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Preface

These notes on algebraic topology were compiled during my graduate studies while attending a year-
long course on the subject. They reflect my developing conviction that the language of category theory
should be introduced at the outset, and that spectral sequences merit early presentation, as they provide a
unified framework for deriving many fundamental homological results in algebraic topology. The notes
proceed systematically through core topics, including fundamental groups, homological algebra, homol-
ogy, cohomology, higher homotopy groups, and the Serre spectral sequence. Some sections remain in-
complete, and typographical errors may be present. Corrections and suggestions are welcome and can be
sent to junaid.aftab1994@gmail. com.
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CHAPTER 1

Introduction

r.1I. What is Algebraic Topology?

Topology may be regarded as a “deformable” form of geometry—often informally described as the
study of “squishy” shapes. In contrast to classical geometry, which concerns itself with rigid structures
determined by distances and angles, topology focuses on properties of spaces that remain invariant under
continuous deformations such as stretching, bending, or compressing, but not tearing or gluing. This
viewpoint gives rise to a mathematical theory of shape that abstracts away geometric notions.

The foundational ideas of algebraic topology were introduced in Poincaré’s seminal work Analysis
Situs [Poiro], which laid the groundwork for the modern discipline. At its essence, algebraic topology em-
ploys tools from abstract algebra to investigate topological spaces, chiefly by associating to them algebraic
objects that encode essential topological features.

In contemporary terms, these conceptual foundations are elegantly articulated through the frame-
work of category theory. Within this framework, one seeks to construct functors from a “topological
category” (for instance, the category of topological spaces Top or the homotopy category hTop) to an “al-
gebraic category” (such as the category of abelian groups Ab or the category of commutative rings CRing).
This process assigns topological invariants to spaces—quantities that remain unchanged under continu-
ous maps, homeomorphisms, and homotopies—thereby enabling their study via algebraic methods.

Among the most fundamental constructions in this paradigm are the fundamental group, homology
and cohomology theories, as well as the higher homotopy groups.

r.LI. Fundamental Group. Themostbasic topological invariant of a spaceis the fundamental group
(also called the first homotopy group). For a pointed topological space (X, ), the fundamental group
is denoted by 71 (X, ) and encodes the structure of continuous maps v : [0,1] — X satisfying
7(0) = (1) = 0, called loops based at x¢, up to homotopy relative to their endpoints. Intuitively,
the fundamental group measures the “1-dimensional loop structure” of a space. For example, we shall see
that the circle S! possesses nontrivial loops, whereas the sphere S? does not. By assigning to each pointed
topological space its fundamental group, one obtains a covariant functor

m : Top, — Grp,

where Top, denotes the category of pointed topological spaces and basepoint-preserving continuous maps.
The study of the fundamental group illustrates a central principle of algebraic topology: replacing geomet-
ric or topological data with algebraic structures in order to facilitate classification and computation.

r.r.2. Homology. Fixn > 0. Homology gives rise to a family of covariant functors
H, : Top — Ab,

each of which assigns to a topological space X an abelian group H,,(X) that, heuristically, encodes the
“n-dimensional hole structure” of X. For example, consider the topological space X depicted in Figure 1.

The “1-dimensional hole structure” of X can be computed using a combinatorial homology theory
known as simplicial homology. We now outline the argument. Intuitively, the boundary of an oriented
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8 1. INTRODUCTION

V4

U1 U3

V2

A simplicial complex illustrating edges and a 2-simplex

edge in the diagram can be viewed as the formal difference between its “target” and “source” vertices. For
example, the boundary of e is given by

861 = V2 — V1.
A chain of paths is defined as a formal sum of oriented edges. For instance, we have the 1-chains

c1 = €1+ €5+ ey,

-1
cp=ex+e3teg,
c3 =e1+ ex+ ez + ey,

where e5 * denotes the edge e5 traversed in the opposite orientation. In this terminology, a cycle in X is a
1-chain whose boundary vanishes. For example, each of ¢1, c2, and c3 is a cycle. However, the loop ¢ can
be contracted to a point: the path e4 + e1 may be continuously deformed to e5 within the interior of ¢;.
Algebraically, this is detected by the fact that ¢y is the boundary of the 2-simplex with vertices vy, va, v4.
By contrast, ca cannot be contracted to a point, since the 2-simplex with vertices v2, v3, v4 is absent (the
corresponding triangular region is hollow). Hence, we anticipate the presence of a single 1-dimensional
hole in X. The first simplicial homology group will detect this hole.

Remark v.x.x. The above intuition can be made precise by the Hurewicz theorem which states that

m1(X)
[ (X), m1(X)]

12

Hy™(X)

That is H fimp (X)) is isomorphic to the abelianization of 71(X), the fundamental group of X which quite
literally is a measure of holes in a topological space.

More generally, we shall see that the n-th simplicial homology group measures the existence of ‘n-
dimensional holes’ in a topological space, X.

Remark r.1.2. The statement above is only meant for intuition and should be taken with a grain of salt. In
general, there is only a group bomomorphism m,(X) — H, Simp (X) forn > 2if X is path-connected.

We shall encounter several homology theories, including simplicial homology, singular homology, and
cellular homology. Although these theories arise from distinct constructions, under appropriate condi-
tions they are naturally isomorphic, and hence yield the same topological invariants. Each theory possesses
its own computational strengths and conceptual advantages.
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r.r.3. Cohomology. Fixn > 0. Cohomology gives rise to a family of contravariant functors
H"™: Top — Ab.

Cohomology provides a dual perspective to homology. While both theories assign graded abelian groups
to topological spaces, cohomology often captures more refined invariants and exhibits a richer algebraic
structure. In particular, cohomology groups admit a natural graded ring structure via the cup product,
yielding a contravariant functor
H* : Top — CRing,

where CRing denotes the category of commutative graded rings. This additional structure enables deeper
connections with other areas of mathematics, including geometry, bundle theory, and differential topol-
ogy. For example, one can construct invariants of topological spaces from geometric objects such as dif-
ferential forms (de Rham cohomology) or vector bundles (topological K-theory). Such invariants are
typically contravariant by nature and are naturally encoded in cohomological data.

r..4. Homotopy. Homotopy groups form a class of fundamental invariants in algebraic topology
that classify continuous maps up to homotopy, thereby capturing intrinsic shape and deformation prop-
erties of topological spaces. The first homotopy group coincides with the fundamental group. Forn > 2,
the higher homotopy groups 7, (X, z¢) generalize this notion to homotopy classes of based maps from
the n-sphere S into X, thus detecting higher-dimensional analogues of holes and obstructions to con-
tractibility. While these groups encode richer and more subtle topological information than homology or
cohomology, they are typically far more difficult to compute.

1.2. Preliminaries

r.2.1. Notation. Here is a list of some standard notation used throughout the notes:

R™ Euclidean space
D" ={x e R"||z|| <1} n-dimensional disk
Sl ={zeD"|||z| =1} (n — 1)-dimensional sphere
B" =D"\S"! n-dimensional unit open ball
I"={zeR"|0<z; <1} n-dimensional unit cube
OI"={x € I" | z; =0or1forsomei} boundary of 1"

r.2.2. Category Theory. Throughout these notes, we assume familiarity with the language of cate-
gory theory', and it is freely used throughout the notes. References include [Riery; Leir4; Macrs]. Here is
a review of basic notions in category theory:

(1) A category C consists of
(a) acollection of objects Ob(C),
(b) for each pair of objects X, Y € C, a set of morphisms Hom¢ (X, Y),
(c) identity morphisms Id x for each X,
(d) acomposition law o satisfying associativity and unitality.
(2) Afunctor F : C — D assigns to each object X € Can object F(X) € D, and to each morphism
f: X — Y amorphism F(f) : F(X) — F(Y'), such that:

F(Idx) = IdF(X)
Flgo f) =F(g) o F(f)

"This is covered in detail in my other notes.
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The class of morphisms between X, Y € Cisdenoted by Homc (-, -). We usually wite Homc (, -)
as simply Hom(, -).

(3) A natural transformation 7 : F = G between functors F, G : C — D assigns to each object X
in Camorphism nx : F(X) — G(X) in D such that for every morphism f : X — Y in C, the

following square commutes:

Fx) 29 Fy)

lﬁx lﬁy
G(f)
G(X) —= G(Y)
(4) Afunctor F: C — D isan equivalence of categories if there exists a functor G : D — C

FoG=Idp
GoF =1dc

Equivalently, F : C — D is an equivalence of categories if and only if:
(a) Fistully faithful, i.e., for all objects X, Y € C, the map

Homc(X,Y) = Homp(F(X),F(Y))

is a bijection; and
(b) Fisessentially surjective, i.e., for every object D € D, there exists an object C' € Csuch that
F(C) = DinD.

(s) A diagram in a category C is a functor
D:J—=C

from an index category J. The limit (resp. colimit) of such a diagram is a universal cone (resp.
cocone) over D. Examples of limits include products and pullbacks; examples of colimits include
coproducts and pushouts.

(6) Afunctor F : C — D issaid to be left adjoint to G : D — Cif there is a natural isomorphism:

Homp (F(X),Y) = Homc (X, G(Y))
forall X € C,Y € D. In this case, F' 4 G and G is called a right adjoint.
Remark r.2.x. The language of derived functors and resolutions is reviewed in the appendix (Chapter 1s).

We will frequently make use of various “algebraic categories.” A few standard examples are listed
below:

(1) Grp : The objects of Grp are groups and Hom(G, H) consists of group homomorphisms from
G to H. Ab, the category of abelian groups, is defined similarly.

(2) GrGrp : The objects of GrGrp are graded groups, that is, groups G = @, 5, G equipped with
a direct sum decomposition indexed by integers. The morphisms Homg,crp (G, H) are group
homomorphisms f : G — H that respect the grading; explicitly, f(G,,) C H), foreachn € Z.
GrAb, the category of graded abelian groups, is defined similarly.

(3) CRing: The objects of CRing are commutative rings, and Hom(R, S) consists of ring homo-
morphisms from R to S. GrCring, the category of graded commutative rings, is defined similarly
as above.

(4) Modpg: The objects of Mod i are modules over a fixed (commutative) ring R, and Hompg (M, N)
consists of R-linear homomorphisms from the R-module M to the R-module N. The category
of graded R-modules, GrMod, is defined similarly as above.
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(s) Grpd : The objects of Grpd are groupoids, which are categories in which each morphism is an
isomorphism, and Hom (X, Y) consists of functors between groupoids from X to Y.

1.2.3. Topology. Basic notions in topology will be assumed throughout. We usually assume that
a fixed base point 9 € X has been chosen, in which case X is called a pointed topological space. A
continuous function f: (X,z9) — (Y, yo) between pointed topological spaces is assumed to satisfy
f(x0) = yo. Such functions are called pointed continuous maps. The following categories naturally arise

in algebraic topology:

(1) Top: The objects are topological spaces and Hom (X, Y) is the set of continuous functions from
XtwVY.

(2) Top.: The objects are pointed topological spaces, (X, o) and Hom((X, 0), (Y, yo)) consists
of continuous maps f : (X, z9) — (Y, yo) such that f(z9) = yo. Such maps are called pointed
continuous maps.

(3) Top®: The objects are all pairs (X, A) where X is a topological space and A C X is a subspace
and Hom((X, A), (Y, B)) is simply the set of continuous map f : X — Y such that f(A) C
B.

(4) Top?: The objects are all triples (X, A, B) where X is a topological spaccand B C A C X isa
subspace. Then Hom((X, A, C), (Y, B, D)) is simply the set of continuous maps f : X — Y
such that f(A) C Band f(C) C D.

Additional categories arising in algebraic topology will be introduced as needed later in the notes.
Below, we recall some basic universal properties that will be invoked frequently throughout.

(1) Top has products and co-products. The product of X, Y is given by the Cartesian product X X

Y of topological spaces with the product topology. The product is an example of a categorical
pullback:

The co-product of X, Y is given by the disjoint union X L Y with the disjoint union topology.
The disjoint union is an an example of a categorical pushout:

(2) The category Top, has products and co-products. The product of (X, zp), (Y, yo) is given by
the pointed Cartesian product (X x Y, (20, y0)). The pointed Cartesian product is an example
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of a categorical pullback:

b

Y — {x}

The coproduct of (X, zg), (Y, yo) is given by the wedg sum
XVY:=(XxY)/~

where the quotient identifies the basepoints xg and g to a single point. The wedge sum is an

instance of a categorical pushout:

{x} — X

1.3. Topological Manifolds

One of the principal classes of spaces studied in algebraic topology via topological invariants is the
class of topological manifolds. These are spaces that locally resemble Euclidean space. Familiar examples
include plane curves such as circles and parabolas, as well as two-dimensional surfaces such as spheres and
tori. A comprehensive treatment of topological manifolds can be found in [Leero].

