of constructions that demonstrate how to glue schemes and morphisms of
schemes. These are essential techniques that enable us to build schemes and morphisms from local data,
following a bottom-up approach. We begin by discussing how to glue morphisms of schemes when given
morphisms defined on an open cover of the underlying topological space of a scheme.

Proposition 18.1. Let X and Y be schemes, and let 5B be a basis for the topology on X. Suppose we are given
a family of morphisms

{fu: U = Y}ves,
such that for all V.U € B with V' C U, the restriction satisfies

fulv = fv.

Then there exists a unique morphism of schemes p : X —'Y such that for every U € 2B, the restriction of
to U agrees with o, i.e.,

fluv = fu.
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Proo¥F. Defineamap f : X — Y bysetting f(z) := fy(z), where U € £ is any open neighborhood
of . The assumption fy7|yy = fy for V' C U ensures this is well-defined. Since each fi7 is continuous
and A is a basis, it follows that f is continuous. We now define a morphism of sheaves

f# : ﬂy — f*ﬂX
Let W C Y be an open set. For any basic openset U € % such thatU C f -1 (W), we have a morphism
FEW) : Zy(W) — Zx|v(f5 (W) = Zx (F7HW)NU) = Zx(U).

If V' C U, we have the following commutative diagram:

which is induced on sheaves by the relation

fv = fulv = fueiv,
where iy : V' < U is the inclusion. For any element s € %y (W), the family of sections

{fT(W)(s) € Zx(U) Yoes, UCF-1 (W)
defines a unique element of Zx (f ~1(W)). Itis clear that this definition is in facta homomorphism. [J

Corollary 18.2. Let X and Y be schemes, and let 5B be a base for the topology on X. Suppose we have a
Jamily of open subsets { Uy Yw ez covering Y such that

Uy CUw wheneverVC W in AB.
Assume there is a_family of morphisms of schemes
fw W = Uw, foreachW € 2,

satisfying the following compatibility conditions if V' € 2B is contained in W L

(@) fo' (Uy) =V,

@) fwl™ = fv.

Then there exists a unique morphism of schemes f : X —'Y such that
flw = fw foral W e 3.

Proor. Forany W € %, letiy : Uy — Y denote the inclusion morphism. The family of morphisms
aw :ZWoow—)Y

satisfies the hypotheses of Proposition 18.1. O

Remark 18.3. A similar argument as in Proposition 18.1 shows that if X and Y are schemes, and {U; }ic is
an open cover of X by open subschemes, then a compatible family of morphisms f; : U; — Y can be uniquely
glued to obtain a morphism of schemes f : X — Y.

We now turn to the central construction: the gluing of schemes. The overarching idea is as follows. Sup-
pose we are given a family of schemes { X } ;¢ 1, possibly infinite, which we intend to assemble into a single
scheme X. To understand this construction on the level of topological spaces, observe that to incorpo-
rate each X; into X as a subspace, a natural starting point is the disjoint union |_|; X;. This construction
includes each X; as an open subset, but as a disjoint union, the images of different X; remain separate.
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In general, however, we desire the images of distinct schemes X; and X to intersect in a meaningful way
within X . Therefore, to achieve a genuine gluing, it is necessary to impose additional data describing the
local identifications. Specifically, for each pair (7, j), we select open subschemes U;; C X that play the
role of the intersection X; N X inside X . These open subsets will serve to identify parts of X; and X;
compatibly, providing the local structure needed to glue the family { X;} into a scheme X.

Proposition 18.4. (Hartshorne IL.2.12) Lez { X; }ic 1 be a possibly infinite. family of scheme. For each pair
of indices i, j € 1, suppose we are given an open subscheme Uy; C X;. Assume further that for eachi, j € I,
we are given an isomorphism of schemes

ij : Uiy = Uy
satisfying the following conditions:
(1) Foreachi, pi; = Idx,,.
(2) Foreachi, j, pj; = <pi_j1;
(3) Foreachi, j, and k, p;;(U;; N\ Us) = Uji N Ujp,
(4) ik = ik o pijon Uiy N Uy
There is a scheme X, together with morphisms ; : X; — X for each 1, such that:
(1) ; is an isomorphism of X; onto an open subscheme of X.
(2) The;(X;)’s cover X.
() Vi(Uij) = ¥i(Ui) N i (X5).
() Yilu; = Viluy; © wij
Proo¥F. We begin by constructing a topological space, which we then equip with a sheaf of commutative

rings. Let Y denote the disjoint union of the topological spaces underlying the schemes X;. Define an
equivalence relation on Y by declaring:

T~y = i) =y

whenever z € U;; C X;andy € Uj; C X, with ;5 U;; — Uj; an isomorphism of schemes. Let
X =Y/ ~ be the quotient topological space, and let 7 : Y — X be the natural projection. A subset
U C X is declared open if and only if 71 (U) is open in Y. Since Y is the disjoint union of the X, this
is equivalent to the condition that 71 (U') N X; is open in X for all 4. In particular, for each i, the set
7(X;) C X is open, because

7T_1<7T(Xi)) NX; =Uj
forall j. It follows that the composition of the inclusion X; < Y with the projection 7 defines a continu-
ousmap ; : X; — X, which isahomeomorphism onto its image. Denote the open subset ¢ (X;) € X
by W;. Then the sets { W; } form an open cover of X'. Moreover, the compatibility condition 1; = 1)j0¢;;
holds on Uj;, and we observe that

1/JZ(UZ]) =W;nN Wj.
Now define a sheaf of commutative rings .%; on W; by pushforward along );:
Fi = Vi Fx,,

that is, for any open subset U C W, we set

FZiU) = Zx, (47 (U)).

For any open set V' C X; contained in Uj;, the isomorphism of schemes ;; induces an isomorphism of
structure sheaves:
14 -1
ol Fx, (V) = Fx, (9 (V).
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Observe that for any open set U € W; N W, we have ¢! (U) C Ui, and moreover,
i (W51 (U)) = (5 0 9i5)H(U) = 47 (U).

Hence, for such U, the map (p}f yields an isomorphism

oz ) - P (01 (0)),

which induces an isomorphism of sheaves
oji + Filwiow,; = Filwiow;-
The collection {0} satisfies the cocycle conditions: for each 7, we have 0;; = id, since 4,0?;-& is the identity.
Moreover, for any triple 7, j, k, the following cocycle condition holds on W; N W; N W:
Oik = Ojk © Oij-
That is, for any open subset U C W; N W; N W, the following diagram commutes:

044

FiU) 2L F5(U)

(
% f’f

F(U)

ko

Therefore, the family of sheaves {.%; } satisfies the gluing conditions. By the sheaf-gluing theorem, there
exists a unique sheaf of rings .#x on X, together with isomorphisms

o - Pxlw, & 7
such that on each overlap W; N Wj, the transition condition
v = oo pf

is satisfied. Thus, (X, .Zx ) is a locally ringed space. Since each ¢); : X; — X is an open immersion, and
since each Xj is a scheme, it follows that (X, .#x) is a scheme as well, covered by the open subschemes
i (X;) = X;. Moreover, for any 7, the intersection ¢ (X;) N1, (X;) is equal to ¢;(U;;), and the gluing
isomorphisms satisty 1); = 1); o ;; on U;j, completing the construction. O

Example 18.5. (Affine line with two origins) Let K be an algebraically closed field. Consider the schemes

X1 = SpecK]s],
X2 = Spec K[¢t].

Define the open subschemes Uja € X1 and Uz; € Xg by U1a = U, and Uy = Uy, respectively. Let
@12 : Ura — Ua1 be the isomorphism of schemes induced by the ring isomorphism

K[t,t71] = K[s,s7!]

which sends ¢t +— s. By Proposition 18.4, this data determines a scheme obtained by gluing X7 and X»
along U2 = Us;. The resulting scheme is commonly referred to as the affine line with two origins.

Let us now discuss an example of a scheme that retains more geometric information than a classical
affine algebraic set. This illustrates the power of the scheme concept.
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Glued along A' \ {0}
et IRt

A, Ay

The affine line with two origins: two copies of Al glued along the complement of the
origin.

19. REDUCED, INTEGRAL AND NOETHERIAN SCHEMES

Although the notion of a scheme is extremely general and flexible, this generality comes at a cost: var-
ious pathologies may arise in the absence of additional structure. To obtain schemes that more closely
resemble classical geometric objects, or that exhibit desirable behavior under common constructions, it is
often useful to restrict attention to schemes satisfying certain structural conditions. We introduce several
important classes of schemes defined by properties of their rings of sections. In particular, we consider
reduced, integral, and Noetherian schemes.

19.1. Reduced Schemes. Consider an element of a ring R that vanishes at every point of Spec R; that
is, an element contained in every prime ideal of . One might initially expect such an element to be zero;
however, this need not be the case. The condition of lying in all prime ideals is precisely equivalent to
belonging to the nilradical of the ring, which may be nonzero®. In other words, thinking of elements of
R as functions on Spec R, the zero function need not be the only function that vanishes everywhere on
Spec R. This observation naturally motivates the following definition.

Definition 19.1. Let (X, .#x ) be a scheme. We say that X is a reduced scheme if for every open subset
U C X, thering .Z x (U) has no non-zero nilpotent elements; that is, % x (U) is a reduced ring.

Remark 19.2. Note that reduced schemes eliminate the problem mentioned at the beginning of this section.
Indeed, if (X, Fx) is a reduced scheme f, g € Fx(U) aresuch that f = g € Fy, foreach x € U then

=g

Proposition 19.3 (Hartshorne I1.2.3). Ler (X, Fx) be a scheme. (X, Fx) is reduced if and only if the
stalk Fx 5 is a reduced ring for all x € X.

Proo¥. Assume that (X, .#x) is a reduced scheme. For each point z € X, the stalk is given by

Fxa = lm Fx(U),
zeU
where the limit is taken over all open neighborhoods U of . Since each Fx (U) is a reduced ring by
assumption, and the colimit of reduced rings is again reduced, it follows that % x ;. is a reduced ring. Con-
versely, assume that #x ; is a reduced ring forall z € X.
(1) Suppose that X is an affine scheme, (X,.#x) = (Spec R, Ospec r)- Then Ogpec py = Ry isa
reduced ring for all p € Spec R. This implies that R is a reduced ring'®.
(2) Forageneral scheme (X, .%x ), we can cover X by an open affine cover {Uy }«, where each U, is an
open subset isomorphic to Spec R,, for some ring I, By (1), each U, is a reduced affine scheme. Let
U C X beany open subset. Since the collection { Uy } covers X, the family {U,NU },, formsan open
coverof U. Supposer € Fx (U) is nilpotent. Then for each o, the restriction of 7 to Z# x (UyNU ) is

SGeometrically, this means that a function vanishes at every point of the spectrum of a ring if and only if some power of it is
zero.
16This follows from a commutative algebra fact that R is reduced if and only if R}, is reduced forallp € Spec R.
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also nilpotent. Since Fx (U, NU) is a subring of % x (U, ), and each #x (U, ) is reduced, it follows
that the restriction of 7 to . #x (U, N U) must be zero. By the sheaf property, this implies that r = 0
in Zx (U). Hence, (X, %x) is a reduced scheme.

This completes the proof. U
Corollary 19.4. 4 ring R is a reduced ring if and only if Spec R is reduced.
Proo¥. This follows from Proposition 19.3. ]

Example 19.5. Let K be a field. The following is a basic list of examples of reduced and non-reduced
schemes:

(1) Since Kis a reduced ring, Spec K[z1, . .., ;] is a reduced scheme.
(2) SpecK][x]/(x?) is a non-reduced scheme. This is because K[z]/(2?) is not a reduced ring: the ele-
ment T is nonzero, but satisfies 72 = 0 in K[z]/(z?).

Remark 19.6. The equations v = 0 and x* = 0 define the same affine algebraic set in A Indeed, they
both correspond to the single point 0. However, as schemes, the schemes

__ Kla] _ Klz]

X := Spec @) and 'Y = Spec @?)

are different. While topologically they are identical, consisting of only one point, the space of global sections of

X isisomorphic to X, whereas the space of global sections of Y is a two-dimensional K-algebra. This illustrates
how schemes retain information that is lost in the classical affine algebraic geometry.