Definition r.3.1. A topological space, X, is a topological n-manifold if X is a second-countable, Haus-
dorft space that is locally homemorphic to R™. Thatis, each point of X is contained in a coordinate chart,

which is a pair (U, ¢), where U is an open subset of X and ¢ : U — ¢(U) C R"™ is a homeomorphism

from U to an open subset ¢(U) of R™.

v R7

~

Remark 1.3.2. 4 collection of charts (Uq, ¢o) such that |, Uo = M is an atlas for X.

Remark 1.3.3. The numbern is attached to a single chart and might apriori depend on the chart itself. This
turns out to be not the case. This result is called the invariance of dimension and will be proved later.
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We discuss the implications of the conditions imposed in Definition 1.3.1. Since a topological manifold
is locally Euclidean, it is easy to see that it inherits a number of properties of Euclidean space locally. For
instance, we have the following:

Proposition 1.3.4. Let X be a topological n-manifold. Then X is locally compact, locally path-connected
and locally contractible.

Proo¥. Every point of X has a neighborhood homeomorphic to the open unit ball in R™. Each open
ball in R" is locally compact, locally compact and locally path-connected, locally contractible. The claim

follows. O

The locally Euclidean condition does not impose any global topological restrictions. To address this,
the second-countability and Hausdorff conditions are imposed. Intuitively, Hausdorft spaces possess
“enough open sets,” ensuring that familiar properties hold; for instance, in a Hausdorft space, finite sub-
sets are closed, and limits of convergent sequences are unique. Moreover, this condition excludes certain
pathological examples, such as the “line with two origins.” On the other hand, second-countability re-
stricts the space from having an excessively large collection of open sets necessary to cover it. The following
is a prototypical global topological property of a topological n-manifold.

Proposition 1.3.5. Let X be a topological n-manifold. X has a countable basis of precompact coordinate
balls.

Proor. First consider the special case in which X can be covered by a single chart. Suppose ¢ : M —
U C R" is a global coordinate chart. Let

B={B,(z):2€Q, v €Q" By(z) CU forsomer’ <r}

Each B, (z) € Bis pre-compactin U, and it s easy to check that B is a countable basis for the topology of
U. Because ¢ is a homeomorphism, it follows that ¢~ (B) is a countable basis for X, consisting of pre-
compact coordinate balls. More generally, each p € M is in the domain of a coordinate chart. Since X
is second-countable, X is covered by countably many coordinate charts {(U;, ;) }$2,. By the argument
in the preceding paragraph, each Uj; has a countable basis of coordinate balls that are pre-compact in U;.
If V' C Uj is one of these balls, then the closure of V' in Uj is compact, and because X is Hausdorff, it is
closed in X It follows that the closure of V' in X is the same as its closure in U;, so V' is precompact in X
as well. Clearly, the union of all these countable bases is a countable basis for X . O

Example 1.3.6. The following is a list of examples of topological manifolds.
(1) R™ is a topological n-manifold. R™ is covered by a single chart (R™, Idg» ), where Idgn : R™ —
R™ is the identity map.
(2) (Spheres) The unit n-sphere, S”, is Hausdorff and second-countable because it is a topological
subspace of R"tL Foreach 1 < i < n + 1, consider the sets:

Uz'+ — {(ul’ L. 7unJrl) c Rn+l | ui > 0}
U7 = {(ul, o umth) € R i < 0)
Let f : B" — R be the continuous function defined by
fl@) = V1= |ul?
Foreachl < i <n,U. l-i M S™ is the graph of the function

UZ = :l:f(ul’ . ,{;7:’... 7un+1)7
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where the hat indicates that u? is omitted. Thus, each subset UijE N S™ is locally Euclidean of
dimension n, and the maps ¢;: U N S™ — B" given by
di(ul, - umy = (ul, oW

defines the desired homemorphism.
(3) (Real Projective Space) The real projective space, RIP", is defined as the quotient space, RP" =
(R™*1\ {0})/ ~ with the equivalence relation

z~yinR"™\ {0} < z = \yforsome\ € R*
It is made into a topological space by giving it the quotient topology via the map
m: R"\ {0} — RP",
where [z] 1= m(x) = span{x}. It can be easily checked that
RP" = S"/ ~
where ~ is the equivalence relation on S™ such thatz ~ —x (i.e., antipodal points are identified).
We check that RP" is both second-countable and Hausdorff:

(a) Consider the quotient map: ¢ : S — S™/ ~ Note that ¢ is an open map. Indeed for any
open subset V' C S", we have:

MaV) =V UV,
Since S™ is second-countable, RP" = §™/ ~ is also second-countable as ¢ is an open map.
(b) If [x], [y] € S™/ ~, then one can choose € > 0 small enough that
U=DB(z,e)NS"
V =DB(y,e)NS"
are open sets in S™ such that +U, £V are pairwise disjoint. Since,
¢ (qU)=UU-U
¢ (V) =VUu-V
g 1(q(U)) and ¢~ *(g(V')) are open disjoint subsets of S"/ ~ containing [z] and [y].

Hence, RP" = S"/ ~ is Hausdorff.
Foreach 1 <4 < n + 1, consider the sets:

ﬁi = {(ula T 7un+1) € Rn+1 | ui 7& 0}

Let U; = 7(Uj;). By properties of the quotient topology, U is an open subset of R"™. Consider
the map ¢;: U; — R" defined as:

1 1—1 +1 n+1
¢i([u]):<“. O | il “+>

ut’ wt 7wl ut

This map is well-defined because its value is unchanged by multiplying = by a nonzero constant.
By properties of the quotient topology, ¢; is continuous. In fact, ¢; isa homeomorphism because
it has a continuous inverse given by

d);l(ul?”' 7un) = [ula"' 7ui_1717uia"' ,un],

This shows that RP" is locally Euclidean of dimension n.
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(4) (Tori) For a positive integer n > 2, the (n — 1)-torus is the product space
St x .- xSt

It is clear that a product of topological manofolds is a topolopgical manifold. Hence, T is topo-
logical n-manifold since S! is a 1-manifold.

Remark 1.3.7. Forn > 2, we usually abbreviate the n-torus as T™.

Sets such as closed intervals in R and closed balls in R fail to be both topological manifolds since they
‘have a boundary of sorts.” We make precise the notion of a topological manifold with boundary.

Definition 1.3.8. Let X be a topological space. X is a topological n-manifold with boundary if X is a
second countable, Hausdorff space such that each pointz € M is contained in a coordinate chart, (U, ¢),
such that:

(1) (Interior Chart) Either ¢ : U — ¢(U) C R" is a homeomorphism from U to an open subset
o(U) of R™.

(2) (Boundary Chart) Or ¢ : U — ¢(U) C H" is a homeomorphism from U to an open subset
@(U) of H", the upper-half plane, such that ¢(z) N OH™ # (.

A point p € M is called an interior point of X if it is in the domain of some interior chart or a
boundary chart (U, ¢) such that ¢(U) N OH"™ = {). It is a boundary point of X if it is in the domain of
aboundary chart that sends p to OH". The boundary of X (the set of all its boundary points) is denoted
by OM; similarly, its interior, the set of all its interior points, is denoted by Int(M).

Remark 1.3.9. A point p € M might apriori simultaneously be a boundary point and an interior point,
meaning that there is one interior chart whose domain contains p, and another boundary chart that sends p
to OH". This turns out not to be the case. This result is called the invariance of boundary and will be proved
later.

Example 1.3.10. (Sketch) The following is a list of basic examples of a topological manifold with boundary.

(1) B™ is smooth n-manifold with boundary. One can prove this by definition. We skip details.
(2) If X is a n-dimesnional manifold with boundary, then M is a (n — 1)-dimensional manifold
without boundary. We skip details.

1.4. CW Complexes

Another important class of spaces studied via topological invariants in algebraic topology is the class
of CW complexes. These spaces are constructed combinatorially by successively attaching basic building
blocks, namely disks of varying dimensions, via continuous attaching maps. For further details, see [Hato2;
Leero].

1.4.1. Definitions. An arbitrary topological space X can be challenging to visualize and analyze.
Therefore, we shall primarily focus on the subcategory of topological spaces that can be constructed in-
ductively using open cells. This subcategory is known as the category of CW complexes. This approach
enables the meaningful study of a wide range of topological spaces.

Definition 1.4.1. An open n-cell is a topological space that is homeomorphic to the open unit ball B"”. A
closed n-cell is a topological space homeomorphic to D™.

Remark 1.4.2. We will only use the phrase n-cell when the context is clear.
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New topological spaces can be constructed from old topological spaces by attaching an n-cell. Let X
be a topological space. Suppose there is a map ¢ : Sl X a map. One can form a new topological
space, X [ [, D", from the disjoint union X [[ D" by identifying each ¢(z) € S~ with ¢(z) € X
forall z € S"1, and equipping the resulting set with the quotient topology. The map ¢ is called the
characteristic map. We refer to the space X []| D" as being obtained from X' by ‘attaching an n-cell’,
andcall ¢ : S"1 — X the attaching map. Using the the universal properties of the disjoint union and
quotient topology, we have the following commutative diagram.

This shows that X [, D" is a pushout in Top. One can also attach more than one n-cell. Let

{D2} e 4, bea collection of n-cells and let ¢7 : SE™! — X be a collection of continuous maps. One
can form a new topological space, X [ [,» D7, by attaching the aforementioned collection of n-cells using
the rule prescribed above. Once again, we have a commutative diagram.

[y set —r— x

L J
H¢>g D — X H¢g Da

This shows that X [ [ 4 D7 is a pushout in Top.

Definition 1.4.3. Let X be a topological space. A CW decomposition of X is a sequence of subspaces
X'cxlcx?c...cx"cC...

)

of X such that the following three conditions are satisfied:
(1) The space X is discrete.
(2) Thespace X™ isobtained from X"~ ! by attachinga (possibly) infinite number of n-cells {D% } o a,,
via attaching maps ¢7 : S~ — X"~1,
(3) The topology of X is compatible with quotient topology on X that makes the
[[x"—x
neN
continuous. In other words, A C X is open if and only if A N X" is open foralln > 0.

Remark 1.4.4. If X admits a CW decomposition, then it can be easily checked that X is a colimit of
{ X" Ynenuioy- In particular, X is the colimit of the diagram

h LN ' NINNING ' JF NG C 2 SN
in Top. Here jy, is the inclusion of Xy, into Xy 1.

We can now define the category of CW complexes, CW. The objects of the category are topological
spaces that admit a CW structure (CW complexes), and morphisms between CW complexes are cellular
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continuous maps. Thatis, f(X™) C Y™ foreachn > 0 where f is a continuous map. In other words, if
X and Y are CW complexes and we have a commutative diagram

X0 X1 X" xntl
I | |
Yo y! yn yntl oL

then, on forming the colimits, we obtain an induced map f : X — Y which is a cellular map.

Remark 1.4.5. CW, isthe category of pointed CW complexes defined analogously to Top,,. Similarly, cw?
is the category of pairs of CW complexes defined analogously to Top?.

Each cell D, has its characteristic map ¢, which is by definition the composition of continuous maps:

Pa

D2 s X" D —s X" [,DE 5 X

Proposition 1.4.6. Let X be a topological space with a CW decomposition. A C X is open if and only if

(¢) 1 (DR) is continuous for each o € Ay andn € N. In particular, X is a quotient space of | | e 4 Dt

Proor. The forward implication is clear. Conversely, suppose (¢2) 1 (D7) is open in D? for each for
eacha € A, andn € N. Suppose by induction onn that AN X" ! isopenin X"~ 1. Since (¢7) 1 (D7)
is open in DY, forall & € Ay, then AN X™ is open in X™ by the definition of the quotient topology on
X™. The last implication is clear by definition. O]

Definition 1.4.7. Let X be a topological space. X is a CW complex if X admits a CW decomposition
satisfying the following two properties:

(1) The closure of each open cell is contained in a union of finitely many cells.

(2) The topology of X is coherent with {{D” }4c 4, : n € N}

Remark 1.4.8. If X € Top admits a CW decomposition, we say that X belongs to the subcategory CW.

A CW complex is finite (or finite-dimensional) if there are only finitely many cells involved. Every finite
CW decomposition is automatically a finite CW complex. In fact, every locally finite CW decomposition
is automatically a CW complex as we show below.

Proposition 1.4.9. Ler X be a topological space endowed with a CW decomposition. If {D? | a €
Ay, n € N} isalocally finite collection, then X is a CW complex.

Proor. By assumption, every point D7, has a neighborhood that intersects only finitely many cells. Since
D7, is compact, it is covered by finitely many such neighborhoods. This readily implies (1) in Defini-
tion 1.4.7. Suppose A C X is a subset such that A N D7, is closed for each v € A,, and n € N. Given
z € X \ A, let W, be a neighborhood of x that intersects the closures of only finitely many cells, say
D, ..., D" Since A \ ]D;Lj is closed in ID);” and thus in X, it follows that

WNA=W\(AND{)U...U (ANDy*)

is a neighborhood of « contained in X \ A. Thus X \ A isopen, so A is closed. This readily implies (2)
in Definition 1.4.7. ]

*Thatis, A C X is open/closed if and only if A N D7 is open/closed for each o« € A, andn € N.
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1.4.2. Examples. In the examples that follows, we will not explicitly check that condition (3) in Def-
inition 1.4.3 is satisfied. It should be straightforward to do verify these claims, though.

Example 1.4.10. Let N = (0,...,0,1) in S”. Consider themap o : S* \ {N} — R" by?

1 n
1 n+ly _ U U
on(u,...,u )_<1—u”+1"”’1—u"+1)

Similarly, consider S : R™ — S™ \ {N}

2u! 2u" |uf -1
1 n e —_— DY
5N(u’”"u)_<]u\2+1’ Tul24+17 u2+1)

It is easy to check that oy, B are inverses of each other. Hence, R” = §™ \ {N'}. The map o is called
the stereographic projection. S™ can now be given a CW structure with one O-cell (D°) and one n-cell

(D™). The attaching map for the n-cellis ¢ : S*~! = oD — {x}.
g map

Example 1.4.01. S" can be given a different CW structure with two k-cells in each dimension for 0 <
E < n Lee XY = S = {D?Y, DY}. Then X! = S! where the two 1-cells D}, D] are attached to the
O-cells by homeomorphisms on their boundary. Similarly, two 2-cells can be attached to X 1 — gt by
homeomorphism on their boundary, giving X 2 — S2. We can now proceed inductively to construct the
described CW complex structure on S".

Example 1.4.12. There are natural inclusions
stcstc...cshc...C

We can then define S® = li N S™. If S™ is given a CW structure as in Example 1.4.11 for each n > 0,
then S°° is a CW complex as well. Note that S* is a colimit of the S™’s for n > 0.

Example 1.4.13. Consider RP" as the quotient of S™ with anti-podal points identified. An easy observa-
tion shows that RP" is a quotient of D™ by the relation  ~ — on the boundary S*~14 Thus, RP" can
be obtained from RP" ™! by attaching a one cell.

Sn—l c Dn

! |

RP" ! —— RP"
Thus RIP" can be built as a CW complex with a single cell in each dimension < n.

Example 1.4.14. There are natural inclusions
RPPCRP!C...CRP"C ... C

We can then define RP>® = lignEN RP"™. Note that RIP*° is a colimit of the RP"™’s for n > 0. We can
define CP*° similarly to RP*°.

3Letw = (z',...,2" ") € S™\ {N}. Theline through N and x is parameterized by

u =t u" =T = (T - D+ 1

The intersection of this line with ©"™**

= Q occurs whent = H++1 Hence, the intersection point is (o (), 0), as desired.
Therefore, o () is the intersection of the line through NV and = with the R™ plane.

4Tt is easy to check that these identifications are consistent with out discussion of the real projective plane, which is RP?.
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Example 1.4.15. The complex projective space, CP", is defined as the quotient space CP" = (C™*1 \
{0})/ ~ with the equivalence relation x ~ yin C"*1\ {0} ifand only if x = Ay for some A # 0. Note
that there is a map

D*" — CP"
(Zo,...,zn_1)0—> [Zo,...,zn_l, 1-— HZH]

The boundary of D?" (where /1 — [[2]] = 0) is sent to CP" ™!, In this way, CP" is obtained from
cpr! by attaching one 2n-cell. So CP" has a CW structure with one cell in each even dimension
0,2,...,2n.

Example 1.4.16. There are natural inclusions
CPPCCP'C...CCP*"C-..C
We can then define CIP* = hﬂneN CIP™ as before.

Let’s discuss some 2-dimensional examples. It is well-known that compact, connected 2-dimensional
manifolds are classified into the following types:
(1) S%
(2) A connected sum of g-tori T (or a g-hold torus) for g > 2,
(3) A connected sum of g-projective spaces RP?, for g > 2.

Example 1.4.r7. Consider X = T? = S! x S! (the 1-torus) or RP? (the real projective plane). Both
spaces can be constructed as quotients of a rectangle by identifying edges according to specific rules. For
the torus, opposite edges are identified in the same orientation, whereas for R, one pair of opposite
edges is identified in the usual manner, and the other pair is identified with reversed orientation. These
identification diagrams provide a convenient means of visualizing the topology of each space. Each space
admits a natural CW complex structure with the following cells:

(1) asingle O-cell representing the vertex of the rectangle,

(2) two 1-cells corresponding to the edges of the rectangle,

(3) asingle 2-cell which is attached via a continuous map from the boundary circle S into the 1-

skeleton.

v ) v v ) v

a4 +Q a4 +a

v ’ v v ; v
X=T X = RP?

Example 1.4.18. For g > 1,amodel for a connected sum of g copies of the torus T? = S x Stisdenoted
by My, and is known as an orientable surface of genus g. The surface M, can be constructed by taking a
polygon with 4¢ sides and identifying its edges in pairs according to the word a4 blal_l bl_1 e ag bgag_lbg_ L

which encodes the edge identifications that yield a closed orientable surface. Each pair a;, a;l and b;, b;” 1
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contributes a ‘handle,” so M can be visualized as a torus with g holes, or a g-holed doughnut. This con-
struction endows M, with a natural CW complex structure consisting of:

(1) asingle O-cell where all loops based on the edges are attached;
(2) 2g 1-cells corresponding to the edges of the polygon;
(3) asingle 2-cell attached along the loop described by the edge word above.

Example 1.4.19. For g > 2, amodel for the connected sum of g copies of the real projective plane RP? is
denoted by Ny, and is known as a non-orientable surface of genus g. The surface [N, can be constructed
from a polygon with g sides by identifying the edges according to the word

alal---agag,
where each pair a;a; represents an edge identification. This construction yields a closed surface that is

non-orientable and has genus g. The surface N, admits a CW complex structure consisting of:

(1) asingle O-cell to which all loops are attached;
(2) g 1-cells corresponding to the edges of the polygon;
(3) asingle 2-cell attached via a loop following the word aja; - - - agay.

Remark 1.4.20. Ny is usually called a Klein bottle. Another model for the Klein bottle is given by the CW
structure shown below:

v b v

Y

a/z\ \’a

Y

(% b (%

1t can be checked that both models are homeomorphic.
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1.4.3. Properties. A sub-complex of X is a subspace Y C X that is a union of open cells of X,
such thatif Y contains a cell, it also contains its closure. It follows immediately that the union and the in-
tersection of any collection of sub-complexes are themselves sub-complexes. Examples of a sub-complexes
would be be the subspaces X" for n > 0 in the definition of a CW complex.

Proposition 1.4.21. Suppose X is a CW complex and Y is a sub-complex of X. Then'Y is closed in X, and
with the subspace topology and the cell decomposition that it inberits from X, it is a CW complex.

Proor. Let B" C Y denote such an open n-cell in Y. Since B" C Y, the finitely many cells of X
that have nontrivial intersections with B™ must also be cells of Y. So condition (1) in Definition 1.4.7 is
automatically satisfied by Y. In addition, any characteristic map ¢ : B® — X for D" in X also serves as

a characteristic map for B*inY. Suppose A C Y is a subset such that A N D™ is closed in D™ for every
n-cell D™ contained in Y. Let D" be a n-cell of X that is not contained in Y. We know that D™ \ B"
is contained in the union of finitely many open cells of X; some of these, say B}, ... ,BZ’“, might be

containedin Y. Then B}* U . .. UBZ’“ CY,and
AND"=AN B U...UB*)ND" = (ANB)U---U(ANB*))ND"

which is closed in D". It follows that A is closed in X and therefore in Y. This implies (2) in Defini-
tion 1.4.7. Hence Y isa CW complex. Taking A = Y shows that Y is closed. O

Proposition 1.4.22. The following is a list of some categorical/topological properties of CW complexes.

(1) If A is a sub-complex of X, then the inclusion v : A — X is a cellular map.

(2) If Ais a sub-complex of X, then X | A is a CW complex such that the quotient map X — X [ A is
a cellular map.

(3) If X andY are finite CW complexes, then X XY isa CW complex.

(4) The closure of each cell in a CW complex is contained in a finite sub-complex.

(5) A subset of a CW complex is compact if and only if it is closed and contained in a finite sub-complex.
In particular, a CW complex is compact if and only if it is a finite complex.

(6) A CW complex is locally compact if and only if it is locally finite.

(7) A CW complex is locally path-connected.

Proor. The proof of some of the properties is given below:

(1) This is clear given the definition of a sub-complex.
(2) The cells of the quotient space X / A consist of the cells of X that lie in the complement X \ A,

together with a single new 0-cell corresponding to the image of the inclusion
A= X — X/A

This is well-defined because since A C X is a subcomplex, every cell of X is either contained
in Aorin X \ A. Let ¢” : S2=! — X1 be the attaching map of an n-cell in X \ A. The
corresponding n-cell in the quotient X /A is attached via the composite map

-1 9 — - _
Sgl_>Xn 1_>Xn I/An 1’
where A"t C X" 1is the (n — 1)-skeleton of A, and this inclusion holds because A is a

subcomplex of X. Moreover, the image of the cellular filtration satisfies g(X") C X" /A" =
(X /A)™, so the quotient X / A inherits a CW-complex structure and is therefore cellular.

(3) Skipped.
(4) Let D™ be an n-cell of a CW complex. We prove the claim by induction on n. If n = 0, then

DO = DO is itself a finite subcomplex. Assume the claim is true for every cell of dimension less
than n. By (1) in Definition 1.4.7, D™ \ D™ is contained in the union of finitely many cells of lower
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dimension, each of which is contained in a finite subcomplex by the inductive hypothesis. The
claim now follows by taking a union of these these finite subcomplexes together with D",

(s) Every finite subcomplex Y C X is compact because it is the union of finitely many closed cells.
Thus, if K C X is closed and contained in a finite subcomplex, it is also compact. Conversely,
suppose K C X is compact. If K intersects infinitely many cells, by choosing one point of K
in each such cell, we obtain an infinite discrete subset of K, which is impossible. Therefore, K is
contained in the union of finitely many cells, and thus in a finite subcomplex by ().

(6) This follows from (4).

(7) Consider the spaces X C X°. We induct onn € N. XU is obviously locally path-connected.
If X"~ 1 is locally path-connected then X is also locally path-connected since it is the the quo-
tient of the disjoint union of X 7=1 and a bunch of n-cells which are locally path-connected.
Therefore, [ [,,cry X is locally path-connected. Since

]_[ X, =X
neN

is a quotient map, X is locally-path connected.

This completes the proof. (|

Remark 1.4.23. Every topological space is not a CW complex. Consider the Hawaiian earring, X :

The easiest way to see the Hawaiian earring has no CW decomposition is using information about the first ho-
mology group. If X were a CW-complex, then it would have to be a finite CW-complex by Proposition 1.4.22(6)
since it is compact. Since every finite CW-complex has finitely generated homology, it suffices to show that the
homology of X is not finitely generated. Observe that for anyn € N, X bas a retract which is a wedge of n
circles - namely, the union of 1 of the circles that make up X (the retraction just maps all the other circles to
the origin). The first bomology group of a wedge of n circles is 7", which cannot be generated by fewer than
n elements. It follows that Hy (X)) cannot be generated by fewer than n elements for any n € N, and thus
cannot be finitely generated. We have

CW C Top

as inclusion of categories.

5We will use the following facts from general topology. A disjoint union of locally path-connected spaces is locally path-

connected. Moreover, a quotient of a locally path-connected space is locally path-connected.
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CHAPTER 2

Fundamental Group

The fundamental group is a central concept in algebraic topology, encapsulating essential information
about the shape and structure of a topological space via the study of loops and their homotopy classes. It
serves as a powerful algebraic invariant that aids in distinguishing between topologically distinct spaces
and forms the foundation for many profound results in topology. For further details, see [Hatoz; Leero;

Mayog9].