What if a scheme is not reduced? To any scheme X, one can associate a reduced scheme Xcq, which has
the same underlying topological space as X, but is equipped with a morphism of schemes

Xred — X.
We call X,eq the reduced scheme associated with X. For example, if X = Spec R is affine, then
Xied 1= Spec(R/ A (R)),
where 4" (R) denotes the nilradical of R. The natural projection homomorphism
R — R/ A (R)

induces the corresponding morphism of schemes X,.q — X. More generally, we have the following
result:

Proposition 19.7 (Hartshorne 11.2.3). Let (X, Fx) be a scheme. Let Fx yeq be the sheaf associated
to the presheaf U +— Fx(U)red. Then (X, Fx red) is a scheme, and there is a morphism of schemes
T (X, Fxred) — (X, F), which is a homeomorphism on the underlying topological spaces. Moreover,
(X, Fx red) satisfies the following universal property: for any morphism f :'Y — X of schemes with Y
reduced, there exists a unique morphism

9:Y—>Xred

such that the following diagram commautes:

Remark 19.8. The scheme (X,.F x red) constructed in Proposition 19.7 is the reduced scheme associated to
X.
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Proor. Let # denote the base for the topology of X consisting of all open affine schemes. Let Fx 1eq
be the sheaf associated to the %-sheaf

Uy = Spec Ry, — R/ A (Ra),

Then (X, Zx red) is a scheme. Indeed, it suffices to observe that Spec(R, /A4 (Rq)) is naturally home-
omorphic to Spec(R,,) for any ring R. Moreover, the family of morphisms defined on each open affine
subset of X by the projection

Ry — Ro/ N (Ra)

satisfies Corollary 18.2, and therefore gives rise to a morphism of schemes
T (Xredwg\X,red) — (X7 ng)a

as required. Given any morphism f : Y — X, and for each open affine subset U C X, we have an
induced homomorphism

1 Fx(U) = Fy(f7H0),

whose kernel contains the nilradical of % x (U) since Y is reduced. Hence, there exists a unique morphism
0# Fx red(U) - fy(f_l(U»

such that the following diagram commutes:

l \

J‘Xred( *>JY f 1(U))

These maps define a unique morphism of sheaves o# . F X,red — f+Zy and hence a unique morphism
of schemes 0 : Y — X,cq as required. O

19.2. Integral Schemes. We have seen that reduced schemes eliminate the pathological behavior caused
by nilpotent elements. However, another natural condition we may wish to impose is that the scheme
be “irreducible” in a global sense. An integral scheme is one that is both reduced and irreducible. This
condition ensures that the structure sheaf behaves like the function field of an affine variety.

Definition 19.9. Let (X, .%) be a scheme. We say that X is an integral scheme if for every open subset
U C X, thering #x (U) is an integral domain.

Proposition 19.10. Let (X, F) be a scheme. Then (X, F) is an integral scheme if and only if it is both
reduced and irreducible.

Proor. An integral scheme is necessarily reduced, since integral domains contain no nonzero nilpotent
elements. Moreover, if X is not irreducible, then there exist disjoint nonempty open subsets Uy, Us € X
such that X = Uy U Us. In this case, by the sheaf property, we have

yx(X) = yx(Ul U UQ) = 9}(([]1) X ﬁx(UQ),

which is not an integral domain. Hence, an integral scheme must be both reduced and irreducible. Con-
versely, assume that X is both irreducible and reduced. Let U C X be an affine open subset, so that
U = Spec R for some ring R. Since X is irreducible, U = Spec R is irreducible as a topological space
(Proposition 6.15). This implies that the nilradical of R is a prime ideal (Corollary 6.6). On the other hand,
since X is reduced the nilradical of R is trivial; that is, it is the zero ideal. Combining these two facts, we
see that the zero ideal is prime, which means R is an integral domain. Therefore, .Zx (U) is an integral
domain, where U is an open set corresponding to an affine scheme. Since the property of being an integral
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domain is local and we have verified it for an arbitrary affine open subset U C X, it follows that X is an
integral scheme. The argument is similar to the analogous argument given in Proposition 19.3. O

Corollary x9.1x. Let R be a ring. Then Spec R is an integral if and only if R is an integral domain.

Proor. If R is an integral domain, then Spec R is irreducible by Corollary 6.6, and reduced by Corol-
lary 19.4. Conversely, if Spec R is both irreducible and reduced, then by the definition of an integral
scheme and the identification Ogpec r(Spec R) = R, it follows that R is an integral domain. O

Proposition 16.6 implies that an integral scheme, X, has a unique generic point £, which is characterized
by the property that X = {£}. We now that the local ring .#x ¢ of the generic point £ of an integral
scheme X is a field. Indeed, .# x ¢ is defined as the direct limit

Fxe=lm Fx(U)= lim Fx(U).
UCX (S]%HX

If fe € Fxg, then f¢ is the equivalence class of a pair (U, f), where U is an open affine subset and
f e Fx(U). Since Fx(U) is an integral domain, f defines a non-empty distinguished open subset
Uy C U. Now,

and hence the pair (U " ’1) represents the element fg lez X,

Proposition 19.12. Let X be an integral scheme with generic point €.
(1) (Hartshorne 11.3.6) Let U = Spec R be any open affine subset of X containing &. Then the restriction
homomorphism
Fx (U ) — Z X £
induces an isomorphism
Frac(R) = Fx .
(2) Byidentifying Fx (U) and Fx 4 as subrings of Fx ¢, we have
Fx(U) =) Zxa
xzeU
Proor. The proof is given below:

(1) The point{ is also the generic point of U, and Fx ¢ = Fy¢. Observe that £ corresponds to the zero
ideal.

(2) WLOG we may assume that U is affine, say U = Spec R. Let v € Frac R be contained in all the
localizations R, for every p € Spec R. Let

I={a€R|aye R}
Then, recalling the definition of localization, for every p, there exists some @ € I \ p. This implies
that / is not contained in any prime ideal, and therefore I = R. In particular, 1 € I,s0y € R.
This completes the proof. O

Definition 19.13. Let (X, .%) be an integral scheme with generic point €. The field #x ¢ by K (X). We

call K(X) the field of rational functions (or the function field of X) and an element of K (X) is called
a rational function on X.

Remark 19.14. Wesaythat f € K(X)isregularatz € X if f € Ox 4. Proposition 19.12 affirms that a
rational function which is regular at every point of an open subset U C X is contained in Fx (U).
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Example 19.15. If K is algebraically closed, then SpecK[z1, - - - , ] is an integral affine scheme. Its
generic point corresponds to the zero ideal, and its field of rational functionsis K (x1, - - - , ). A rational
function is thus given by a quotient of two polynomials, and it is regular on the whole space if and only if
it is given by a single polynomial.

19.3. Noetherian Schemes. In many situations, it is useful to impose finiteness conditions on schemes
to ensure manageable behavior both algebraically and topologically. One such condition comes from the
notion of Noetherian rings. A Noetherian scheme is a scheme that is locally built from Noetherian rings
and satisfies a finiteness condition on its topology. These schemes form a broad and important class that
includes most examples of interest in algebraic geometry.

Definition 19.16. Let X be a scheme.

(1) X is called a locally Noetherian scheme if it admits an open affine cover {Spec R; }ic such that
each R; is a Noetherian ring.

(2) X iscalled aNoetherian scheme ifitislocally Noetherian and quasicompact; equivalently, if it admits
a finite open affine cover {Spec R; }?_; with each R; a Noetherian ring.

In the definition of a locally Noetherian scheme, we do not require every open affine subset of X to be
the spectrum of a Noetherian ring. Thus, while it is immediate from the definition that the spectrum of a
Noetherian ring is a Noetherian scheme, the converse is less obvious. Establishing this converse amounts
to proving that Noetherian-ness is a Jocal property of schemes.

Proposition 19.x7. A scheme X is locally Noetherian if and only if for every open affine subset U =
Spec R, R is a Noetherian ring. In particular, an affine scheme X = Spec R is a Noetherian scheme
if and only if the ring R is a Noetherian ring.

Proor. Skipped. Details can be found in [Harr3). O
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Part 4. Properties of Schemes

We now introduce various properties of schemes. We first discuss the affine communication lemma,
which allows us to determine when certain properties are local for schemes. We then discuss fiber products
of schemes, which provide a natural categorical framework for many constructions in algebraic geometry.
We will then introduce introduce various types of morphisms of schemes. The number of such properties
can become quite large—and, at times, quite intricate or even frustrating to track. To aid in navigating
this growing list, the following table summarizes some key classes of morphisms discussed below and their
interpretations.

Morphism Type Interpretation
Quasi-compact Preimages of compact opens are compact
Finite type Locally modeled by finitely generated algebras over the base
Separated Analog of the Hausdorft condition in topology
Proper Analog of compactness condition in topology
Affine Preimages of affine opens are affine
Finite Aftine and of Finite Type

20. AFFINE COMMUNICATION LEMMA

We discuss the notion of properties that can be verified affine-locally, a concept we have already en-
countered. For instance, in Section 19, we stated that Noetherian-ness is a local property: a scheme is
locally Noetherian if and only if every open affine subset is the spectrum of a Noetherian ring. The Affine
Communication Lemma (Proposition 20.2) generalizes this observation, allowing us to prove arbitrary
properties of schemes, morphisms of schemes, etc., by verifying the property on an open affine cover and
then extending it to every open affine subset.

Remark 20.x. We also proved certain properties of schemes—such as being reduced or integral—=by estab-
lishing them on an open cover of affine schemes and then extending the results to arbitrary open subsets of the
scheme. This observation is also in the spirit of Proposition 20.2: one proves a property for open affine subschemes
that cover a scheme and then extends the property to arbitrary open subsets.

Proposition 20.2 (Affine Communication Lemma). Let X be a scheme. Suppose & is a ‘property’ that
is satisfied by an open cover U of X by affine schemes of X. Assume that P satisfies the following conditions

(1) & preserved by restriction: if Spec R — X has property P, then forall f € R,
Spec Ry < Spec R
has property & as well.
(2) P is preserved by finite gluing: if R = (f1,..., fn) and Spec Ry, — X has property & for all i,
then Spec R — X bas property & as well.
Then every open affine subscheme of X satisfies .

Before proving Proposition 20.2, we briefly explain how it is used in the theory of schemes:

(1) Properties of Schemes: Let & be a property of affine schemes that satisfies conditions (1) and (2)
of Proposition 20.2. Then we may extend & to a property of arbitrary schemes by declaring that a
scheme X satisfies &7 if and only if there exists an open affine cover {U;} of X such that each U;
satisfies 7. By Proposition 20.2, it then follows that every open affine subscheme of X satisfies Z.
Any such property & is referred to as a local property of schemes.
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(2) Properties of Morphisms (Local on Target): Let & be a property of morphisms from an arbitrary
scheme to an affine scheme. Suppose that for each morphism f : ¥ — X of schemes, & satisfies
conditions (1) and (2) of Proposition 20.2 when f is restricted to an affine scheme in the codomain.
Then we can extend & to a property of morphisms on arbitrary schemes. Any such property & is
referred to as local on the target.

(3) Properties of Morphisms (Local on Source): Let & be a property of morphisms from an affine
scheme to an arbitrary scheme. Suppose that for each morphism f : ¥ — X of schemes, &7 satisfies
conditions (1) and (2) of Proposition 20.2 when f is restricted to an affine scheme in the domain. Then
we can extend & to a property of morphisms on arbitrary schemes. Any such property & is referred
to as local on the source.

We first prove the following lemma:

Lemma 20.3. Let (X, Zx) be a scheme, and let Spec R and Spec S be affine open subschemes. The inter-
section Spec R N Spec S is a union of open subsets that are distinguished open subsets of both Spec R and
Spec S.

ProoF. Suppose p € Spec RN Spec.S. Since p is contained in basic open sets in Spec R and Spec S,
there exist f € Rand g € S such that

p € Spec Sy, Spec Ry C Spec R M Spec S.
We now claim that Spec S is a distinguished open subset of Spec R. Restriction defines a morphism
S = Fx(SpecS) — Fx(Spec Ry) = Ry.

Let g be the image of g under this map. Then the points of Spec Ry where g vanishes coincide with the
points where g vanishes. Hence,

Spec Sy = Spec ((Ry)3) = Spec Ryj.
This completes the proof. 0

Remark 20.4. Oneway to interpret the above argument is that a distinguished open subset of a distinguished
open subset is itself distinguished in the original scheme.

Proor. (Proposition 20.2) Suppose Spec R C X is an open affine subscheme. By assumption, there
exists an open cover Y = {Spec S, }o of X by affine open subschemes such that each Spec S; satisfies
&. By Lemma 20.3, the intersection Spec S, N Spec R can be covered by open subsets which are distin-
guished open subsets of Spec R (and hence of X). By (1), each of these distinguished open sets satisfies &7.
Therefore, Spec R admits a cover by distinguished open subsets Spec R that satisfy &2. Since Spec R is
quasi-compact, we may extract a finite subcover, and by (2) it follows that Spec R itself satisfies &2. [

21. F1IBER PRODUCTS

The fiber product of schemes is a fundamental construction that generalizes the Cartesian product to
the category of schemes over a base. It enables one to pull back schemes along morphisms, allowing the
comparison and manipulation of families of schemes in a base-compatible way. It also allows us to unam-
biguously define product of affine algebraic sets and plays a central role in defining families of schemes. In
what follows, let S be a fixed scheme. We first recall the definition of the fiber product in the context of
schemes over S.
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Definition 21.1. Let X, Y be schemes over S. The fiber product of X and Y, denoted as X x5V, is the
product in Schg. That s, if I is the small category,

{

e — o

then X Xg Y, is a terminal object fitting into the diagram:

Z\
Ty
XxgY — X
l b
y 459

Example 21.2. Since Spec Z is a final object in Sch, it follows by categorical considerations 7 that the
fiber product over Spec Z coincides with the usual product:

X Xgpecz Y = X x Y.

A priori, itis not clear that the fiber product of schemes exists. However, if it does exist, then it is unique
up to isomorphism by standard category-theoretic arguments. We now argue that the fiber product indeed
exists. As usual, our strategy is to proceed in a bottom-up manner, by first establishing the result in the
case of affine schemes.

Lemma 21.3. Let X, Y be affine S-scheme where S is an affine scheme. Then X XY exists.
ProOF. Assume that

X =2 SpecR

Y = Spec S

S = SpecT

Recall that the pushout in CRing is the tensor product. Since AffSch = CRing®P, we can immediately
conclude by applying the Spec functor

Spec R Xspec T Spec S = Spec(R @1 S)
This completes the proof. (]

Example 21.4. The following is a basic list of computations of fiber products of affine schemes:
(1) Let K be a field. Let X = Spec(K[z]) and Y = Spec(K[y]) be affine schemes over K. We have

X Xgpeck Y = Spec(K[z] @k K[y]) = Spec(K][z, y])

(2) LetKbeafield. More generally,let X = Spec(K[z1, -+, zy]) :== A"andY = Spec(Ky1, - - ,ym]) :=
A"™ be affine schemes over K. We have

A" Xgpeek A" =X XY
= Spec (K[z1, ..., zn) @x K[y1, ..., Ym])

= Spec (K[z1, ..y Zn, Y1y -+ s Ym))
> AT

7If S is a final object in a category C, then for any two objects X, Y € C,wehave X x5V =2 X x Y.
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Hence, in the case of affine varieties over a field K the fiber product agrees with the geometric intuition:
the product of affine n-space and affine m-space over K is affine (n+m)-space over K. Thus, the fiber
product construction recovers expected geometric behavior in a categorical framework.

Let K be a field.
K[l’l,...,IL‘n]) Klyi, .-, yr]
V = Spec < CA" and W =Spec|—~—"= ) CA"
(f1soes fm) (915- -+ 9s)
The fiber product V' Xgoeck W is the affine algebraic set in A™*" cut out by the vanishing of the
polynomials f1,..., fin, g1, ..., gs where the variables z; and y; are considered to be independent.
That is,

K@i, ..., @, i, - - yr]>
V x W = Spec p oIy YLy ey C AT,
Speck P <(f17'-‘7fm7gl""’gs) B

The fiber product over Spec Z of two nonzero affine schemes may be the zero scheme:

Spec Z/m Xspecz, Spec Z/n = Spec (Z/m ®z Z/n) = Spec Z/(m, n).
When (m,n) = 1,wehave Z/(m,n) =2 0, so the fiber product is the empty scheme. However, if we
instead work in the category of schemes over a field KK, such issues do not arise. Since any K-algebra

contains a copy of KK, the tensor product of two nonzero K-algebras is nonzero. Consequently, the
fiber product of two nonempty schemes over K is always non-empty.

More generally, we have the following result:

Proposition 2x.s5. Let X, Y be schemes over a scheme X. Then X X g 'Y exists and is unique up to unigue
isomorphism.

Since schemes are constructed by gluing affine schemes along open subsets, the existence of fiber prod-

ucts of schemes should follow from the existence of fiber products of affine schemes over affine bases
(Lemma21.3). The gluing mechanism should then allow us to construct fiber products of arbitrary schemes
over arbitrary base schemes. The argument will repeatedly rely on the same guiding principle: schemes
glue, and morphisms of schemes glue.

Pr
(1)

ooF. (Proposition 21.5) Uniqueness is clear.

We first argue that if X and Y are schemes over a base scheme S, and if U C X is an open subset,
then whenever the fiber product X x g Y exists, the fiber product U X g Y also exists and is given by
the open subset

P (U) € X xgY,

where p1 : X XY — X is the projection such that the following diagram commutes:

We verify that p; ' (U) satisfies the universal property of the fiber product U x g Y. Let Z be a scheme
and suppose we are given morphisms f, g as shown in the diagram above. The composition U — X
followed by f gives a morphism Z — X compatible with g over S. Then by the universal property
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of X xg Y, there exists a unique morphism ¢ : Z — X xg Y making the diagram commute.
Since f(Z) C U, the image of @ is contained in p; 1 (U) € X x5 Y, so 6 factors uniquely through
py H(U), giving a morphism Z — p; }(U). This proves that p; ' (U) satisfies the universal property
and thus realizes the fiber product U xg Y.

(2) We now argue that if X and Y are schemes over a base scheme .S, and if { X; } j<7 is an open cover of
X such that for each j, the fiber product X; X g Y exists, then the fiber product X x g Y also exists.
Indeed, for each pair ¢, j € I, define U;; := pgl(Xi NX;) C X; xgY,wherep; : X; xgY — X,
is the projection. Then Uj; is a fiber product for X; N X; and Y over .S, which exists by (1). By the
universal property of fiber products, and in particular their uniqueness up to unique isomorphism,
for each pair 7, j there is a unique isomorphism ¢;; : U;; — Uj; that is compatible with all structure
morphisms and projections. These isomorphisms satisfy the cocycle condition™ and therefore allow
usto glue the { X; X g Y } ¢ yalong the {U;; }; je s to obtain ascheme X X g Y, making the following
diagram commute:

o Y/S\ P

Xj ><5Y

The projection morphisms p1 and po are defined by gluing the projections from the pieces X; X g Y.
Given a scheme Z and morphisms f : Z — X, g : Z — Y,let Z; = f~1(X;). Then we get maps
0; : Z; — X; XY, hence, by composition with the inclusions X; XY C X xgY, we get maps
¢j : Zi — X xgY. These maps agree on intersections Z; N Zj, so we can glue the morphisms to
obtain a morphism ¢ : Z — X X g Y, compatible with the projections and f and g. Uniqueness is
clear.

Xi ><5'Y Xz

(3) We have established that the fiber product of affine schemes exists. It follows that for any scheme X
and affine schemes Y and S, the fiber product X X g Y exists. By symmetry, interchanging the roles

18yWe skip the details checking that the morphisms ¢;; satisfy the hypothesis of the theorem that allows us to glue scheames.
We refer the reader to sce this link for the relevant diagram chasing details.
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of X and Y, we conclude that the fiber product exists for any schemes X and Y over an affine base
scheme S.

(4) Given arbitrary schemes X, Y, and S,letq : X — Sandr : Y — S be the given morphisms. Let
{:S;} be an open affine cover of S, and define X; = ¢~ (S;) and Y; = r~1(5}). Then X x g, Y;
exists, since the fiber product of schemes over an affine base exists. Moreover, this same scheme serves

as a fiber product for X; and Y over S. Indeed, given morphisms f : Z — X and g : Z — Y over

S, the image of Z under the composite Z 2 ¥V 55 S must lie in S, and hence the image of Z under
gliesin Y;. Thus, X; x g Y exists for each j. Applying the same gluing argument again, we conclude
that the fiber product X x g Y exists.

This completes the proof. O
Remark 21.6. If'S is a fixed scheme, then in the category of schemes over S, the scheme S itself is the final

object. In this context, categorical considerations imply that
X x S S =X,

More generally, for any two S-schemes X and 'Y, we recover the usual product of schemes when the base is a

final object:
X xgY =2X xY.

We now turn to discussing various applications and examples of fiber products. We begin by introduc-
ing the notion of base change/extension. Using this concept, we proceed to compute fiber products of
affine schemes in several illustrative cases.

21.1. Base Change/Extension. Let S be a fixed scheme, which we regard as the base scheme. If S’ is
another scheme equipped with a morphism S’ — S, then for any scheme X over .S, we define the base
change of X along S" — S as the fiber product

X=X XS Sl,

which is naturally a S’-scheme. For example, if S = Spec K for a field K, and S” = Spec K’ where K’ is
a field extension of KK, then X" is the base extension of X to the larger field K'.

X Xgpeck Spec K ——— X

| |

Spec K/ ———— SpecK
Example 21.7. Consider the R-valued points of the circle defined by the scheme
Spec (R[z,y]/(z? +3* — 1)).
If we wish to instead consider the C-valued points, observe that
Spec(R[z, y]/(2* + 1 — 1))
is a Spec R-scheme, and Spec C is a Spec R-scheme. The base extension (fiber product) is then

Spec (]R[:::,y]/(:c2 +9% - 1)) Xspeck Spec C = Spec (]R[:c,y]/(:c2 +y*—1)®r C)
& Spec (C[m,y]/(x2 +y? — 1)).

We now use the machinery of base extension to develop tools for computing fiber products in practice.
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Suppose S is a subring of R. It is a basic algebraic fact that
R ®g S[t] = RJ[t].
As a consequence, we have an isomorphism of schemes:
Spec R[t] = Spec R Xgpec s Spec S[t].

Thus, the following diagram is a fiber product square, and Spec R[t] is the fiber product obtained by

adding extra variables:

Spec R[t] —— Spec S|t]

| |

Spec R —— Spec S.

Suppose ¢ : S — Ris aring homomorphism, and let I C S be an ideal. It is a basic algebraic fact
that the extension of I to R, denoted by I® = I - R, satisfies

R S
- ResT

As a consequence, there is an isomorphism of schemes

Spec (ﬁ) = Spec R Xgpec 5 Spec (f) .

For example, we compute C @ C:
Cor C = C®p (R[z]/(2” +1))
= (Cegr R[z])/(2* +1)

= Cla])/(+* +1)
= Cla))/(z —i) x Cla])/(x +i) =Cx C

As a result:
Spec(C xg C) = SpecC H Spec C

Consider the base change of affine schemes by localization. Suppose ¢ : B — A is a ring homomor-
phism, and let S C B be a multiplicative subset. Since ¢(.S) C A is also multiplicative, it is an
algebraic fact that

p(S)'A= Awp STIB.
As a consequence, we have an isomorphism of schemes:

Spec (gb(S)_lA) = Spec A Xgpec B SpPec S~!B.

We say that localizations is preserved by base change,
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21.2. Product of Morphisms. Let f : X — Zandg : Y — H be morphisms of S-schemes. Consider
the following commutative diagram:

XxgY —2 4 X

fXL/I// \ 4
ZxSY\W_lwpz/Z

T2 Y%/—,S

l/ S/

The front and back faces of the cube are cartesian squares denoting base change. The morphisms f o py
and 1y o p form a commutative diagram with the morphisms Z — S and H — S. Hence, by the
universal property of the fiber product Z x g H, there exists a unique morphism

fx1: XxgY > ZxgH
making the above diagram commute. Similarly, consider the following diagram:

ZxgY — 5 7

\ /

Zxg H w7

\m/
lqz Y%S
- /

H S

The front and back faces of the cube are cartesian squares denoting base change. The morphisms 17 o 7y
and gomo form a commutative diagram with the morphisms Z — Sand H — S. Hence, by the universal
property of the fiber product Z x g H, there exists a unique morphism

I1xg:ZxgY > Z xgH

making the above diagram commute.

XxgV —2 5 X

fxg -
\ s

lqz Yw S
— 4

Composing the two morphisms above yields the product morphism:

fXg:XXSY—>Z><SH.



74 JUNAID AFTAB

21.3. Fibers of Morphisms. An important application of fiber products is the definition of fibers of a
morphism. Given a morphism of schemes f : X — Y and apointy € Y, the fiber of f over y is defined
as the fiber product

Xy := X xy Spec(x(y)),

where k(y) = Fyy/my, denotes the residue field at the point y. This construction captures the geometric
intuition of ‘the set of points in X lying over y,” but in a way that is compatible with the structure of
schemes.

Remark 21.8. Notethat X xy Spec(k(y)) is well-defined becanse there exists a morphism Spec(k(y)) —
Y defined as the composition of the following two morphisms:
(1) The natural inclusion
Spec(r(y)) = Spec(Fyy),

induced by the quotient map Fy .y — Fyy/my = K(y).

(2) The canonical map
Spec(Fyy) = Y,
which is defined by the structure of Y as a locally ringed space. This morphism is constructed as follows:
any pointy €Y determines a local ring Fy y, and for every affine open neighborbood U = Spec R C

Y containing v, there is a natural ring homomorphism A — Fy given by localization. These homo-
morphisms define a compatible system of morphisms of schemes

Spec(Fy,y) — Spec R =Y,

and by gluing, this yields a morphism Spec(Fy,y) — Y. Intuitively, this map sends each prime ideal
p C Py, to the unique point of Y whose stalk maps to p under the localization maps.

Fibers play a central role in many aspects of algebraic geometry, including the study of how the geometry
of X varies withy € Y. We want to prove that this definition coincides with the purely topological one.

Proposition 21.9 (Hartshorne I1.3.10). Let X, Y be schemes. If f + X — Y is a morphism of schemes,
andy €'Y isa point, then the topological space underlying X, is homeomorphic to f 1 (y) with the induced

topology.
Proor. Itsufhices to consider the case of affine schemes. The general case then follows by means of open
affine coverings. Assume that X = Spec .S and Y = Spec R. Identify the point y € Y with a prime

ideal p € Spec R. In this setting, the fiber product of schemes corresponds to the following diagram of
commutative rings:

R Ld S

| l

Frac(R/p) —— S ®g Frac(R/p)

Moreover, we have the following identification of the fiber over y:
Xy = X xy Speck(y)
= Spec S Xspec R Spec Ry /p Ry,
= Spec (S ®r Ry /pRy)
= Spec (S71(S/p°)) .
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where S = ¢(R \ p) is the multiplicatively closed subset of S consisting of images of elements in R \ p,
and p° denotes the extension of the ideal p in S via . Finally, the set-theoretic fiber

f~'(y) = {a € SpecS | ¢~ (a) = p}
consists precisely of those prime ideals ¢ C S such that q NS = () and p¢ C q. This set corresponds
exactly to

Spec (S_I(S/pe)) .
This completes the proof. O
Example 21.10. We compute Spec Z[z]. The inclusion Z — Z[x] induces a morphism

Spec Z[z] — SpecZ.
To understand the prime ideals of Spec Z[z], it suffices to analyze the fibres of this morphism. The fibre
over the prime ideal (0) is given by

Spec (Q ®z Z[z]) = Spec Q[z],
which corresponds to all irreducible polynomials over Q together with the zero ideal. Similarly, the fibre
over (p) is
SpecFp[z],

which consists of the irreducible polynomials over I}, along with its zero ideal. (Note that the zero ideals
correspond to those in Z.)