2.1. Paths & Homotopy

2.1.1. Paths and 7p. We first consider paths in a topological space and the notion of path-connected
components. The set of path-connected components of a space X is captured by the zeroth homotopy
group, denoted mo(X).

Definition 2.r.1. Let X € Top. A pathin X from z to y is a continuous map f : [0, a] — X such that
f(0) = xand f(a) = y forsomea > 0.

Proposition 2.1.2. Let X € Top. Pathsin X form a category, called the path category, Pathsx.

Proor. The objects of this category are points of X and a morphism between two points, z, y, is simply
a path. Composition of paths is defined as: if f1,: [0, a1] and fa,: [0, ag] such that fi(a;1) = f2(0) are
two paths, then the product path is defined as follows:

fo- fi:]0,a1 4+ ag) = X
PN fl(t) ift € [O,al]
fg(t—al) ift € [al,al—i—ag]

For each z € X, the identity path Id,, is simply the path Id,, : [0,0] — X such thatId,(¢) = z for each
t € [0, 0]. Associativity and the identity axiom can be easily checked. O

Being connected by paths is an equivalence relation on X: each z € X is connected to x via the
identity path. if  is connected to y by a path f : [0, a] — X such that f(0) = x and f(a) = y, theny
is connected to x via the reverse path:

fr:[0,a] = X
t— fla—1t)

If z is connected to y by a path f and y is connected to 2 via a path g, then x is connected to z via the path

fo- fi.

Definition 2.1.3. Let X € Top. An equivalence relation on X under the equivalence relation of being
connected by a path is a path-component.

24
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We denote by 7o (X) the set of path components, and by 7o () the path component of the point z.
7o then defines a functor
o : Top — Sets
X = m (X)
Indeed, amap f : X — Y induces mo(f) : mo(X) — mo(Y) given by mo(z) — mo(f(x)) for each
x € X. mp assigns an invariant to a topological space in the sense that if X and Y are homeomorphic
topological space viaamap f : X — Y, then
mo(X) = mo(Y)
as sets. This can be easily checked. See Proposition 2.1.12 for a more general argument. Hence, the cardi-

nality of 1o (X) can be used to distinguish some simple topological spaces.

Example 2.1.4. R is not homeomorphic to R™ forn > 1. Suppose f : R — R" is a homeomorphism.
Then R = R™. WLOG let f(0) = 0. Hence, R\ 0 = R™ \ 0. R \ 0 has two path-components and
R™ \ 0 has a single path-component, a contradiction.

Example 2.1.5. Let

X ={(z,y) eR?:z=00ry =0}
be the union of the z and y axes in R?. X is not homeomorphic to R since X \ {(0,0)} has four path-
components and R \ {0} has two path-components.

Example 2.1.6. Assume that R = X x Y. Then X x Y and hence X, Y are path-connected. Assume
| X1, Y] > 2. Let (x0,y0) € X X Y. Then X X Y\ (20, yo) is path-connected . However, R \ {*} is
not path-connected. Hence, either | X| = Lor |[Y| = 1.

2.1.2. Homotopy. Topology can at best be thought of as ‘squishy geometry.” Perhaps it is possible
to continuously deform a path while still retaining its underlying topological properties. More generally,
perhaps two functions f,g : X — Y can be ‘deformed into each other’ This leads to the notion of
homotopy.

Definition 2.1.7. Let X, Y € Topandlet f,g : X — Y be continuous maps. A homotopy from f to
g is a continuous map

H:X x[0,1] Y
such that f(z) = H(z,0) and g(z) = H(x,1) forz € X. In this case, we write f ~ g. H is said to be
relative to A C X if the restriction H| 4 is constant on A. In this case, we write f ~ 4 g.

Example 2.1.8. A homotopy between paths f; : [0, a;] — X from  to y is a continuous map

H:IxI—>X
such that

h(s,0) = f1(5)

hs,1) = fals)

h(0,t) =z

h(1,t) =y

Let (a,b), (¢,d) € X xY.Ifa = ¢ # ®o orb = d # Yo, then exists a path between (a, b) & (¢, d) ineither {a} x Y’
or X x {b} resp. avoiding (zo,%0). Ifa = ¢ = xo, then b,d # yo. Choose a point x # xo € X. Consider the path
(a,b) = (x,b) = (z,d) — (c, d) which avoids (x0, yo). A similar argument works if b = d = yo. Ifa # cand b # d,
consider two paths: (a,b) — (¢,b) — (¢, d) and (a,b) — (a,d) — (¢, d). (zo,yo) cannot be on both paths. This covers
all cases.
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forall s,t € I. In other words, we have a homotopy relative to the set {z, y}.

Proposition 2.1.9. The homotopy operation satisfies the following properties:
(1) ~ 75 an equivalence relation.
(2) ~ is compatible with composition of maps.
(3) If f + X — Y is a continuous function, then f o Idx ~ Idy of
Proor. The proof is as follows:

(1) Anymap f: X — Y is homotopic to itself via the constant homotopy
H(z,t): X x[0,1] =Y
(z,t) = f(x)
Hence, f ~ f. Given H : f ~ g, the inverse homotopy
H(z,t): X x[0,1] =Y
(x,t) — H(xz,1—1)

showsg ~ f.Let K : f ~ gand L : g ~ hbe given. The product homotopy K * L is defined
by

(K * L)(z,t) = {

and shows f ~ h.
(2) Consider continuous functions

fori = 1,2. Assume fi ~ fo viaa homotopy F'and g; ~ g2 via a homotopy G. Define a
homotopy:

GoF:XxI—=Z
(5,1) > G(F(2,1),1)
This shows that fo o fi ~ g2 0 g1.
(3) Thisis clear.
This completes the proof. U

We now consider a new category hTop, whose objects coincide with those of Top, but whose mor-
phisms are given by homotopy classes of continuous maps. Proposition 2.1.9 establishes that hTop is well-
defined. For X,Y" € hTop, the set of homotopy classes of continuous maps from X to Y is denoted by
[X,Y].

Remark 2.1.x0. We can also define hTop, corresponding to Top,. For instance, if (X, xo), (Y,y0) €
hTop,, then a pointed homotopy in hTop, is a continuous function such that
H: (X,z9) x I — (Y,y0)

such that H|(x z0)x {1} for each t € I is a pointed map. The set of pointed homotopy classes from X toY is
denoted as [ X, Y |«. Notethat [X,Y |, is itself a pointed set with the basepoint given by the homotopy class of
the constant map X — yo.
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Remark 2.1a1. If A = {e}, then Definition 2.1.7 is a statement about the homotopy of maps considered
as morphisms in Top,. We can also define a notion of homotopy for morphisms in Top?. If there are two
maps f, g : (X, A) — (Y, B) in Top?, a homotopy of pairs from f to g isa homotopy H : f ~ g that, in
addition, satisfies H(a,t) € B forallt € [0,1] and a € A. This defines a new category, hTop?

We now show that 7 is a topological invariant in hTop.
Proposition 2.x.12. Let X, Y € Top. If X and Y are homotopy equivalent, then
mo(X) = mo(Y')
as sets.
Proor. Let f : X — Y and g : Y — X be the homotopy equivalent maps. We have a function
fe i mo(X) = mo(Y),

that sends the path component [2] in X to the path component [ f(z)] in Y. Clearly, this is well-defined.
We similarly have a function
g« : mo(Y) = mo(X),

that sends the path component [y] in Y to the path component [g(y)] in X. Moreover, homotopic maps
give the same function, since I X I is path-connected. Since g o f = Idx and f o g = Idy, we must have
that?To(X) g7'1'0()/7). ]

We discuss a few basic but useful results:

Proposition 2.1.13. The following statements are true:
(1) Ler A, X,)Y € Top. If fo~ f1: A— Xand gy~ g1 : A=Y, then
(fo,90) ~ (fi,91) : A= X x Y.
That is,
[A, X] x [A) Y] = [A, X xY]
(2) Lee X, Y, B € Top,. If fo~ f1: X = Bandgo~ g1 : Y — B, then
{fong} ~ {flagl} : X VY = B.
That is,
[X, Bl« x [Y,B]. 2 [X VY, B]..

Proor. For (1), let H; be the homotopy between fo and fi and G; the homotopy between gg and g;.
Then (H¢, G¢) : A — X X Y isahomotopy between (fo, go) and (f1, g1). The proof of (2) is similar,
and hence omitted. 0

An important example of a homotopy arises from the question of whether a topological space can be
continuously deformed into a “smaller” subspace. This motivates the notion of a deformation retraction,
which is a particular type of homotopy exhibiting such a deformation.

Definition 2.r.14. Let X € Top. A deformation retraction of X onto a subspace A is a homotopy
H:Xx[0,1] - X
suchthat H(-,0) = Idx, H(-,1) = A,and H(-,t)|4 = Id s forallt € [0, 1]. X issaid to be contractible

if deformation retracts to a point A = {x}.

Example 2.1.15. The following are examples of some deformation retractions:
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(1) R™ is contracible. More genrally, any star-shaped region is contractible. Indeed, if X is star-
shaped with respect to some point a € X, then H(x,t) = (1 — t)x + ta defines a homotopy
between the constant map and the identity map. Hence star-shaped sets are contractible.

(2) R™\ 0 deformation retracts to S” 1. Simply consider the straight-line homotopy:

Hz,t) = (1 - t)z + —— .

(3) S° is contractible. Let H; be given by
H; :R*® x I — R,
(x,t) = (1 —t)(x1, 2, x3,...) + (0,21, 22,...).
Note that H1(—, 1) is the right shift map. Forany x € S°°, the vector H(z, —) is nota multiple
of z, so the line segment between them does not pass through the origin. Thus, we can define a
homotopy from the identity on S by setting H1 /|| H1||. The idea is now to contract the image
of Hy(—, 1), which is a codimension-1 sphere, to a point not on it-say, (1,0, 0, 0,0, ... ). Let
Hy : R* x I — R*™
(x,t) = (1 —t)(0, 21, 22,...) + t(1,0,0,...).
Clearly, Hy = H»/||Hz|| isahomotopy from the map H;(—, 1) to the constant mapat (1, 0,0, . ...
on S*°. The composition is the desired homotopy that shows that S° is contractible.

(4) Let Y be the topological space obtained by identifying opposite sides [—1,1] x [—1,1]. Let
X =Y \ {(0,0)}. See the diagram below:

b
[ > ®
aj Aa
® > ®
b

Consider the homotopy H : X x I — X defined by the formula
(b + A=)zt + (1= t)y) |y > |«]
(b + A=tz i+ (A —t)y)  |z|> [yl

||

H(($7y)>t) = {

If (z,y) € X and |y| > |z|, the homotopy H linearly slides (z, y) onto a point such that the
x-coordinate of H((z,y), 1) is sgn(x). See the diagram below:
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The image of H (-, 1) is clearly the identified edges of X, which is, geometrically, a figure eight: a
graph consisting of two circles intersecting in a point.
(s) Consider the Mobius strip, M, obtained as the quotient space of the square [0, 1] x [0, 1] by
identifying
(,0) ~ (1 —=x,1) forall0 <z <1.
The line {(z, 1) : 2 € [0, 1]} C S*is S! as a subspace of M. Then the map

H:Mx|[0,1] - M
t
(wa.0) = (0= 0+ 1)
gives a well-defined strong deformation retract of M to S! (as can be checked).

The following example is quite important:

Example 2.1.16. D" x I deformation retracts onto D" x {0} US™"~! x I. Define

oy [0 el < %
P el 2

It is easy to check that this is a well-defined continuous map. Fort = 0 we get 2 = 1and thusr(z,0) =
(x,0) forall z € D™. Forz € S" ! we have r(z,t) = (x,t). Thus r is a retraction.

Remark 2.1.x7. There is a geometric interpretation of v in Example 2.1.16. For each (x,t) consider the line
Ly 1 through (0,2) and (x,t). This line intersects D™ x {0} U S"™ X T in a single point r(x,t).

Example 2.1.18. Let X = {e}, @3} be a two-point topological space. If X is given the discrete topology,
then X is not contractible. Indeed, contractible spaces are path-connected and X is not path connected
with the discrete topology. If X is given the Sierpinski topology, {(), X, {1}}, then X is contractible.
Define

H:Xx|[0,1 =X
sothat H(z,0) = zforallz € X,and H(xz,t) = e forallz € X andt € (0, 1]. Itis easy to see that
H is continuous and hence defines a homotopy.