22. FINITE TYPE MORPHISMS

We discuss morphisms of schemes that exhibit finiteness properties, with a primary focus on those of
finite type. Such morphisms play a central role in algebraic geometry, as they generalize classical notions
of algebraic finiteness and provide control over the complexity of morphisms between schemes.

22.1. Quasicompact Morphisms. Before discussing morphisms of finite type, it is important to first un-
derstand quasicompact morphisms, as they form a foundational finiteness condition. Many properties of
finite type morphisms build upon or refine the notion of quasicompactness.

Definition 22.1. Let X, Y be schemes. A morphism f : X — Y of schemes is quasicompact if the
preimage of every open affine subscheme of Y is a compact setin X

Quasicompact morphisms are particularly tractable, as finite open coverings are generally easier to han-
dle in practice than infinite ones. Moreover, many schemes that arise in geometric or arithmetic applica-
tions are quasicompact.

Lemma 22.2. Let X, Y be schemes. A morphism f : X —Y of schemes is quasicompact if and only if the
preimage of every compact open subset of Y is compact subset in X.

ProOF. Suppose f is quasicompact. Then any compact open subset U C Y can be covered by finitely

many affine open subsets {V; }_;. Since f is quasicompact, f~*(V;) is compact for eachi = 1,--- , n.
Therefore, the pre-image f~1(U) = |, f~1(V;) is a finite union of compact open subsets, and hence
compact. The converse follows from the fact that an affine scheme is compact. O

Proposition 22.3. The following is a list of properties of quasicompact morphims.

(1) A composition of two quasicompact morphisms is quasicompact.

(2) Any morphism from a Noetherian scheme is quasicompact.

(3) (Hartshorne I1.3.2) A morphism f : X — Y is quasicompact iff there is a cover of Y by affine open
subsets {U; }ie1 such that f~1(U;) is a compact subset.
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Proo¥. The proof is given below:

(1) This follows immediately from Lemma 22.2.

(2) This follows because every open subset of a Noetherian topological space is itself compact.

(3) The forward direction is immediate. For the reverse direction, we apply the Affine Communication
Lemma (Proposition 20.2).

(a) Suppose that
f~1(SpecS) = U Spec R;

=1
is a finite affine open cover, so that f ~!(Spec S) is compact. Then for any s € S, we have

1 (Spec Ss) U Spec(R;)r,,

where each r; € R; is the image of s under the induced morphism S — R; corresponding to
the restriction of f to Spec R;. Since localization preserves compactness of affine open sets, each
Spec(R;)y, is compact, and so f ~1(Spec Ss) is compact as a finite union of compact open sets.

(b) Suppose

Spec S = U Spec Ss;
j=1
is an open affine cover, and that each preimage f~*(Spec Ss ;) is quasicompact. Then

f~1(Spec S) U f~Y(Spec Ss;)

is a finite union of compact spaces, and hence itself a compact set.
Both conditions of the Affine Communication Lemma (Proposition 20.2) are satisfied, and the claim
follows.

This completes the proof. OJ

22.2. Finite Type Morphisms. Recall that an affine algebraic set is the spectrum of a finitely generated
K-algebra. To describe this situation for more general schemes we make a general definition concerning
morphisms of schemes.

Definition 22.4. Let X, Y be schemesand f : X — Y be a morphism of schemes.

(1) fisof locally finite type if there exists an open covering {U; }; of Y by affine schemes U; = Spec S;
such that the preimage V;; := f~(U;) can be covered by open affine subsets {Spec R;;}; ; with
the property that the induced ring homomorphisms S; — R;; make each R;; a finitely generated
Si-algebra.

(2) f is of finite type if, in addition, each f~1(U;) can be covered by finitely many such affine subsets
Vij.

Remark 22.5. In both cases, the associated morphism of rings is said to be finite, and the target ring is a
finitely generated algebra over the source ring.

Observe that the property of the morphism f is defined in terms of an open affine covering of the target
scheme Y. This reflects a common paradigm: a property P, initially formulated for morphisms between
affine schemes, is required to hold only locally on Y, that is, on an open affine cover. The equivalence
between verifying the property P globally on Y and verifying it on such a covering is guaranteed by the
Affine Communication Lemma (see Proposition 20.2).
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Proposition 22.6. (Hartshorne I1.3.1) Ler X, Y be schemes. A morphism f : X — Y is locally of finite
typeif and only if for every open affine subset V.= Spec S C'Y and everyopen affine subset U = Spec R C
F~YV), Risa finitely generated S-algebra.

Proor. The reverse implication is straightforward. For the forward direction, we apply the Affine Com-
munication Lemma (Proposition 20.2). Fix an affine open subset V' = Spec .S C Y. Without loss of
generality, assume Y = Spec S.

(1) Assume that
f~Y(SpecS) = U Spec R;,
el
where each R; is a finitely generated S-algebra. That is, for each 4, there exist elements 735, , . . . , 735, €
R; such that
Ri = S[T’Z‘jl, NN ,Tijl].
Equivalently, each R; is a finitely generated algebra over S via a ring homomorphism ¢; : S — R;.
Fix an element s € S. Since each R; is a unital S-algebra, we have

vi(s) =s-1gr, € R;.
Forany s € S, note that
f~Y(Spec S,) U Spec(R
el

Moreover, for any prime ideal p C S such that s ¢ p, the fiber f 1 (p) corresponds to a prime ideal
q C R; for some i, and hence @;(s) ¢ q. This shows that the localization (R;), () is defined and is
a finitely generated algebra over S;.

(2) Assume that there exist elements s1,..., 5, € S such that the ideal generated by these elements is
the unitideal, ie. (s1,...,s,) = S, and for each 7,
f~ (Spec Sy;) = | Spec R;,
el

where each R; is a finitely generated S, -algebra. Since

Spec S = U Us, = U Spec Ss;,
j=1 j=1
we have
f~1(Spec S) U Y (Spec Ss; U U Spec R;.
j=liel
Because each R; is finitely generated over S : and the s;’s generate the unit ideal in .S, it follows by a
standard argument (clearing denominators) that each R; is finitely generated over S.

Since both conditions hold, the Affine Communication Lemma (Proposition 20.2) implies the desired
result. =

We discuss some properties of (locally) finite type morphisms below.

Proposition 22.7. (Hartshorne I11.3.3) The following is a is a list of properties of (locally) finite type mor-
phisms.

(1) A morphism f : X — Y is of finite type if and only if it is locally of finite type and quasi-compact.
(2) A composition of two morphisms (locally) of finite type is (locally) of finite type.
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quasi-compact, then f is of finite type.
(8) If X is a scheme of finite type over KK, then there is a finite covering of X consisting of open affine
subsets that are spectra of finitely generated K-algebras.
(9) Morphisms of finite type are stable under base extension.
(10) If X and Y are S-schemes of finite type, then X x g Y is a S-scheme of finite type.

Prookr. The proof is given below:

(1) The forward direction is clear. Conversely, if f is locally of finite type and quasi-compact, then each
f71(V;) is quasi-compact, so we may find a finite subcover, making it of finite type.

(2) This essentially follows from the algebraic fact that a composition of finite ring maps is finite.

(3) Let V = Spec S be such an affine open subsetin Y. The map f~1(V') — V is an open immersion.
Hence, f~1(V) 2 V = Spec S. Cover V by open subsets {Spec S¢ | f € S}, and note that each

Sy = Sla]/(zf = 1)
is a finitely generated S-algebra.
(4) This follows from (3).
(s) This follows from the algebraic fact that a ring of finite type over a Noetherian ring is a Noetherian
ring.
(6) This follows from the algebraic fact that that a ring of finite type over a Noetherian ring is Noetherian.
(7) The affine case essentially follows from the fact that if

A% BY%C
is a composition of morphisms of rings such that C'is a finitely generated A-algebra, then C'is a finitely
generated B-algebra. The general case reduces to the affine case™
(8) This is clear.

(9) This Let f : X — S be any morphism of finite type, and let g : S” — S be any base extension.
Then, construct the pull-back of f along g:

Xxg8 2o X
pzl lf
S —F— S
Let U C S be an open affine set, say U = Spec R. Then the diagram restricts to the following:
FHU) xu g (U) = fHU)

| |

g U) ——5——U

If the composition X L v % Zis of finite type, we need to find a covering of Y consisting of open affine sets with
the desired property. This is the case if we can find such a covering for g~ ' (U) for any open affine subset U C Z. Hence, we
have reduced the problem to proving the statement assuming Z = Spec C'is affine. Since f is quasi-compact, for any open affine
subset V' = Spec B of Y, we can cover f~ 1 (V') with a finite number of open affine subsets Spec A; of X. Since the composition
g o f is of finite type, each ring A; is a finitely generated C-algebra, and we are again in the affine case.



SCHEME THEORY 79

ForeachV C g~ ! (U) open affine set, say V' = Spec S, we can shrink more and get the following:
FHU) xp V 2= f7Y0)

le lf

V——U

There is a finite covering of f~1(U) by affine open subsets of the form Spec T} with 7T} a finitely
generated R-algebra. Hence f (U)X 7V can be covered by open affine sets of the form Spec(T; @ g
S), and each one of these rings is a finitely generated S-algebra.

(10) This follows from by reducing to the affine case and using the algebraic fact that a tensor product of
two rings of finite type is a ring of finite type.

This completes the proof. (|

23. SEPERATED MORPHISMS

Separatedness is a fundamental property of morphisms of schemes. It serves as the analog of the Haus-
dorft condition in the context of manifolds. However, the standard topological definition of the Hausdorft
condition is not directly applicable in abstract algebraic geometry, since the Zariski topology is never Haus-
dorft, and the underlying topological space of a scheme does not fully capture its geometric and algebraic
structure. Grothendieck emphasized that one should define properties in terms of morphisms rather than
objects. In this spirit, separatedness is defined as a property of morphisms of schemes, not of schemes
themselves. liminary observations about diagonal morphisms.

Definition 23.1. Let X, Y be schemesand f : X — Y be a morphism of schemes.
(1) The diagonal morphism associated to a morphism f : X — Y is the unique morphism

A: X - X xy X

whose composition with each of the projection morphisms p1,p2 : X xy X — X is the identity
morphism on X, ie,p; 0 A =idx = pa o A.
(2) Themorphism f : X — Y issaid to be separated if the diagonal morphism A is a closed immersion.

Id

lpz lf
X ——Y

Lemma 23.2. Let X, Y be affine schemes. Then a morphism f : X — Y is separated.

ProoF. Let X = Spec Rand Y = Spec S. Then R is naturally an S-algebra, and the fiber product
X Xy X is also affine, given by
X Xy X = Spec(R®g R).
The diagonal morphism A : X — X xy X is induced by the multiplication map
R®s R — R,

/ /
TRT .
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which is a surjective ring homomorphism. By Lemma 17.10, the diagonal morphism A is a closed immer-
sion. O]

Proposition 23.3. Let X, Y affine schemes. A morphism f : X — 'Y isseparated if and only if the image
of the diagonal morphism is a closed subset of X Xy X.

ProoF. The forward direction is clear. Now assume that A(X) C X xy X isa closed subset. Let p; :
X Xy X — X denote the first projection. Since p; o A = Idx, it follows that A is a homeomorphism
onto its image A(X). Consider the induced morphism of sheaves:

Oxxyx — AuOx.

Letz € X and choose an open affine neighborhood € U C X such that f(U) C V,where V C Y'is
affine open. Then the fiber product U xy U is an affine open neighborhood of A(z) C X xy X, and

the restricted diagonal morphism
A | v:U—=>UxyU
is a closed immersion. By Remark 17.11, the associated morphism of structure sheaves

Ovxyu — (Aly)« Oy

is surjective. Since this holds in a neighborhood of every point x € X, it follows that the global morphism
of sheaves

Oxxyx = AuOx
is surjective. Hence, A is a closed immersion. O
Thanks Proposition 23.3 a morphism is separated if and only if the diagonal A is a closed subset of
X xy X—a purely topological condition on the diagonal. This is reminiscent of the definition of the

Hausdorff condition in general topology. We now establish some basic properties of separated morphisms.
Before doing so, we state a useful lemma that will be helpful in proving several of these properties.

Lemma 23.4. (Pullback/Fiber-Product Lemma) Let € be a category admitting the following commutative

diagram:
FtsE-25p
b
A-L,p_2,¢

Suppose furthermore that the right square defines a fiber product in €. Then the left square defines a fiber
product in € if and only if the outer rectangle defines a fiber product in €.

ProOF. See [Aworo, Lemma 5.8]. O
Proposition 23.5. The following is a is a list of properties of seperated morphisms.

(1) Separated morphisms are stable under base extension.

(2) A composition of two separated morphisms is separated.

(3) Amorphism f : X — Y isseparated if and only if Y can be covered by open subsets V; such that the
restriction f~1(V;) — V; is separated for all 4.

(4) Open and closed immersions are separated.

Prookr. The proof is given below:



SCHEME THEORY 81

(1) Assume f : X — Yisseparated. Thatis A : X — X Xy X isaclosed immersion. Letg : X' — Y’
be obtained by a base change along Y — Y. Consider the diagram:

The middle and left squares define fiber products. By Lemma 23.4, the outer square determined by
the middle and left squares defines a fiber product. Moreover, the map from X’ xy» X" to X xy+ X
since the following square is trivially commutative:

X +— X' <, X'

| |

Y +—— X

Therefore, the map from X’ xys X’ to X Xy X is well-defined because of the universal property
of fiber products. Therefore, we hone in one the following subdiagram:

X ———Y

That is, we have the following equivalent diagram:

X' xyr X' ———-- sy X xy X — X

| b

X/

We’ve already identified that the outer rectangle in the diagram above defines a fiber-product. But the
right square in the diagram above also defines a fiber product. Therefore, Lemma 23.4 implies the left
square in the diagram above also defines a fiber product. Thus, in the following diagram,
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the outer rectangle and the bottom half are pullback diagrams, so the top half is a pullback square.
Hence, A’ : X’ — X' xy+ X' isindeed a closed immersion since closed immersions are stable under
base extensions.

(2) This follows from a similar diagram chasing argument as in (1).

(3) Suppose V; is an open cover of Y, and suppose f~1(V;) — V; is separated for each i. We show that
the image of the diagonal map

A X > Xxy X

is closed. It suffices to show locally for some open cover U of X xy X. If weletm : X xy X — Y be
the natural map, then 71 (V;) gives an open cover of X xy X. This implies that A= (7 =1(V;)) —
7 1(V;) is closed for each i.

Id

Sy

x — 3y
Conversely, (1) implies that separatedness is preserved by base change. Since the base change of f :
X = Y byV; = Yisjust f~1(V;) — V;, the result immediately follows.

(4) The property of being an open/closed immersion is local on the target, and locally an open/closed

immersion is a morphism of affine schemes. Since a morphism of affine schemes is seperated and the
property of being seperated is local on the target, the claim follows.

This completes the proof. O
We conclude this section with an application of the diagonal morphism by introducing the notion of

the graph of a morphism.

Definition 23.6. Let X, Y be schemes over S.If f : X — Y is a morphism, then graph of f, denoted
by I, isa morphism I' : X — X x g Y defined such that the following diagram commutes:

Id

Y — S

Proposition 23.7. (HartshorneI1.4.8) Ler X, Y be schemes over S and let Let f : X —'Y be a morphism
of schemes. If'Y is separated, then the graph morphism, I, is a closed immersion. More precisely, it is obtained
by the diagonal morphism overY, A 1Y — Y xg'Y, by base extension.

Proor. We first show that the graph of a morphism is obtained by a base change of the diagonal morphism
A:Y =Y xXgY.Thatis, we show that the following diagram

X Lty X xgY

lf lfxl

Y 25V xsY
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is a fiber product diagram. In other words, we must verify that
XY Xy xgY (X X8 Y)

Given that X Xg Y is defined as a fiber product of schemes, the commutative diagram above yields a
natural morphism

X —Y XYXsY (X X9 Y)
It suffices to check that this morphism is an isomorphism locally on affine open subsets. Letu : X — §
andv : Y — S be the structure morphisms, so that w = v o f. Choose affine open subsets U =
SpecR C S,W = SpecS C v }(U) C Y,andV = SpecT C f~1(W) C X. The diagram then

restricts to:

v vy w

Jf\v lfxl
WA, W

Suppose the ring homomorphism ¢ : S — T'is induced by f. Then, in the opposite category of rings
(i.e., commutative rings), we obtain the following diagram:

ez{ <p®1T

S5— S®rS

Here,
Y(r®s):=1r-p(s), d(s1 ® s2) 1= s182.
It is straightforward to verify that this diagram commutes. To prove that the diagram is a pushout, we
show that
T=8R®sg,s (T'®rS).
We define mutually inverse maps:
¢: T — SRsgps (TORS), t—1®(t®1),
Y :SRsegps (T®RS) =T, 51 (t®s2)— @(s152) -t
One can check that both ¢ and 1) are well-defined and inverses of each other. Therefore, the diagram

is indeed a pushout in the category of commutative rings, and hence a fiber product in the category of
schemes. Since A is a closed immersion, it follows by base change that I" is also a closed immersion. [

24. PROPER MORPHISMS
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Part 5. Appendix: Commutative Algebra

The purpose of this section is to review the definitions and results from commutative algebra. The
algebra-geometry correspondence discussed in Section 2 is invoked from time to time to provide motiva-
tion for some concepts.

25. PRIME AND MAXIMAL IDEALS

Prime ideals and maximal ideals are the building blocks of algebraic geometry.

Definition 25.1. Let R bearing.
(1) Anidealp in Ris primeifp # R andforeverya,b € R,ifab € p,thena € porb € p.
(2) Anideal min R is maximal if m # R and there is no ideal I such thatm C I C R.

Remark 25.2. Let R be an integral domain, and letp € R\ {0} not be a unit. By definition, the ideal (p)
is prime if and only if for all a,b € R withp | ab, we havep | aorp | b. Thatis, p is a prime element of R
This is the origin of the name ‘prime ideal.’

Remark 25.3. Let R be a ring. Every prime ideal of R in a ring a is a radical ideal. This is a straighforward
consequence of the definition.

Proposition 25.4. Let I be an ideal in a ring R with I # R.

(1) 1 isa primeideal if and only if R/ is an integral domain.

(2) 1 is a maximal ideal if and only if R/ 1 is a field.

Proor. The proof is given below:

(1) Passing to the quotient ring R /1, the definition of a prime ideal that I is prime if and only if for all
@,b € R/Iwithab = 0 we havea = 0 or b = 0 if and only if R/ is an integral domain.

(2) The definition of a maximal ideal (b) means exactly that the ring R/I has only the trivial ideals 1 /1
and R/I which is equivalent to R/I being a field.

This completes the proof. U
Corollary 25.5. Let R be a ring. Every maximal ideal of R in a ring a is prime ideal.

Prookr. This is because every field is an integral domain. U

A prime ideal is not necessarily a maximal ideal. However, this is the case in some situations.

Proposition 25.6. Let R be a principal ideal domain (PID). Then every non-zero prime ideal is a maximal
ideal.

PrOOF. Let p be a prime ideal. Since R is PID, we have p = (p). If ¢ = (g) is such thatp C g, then
p = qr forsomer € R. Hence, eitherq € porr € p.If ¢ € p,thenq C p. If r € p, then r = pp’ for
some p’ € R implies that

p=qr=qpp = p(l—qp)=0

Since p # 0and R is an integral domain, we have that 1 = gp’. Hence, ¢ = R. Inany case, p is a maximal

ideal. O

Proposition 25.7 (Atiyah-Macdonald 1.7). Let R be a ring in which every element x satisfies t" = x for
somen > 1. Every prime ideal in R is a maximal ideal.
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ProoF. Let p be a prime ideal in A. Then A/p is an integral domain. LetZ € A\ p. By assumption,
thereisan > 1 such that 2™ = z. Passing to the quotient ring, we then have " = Z. This is equivalent
to (2"t — 1) = 0. Since A/p is an integral domain and = & p, we have 2" ~1 = 1. If n = 2, then
7 = 1 which is already a unitin A \ p. If n > 2, then Z is a unitin A \ p with inverse 2" 2. Hence A /p
is a field, which implies p is a maximal ideal. O

Proposition 25.8 (Atiyah-Macdonald r.u1). A4 ring R is Boolean if v* = x forall x € R. In a Boolean
ring R, we have:

(1) 2o = 0 forall x € R;
(2) Roery prime ideal p is maximal, and A |y is a field with two elements;
(3) Every finitely generated ideal in 1 is a principal ideal.

Proo¥. The proof is given below:

(1) Inevery Boolean ring, we have
2r=x+z=(zx+x) =4

Therefore, 22 = 0.
(2) The argument in Proposition 25.7 shows that every prime ideal, p, is maximal. Then A/p is a field.
Since A/p is an integral domain and #? = Z for every 7 in A/p, we have that & = 0, 1. Therefore,

A/p = Zs.
(3) LetI = (a,b)and J = (a + b+ ab). Clearly, J C I. Note that
ala+b+ab)=a*+ab+a’b=a*+2ab=a*=a
Hence a € J. Similarly, b € J. Therefore, J C I. The general claim follows by induction.
This completes the proof. O

Example 25.9. The following is a list of basic examples of prime ideals and maximal ideals.

(1) If p is a prime number, then pZ C Z is a prime ideal. This can be checked by definition. In fact, pZ
is a maximal ideal.
(2) If pisa prime number, pZ[z] C Z[z] is a prime ideal. Indeed, pZ[x] = ker 7, where

7 Zlx) = (Z/pZ)[z], T (Z aixZ) = Zaixi

Hence, Z[z|/pZ|x] = (Z/pZ)]x]. The latter is an integral domain since Z/pZ is a field.
(3) Let R be an integral domain. The ideal (x) C R[] is a prime ideal, since R[z]/(z) = R.
(4) Let K bea field. Theideal () C Klx] is a maximal ideal, since K[z]/(z) = K.

The following basic observation is quite important.

Proposition 2s.x0. Let R, S be rings and let o : R — S be a ring homomorphism.

(1) Ifq C S isa prime ideal, then 01 (q) C R is a prime ideal.

(2) 1fq C S isa maximal ideal, then p=1(q) C R is not necessarily a maximal ideal.

(3) If  is surjective and q C S is a maximal ideal, then ©=*(q) C R is a maximal ideal.

Prookr. The proof is given below:

(1) Notethat R/p~1(q) is contained in the kernel of the map R — S/q. Hence, haveamap R/¢~1(q) <
S/q. Since the latter is an integral domain, R/¢~1(q) is also an integral domain. Hence, ¢ ~1(q) is a
prime ideal.

(2) Lete : Z < Q. {0} is a maximal ideal in Q but not in Z since Z is not a field.
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(3) Consider the diagram:

Since 1) o is surjective, o) o pissurjective. Thus 1) o @issurjective. Butker oy = R/p—1(m).
Hence, 9 o ¢ is injective. Hence.

R/¢™!(m) = S/m
Since the latter is a field, R/~ (m) is also a field. Hence, ¢~ (m) is a maximal ideal.
This completes the proof. U

A useful fact is that if I C R is a proper ideal, then there is a maximal ideal m in R with I C m. The
proof uses Zorn’s lemma.

Proposition 25.1x. Let R be a ring. Let I be an ideal in a ring R with I # R. Then I is contained in a
maximal ideal, of R. In particular, every ring R # 0 bas a maximal ideal.

Proo¥F. Let . be the set of all ideals J in R with J O I and J # R. Let &/ C . be a totally ordered
subset, i.e., a family of proper ideals of R containing I such that for any two of these ideals, one is contained
in the other. If A = (), then we can just take I € M as an upper bound for A. Otherwise, let

J =7
Jeof
be the union of all ideals in A. We claim that this is an ideal:

(1) 0 € J', since 0 is contained in each J € A, and A is non-empty.
(2) Ifay, a2 € J',thenay € Jy and ag € Jo for some Jy, Jo € A. But A is totally ordered, so without
loss of generality, we can assume that J; C Ja. It follows thata; +ag € Jo C J !

(3) Ifa € J',ie,a € JforsomeJ € A, thenra € J C J foranyr € R.

Moreover, J’ certainly contains I, and we must have J’ # Rsince 1 ¢ J forall J € A,sothat1p ¢ J'.
Hence, J' € .4 ,and itis certainly an upper bound for 7. By Zorn’s Lemma, .# has a maximal element,
m, containing /. It can be easily checked that m is a maximal ideal. If I is a proper ideal of R, then R/I
contains a maximal ideal, m’. Then m = 7~ (m) is a maximal ideal of R*° containing . O

We end this section with some other applications of Zorn’s lemma.

Proposition 25.x2. Let R be a ring.
(1) The nilradical of R, M(R), is the intersection of all the prime ideals of R. That is,

NR)= (] »
p s prime
(2) Let I be an ideal of R. Then
Vi= () »

ICp

p is prime

(3) The set of prime ideals of R has minimal elements with respect to inclusion.

2O7 is surjective.
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Proo¥. The proof is given below:

(1) Clearly, a nilpotent element belongs to every prime ideal. Hence the C inclusion is true. Conversely,
let z € R be a non-nilpotent element. In order to ptove the O inclusion, it suffice to find a a prime
ideal, g, not containing x. Let X be the set of all ideals I C R such that 2™ ¢ I foralln € N. Since z
is not nilpotent, {0} € ¥ # 0. If € = {I,,}nenisachainin 3, then I = |J, .y In € X. Hence, ¥
satisfies the assumption of Zorn’s lemma. Let q € X be a maximal element. We show that q is a prime
ideal.

Ify, z ¢ q, then q is properly contained in (y, q) and (z, q), so these ideals are not in X. Hence,
there exist integers n,m € Nand elements a,c € Rand b,d € qsuch that 2" = ay + b and
2" = cz +d. It yz € q, we would get

Lntm acyz + (ayd + czb + bd) € (y27 CI)

which is a contradiction. Hence, yz ¢ q. Hence, ¢ is a prime ideal.

(2) The proof is similar to (2).

(3) Let X be the set of all prime ideals with partial order X is given by reverse inclusion. ¥ # () since
{0} € X. Consider a chain of prime ideals in X:

PP pp 2

Letp = (), Pi- Clearly, p is an upper bound for the chain (under reverse inclusion). We show
that p is a prime ideal.

Letz,y ¢ p. Thenz ¢ p;andy ¢ p; forsome 7,5 > 0. WLOG, let i < j. We then have that
both x,y ¢ p;. Since p; is prime, we must have zy ¢ p;. This in turn implies xy ¢ p. Hence pisa
prime ideal. By Zorn’s lemma, ¥ has a has a maximal element, which is a minimal element in the set
of all prime ideals given the reverse inclusion order.