Definition 2.r.19. Amap f : X — Y defines a homotopy equivalence if there exists g : ¥ — X such
that g o f and f o g are both homotopic to the identity. X and Y are homotopy equivalent if there exists
a homotopy equivalence. In this case, we write X ~ Y.
Example 2.1.20. Forany X € Top, X X I ishomotopy equivalent to X. Consider the maps

pr: X xI— X, io: X = X x I,

(x,t) — . x> (z,0).
Note that 71 039 = Idx. Moreover, ig o m1 ~ Idx x via the homotopy:
H: (XxI)xI—XxI,
((z,1),8) = (2, (1 = )t).

Remark 2.x.2x. Example 2.1.20 can generalized to prove that if X is a topological space and Y is a contractible
topological space, then the projection

MmiX XY 5 X

is a homotopy equivalence.
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Proposition 2.1.22. Let X, Y be topological space. The following are some properties of the homotopy and
homotopy equivalence concept.

(1) X is contractible if and only if every map f : X =Y, for arbitrary Y, is homotopic to a constant
map. Similarly, X is contractible if and only if every map f :'Y — X is homotopic to a constant
map.

(2) Let f + X = Y be a continuous map. Suppose there exist g, h : 'Y — X, possibly different, such
that f o g ~1dy and h o f ~1dx. Then f isa homotopy equivalence.

Proor. The proof is given below:
(1) Suppose X is contractible. Let H : X x I — X be a homotopy such that H(-,0) = Idx and
H (-, 1) is the constant map with value (.
(a) If f : X — Y is a continuous map for any topological space Y, then fo G : X x I =Y
is 2 homotopy from f to the constant map with value f(z¢). Thus, f is homotopic to a
constant map. Conversely, letting Y = X and f = Id x shows that X is contractible.
(b) If f : Y — X isa continuous map for any topological space Y, then the map

H:YxI—X  Hyt)— H(f(y),t)

isahomotopy from f to the constant map with value xo. Thus, f ishomotopic to a constant
map. Conversely, letting Y = X and f = Idx shows that X is contractible.
(2) Ifho f ~Idx and f o g ~ Idy, then
g~ldxog~(hof)ogr~ho(fog)~holdy ~h
Thus,go f ~ ho f ~Idx,andsince f o g ~ Idy, g is a homotopy equivalent to f.
This completes the proof. O

2.2. Fundamental Group

2.2.1. 1. Recall the definition of homotopy from the previous section. In this section, we focus
on homotopy of paths relative to the boundary of I = [0, 1], denoted as 9I. We have the following

observations:

Lemma 2.2.x. The product of paths (read left to right) bas the following properties:
(1) Letav : I — I be continnous and o(0) = 0, (1) = 1. Then f ~ f o cu.
) f-(g-h)~(f9) h
(3) f~ frandg~ g impliesf-g~ f"-g.
(4) If ¢y denotes the constant path atx € X, then cyy - f ~ [~ f-cp
(5) [+ fr~cpayand fr- [~ cpoywhere fr isthe reverse of f

Proo¥. The proof is given below:

(1) o defines a reparamterization of the identity map from [ to I. Let H : I x I — I denote the
straight-line homotopy from Id; to . Then f o H is a path homotopy from f to f o
(2) We provide a proof in words. We need to show that

(f-9)-h~f-(g:-h)
for any three paths in X such that the left-hand side is well-defined. The first path follows f and

then g at quadruple speed for s € [0, 3], and then follows / at double speed for s € [1, 1], while
the second follows f at double speed and then g and h at quadruple speed. The two paths are
therefore reparametrizations of each other and thus homotopic.

*This assumes that at least one side of the equation is well-defined.
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3) We show thatcsigy - f ~ f. The other homotopy follows similarly. Define H : [ X [ — X as
(3) how that ¢y (g) - f ~ f. The other h py foll larly. Define H : I x I — X

0 t>2s

e =10

f (Q_t)) <2
Geometrically, this maps the portion of the square on the left of the line £ = 2s to the point
f(0), and it maps the portion on the right along the path f at increasing speeds as ¢ goes from
o to 1. This map is continuous by the gluing lemma, and we have that H(s,0) = f(s) and

H(s,1) = cg(0) * f(s). The claim follows.

(4) We just show that f - f; =~ ¢y (1). Define a homotopy by the following recipe: at any time ¢, the
path H; follows f as far as f(t) at double speed while the parameter s is in the interval [0, ¢/2];
thenfors € [t/2,1—1t/2],itstaysat f(¢); then it retraces f at double speed back to p. Formally,

f(2s), 0<s<t/2
H(s,t) =< f(t), t/2<s<1—1t/2,
f(2—2s), 1—-t/2<s<]1.

It is easy to check that H is a homotopy from cy(1) to f - f;.
This completes the proof. 0
For X € Top, Lemma 2.2.1 implies that one can consider a category II(X') whose objects are points
of X and morphisms are homotopy classes of paths between points of X relative to 91. II(X) is called

the fundamental groupoid of X because each element in Homyy(x(+, -) has an inverse path. In particlar,
Homyy(x) (X, o) is a group for each x € X.

Definition 2.2.2. Let X € Topand zg € X. The fundamental group of X atz is
m1(X, 20) = Autry(x)(z0)
X is simply connected (or 1-connected) if it is path connected and its fundamental group is trivial.

Remark 2.2.3. A loop based at vy € X isamap f : I — X such that f(0) = f(1) = x. Since
I/01 = St where the homemorphism is given by the exponential function, €(t) = exp(2mit), f descends to
a continuous map from S* to X.

1
[
st L3 x

Therefore, we have

1 (Xa '%'0) = [(Slv *)7 (Xa I’o)]
where [(S, %), (X, z0)] denotes the set of homotopy classes of maps from (S, *) to (X, xo) such that *
xXQ.

We next state an important lemma:

Lemma 2.2.4. (Square Lemma) Let ' : W — I X X be a continuous map, and let f, g, h, and k be the
paths in X defined by:

f(s)=F(s,0) g(s)=F(1,s) h(s)=F(0,s) k(s)=F(s,1)
Then f - g~ h - k.

Proor. (Sketch) Consider an appropriate straight-line homotopy from the corners of the square I X
I. O
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Proposition 2.2.5. Let (X, x0) € Top,. The following are some properties of the fundamental group of
X at Zo.

(1) Foreachxf, € X, such that x|, € mo(xo), we have
T (X, x0) & m (X, 20)

More generally, if X is a path component of X that contains xo, and i : Xo — X is the inclusion
map, then
Ty - 7T1(X0, xo) — 7T1(X, l’o)

is an isomorphism.
(2) II(-) is a funcror from Top to Grpd, the category of groupoids.
(3) 1 25 a functor from Top, to Grp, the category of groups.
(4) If (X, x0) and (Y, yo) are pointed topological spaces, then

7T1(X X Y7 (x()vy())) = 7T1(X, 1’0) = ﬂl(Y’ y(])

That is, 1 preserves products.
(5) If fog « X — Y are bomotopic with a homoropy H : X x I — Y and h is the path h(t) =
H(z,-), then the following diagram commautes:

T (X7 f(.%'()))
s
™ (X7 330) @y

I

1 (X’ g(l’o))
(6) If f + X =Y isa homotopy equivalence, then the induced homomorphism
fe i mi(X,w0) = m(Y, f(z0))
is an isomorphism.
Prookr. The proof is given below:
(1) Let  be a path from  to /. Consider the map
O, : (X, 30) = (X, 1))
Brra-B-a
Note that @, is a homomorphim:

DBz f1] = [a- B2~ B - cn]
By B o]
= [a.BZ.ar]‘[a.ﬂl‘a’r]
= Qo [B2] - a[B1]

It is clear that @, is bijective with inverse
Dy, (X, xp) = 7(X, 20)
Brrar-B-a
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More generally, any loop in X based at  must in fact be a loop in Xy, so it is necessary only to
check that two homotopic loops in X are homotopic in X¢. But this is immediate since if

F:IxI—X

is a homotopy whose image contains g, its image must lie entirely in Xo, because I x I is path-
connected.
(2) A continuousmap f : X — Y induces a homomorphism

fo  I(X) = II(Y)
defined by f.([a]) = [f o a]. We have
fe([B] - [a]) = f([B8 - o)
=[feo(B-a)
=[(fop)-(foa)]
= f«[B] o fula]

The rest of the axioms can be checked in a straightforward way.
(3) This is similar to (2).
(4) Consider the map

O (X XY, (zo,y0)) = m(X, z0) X (Y, 90)
[a] = (lox], [ay])
Itis clear that ® is well-defined since f ~ g implies that
ax =Toa~NTOoM=Qax

Similarly, vy ~ avy. The universal property of the product topology shows that ® is a surjective.
Moreover, if [ax] = [¢;] and [ay] = [¢y] we can choose we choose homotopies H,, and Hy,.
Thenthemap H : I x I — X X Y given by

H(s,t) = (Hy(s,t), Hy(s,t))

isa homotopy from f to the constant loop ¢ . Checking that ® is a homomorphism is easy.

Z0,Y0)

(5) Let a be any loop in X based at z. What we need to show is
gila] = @40 fi[a]
< goa~h-(foa)-h,
<— (foa)-h~h-(goa)

This readily follows from the square lemma applied to the map F' : I x I — Y defined by
F(s,t) = H(a(s),t).
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(6) Letg : Y — X be a homotopy inverse for g, so that f o g ~ 1y and g o f ~ 1x. Consider the
maps:

(X, 20) L5 (Y, f(w0)) L5 m(X, g(f(20))) L5 7Y, Fl9(f(20))))

The composition of the first two maps is an isomorphism by (4). In particular, f; is injective.
The same reasoning with the second and third maps shows that g, is injective. Thus the first two
of the three maps are injections and their composition is an isomorphism, so g, must be injective
and surjective.

This completes the proof. ([

Remark 2.2.6. Note that the homomorphism ®, in Proposition 2.2.5(a) depends only on the homotopy class
of o. Indeed, assume that o = o/ where v and o are continnous path joining x and x'. Then:

Calf] = o+ 8- ar] = [a] - [B] - [on] = [&] - [B] - [0] = P [B].

Hence we have ®, = O,

Remark 2.2.7. Proposition 2.2.5 implies that if X is a path-connected space, then
7T1(X7 .’L'()) = 7T1(X, .’I}E))
Sforeach x,x' € X. We shall mostly be concerned with path-connected spaces. Therefore, we shall not write

the basepoint from now on.

How does one compute fundamental groups? This might be a difficult problem. But we can at the
very least state some trivial calculations:

Proposition 2.2.8. The following are calculations of some fundamental groups:
(1) If X = {@} isa one-point space, then (X)) = {1}, is the trivial group.
(2) If X is contractible, then w1 (X, xo) = {1} is the trivial group.

Prookr. The proof is given below:

(1) A one-point space has only the constant loop. Hence, its fundamental group is trivial.
(2) This follows from the Proposition 2.2.5(s) and (1) above.

This completes the proof. U

Remark 2.2.9. 4 topological space, X, is simply connected if its fundamental group is the trivial group. One
can easily check that X is simply connected if and only if there is a unique homotopy class of paths connecting
any two points in X. For the forward divection, let x,y € X, and f,g : I — X are paths from x to y.
Then we have the following sequence of homotopies:

ffrey~frgrgr~caxge~y,
where we use the fact that g * g and f * g are loops at y and x, respectively, and hence are homotopic to the

respective constant paths. For the reverse direction, take x = y. By hypothesis, any loop v at v € X is in the
homotopy class of the constant loop c,.

As we shall see by way of examples, fundamental groups are rarely abelian. However, there is an im-
portant class of groups for which the fundamental groups are abelian. Before identifying this class, we
identify when a fundamental group is abelian.