This completes the proof. (|

Proposition 25.13 (Atiyah-Macdonald 1.9). Let R be a ringand let I C R be an ideal of R. Then I = VI
if and only if I is an intersection of prime ideals.

ProOOF. Theforward implication is clear since v/T is an intersection of prime ideals by Proposition 25.12(2).
Conversely, let I be an intersection of prime ideals. Let x € V/I. Then thereisan > 0 such that 2™ € I.

Therefore, 2™ is contained in all prime ideals that define I. Hence, implies @ is is contained in all prime
ideals that define I. Hence, x € 1. OJ

Proposition 25.14 (Atiyah-Macdonald 1.10). Let R be a ring, The following are equivalent:

(1) R has exactly one prime ideal.
(2) Every element of R is either a unit or nilpotent.
(3) R/N(R) is a field.

Proor. The proof is given below:

o (i) <= (ii): Assume R has exactly one prime ideal. Since every maximal ideal is a prime ideal,
R has a unique maximal ideal. By Proposition 25.12(1) 91(R) is the intersection of all prime ideals
of R. Hence, we must have that the nilradical is the unique prime ideal. If an element x is not
nilpotent, it is not contained in the unique prime/maximal ideal. Therefore, x must be a unit;
otherwise, z would be contained in the unique maximal ideal of R.

e (ii) <= (iii): Assume every element of R is either a unit or nilpotent. This clearly implies that

R/M(R) is a field.
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e (iii) <= (i): Assume R/91(R) is a field. Then 91(R) is a maximal ideal. Thus if p is prime ideal
in R, then p should be the nilradical since the nilradical is a maximal ideal. Thus there is only one
prime ideal.

This completes the proof. OJ

Proposition 25.15 (Atiyah-Macdonald 1.14). Let R be a ring. Let ¥ be the set of all ideals in which every
element is a zero-divisor. ¥ has maximal elements and every maximal element of € is a prime ideal. Hence,
the set of zero-divisors in A is a union of prime ideals.

Proor. A standard Zorn’s Lemma type once again provides the correct argument. We omit the details.

0

26. LOCALIZATION

The purpose of this short section is to briefly review the details behind localization and to provide
motivation for its use. We first appeal to Conjecture 2.7 to give a geometric motivation of the localization
construction.

Remark 26.1 (Geometric Motivation). Ler X C A" be an affine algebraic set and let R = A(X). Ele-
ments of A(X) are equivalence classes of polynomial functions in K|x1, - - -, xy]. We continue the equiva-
lence dassof f € Klxy, -+ -, ) as f. Does it makes sense to consider fractions of such polynomial functions,
L.e., rational functions

X =K
f(=)

g(x)
for f,g € A(X). Of course, this does not work for global functions on all of X since g will in general have
zeroes in X. But if we consider functions on “small enough” subsets of X, we can allow such fractions. This
intuition is captured by the procedure of localization of rings. For example, let fixed point a € X, and

consider the set

S={feAX): fla) # 0}
be the set of all polynomial functions that do not vanish at a. It is easy to check that S is a multiplictaively
closed set that does not contain 0. Hencep = A(X) \ S is a prime ideal. Then the fractions 5 for f € R
and g € S can be thought of as rational functions that are well-defined “near” a. This construction amounts

to analyzing the affine algebraic set, X, locally around the point, a. by studying the corresponding ring of
rational functions. We will see that localization of A(X) at p will make this intuition precise.

Letus now introduce such “fractions” in a rigorous way. Let R be aring,and S C R the set of elements
that we would like to become invertible. Note that this subset S' of denominators for our fractions has to
be closed under multiplication, for otherwise the formulas

a ad as' +a's
s s ss’
and
! !
a a aa
s s ss

for addition and multiplication of fractions would not make sense. Moreover, we should have 1 € S'in
order to make sure that fractions of the form % for a € R make sense. Such sets are called multiplicatively
closed subsets of R.
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Proposition 26.2. Let R be a ring and S C R be a multiplicatively closed set. The relation
(a,s) ~ (d',s") <= thereisan clementu € S such that u(as’ — a's) =0

is an equivalence relation on R X S. We denote the equivalence class of a pair (a,s) € R x S by L. The set
of all equivalence classes

SR := {%:aER,seS}

is called the localization of R at the multiplicatively closed set S. It is a ring together with the addition and

multiplication
a d as’ +a's a a aa

s s ss' s s ss

Proor. (Sketch) The proof is similar to the proof constructing Q from Z. The only caveat is that we
must account for the element u € S in the definition of the equivalence relation. Without the addi-
tional element u € S, the relation ~ would not be transitive. Therefore, we confirm transitivity. Assume
(a,s) ~ (a',s"),(a',s') ~ (a”,s"). Then there are u, u’ € S such that

u(as’ —a's) =0, u'(d's" —ad"s") =0,

and it follows that

uu's's" (as” — d"s) = uu/(as’ — a's)s"™ + uu/(a's" — a"s')ss” = 0.

Since S is multiplicatively closed, uu's’s” € S. Hence, (a, s) ~ (a”, s"), as required. The rest of proof
is standard aripropetic.*". U

Example 26.3. The following is a list of some examples of the localization procedure:

(1) IfS = {1}, then ST'R > R.

(2) Let R bean integral domain and let S be the set of non-zero-divisors in . Then S is multiplicatively
closed and S™1 R is the quotient field of R.

(3) Forafixed elementa € R,let S = {a" : n € N}. Then S is obviously multiplicatively closed. The
corresponding localization S 1R, often written as R, is called the localization of R at the element a.

(4) Letpbeaprimeideal ofaring R. Then S = R\ p is multiplicatively closed. The resulting localization
S™LR is usually denoted by Ry, and called the localization of R at the prime ideal p. In fact, this
construction formalizes the intuition in Remark 26.1. Indeed, if R = A(X) is the ring of functions
on an affine algebraic set variety X C A" and

p=1I(a) ={f € A(X) : f(a) = 0},
the localization A(X), is exactly the ring of “fractions near a” as in Remark 26.1.
We end this short section by mentioning some properties of localization.

Proposition 26.4. Let R be a ring and let S C R be a multiplicatively closed subset. Let o : R — S™IR
be the ring morphism a — a/1.

(1) There is a one-to-one correspondence:

{prime ideals in S™* R} <— {prime ideals q in RwithqN S = 0}

I'— (o(I))
o HI) T
2f fact, if we set w = w’ = 1 in the proof of transitivity, we could only show that s's” (as” — a”s) = 0. Of course,
this does not imply as” — a’’s = 0if S contains zero-divisors. On the other hand, if S does not contain any zero-divisors, the

condition u(as’ — a’s) = 0 forsome u € S can obviously be simplified to as’ — a’s = 0.
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(z) If S = R\ p for a prime ideal p, then there is a one-to-one correspondence:
{prime ideals in Ry} <— {prime ideals q in R withq C p}
I'— (o(I))
pHI) = 1

(3) If S = R\ p for a prime ideal p, then Ry, is a local ring. That is, Ry has a unigue maximal ideal given
by
a
{p(p)) = {g raep,s ¢p}

Proor. The proof is given below:

(1) The proof is skipped.

(2) This follows from ().

(3) The formula for (¢ (p)) is clearly justified. Every prime ideal in Ry, is contained in (¢ (p). In partic-
ular, every maximal ideal in R, must be contained in ((p)). But this means that (¢(p)) is the only
maximal ideal.

This completes the proof. U

27. CHAIN CONDITIONS

We have worked with an arbitrary commutative rings with identity thus far. However, to derive more
significant theorems, we mustimpose certain finiteness conditions. The most practical approach is through
“chain conditions,” which apply to both rings and modules. In what follows, let 3 be a set partially or-
dered by a relation ~ (i.e., ~ is reflexive and transitive, and is such that x ~ y and y ~ @ together imply

T =1y).
Lemma 27.1. Let (X, <) be a partially ordered set. The following conditions are equivalent:

(1) Every non-empty subset S C X contains a maximal element;
(2) Every sequence x1 < xo < --- in X is stationary. That is, there exists a ng € N such that x, = x, 11
foralln > ny.

Similarly, the following conditions are equivalent:

3 Every non-empty subset S C X contains a minimal element;
4 Every sequence x1 > xo > - - - in X is stationary. That is, there exists a ng € N such that v, = Tp11
foralln > ny.

ProOOF. Suppose that every ) # S C X contains a maximal element, and let 21 < 23 < --- bea
sequence in X.. If S = {x,, | Vn € N}, we can find ng € N such that z,, is a maximal element in S.
Conversely, assume every sequence in 3 is stationary and suppose () # S C 3 has no maximal element.

Let z; € S and construct a sequence inductively: given 1 < -+ < xp,let S, = {x € S|z > z,}.
This set is non-empty (otherwise z,, € .S is maximal), so pick £, 41 € S),. This yields a non-stationary
sequence. The equivalence of (3) and (4) is proved similarly. O

Definition 27.2. Let R be aringand M an R-module. Let ¥ be the set of all submodules of M.

(1) M is Noetherian if (3, C) satisfies the equivalent conditions of Lemma 27.1. In other words, if every
ascending chain

My € My C M3z C ---

of submodules of M becomes stationary.
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(2) M is Artinian if (X, D) satisfies the equivalent conditions of Lemma 27.1. In other words, if every
descending chain
My DMy 2D MzD---

of submodules of M becomes stationary

Remark 27.3. The conditions of (1) and (2) in Lemma 27.1 are often referred to as the ascending and de-
scending chain conditions, respectively.

Remark 27.4. We say that R is Noetherian/Artinian if R is a Noetherian/Artinian R-module. In other
words, R is Noetherian/Artinian if and only if any ascending/descending chain of ideals becomes stationary.

(1) Any field K is trivially Noetherian and Artinian as it has only the trivial ideals (0) and K.
(2) A K-vector space V' is Noetherian and Artinian if and only if it is finite-dimensional.

o If'V isfinite-dimensional, there can only be finite strictly ascending or descending chains of vector
subspaces of V' since the dimension has to be strictly increasing or decreasing in such a chain,
respectively. Hence, a finite-dimensional K-vector space V' is both Noetherian and Artinian.

e If V isinfinite-dimensional, we can form a chain

VoeWighVa G-

with dim V;, = n foralln € N. Indeed, simply set Vo = 0,and V.11 = V;, + (vp41) with
Upt+1 ¢ Vp foralln € N. Clearly, this chain is not stationary. Hence, an infinite-dimensional
K-vector space V' is not Noetherian.

Similarly, we can also find an infinite descending chain

Wow2xVi2Vh 2

of infinite-dimensional subspaces of V with dim(V/V},) = n foralln. Indeed, let Vj = V, and
Vig1 = Vi, Nker ¢y, 41 for some linear map ¢, 11 : V' — k that is not identically zero on V.
Then
V/Vn = (V/Vn+1>/(vn/vn+l)
and so dim(V,,/V;,41) = 1implies dim(V/V},) = n for all n by induction. Hence, an infinite-
dimensional K-vector space V' is not Artinian.
(3) Zis Noetherian. Indeed, if we had a strictly increasing chain of ideals
LCI,CIsC---

in Z, then certainly I # 0, and thus I3 = nZ for some non-zero n € Z. But there are only finitely
many ideals in Z that contain I5 since they correspond to ideals of the finite ring Z/nZ. Hence, the
chain must be stationary.

On the other hand, Z is not Artinian, since there is an infinite decreasing chain of ideals

7222247 D8L 2D - .

(4) Let R = R[x1, 22, -+ , %y, - ,] be the polynomial ring over R in infinitely many variables. Then
R is neither Noetherian nor Artinian, since there are infinite chains of ideals

(1) G (21, 29) & (21, 29,23) C -+
and
(21) 2 (a7) 2 (a7) 2 -
We have another equivlanet characterization of Noetherian modules.

Proposition 27.5. Let M be a R-module. Mis Noetherian if and only if every submodule of M is finitely
generated.
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Proo¥F. Assume that we haveasubmodule N C M thatis not finitely generated. Then we can recursively
pickm; € Nandmp41 € N\ (my,...,my) forn € N, and obtain a chain

My G My G M3 & -~
in M. This is a contradiction since M is Noetherian.
Let
My € My C Mg C ---
be a chain of submodules of M. Then N = |J,,c My, is also a submodule of M. By assumption, IV can

be generated by finitely many elements m1, ..., m, € N. We must have m; € M, foralli =1,...,r
and some ny,...,n, € N. Withn = max{ni,...,n,}, we then have my, ..., m, € M,. Hence,

N = (mla"'7m’l‘> gMn ng
which implies My, = M, = N forallk > n. ]

The one central result on Noetherian rings is Hilbert’s Basis Theorem.
Proposition 27.6 (Hilbert’s Basis Theorem). If R is a Noetherian ring, R[x) is also a Noetherian ring.

PrOOF. Assume that R[z] is not Noetherian. Then there is an ideal I C R[z] that is not finitely gener-
ated. We can therefore pick elements fo, f1, f2,... € I asfollows: let fo € I be a non-zero polynomial
of minimal degree, and for k € N, let fj1 be a polynomial of minimal degreein I\ (fo, ..., f). Forall
k € N,letd), € N be the degree and a;, € R the leading coefficient of f},, so that we can write

fr = arz® + (lower order terms).