Lemma 2.2.x0. Let X be a path-connected topological space X. For any x € X, m1(X, xq) is abelian if
and only if all basepoint-change homomorphisms ®, depend only on the endpoints of the path o
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ProOOF. Assume 71 (X, ) is abelian and consider two paths «, o with same endpoints  and 2. Since
71 (X, x0) is abelian, 71 (X, x{) is also abelian since 71 (X, z¢) = 71 (X, (). We have:

Pa[B] = [of - [6] - [ow]
- [a] ’ [ﬂ] ’ [Ca:] ’ [ar]
= la] - [8] - [a] - ] - [en]

Do [B] =[] - [B] - [a}] = o (B)-
Hence &, = ®,/. Conversely, assume all basepoint-change homomorphisms ®,, depend depend only

on the endpoints of the path .. Consider ' = x and loops ¢;, (constant loop) and [3] € 71 (X, o).
Then &3 = ®., . We can easily see that this is implies

18] - (8] = (87 18]
for each [B'] € m1 (X, x0). Hence 71 (X, x0) is abelian. O

Example 2.2.11. We argue that the fundamental group of a topological group, G, is abelian. Let e be
the identity element chosen as the base point. Let [o], [5] € 71 (G, ec). Define a map
F:IxI—>@G
(t,s) = a(t) - B(s)
Inl x I,let
(0,0) = (1,0), (1,0) = (1,1), (0,0) = (0,1), (1,0) <% (1,1), (0,0) = (1,1)

be the straight line paths. Applying F €5 yields a path

o x B(t) = alt) - B(1)
Since I x I is convex, we have €3 - €1 ~ €5 =~ €4 - €3 since all three are paths from (0,0) — (1,1).
Applying F to this gives

B-a~axf~a-f
Hence [ - o] = [« - ]. Hence, 71 (G, e¢) is abelian.
Remark 2.2.12. We remark that t if X be a path-connected space, for each point xo € X, the inclusion

Bmi(X,zo) — II(X)
is an equivalence of categories. Here By (X, o) is the 1-object category defined by (X, xo).

2.3. Seifert-Van Kampen Theorems

The Seifert Van Kampen (SVK) theorems gives a method for computing the fundamental groups of
spaces that can be decomposed into simpler spaces whose fundamental groups are already known.

Proposition 2.3.1. (SVK for Groupoids) Let X € Top, and let {U; }ic1 be an open cover of X such thar
that the intersection of finitely many open sets again belongs to the open cover. Then
H(X) = lim TL(U;)
el
in the category of groupoids.
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Remark 2.3.2. Note that Proposition 2.3.1 states that 11 preserves colimits.

Proor. We verify the universal property of colimits in the category of groupoids. Let G be some groupoid
andletI; : II(U;) — G be groupoid morphisms. We show that there exists a unique groupoid morphism
¢ : II(X) — G such that the diagram

I(Njescr Uj) —— LU )

for each subset J C I. Consider the following observations:

(1) An object of II(X) is a point 2 € X and so lies in one of U;. If © € Uj, we are forced to set
I'(z) = T'y(x). If  is contained in the intersection of finitely many U;’s, these definitions agree
by the commutative square above’.

(2) AmorphisminII(X')isahomotopy class of a path win X If v is solely contained in some U;, we
would be forced to set @(a) = I'; (). Since the open cover is closed under finite intersections,
this specification is independent of the choice of Uj if o lies entirely in more than one U;. What if
a path intersects Nje7c 1U; for some subset J C I such that |J| > 22 If o : I — X, then the
Lebesgue covering lemma implies that there is a decomposition

O=to<t1 < - <tpo1 <tm=1
such that a([t;, ti41]) is contained in solely on of U;. In this case, we are forced to set
P(a) = Fi(ag) o0 Fp(am)
where each Fj, is one of the I';’s as necessary.

The observations above pin down the map ®. However, in order for ® to be well-defined, we must show
that it is independent of the choice of a path, «, in a homotopy class of paths. Let H : I x I — X bea
homotopy of paths from z to y. By the Lebesgue covering lemma, there exists n € N such that H sends

each sub-square
1 i+l " JjJj+1
n’n n’n

into one of U;. Consider edge-paths in the subdivided square I x I which differ by a sub-square, as
indicated in the following figure.

3We implicitly use here the fact that the open cover is closed under finite intersections.
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We apply H and obtain two pathsin X . They yield the same result since they differ by ahomotopy on some
subinterval which stays inside one of the sets U;. Changes of this type allow us to pass inductively from H
on the lower to H on the upper boundary path from (0, 0) to (1, 1). Hence, ® is well-defined. It is easy
to check that @ is indeed a functor between I1(X') and G. By construction, the diagram commutes. [

Proposition 2.3.1 contains a lot of redundant information since we only want to know how to compute
m1(X, o) forsome z € X.

Corollary 2.3.3. (SVK for Groups) Let (X, xo) € Top be path-connected. Let {U; }ic1 be an open cover
of X by path-connected open subsets such that {U; }ic is closed under taking finite intersections and such that
xo € U, foreachi € 1, then
™ (X7 .%'0) - hg 7T<U’i7 [B(])
el

Proor. We will only prove the case where the open cover is finite. The proof for the general case can be
found in See [May99, Section 2.7]. We need to verify the universal property of colimits in the category of
groups. Let G be some group and let I'; : w(U;, x9) — G be group homomorphisms. We show that
there exists a unique group homomorphism @ : 71 (X, 29) — G such that the diagram

Wl(ﬂjng Uj,xo) — 7T1(UZ"J‘,.%'0>

[ [

7T1(Ui1,$0) > 71'1(X,1‘0)

r;

1

for each subset J C I. Recall that the inclusion of categories | : 71 (X, 29) — II(X) is actually an
equivalence of categories. An inverse equivalence F : II(X') — 71 (X, x¢) is determined by a choice of
path classes z — y fory € X. We choose ¢; wheny = x and so ensure that F o | = Id, (x 4,)- Because
the cover is finite and closed under finite intersections, we can choose our paths inductively so that the path
x — y lies entirely in every U; for all U; such thaty € U;*. This ensures that the chosen paths determine
compatible inverse equivalences Fy, : II(U;) — 71 (U;, x0) to theinclusions Iy, : w1 (Us, zo) — IL(U;).
Thus, the functors

Fu. Iy
H(Ul) — 7T1(Ui,:L‘0) — G
specify diagram of groupoids. By Corollary 2.3.3, there is a unique map of groupoids
I:I(X)— G
that restricts to I'y, o Fyy, on II(U;) for each U;. The composite
T (X, m0) > I(X) & G

It restricts to I'; on 1 (Uj, z0) by a diagram chase argument and the fact that Fy, o ly, = Id,, (1, 20)-
Indeed, we have that the following diagram commutes:

#We assume here that the open cover is finite
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r;
71 (X, x0)
'l
— H % 7'('1 Uz,xo
‘\%

It is unique because s unique. Indeed, if we are given I : 71 (X, z9) — G that restricts to I'; on each
71 (U, xg), then IV o F : TI(X) — G restricts to I'; o Fy7; on each II(U;). Therefore I' = I' o F and thus
I' o | = I". This completes the proof. O

Note that the Seifert-Van Kampen theorem does not apply when the open sets in the cover we consider
do not have path-connected intersections. An important example is S'. If we cover it by two open semi-
circles, their intersection would be two disjoint open intervals which is not path-connected. This leads to
the idea of constructing a “fundamental group with multiple basepoints” and its corresponding Seifert-
Van Kampen theorem. We discuss this approach briefly.

Definition 2.3.4. Let X € Top be path-connected. Foraset A C X, let II(X, A) denote the full
subcategory of II(X') on the objects in A.

As before, our strategy for proving the Seifert-Van Kampen theorem for multiple basepoints will be
to deduce it from the version for the full fundamental groupoid.

Proposition 2.3.5. (SVK for Groupoids - Multiple Base-points) Ler X € Top be path-connected. Let
{Ui}icr bean open cover of X of open subsets such that {U; }ic is closed under taking finite intersections. Let
A C X (not necessarily a singleton) such that A contains one point from each path-component of U;. Then
(X, A) = h_n} I(U;, A)
i€l
Remark 2.3.6. We will need to invoke the notion of a retract of a diagram in a category, C. Recall that an
object X € Cin a category is called a retract of an object Y € C if there are morphisms

1: X =Y, r:Y —-X

such thatr o1 = Idx. In this case, v is called a retraction of Y onto X. A commutative diagram, D1, in C
is a retract of another commutative diagram, Do, in Cif each corner’of Dy is a rectract of the corresponding
corner of Do such that all of the inclusions and retractions are compatible with one another in the sense that
the diagram obtained by ‘pasting together’ Dy and Do via the inclusions and retractions commutes. We will
use below the categorical fact that the retract of a colimit diagram in category is a colimit diagram.

Proo¥. (Sketch) Consider the diagram determined by II(U;)’s and also consider the diagram determined
by II(U;, A)’s. Denote the diagrams D1 and D respectively. We claim that Dy is a retraction of Dy. The

inclusions at each ‘corner’ are the just inclusions
IL(U;, A) — TI(U;)

The retractions are built as follows. To retract II(U;) onto I1(U;, A), pick for every point 2 € Uj, a path
o from x to some point y € A but do this in such a way thatif x € A, then a; is the identity morphism
at 2°. We define the retraction by sending each € Uj to the other endpoint of ;, and each morphism

5We can always pick these paths because the hypothesis includes that A has at least one point in each component of U.
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B : & — y to the morphism ay, o 8 0 a; 1°. The claim follows by noting that Dy is a colimit diagram. See

[Broo6, Proposition 6.7.2] and [Dieo8, Theorem 2.6.2] for some relevant partial details. O

2.4. Computations

We calculate the fundamental group of some topological spaces. Our main working tool will be the
SVK theorems. Let’s first discuss a general example.

2.4.1. Fundamental Group of Circle. We cannot use Corollary 2.3.3 to compute the the funda-
mental group of S!. This is because if we cover St by two open semi-circles, their intersection would be
two disjoint open intervals which is not path-connected. Instead, we use Proposition 2.3.5. Let

Ur =8\ {(0,1)}
Uy ="\ {(0,-1))
A= {(_17 0)7 (1, 0)}

Then Uy, Us are simply connected (they are both homeomorphic to R) while U; N U3 is a homeomorphic
to a disjoint union of two copies of R. What is II(U, A)? There are clearly morphisms

(la 0) - (_17 0)
(=1,0) = (1,0)
and they are inverses of each other since any path (1,0) — (—1,0) — (1,0) canbe shrunkto (1, 0) alone.
SolI(U, A) is simply a category with two objects and a single isomorphism between them. Similar remarks
apply to II(V, A). Similarly, II{U N V, A) is a category with two distinct objects and no morphisms
between the distinct objects. In other words, it is a two object discrete category. Whatis II(X, A)? Itisa
groupoid with two objects and #wo isomorphisms between. One isomorphism comes from II(U, A) and
the other from II(V, A). Denote the isomorphisms as i;7 and 7y,. Beyond that it is free as possible. So, for

example, all the composites (2‘71 o 4g7)™ are distinct (because there is no reason for them not to be). We
get that

mi(Sh (1,0)) = {iy! oip)" [n €L} = Z

Remark 2.4.1. Usually, xq is chosen to be the point (1,0) if we consider S* C C. We denote the basepoint
as *. We can also use the theory of covering spaces (which are special instances of fiber bundles) that

T (Sl, *) = Z
We now derive a number of consequences of this result:

Proposition 2.4.2. The following statements are true:
(1) We bave w1 (R%\ {0}, 20) = Z
(2) We have
7T1(S1 x - x SY (CIPERE ,*n)) = ﬂ'l(Sla*l) Koo X Wl(Sla*n) =z"
—_—

n—times n—times

(3) R? is not homeomorphic to R™ forn > 3.

6To ensure that the cube formed by the two van Kampen squares and the four retractions commutes, simply always pick
the same o for 2 in all of the groupoids it appears in.

7Clearly, R? is not homemorphic to R, We have already checked above that R? is not homeomorphic to R Clearly, R?
is homeomorphic to R2.
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(4) (Brouwer’s Fixed Point Theorem)If f : D* — D? is a continuous function, then f has a fixed
point. That is, there isa © € D? such that f(z) = .
(s) (Fundamental Theorem of Algebra) Any non-constant polynomial p € C[z| bas a root.
(6) There are no retractionsr : X — A in the following cases:
(a) X = R3 with A any subspace homeomorphic to S*.
(b) X =S x D? with A its boundary torus S' x S*.
(c) X =D?V D?with Aits boundary S* v S*.

Proo¥. The proof is given below:

(1) This follows since R? \ {0} deformation retracts to S'.

(2) This is a straightforward consequence of Proposition 2.2.5 and that m1 (S, x) & Z.

(3) Suppose f : R? — R™ is a homeomorphism. Without loss of generality, let f(0) = 0. Hence,
R?\ {0} 2 R"\ {0}. R?\ 0 deformation retracts to S* and R™ \ {0} deformation retracts to
S™~1. Therefore,

Z 2=y (St %) =2 (R2\ 0) 2 7 (R™\ 0) = (S™71, %) = {1}.

a contradiction. Here we use the fact that 71 (S"71, %) = {1} = 0forn > 3. See [Lecro,
Lemma 7.19 & Theorem 7.20] for a proof of this fact. See also below.

(4) Assume that f(z) # x forall z € D?. There is then a deformation retraction 7 : D? — S! that
carries a point z € D? to the intersection of the ray from f(z) to  with the boundary circle S'.
Hence, we have the following diagram:

Idsl
A
E51 < H)Q H)Q

r

Applying 71, we have the following diagram:

Idy
Z = (St #) < {o} (St %) 2 7Z

This is clearly a contradiction.
(s) We may assume that the polynomial p(z) is of the form

p(z) =2" + a2+ +a,.
Suppose that p(z) has no roots. Fixa R > 0 such that
n
R > max{l, Z |ai\}
=1
Then for |z| = R we have
2" > (Jar] + - + lan]) 2"
> lar2" "+ a
> lapz" "t + o+ an).
From the inequality [2"| > |a12" ! 4 - - - + a,,), it follows that the polynomial

pe(2) = 2"+ t(ar2" "+ +ap)
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has no roots on the circle [z = R when 0 < t < 1. Note that p; defines a homotopy between
the polynomials 2™ and p(z). Consider the formula

fi(s) = PURE™)[p(tR)
' [p(tRe2™is) /p(tR))

defined on [0, 1] x [0, 1]. For each fixed t, Then each f;(s) definesaloop in the unitcircle S' C C
based at 1. Note that

p(Re>™) [p(R
[p(Re?™) [p(R)|

~—

fols) =1, fi(s) =
Write p(2) = 2™ + ¢(z). Consider

[reT)" + tq(re®™™) /5" + ta(r)
e+ () [+ L)

This defines a homotopy between f1 and w,, = €*™"S. Since fy is homotopic to the constant

map and fy is homotopic to f1, we have that w,, is homotopic to the constant map. Hence,

n = 0. This is a contradiction.

(6) We use the fact thatif 7 : X — A is retraction, then the induced map on fundamental groups is
injective.

(a) This follows because there is no injection of the form 0 — Z.

(b) This follows because there is no injection of the form Z x Z to Z. Leth : Z X 7. — Z
be any group homomorphism. Suppose 2(1,0) = a and h(0,1) = b. It follows that
h(=b,a) = (0,0), and hence ker(h) # (0,0).

(c) This follows because there is no injection of the form 0 — Z * Z.

Ht(S) =

This completes the proof. OJ

Remark 2.4.3. Here are two cute applications of Bronwer’s fixed point theorem.:
(1) 4 3 x 3 real invertible matrix with non-negative entries has a real positive eigenvalue. Let T :
R3 — R3 be the lincar map corresponding to a matrix A. Define
B=8’nN {(IL‘l,l‘g,{L‘g) e R3 | ©1, 9, 23 > O} ~ D2,

If x € B, then all coordinates of Tx = Ax are non-negative and not all zero since A is non-
singular and not all coordinates of x € B can be zero. Therefore, the normalized vector Tx /|| Tz ||
lies in B. Now, consider the continuous map f : B — B defined by

Tx
f(@) =3
[Tl
By Brouwer’s Fixed Point Theorem, there exists a point xo € B such that f(xo) = xo, which
implies Txy = ||Txo||xo. Setting X\ = || T'xol|, we conclude that X is an eigenvalue of A, with

A€ Rand X\ > 0.
(2) A 3 x 3 real matrix with positive entries has a positive real eigenvalue. This follows as in ().

2.4.2. Fundamental Group of Spheres. Let X = S" forn > 2. Let
U=S\{N}, V=5\{S}

Clearly, U, V = R™ ! via the stereographic projection. Hence, U and V' are two open simply connected
subsets of S" with path connected intersection. Hence, we have that S” is simply connected for n > 2,
since the colimit of two trivial groups is the trivial the group. Let’s consider a basic application:
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Example 2.4.4. Consider X;,, = R™ — {m points} for n > 3. We compute the fundamental group of
X, by induction on n. The case m = 1 is easy since
R" — {apoint} = S" 1 x RT
which is simply connected:
71 (R™ — {apoint}) = w1 (S" 1, ¥) x m (RT, 1) = {e}

Now assume that m > 1. Divide the points in into two sets of smaller size, A and B. A and B can be
separated by the hyperplane H, and that N and N~ are two open neighborhoods of the half-spaces that
result. For an arbitrary base-point g € H, Van Kampen theorem applies, giving a surjection

T (NT\ A, 20) * m (N~ \ B,x9) - m (R" — {m points}, )
By the induction hypothesis®, both Nt \ Aand N~ \ B are simply connected. Hence,
m1(R"™ — {m, points }, z9) = 0.

Example 2.4.5. Let V' be a finite-dimensional real vector space and W C V' a (proper) linear subspace.
We compute the fundamental group 71 (V'\ W). Since every finite-dimensional real vector space is linearly
homeomorphic to some R", we can assume WLOG that V' = R"™ and W = R for m < n. Projecting
first onto (R™)* and then unit sphere shows that R” \ R™ is homotopically equivalent to S*~"~1,
Therefore, we have:

Z, ifm=mn—2,

0, otherwise.

m(R"\ R™) = {

2.4.3. Fundamental Group of Wedge Sums. In order to use Van Kampen’s theorem to compute
the fundamental group of the wedge sum, we need to put a mild restriction on the type of base points we
consider. A point p in a topological space X is said to be a non-degenerate base point if p has a neighbor-
hood that admits a strong deformation retraction onto p.

Lemma 2.4.6. Suppose ©; € X; is a non-degenerate base point for i = 1,...,n. Then \|!_| z; isa
non-degenerate base point in X1V - - -V X,

Proor. For each ¢, choose a neighborhood W; of x; that admits a deformation retraction r; : W; —
{z;},andlet H; : W; x I — W; be the associated homotopy. Define a map

];I]i[I/Vz X[—)ﬁWi
=1 =1

by letting H = H; on W x I. Let W be the image of | [\"_; W; under the quotient map

Since [ [;_; W is a saturated open set, W' is an open set of X1 V - V Xy, that is a neighbourhood of
\/?:1 x;. We have that

gx1dr: [[WixT—WxI

i=1
is a quotient map. Since ¢ o H respects the identifications made by ¢ x Idy, it descends to the quotient
and yields a deformation retraction of W onto V-, ;. O

8Here we use the observation that a open half space in R™ is homeomorphic to R™.
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Proposition 2.4.7. Let X1, ..., X, be spaces with non-degenerate base points x; € X;. The map

n

n
Oy (X, 21) -k (X, ) — 7T1<\/Xz', \/%)

i=1 i=1
induced by v; - ™1 (X, xi) — m1(Viey Xi, Vi ©4) is an isomorphism.

Proor. Itsuffices to consider the case n = 2. The general case follows by induction. Choose neighbor-
hoods W, in which x; is a deformation retract, and let

U=qX:[[Wa), V=q]]X2)

where ¢ : X1 [ X2 — X1V Xy is the quotient map. Since X [ [ W2 and Wi [ [ X3 are saturated open
sets in X | [ X9, the restriction of g to each of them is a quotient map onto its image, and U and V" are
open in the wedge sum. The three maps
{x} =UNV,
Xl — U,
X2 —V
are all homotopy equivalences. Because U NV is contractible, we have: U — X1V Xsand V — XV Xy
induce an isomorphism
7T1(U) * 7T1(V) = 7T1(X1 \Y XQ).
Moreover, the injections ¢ : X1 < U and ¢ : Xo < V, which are homotopy equivalences, induce
isomorphisms
71 (X1, 71) = m(U)
m1(Xo, 2) = m (V)

Hence,
7T1(X1, 1131) * 7T1(X2,33‘2) = 7T1(X1 VvV X9, 21V 33‘2).
The general case follows by induction. O

Example 2.4.8. The following is a list of computations based on the information about the fundamental
group of wedge sums:

(1) ConsiderX = \/_; S'. We have

w1(81V~--v81,\/1*i) =y (SY k) ko xmy (St %) 2 Zx - % 7
1= n times

(2) Let X be the union of n lines through the origin in R3. Then R? — X deformation retracts to
S? minus 2n points, which is homeomorphic to R2 minus 2n — 1 points. This in turn admits a
deformation retraction to a wedge of 2n — 1 circles, so

T (R3 — X, 20) 2 Zx--- %7,

2n—1 times
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2.4.4. Fundamental Group of Graphs.

Definition 2.4.9. A graph is a CW complex of dimension o or 1. The o-cells of a graph are called its
vertices, and the 1-cells are called its edges.

It follows from the definition of a CW complex that for each edge e, the set € \ e consists of one or
two vertices. If a vertex v is contained in €, we say that v and e are incident. A subgraph is a subcomplex of
a graph. Thus, if a subgraph contains an edge, it also contains the vertex or vertices incident with it. Here
is some more important terminology:

e An edge path in a graph is a finite sequence (vo, €1, V1, . .., Uk_1, €, V) that starts and ends
with vertices and alternates between vertices and edges, such that for each 7, {v;_1, v;} is the set
of vertices incident with the edge e;.

e An edge path is said to be closed if v9 = vy, and simple if no edge or vertex appears more than
once, except that vy might be equal to vy.

e A cycle is a nontrivial simple closed edge path.

e A tree is a connected graph that contains no cycles.

Lemma 2.4.30. Let G be a finite graph.

(1) If G isa tree, then G is contractible and bence simply connected. In fact, if vo is a vertex of G, then
v 15 a deformation retract of G.
(2) If G is a connected graph, then G contains a maximal tree - called a spanning tree.

Proor. The proof is given below:

(1) Weinducton the number of edges, n. If n = 1, it GG ishomeomorphic to an interval 1. The claim
is clearly true in this case. Assume the claim is true for n € N and consider the casen + 1 € N.
Since G is simple, every edge of G is incident with exactly two vertices. If every vertex in G is
incident with at least two edges, then, we can construct sequences (v;) jez of verticesand (e;) jez
of edges such that for each j, v;_1 and v; are the two vertices incident with e;, and e;, ;41
are two different edges incident with v;. Because 7" is finite, there must be some integers 7 and
n + k > nsuch that v, = v,4p. If n and k are chosen so that £ is the minimum positive
integer with this property, this means that (vy,, €541, - - -, €ntk, Untk) is a cycle, contradicting
the assumption that G is a tree. Hence, we can choose v1 € G such that vy is incident to only
one edge. Let v} denote the other vertex. Then e deformation retracts onto the vertex v}. The
result is then a tree with 1 edges, which deformation retracts onto .

(2) Since the empty subgraph is a tree, an application of Zorn’s lemma shows that G contains a max-
imal subtree - a subgraph that is a tree and is not properly contained in any larger tree in G.

This completes the proof. O
Remark 2.4.1x. Lemma 2.4.10 can be extended to the case of infinite graphs.

Remark 2.4.12. A spanning tree T C G contains every vertex of G. Indeed, suppose that there is a vertex
v € G that is not contained in T. Because G is connected, there is an edge path from a vertex vg € T to v,
say (vo, €1, ..., €,V = V). Let v; be the last vertex in the edge path that is contained in T. Then the edge
€i+1 15 not contained in T, because if it were, vi11 would also be in T since T is a subgraph. The subgraph
T" = T U {eit1} properly contains T, so it is not a tree, and therefore contains a cycle. This cycle must
include ;11 or viy1, because otherwise it would be a cycle in T. However, since e 1 is the only edge of T
that is incident with vi 1, and Vi1 is the only vertex of T" incident with e;1, there can be no such cycle.
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Proposition 2.4.13. Let G bea finite graph andletT' C G be a spanning tree. Let ng\ denote the number
of edgesin G\ T. If vy € G, then
m1(Gyvo) 2L *--- %,
—_—

nG\rimes

Proor. The proof is by induction on the number of edges in G \ 7. Let n = 1. Clearly, G/T = S'.
Consider the map

q:G— G)T =S

We show ¢ is a homotopy equivalence. We define a map

¢ :G/T=s!'=a.
Let e be the edge not contained in T'. Pick paths a1 and ap in 1" from g to v1 and vy, respectively.
Consider the loop a1 0 e 0 a; ', Tt is easily checked that ¢ o ¢’ and ¢’ © g are homotopic to the identity
maps. If n > 1 and assume that the claim is true for n € N. we can use Van Kampen’s theorem to prove
thecaseforn +1 € N. Letey, - -+ ,ep41 beedgesin G \ T'. Foreachi = 1,...,n + 1, choose a point
T; € e; Let

U=G\{z1,...,xn}

V =G\ {zn1}

Both U and V are open in G. Just as before, it is easy to construct deformation retractions to show that
UNV~T, U~TUep1 V=G\epir.
By the inductive hypothesis, we have 71 (V, vp) = Z and
7T1(V,U()) =7 x 7,
T times

The claim follows by Van Kampen’s theorem noting that Since U N V' = T is simply connected. O

2.4.5. Fundamental Group of CW Complexes. Let X be a connected CW complex. If X = X©,
then X is a point and the fundamental group of X is the trivial. If X = X 1 then X isa graph and we

have already covered that case.