Note that dj, < dj1 for all £ by construction of the polynomials. Since R is Noetherian, the chain of
ideals

(ap) C (ap,a1) C (ap,a1,az) C -
becomes stationary. Hence, we we must have
Gn+1 = CoQo + -+ + Cpanp

forsomen € Nand co,...,c, € R. We can therefore cancel the leading term in f;, 11 by subtracting a
suitable linear combination of fy, ..., fu:

n
Fon = far = D cpatmii = fr

k=0
In this polynomial 1 41, the 2 +1_coefficient is Ant+1 — Coag — -+ — Cpay = 0. But this means
that deg f; ., < deg fny1. Hence, f;, 1 € (fo,---, fu). As fas1 & (fo,--., fn), we must have
fra1 & (fo.-- -, fn) as well. This is a contradiction. Hence, R[z] is Noetherian. 0
Remark 27.7. An inductive argument implies that if R is a Noetherian ring, Rlx1, - - - , xy,) isa Noether-

ian ring for anyn > 1.

28. NakavamMa’s LEMMA

The technique used in proving Lemma 29.4 can be used to prove result that is quite important in alge-
braic geometry, Nakayama’s lemma. Nakayama’s lemma is the following statement:

Proposition 28.1. Suppose R is a ring, I is an ideal of R, and M is a finitely generated R-module, such
that M = I M. Then there exists an a € Rwitha — 1 € I such that aM = 0.

Here is the argument that proves Nakayama’s lemma.
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Proor. Let M is generated by myq, ..., my. Since M = IM, we have m; = Zj a;jm; for some

aij € I. Thus,

where A = (a;;). Multiplying both sides of the equation on the left by adj(ald,, xn, — A), we obtain
det(Idyxpn — A)m; =0

foreach 1 < i < n. Hence, det(Id, xn, — A) = 0. When we expand det(Id,,x, — A), as A has entries

in I, we get an expression of the form 1 4 b for some b € I. Leta = 1 + b. Hence, a annihilates M and
wehavea — 1 € I. ]

Corollary 28.2. The following statements are true:

(1) Let M be a finitely generated R-module and let I be an ideal such that I is contained in every maximal
ideal of R. If IM = M, then M = 0.

(2) Let M be a finitely generated R-module and let I be an ideal such that I is contained in every maximal
ideal of R. If N C M is a submodule satisfying M = N + IM (or N/IN — M /IM is surjective),
we must have M = N.

(3) Let R be a local ring with unique maximal ideal m C R. Then, for any finitely generated R-module

M, the guotient M JmM is canonically a vector space over the field R /w. Furthermore, if x1, . .., &y €
M are elements whose residue classes T1, ..., Ty, € M/mM generate this vector space, then M =
2 i R

Proor. The proof is given below:

(1) By Nakayama’slemma, there existssomea € Rsuchthata—1 € IandaM = 0. a € Risinvertible.
Indeed, if this is not the case, then (a) € R and a is contained in some maximal, m, ideal of R. Since
a — 1 € m, we have, 1 € m, a contradiction. Since a is invertible, we must have that M = 0.

(2) Note that M = N +1M implies M /N = I(M/N). Since M is finitely generated, M /N, ‘is finitely
generated, (1) implies M/ /N = 0. Hence, M = N.

(3) Clearly, M /mM is a vector space over R/m. From M /mM = "7 | (R/m) T; we conclude

M =" Rx; +mM
i=1
(2) implies M = """ | Rux;.
O

Remark 28.3. Nakayama’s lemma is not necessarily true if M is not a finitely generated R-module. Indeed,
let M = Q thought of as a Z-module (abelian group). Let I = (2). If Nakayama’s lemma were true, we
would have an m € Z such that mQ = 0and m — 1 € 1. The latter condition implies that m is an odd
number. Clearly, Then mQ # 0, a contradiction.

29. INTEGRAL EXTENSIONS

Recall that if K C K is an algebraic extension of fields, then for any o € K/, there is a monic polyno-
mial, f, with coefficients in K such that f(«) = 0. This implies K(cv) is a finite algebraic extension. This
means that the field extension K C K(«) is quite easy to deal with, since we can use the whole machinery
of finite-dimensional linear algebra.

What happens now if instead of an extension K C K’ of frelds we consider an extension 2 C R of
rings? We can certainly still have a look at elements a € R’ satisfying a polynomial relation

-1
cpa” +cp_1aV "+ ...+ =0
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with ¢, ..., ¢, € R(and notall of them being o). But now it will in general not be possible to divide this
equation by its leading coefficient ¢,, to obtain a monic relation. Consequently, we can in general not use
this relation to express higher powers of @ in terms of lower ones, and hence the R-algebra R[a] generated
by a over R need not be a finite R-module. A simple example for this can already be found in the ring
extension Z C Q: for example, the rational number a = % satisfies a (non-monic) polynomial relation
2a—1 = 0 with coefficients in Z, but certainly Z[a|, which is the ring of all rational numbers with a finite
binary expansion, is not a finitely generated Z-module. This motivates the definition:

Definition 29.1. Let R C R’ be rings. An element a of R’ of R is integral over R if there is a monic
polynomial f € R[z] with f(a) = 0, i, if therearen € Nypand ¢g,...,cp—1 € R witha”™ +
cn—1a""t+...+co = 0. Wesay that R C R'isan integral extension if every element of R’ is integral
over R.

Remark 29.2. More generally, suppose o : R — R’ is a ring morphism. Wesay a € R’ isintegral over R
if a satisfies some monic polynomial where the coefficients lie in p(R). A ring morphism ¢ : R — R/ isan
integral morphism if cvery element of R’ is integral over o(R).

Example 29.3. Let R be a unique factorization domain, and let R’ be its quotient field. Thena € R’ is
integral over R if and only if a € R**.

The following lemma provides a useful trick to check for integrality.

Lemma 29.4. Let R C R’ bea ring extension. Then a € R’ is integral over R if and only if it is contained
in a subalgebra of R’ that is a finitely generated R-module.

Proo¥. If a satisfies a monic polynomial equation of degree n, then the R-submodule of R’ generated
by 1,a,...,a" !is closed under multiplication, and hence a subalgebra of R’. Conversely, assume that
a is contained in a subalgebra R” of R’ that is a finitely generated R-module. Choose a finite generating
setmy, ..., my of R” (asan R-module). Then am; = Zj b;jm;, for some b;; € R. Thatis,

(aldyxn — B)m = 0.
Here B is the coefficient matrix of the coefficients b;;’s and 771 is a column vector for the variables m;’s.
Recall that a matrix M has an adjugate matrix adj(M ) such that adj(M )M = det(M)Id,,. Multiplying
by adj(ald,, xn, — B), we get:
det(aldyxp — B)m; =0 1<i<n
Since det(ald,,x», — B) annihilates the generating elements m;, and hence every element of R”, includ-

ing 1. Hence, det(ald,x, — B) = 0. But expanding the determinant yields an integral equation for a
with coefficients in R. O

The above result has some easy corollaries:

Corollary 29.5. Let R C R/ be a ring extension. The elements of R integral over R form a subring of
R'. If R' is a finite ring extension in the sense that R' is a finitely generated R-module, then R C R’ is an
integral extension.

Proo¥. Ifa,b € R areintegralover R, thena € R[z1, -+ ,z,]andb € Ry1, -+, ym|foray, -, xy
in R andy1, -+ ,ym in R’ . Then

aib, abeR[mly"' y Ty Y1y 70 ;ym]

Hence, integral elements form a subring. The other statement is clear since if R’ is a finite R-algebra, then
R' = R[z1,- -, xy] as a finitely generating R-module. O

**The proof is similar to the argument of the rational roots theorem, so we omit details.
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Corollary 29.6 (Transitivity). Suppose R C R and R' C R" are integral ring extensions. Then R C
R" isan z'ntegml extension.

PrOOF. Leta € R". As a is integral over R, there are n € N and elements co, .. ., ¢,—1 of R such
that

A" +ep1a” 44 =0
Then a is also integral over R|[co, . . . , ¢,—1]. In addition, we know that ¢y, . . . , ¢;,—1 are integral over R.
Hence, R[cy, . . . , ¢n—1, a] is finite over R[co, . .., ¢y—1]and R[co, . . ., ¢p—1] is finite over R. Therefore
Rlco, ..., cn—1,al is finite over R, and thus a is integral over R. O

Below we catalog various algebraic properties of integral extensions:

Proposition 29.7. Let R C R’ be an integral extension. The following are true:

(1) If I isan ideal of R, then R' | I is an integral extension ring of R/(I N R). More generally,
(2) If S is a multiplicative, closed subset of R, then S LR isan integral extension ring of S —1 R,
(3) R'|x] is an integral extension ring of R|x].

Proor. The proof proceeds as follows:
(1) Note that the natural map

R/(INR)— R /I aw—a

is well-defined and injective. Hence, we can regard R’/ as an extension ring of R/ (I N R). Moreover,
foralla € R/, there is a monic relation a™ + ¢,_1a™ ' + - - -+ ¢9 = Owithcg, ..., cn_1 € R,and
hence by passing to the quotientalso a™ + ¢, _1a" 1+ - - + ¢ = 0. So ais integral over R/(I N R).
(2) Thering morphism S™'R — S™'R’,a/s + a/sis obviously well-defined and injective. Moreover,
fora/s € S~ R', we have a monic relation a™ + ¢, _1a™ ' +- - - +cg = Owithcg, ..., ch1 € R,

and thus also .
a\"  Cp_1/G\"— c
(—) +”1(—> = 1}
s s \s s

Hence a/s is integral over S~ R.

(3) Let f = apa™ +---+ap € R'[z],ie,ap,...,a, € R'. Thenay,...,a, are integral over R, so
also over R[z], and thus R[z][ay, . . ., an] = Rlao, . . ., ap][x] is integral over R[z]| by Lemma 29.4.
In particular, this means that f is integral over R[z].

This completes the proof. OJ

Corollary 29.8. Let ¢ : R — R’ be an integral morphism.

(1) IfI C Rand 1 C R’ areideals satisfying (1) C I', then the homomorphism R/I — R' /I’ induced
by @ is an integral morphism.

2) For any multiplicative system S C R, the induced homomorphism Rg — is an integral mor-

(2) y multipl, ). S C R, the induced b rphism R pr(S) gral
phism.

Ring extensions arise naturally in affine algebraic geometry:

Example 29.9. Let k = C. Consider X = V(f) C A2andY = A! forsome f € C[z,y]. If
m: X =Y, (x,y) — xisthe cannonical projection morphism, then induced morphisms on coordiante
rings is a ring extension:

A(Y) = Clz] € A(X) = Clz,y]/(f)-

23Here we use thatif R C R and R’ C R” are finite, thensois R C R”.
24Localization is not covered in these notes.
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\
N\

f=y*—a? f=xy—1 f=uay

Some examples of such morphisms are sketched on the next page in Example 29.9. Note that we only
plot real points to keep the pictures R! and R?. Which of these ring extensions are integral extensions? If
f(z,y) = y* — 2. We then have a ring extension

Clz] C Clz,y)/(y* — 2?)

The ring extension is generated by Z and . Cleatly, T is integral over C|x] since « is integral over Clz].
Moreover, 7 is integral over C[z] since it satisfies the polynomial relation 3% — 7% = 0.

Remark 29.10. If f(x,y) = zyor f(z,y) = xy—1, then it turns out that the ring extensions Clx, y| / (f)
are not integral ring extensions. How does one prove this claim? We shall return to this question later in this
section.

Corollary 29.5 implies that integral elements of a ring extension always form a ring themselves. This
leads to the notion of integral closure.

Definition 29.11. Let R C R’ bea ring extension.

(1) The set R of all integral elements in R’ over R is a ring with R C R C R'. Itis called the integral
closure of R in R’. We say that R is integrally closed in R’ if R = R.

(2) Anintegral domain R is called integrally closed or normal if it is integrally closed in its quotient field
Quot(R).

Example 29.12. Every unique factorization domain R is normal, since by Example 29.3 the only elements

of Quot(R) that are integral over R are the ones in R.

Example 29.13. Let R = A(X) be the coordinate ring of an affine algebraic set X.

(1) Let R = C[z], corresponding to X = Al. Since R is a UFD, we know that R is normal. In fact, this
can also be understood geometrically: the only way a rational function ¢ on A’ can be ill-defined at
apointa € Al is that it has a pole, i.e., that it is of the form x ﬁ for some k € Ny and
f € Quot R that is well-defined and non-zero at a. But then ¢ cannot satisfy a monic relation of the

form
¢" 4 o104 4 =0
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with ¢, ..., cp—1 € C[z]since ¢ has a pole of order kn at a which cannot be canceled by the lower
order poles of the other terms Crno1®" 14 +co = 0. Hence any rational function satisfying such
a monic relation is already a polynomial function.

Consider the context of Example 29.9 above. Recalling that the inverse image of a prime ideal under
any ring morphism is a prime ideal, then the ring extension A(Y") C A(X) is such that for any prime
ideal p in A(X), its inverse image under the ring extension, which is just A(Y") N p, is a prime ideal.
Invoking Remark 2.18, geometrically this means that the image of an irreducible affine algebraic subset
in X under the projection map, 7, is an irreducible affine algebraic subset of Y. When is the converse
true? That is, when is any prime ideal q of A(Y") of the form q = p N A(Y"), where p is a prime ideal of
A(X)? Geometrically, when is an irreducible algebraic subset of Y~ the image under the projection map,
T, of an irreducible algebraic subset of X? It turns out such a result holds when the ring extension under
investigation is an integral ring extension.

Lemma 29.14 (Lying Over Theorem). Let o : R — R’ be an injective integral ring extension and let p

be a prime ideal in R. Then the following are true:

(1) Suppose R C R'. If R' is a field, then R is a field.

(2) Suppose R C R’ such that R and R’ are integral domains. If R is a field, then R’ is a feld.

(3) Suppose R C R'. Let q be a prime ideal of R' and let ¢ = q N R. Then q is a maximal ideal if and
only if ' is a maximal ideal.

(4) There is a prime ideal p' of R with o~ (p’) = p

Remark 29.15. [ the context of the study of affine schemes, we can interpret the lying over theorem as follows:
if o : R — R’ isan injective integral extension, then Spec R’ — Spec R is surjective.

Proor. (Lemma 29.14) The proof proceeds as follows:
(1) Suppose R C R and that R'isafield. Leta € R\ {0}. Letb = 1/a € R’. Since b is integral over

R, we can write
V+ab '+ .. 4a =0
for some positive integer 7 and some vy, . . ., a € R. Hence,

l+aia+...+a,a" =0

Therefore,

1
C=—ap—ma—...—ayd ' E€R

a
We conclude that a is invertible in R. Since this holds for every nonzero a € R, it follows that Ris a

field.
(2) Suppose R and R’ are integral domains and Risa field. Letb € R,y # 0. Let

V4+ab ' +...+a,=0 (v €R)

such that r is the smallest possible positive integer for which the above equation is true. Since R isan
integral domain, o # 0. Hence

1
bt = —a—(b’”‘l +ab" 2 +.. . +a_1) ER.
Hence R’ is a field.
(3) By Proposition 29.7, R /¢’ is integral over R/q, and both these rings are integral domains. The result
follows by (2).
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(4) Since pisinjective, R can be thought of as a subring of R'. WLOG, we make this identification below.
Let S = R\ p beamultiplicative closed subset of R. Clearly, .S is also a multiplicative closed subset of
R’. Hence, we can localize both R and R’ at p. By Proposition 29.7, Ry, C R; is an integral extension
and the diagram

R—— R

O

Ry —— Ry

commutes. Let n be the unique maximal ideal of R{J. Thenm = n N Ry, of Ry by (3). Since Ry isa
local ring, m is the unique maximal ideal of R,,. If p’ = 37! (n), then p’ is a prime ideal of R, and we
havep’ N R = a1 (m) = p.

This completes the proof. ]

Remark 29.16. Assume that an integral ring extension A(Y') — A(X) corresponds to a polynomial mor-
phism X — Y. of affine algebraic sets. Lemma 29.14(c) is essentially a statement of a statement about the
property of fibers of the morphism X — Y : it says that in integral ring extensions only maximal ideals can
contract to maximal ideals, i.e., that points in X are the only irreducible algebraic sets that can map to a single

pointinY.

Example 29.17. Let’s go back to Example 29.9. Consider the extension R = C[z] C R’ = C[z, y]/(f)
where f(x,y) = xy — 1. The prime ideal (x) in C[z] does not lie over any prime ideal of C[z, y]/(f).
If not, then there is a prime ideal | of C[z, y] such that

(z) =Clzlnp  (zy—1)Cp

In particular, both zy — 1,2y € p. Since =1 = 2y — 1 — 2y, —1 and hence +1 must be in p, a
contradiction. Hence, the extension R = C[z] C R’ = C[z, y]/(f) is not an integral extension.

It is still not clear how to prove the extension C[z] C Clz, y]/(f) is not an integral extension when
f(z,y) = xy. We need another property of integral extensions to argue that this is indeed the case.

Proposition 29.18 (Incomparability). Let R C R’ be an integral ring extension. If p' and p' are distinct
primeidealsin R withp' "R =p' N\ Ritheny' € o andq' L p'.

Proor. Assume p’ C q’. We show that ¢’ C p, yielding a contradiction. Assume there is an element
a € q'\p’. By Proposition 29.7, R’ /p’ is integral over R/(p’ N R), so there is a monic relation

@'+ a4+ =0

in R'/p’ with ¢g, ..., cp—1 € R. Pick such a relation of minimal degree n. Since a € ¢’ this relation
implies ¢y € q'/p’, butas ¢y € R too we conclude that

we@NR)/(NR)=(@NR)/(@NR)=0.

Hence, the monic relation has no constant term. But since @ # 0 in the integral domain R’/p’, we can
then divide the relation by a to get a monic relation of smaller degree, a contradiction. O

Example 29.19. Let’s go back to Example 29.9. Consider the extension R = C[z] C R’ = C[z,y]/(f)
where f(z,y) = zy — 1. Consider ideals (z) and (z, y) of C[z, y]. Since
Cle, Clx,
2.9] & gy [z, y]
() (z,y)

>~
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are integral domains, the ideals (z) and (x, y) are prime ideals. Moreover, since (zy) C (2) C (z,y),
(x) C (x,y) are prime ideals of R’ = [ ,y]/(f). Moreover, note that:

Clz] = (2) = (z,y) N Cla]

(x)n
Hence, the extension R = Clz] C R’ = Clz,y|/(f) is not an integral extension. Otherwise, this will
contradict Proposition 29.18.

Corollary 29.20 (Going Up Theorem). If ¢ : R — R’ isan integral homomorphism and p1 C po are
prime ideals in R, and qy is a prime ideal in R such that 0= (q1) = p1, then there is a prime ideal q2 in
R withq1 C qg and QO_I(qQ) = po.

Proo¥. Consider the induced homomorphism g : R/p1 — R'/q1, which is injective and integral.
Applying Lemma 29.14 to the prime ideal p2 /p1 in R/p1, we conclude that there is a prime ideal g2 /¢, in
R’ /q1 such that g~ (q2/q1) = pa/p1. It is then clear that g2 satisfies the conclusion going up theorem.

]

30. NOETHER’S NORMALIZATION & HILBERT’S NULLSTELLENSATZ

Let us start by giving the geometric idea behind this so-called Noether Normalization theorem. Con-
sider the coordinare ring
R = Clx1, z2]/(z122 — 1)
of the affine algebraic set X = V(zy29 — 1) C A% By Example 29.17, we know already that R is
not integral (and hence not finite) over C[x;]. It is easy to change this, however, by a linear coordinate
transformation: if we set, for example,

TL=Y2+Yy, T2=Y2-4
then we can write Ralsoas R = Cly1, y2]/(y3 — 4% — 1), and this is now finite over C[y;] by Lemma 29.4
since the polynomial y3 — % — 1 is monic in y2. Geometrically, the coordinate transformation has rotated
A2 so that the Lying Over property now obviously holds. In terms of geometry, we are therefore looking
for a change of coordinates so that a suitable coordinate projection to some affine space A" corresponds to
a finite ring extension of a polynomial ring over k in 7 variables.

\

N—"
A 1
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Proposition 30.1 (Noether’s Normalization Lemma). Let R be a finitely generated as a K-algebra with
generarors 1, - - - , Tp. For some positive integer 0 < r < n, we can find z1, - - - , 2, € R such that there is
an injective K-algebra morphism K[z1, - - -, 2;] — R such that R is a finite extension of K[z, . . ., zy].

The strategy is to find a suitable change of coordinates so that the given relations among the variables
become monic. It turns out that a linear change of coordinates works in general only for infinite fields,
whereas for arbitrary fields one has to allow more general coordinate transformations.

Lemma 30.2. Ler f € Kz, ..., x| be a non-zero polynomial over an infinite field K. Assume that f
is homogeneous, i.c., every monomial of f has the same degree. Then there are a, . . ., an—1 € k such that

flar,...,an—1,1) #0.

Proor. The case n = 1 is trivial, since a homogeneous polynomial in one variable is just a constant
multiple of a monomial. Assume nn > 1. Write f as

d
=Y fl
=0

where the f; € K|z, ..., x,] are homogeneous of degree d — i. As f is non-zero, at least one f; has
to be non-zero. By induction, we can therefore choose as, . . ., a,,—1 such that f;(ag,...,ap—1,1) # 0
for this i. But then f(-,as,...,an—1,1) € K[z1] is a non-zero polynomial, so it has only finitely many
zeroes. As K is infinite, we can therefore find a; € Ksuch that f(ay,...,ap,-1,1) # 0. O

Lemma 30.3. Ler f € Kz, ..., xy] be a non-zero polynomial over an infinite field K. Then there exist
A€ Kandaq,...,an_1 € k such that
M1+ a1yn, y2 + a2yn, - - s Yn—1 + an—1Yn, Yn) € Kly1, ..., yn]
15 monic in Yy,
Proor. Let d be the degree of f, and write
F=Y" Chppnzt 2l ckyk, €K
K1, kn
Then the leading term of
A (Y1 + a1yn, y2 + @2yns - - - Yn—1 + Qn—1Yn, Yn)
=N D ik W1+ @) (Y1 + )y
K1, kn

in y,, is obtained by always taking the second summand in the brackets and only keeping the degree-d
terms, i.e., it is equal to

k kn—1_ ki+..+k d
A Z Cklv"-vknall Qg yn1+ = Afd(alv ceey On—1, 1)yn’
ki+...+kn=d

where fg is the (homogeneous) degree-d part of f. Now pick a1, ..., a,—1 by Lemma 30.2 such that

fd(al, vy Qp—1, 1) 75 0,and set A = [fd(al, vy Qp—1, 1)]71
U

Lemma3jo.4. Let f € Ky, ..., xp] bea non-zero polynomial over an arbitrary field K. Then there exists
AN€kanday,...,an_1 € Nsuch that

Myt +ynt y2 FYns o Yn—1 Y Yn) € Klyt, - Yn)

s monic in Yy,
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Proo¥. (Proposition 30.1) We will prove the statement by induction on the number n of generators of R.
The case n = 0 is trivial, as we can then choose 7 = 0 as well. Moreover, if there is no algebraic relation
among the 1, ..., 7, € R, then

K[iUl,' o 7xn] = R7

and the claim is clear in this case. Assume there isa non-zero polynomial f over k such that f (21, ..., 2,) =
Oin R. Choose Aand ay, ..., an,—1 asin Lemma 30.3 (if k is infinite) or Lemma 30.4 (for any k) and set
Y1 ' = T1 — A1&pn, " 3 Yn—1 = Tp—1 — An—-1Tn, Yn ‘= Tn or
Y= X1 — Tty Y] 1= Tyl — T Yy = T
respectively, In both cases, these relations show that the K-subalgebra K[yi, . .., yn] of R generated by
Y1s---,Yn € Ris the same as that generated by @1, . . ., Ty, i.c., all of R. Moreover, ¥, is integral over

the K-subalgebra k[y1, . . ., yn—1] of R, since

MW+ a1yn, - Yn—1 + Gn—1Yn, Yn) or
)‘f(yl + yzla vy Yn—1+ yﬁ”_17yn)

respectively, is monic in yy, and equal to Af(z1,...,2,) = 0. Hence R = k[yi, ..., yn| is finite over
K[y1,- .., Yn—1] by Lemma 29.4. In addition, the subalgebra k[y1, ..., yn—1] of R is finite over a poly-
nomial ring K[z1, . . ., 2] by the induction hypothesis, and thus R is finite over K[z, . . . , 2,] by transi-
tivity. O

Example 30.5. Let R = C[x1, 22]/(z122 — 1). Consider f(z1,22) = z122 — 1 = 0. Then:
f@Em) =73 —-1=0
The homogeneous degree 2 term is g(z1, £2) = x122. Then for any a; € C*, we have that g(a;,1) =
a1 # 0. Set A = [g(a1,1)]"! = 1/ay. Consider
Y1 =21 — a1x2 Y2 = T2

Then:

1 1 1
0= f(T1,72) = Af(J1 + 191, 92) = a1<312(y1+a192) - 1) =7 + a—liym P

Therefore 77 is a monic polynomial in C[y7]. Choosinga; = 1, we have that R = Clz1, z2]/(z122—1)

is finite over Clx1 — 2]

Using these results, we would like to state and prove Hilbert’s Nullstellensatz. First, we prove Zariski’s
lemma.

Lemma 30.6 (Zariski’s Lemma). Let K be a field, and let R be a finitely generated K-algebra which is also
a field. Then K C R is a finite field extension. In particular, if in addition K is algebraically closed, then
R=K

Proo¥. By Proposition 30.1, we know that R is finite extension over a polynomial ring K[z1, .. ., 2],
and thus also integral over K[z1, . . ., 2] since finite ring extensions are integral. But R is a field, hence
K[z, ..., 2] must be a field as well by Lemma 29.14(1). This is only the case for r = 0, and so R is finite
over k. O

Proposition 30.7 (Hilbert’s Nullstellansatz). Let K be an algebraically closed field. The maximal ideals
of K[z, -+, xyn) are of the form (x1 — a1, - -+ , Ty — ap).



102 JUNAID AFTAB

Proof¥. Clearly, ideals of the form (1 — a1, -+ , 2y, — @) are maximal. This is because:
[xla ) I‘n] ~ K.
(1171 —ai, -, Tn _an)
Conversely, let m be any maximal ideal in K[z1, - - - , z;,]. Then the quotient ring,
o Ko o]
m

is a field, which is also a finitely generated K-algebra. By Lemma 30.6, R is a field, and K C R is a finite
field extension. Since K is algebraically closed, R = K. O
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