Proposition 2.4.14. Let X be a path-connected CW complex such that X = X2, Let g € X and let
Vo : St — X be the attaching maps of the 2-cells Dy, and let Yo, : I — X be a path from xo to pq(1).
Then

7'('1(X,£C0) = 7T1(X1,.’E0)/N,

where N is the normal subgroup generated by the path {~Yq 0 ©o © ¥, }-

Proo¥. The proof is given below:

(1) Let A be a subcomplex generated by the union of the 2-cells, D2 and toegether with the (’s.

Then A is a contractible subcomplex. Hence,
7‘_1("47 ZL’O) = {1}

(2) Choose points z, € D? and define the subset B = X2 — |J,{za}. Then B retracts to X ..

Hence,
™1 (B, x0) = 7 (X', m0)

(3) Wehave X2 = AU B and AN B consists of precisely those edge-cycles starting at zo that make
up loops homotopic to the boundaries of 2-cells, or in other words, the images of S, under the
attaching maps. Therefore, each element of 71 (A N B, x¢) represents a an of {74 © ©a © 7, }-
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(4) By Van-Kampen’s theorem,

7T1(A, 370) * 7T1(B, (Eo)
N

This completes the proof. OJ

I

ﬁl(X,$0)g7T1(X2,x0) g7T1(le,.f(}0)/]\/

In fact, we now show that the fundamental group of a CW complex only depends on its 2-skeleton
with basepoint (.

Corollary 2.4.15. Let X be a path-connected CW complex. If vo € X, then
71'1(X, .CL'()) = 7-‘-1(}(2a :EU)'

Proor. This follows simply because A N B as in Proposition 2.4.14 will comprised on boundaries of n-
cells for n > 3. These are all contractible. Hence, an application of Van-Kampen’s theorem yields the
desired result. O

Example 2.4.16. We can use the discussion in the previous section to compute the fundamental groups
of topological spaces introduced Section 1.4.2.

(1) Let X = S! x S'. We have already computed the fundamental group of X, but we can also
compute it using the discussion above. We have,

77 1
m(Xoro) = oy = b abaT T 2 Zx 2
(2) Let X = RP?. We have,
Z
771(Xa$0):®%<a|a2>%’22

In general, if X = RP", we have
71 (RP", 20) = Zo

This follows at once from the computation above and that 2-skeleton of RP"™ is just RP2.

(3) If X = CP" then X is simply-connected. This is because the 1-skeleton of X consists of a single
0-cell.

(4) Let X be the g-holed surface in Example 1.4.18. We have

7T1(X,.T0) = <a1,b1,...,ag,bg ’ [al,bl] e [ag,bg] = 1>

This follows pretty much by the definition of X and the fact that the 1-skeleton is a wedge sum
of 2g circles.
(s) Let X = K (Klein bottle). We have,

YW
(abab=1)
Let A be the subgroup generated by a and B be the subgroup generated by b. We have A, B = Z.
Then since bab~! = a~!, we have that B is a normal subgroup. Clearly, A and B generate

71 (X, v) and since every element has a unique representation in the form b"a"™, we have that
and AN B = {e}. Hence,

m (X, z0) = =~ (a,b | abab™")

771(X,$0) &7 %7
Remark 2.4.x7. The fundamental group T\ is not a complete topological invariant. Let X = RP" and
Y = RP™ for integers m,n > 2withm # n. Then m(X) = m(Y) = Z/2Z. However, one can
compute their homology groups to confirm that X andY are not homotopy equivalent (Example 6.3.8). Thus,
1 does not fully distinguish topological or homotopy types.



CHAPTER 3

Covering Spaces

Covering spaces form a central concept in algebraic topology, closely linked to the study of the fun-
damental group. Intuitively, a covering space allows us to ‘lift’ paths and homotopies in a controlled way
to a space that often has simpler or more symmetric structure. By understanding covering spaces, we gain
deeper insight into the topological and algebraic structure of spaces, particularly through techniques such
as path lifting and covering maps. References include [Hatoz; Leero; Mayg9)].

3.I. Definitions & Examples

Covering spaces offer a powerful framework in topology by enabling the study of complex spaces
through simpler, well-behaved ones. One of their most compelling features is the ability to lift paths and
homotopies from the base space to the covering space. This lifting property allows us to analyze the behav-
ior of loops and paths in the base space by observing their images in the covering space, where the geometry
and topology are often easier to handle. Importantly, this process reveals rich information about the fun-
damental group of the base space.

3.L1. Definitions.

Definition 3.1.1. Let X be a topological space. A covering space of X is a topological space X together
with a continuous surjective map p : X — X called a covering map such that for every pointz € X,
there exists an open neighborhood U, C X and a discrete topological spaces, Dy, such that

p_l(Ux) = H Un
a€D,

where Vg is an open set of X homeomrophic to U,.

Remark 3.1.2. Covering spaces are special examples of fiber bundles where the fiber is a discrete topological
space. In a covering space p : X — X, the local triviality condition resembles that of fiber bundles: for each
x € X, there exists an open neighborhood U, C X such that pt (Up) 2 Uy X F, where F is a discrete set

(the fiber).

Remark 3.1.3. If X is a connected topological space, the cardinality of Dy in Definition 3.1.1 is constant.
Thatis, |Dy| = |Dy| foreach x,y € X. Indeed, let x € X and let Uy, be an open set as in Definition 3.1.1.
Then for eachy € Uy and o € Dy, the intersection p~({y}) N Uy contains exactly one point, since the
restriction of p to Uy, is a homeomorphism onto Uy. Now fix a € X, and define the set

A={ze X |~ {ahl=Ip""({a})}-
By the above argument, the cardinality of the fiber is locally constant so both A and its complement A° are
open setsin X. Since X is connected, it follows that X \ A = 0, and thus A = X. If the cardinality is n, we
say that p is a n-sheeted covering map.

Example 3.1.4. The following is a list of examples of covering spaces:

(1) Any homeomorphism is a covering map.

47
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(2) If X is any topological space and D is a discrete topological spaces, then the projectionp : X x
D — X is a covering map.
(3) Themapp: R — St defined by
p(t) = (cos 27t, sin 27rt).

Indeed, let 2 = (21, 22) € S' bea point on the unit circle such that z; > 0. Consider the open
set

U := {($1,1‘2) S Sl ‘ xry > O},
which is an open neighborhood of z in S!. The pre-image of U under p is the disjoint union
P U) = | (n—1.n+1),
nez

where each interval (n — 1/4, n 4 1/4) is mapped homeomorphically onto U by p. Hence, p is
an oo-sheeted covering map. The fiber over the point 1 € S! is given by Z.

-5 -4 -3 -2 -1 0 1 2 3 4 )
The fiber over the point 1 € S! is given by Z.

(4) Themap p : St — S! defined by p(2) = 2" for n € Nis an n-sheeted covering map. The fiber
of 1 are the n-th roots of unity.

The fiber of 1 are the 8-th roots of unity.

Let’s now prove some general properties bout covering spaces:

Proposition 3.1.s. The following are properties of covering spaces.
(r) A covering map is an open map.
(2) A covering map is a local homeomorphism.
(3) The restriction of a covering map is a convering map.
(4) A finite product of covering maps is a covering map.

Prookr. The proof is given below:

(1) Letp : X — X bea covering map. Let U be an open set in X, and fix a point p(z) € p(U).
Since pisa coveringmap, let U,y € X beasin Definition 3.1.1. Let Uy, be thesslice ofp~! (Up())
containing x. Then p maps U, homeomorphically onto Uy,(z). So p(Ua NU) € p(U) is open
in X. Hence, p is an open map.

(2) This is clear.
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(3) Letp : X — X bea covering map. Let Xo € X and consider the restricted map p],,—1 1(Xo)
“1(Xo) — Xo. The map is clearly continuous. Since p : X — X is a covering space, for
each x € X there exists an open set Uy, such that p~1(U,) satisfies Definition 3... The map
| p=1(Xo) satisfies Definition 3.1.1 if we choose the open set to be U, N Xp.
(4) pi + Xi — X be covering maps for i = 1,2. Choose (z1,22) € X1 X Xo. Then thereisa
neighborhood Uy, of x; in X; such that p; (U, ) satisfies Definition 3.1.1. Then Uy, x Uy, is
an open set of X1 x X such that (py X p2) 1 (Uy, x Uy, ) satisfies Definition 3.1.1.
This completes the proof. O

How are two covering spaces of a topological space related? Can we define a map between two covering
spaces to identify them up to isomorphism? This question leads us to the definition of homomorphisms
between covering spaces.

Definition 3.1.6. Let (X1, p1) and (X2, p2) be covering spaces of a topological space X. A morphism of
(X1,p1) into (Xa, p2) is a continuous map ¢ : X1 — X3 such that the following diagram commutes:

A homomorphism ¢ of (X1, p1) into (X2, po) is an 1somorphlsm if there exists a homomorphism 1 of
(X, p2) into (X1, p1) such that 1 o ¢ and ¢ o 1) are the identity maps on X and Xo.

The discussion above defines a category, Cov, x, the category of covering spaces over X Its objects
are covering maps, and its morphisms are morphisms of covering maps.

3.1.2. Examples. Group actions on topological spaces provide a rich source of covering maps, which
have significant applications in various areas of mathematics, particularly in geometric topology and geo-
metric group theory. For instance, in geometric topology the quotient spaces formed by group actions
often inherit interesting topological properties, which can be studied via covering space theory. These
spaces provide insights into the structure of manifolds and their fundamental groups.

Proposition 3.1.7. Let G be a topological group acting on a topological space X. Assume that foreachx € X,
there exists an open set Uy, C X containing x such that for each g € G with g # e, we have gU, N U, = (.
The quotient mapp : X — X /G is a covering map.

Remark 3.1.8. A group action satisfying the condition in Proposition 3.1.7 is called a covering space action.
We use this terminology from now.

Proor. (Proposition 3.1.7) Since ¢~ (q(Us)) = Uyeq 9Us thesetg(Uy) = GUy isopenin X /G and
satisfies Definition 3..1. Hence, p : X — X /G is a covering map. O
Example 3.1.9. The following is a list of examples of covering maps generated by group actions:

(1) Let Z act on R by translations: for each n € Z, define the actionn - = 2 + n. This action
satisfies the assumptions in Proposition 3.1.7. Hence, the map R — R/Z = Slisa covering
map. This reproves Example 3.1.4(1).

(2) Let Zg act on the n-sphere S™ by the antipodal map:

g-r=—x, forallz eS".

where g # e € Zsa. This action satisfies Proposition 3.1.7. Hence, the projection map p : S" —
S™/Zy = RP™ is a covering space. In fact, it is a two-sheeted covering map since each point in
RP"™ corresponds to a pair of antipodal points on S™.
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(3) We can generalize (2). Let Z;, act on the odd-dimensional sphere S**~ C C™ by
C : (217 RB2ye v Zn) = (quzh <q2z27 RN C‘ann),

where ¢ € Zj, is a primitive p-th root of unity (i.e., { = e2™/PYand qi, ..., qn € Zare integers
coprime to p. This action satisfies Proposition 3.1.7, so the quotient

S2n—1 N S2n—1/Zp

is a covering map. L(p; q1, ..., qn) := S*"~1/7Z, is called a lens space. The projection map is a
p-sheeted covering map.

Remark 3.1.10. Lens spaces generalize real projective spaces RP?n—1 ~ L(2;1,...,1). and play an im-
portant role in low-dimensional topology and the stucly of 3-manifolds.

3.2. Lifting Properties

Studying the lifting properties of maps in covering spaces is fundamental because it allows us to trans-
fer complex topological problems to simpler, often more manageable spaces. Lifting of paths helps in
understanding how loops and homotopies in the base space relate to the structure of the covering space,
providing key insights into the fundamental group.

Proposition 3.2.1. Letp : X - X be a covering map. Any path [ : 1 — X with initial point x( can be
uniquely lifted to a path f : I — X with an initial point in p~' (o) such thatp o f = f.

ProoF. We first prove existence. First assume that f(I) C Uy, where Uy, satisfies Definition 3.r.1. For
any T € p~1(xg),let U be an open set containing Z¢ that is mapped homemorphically to Uy, . the path
component of p~ 1 (U) which contains Z. Clearly, the path

f:p_1|Umoof:I—>X

is a path such that such that p o f = f. Now assume that the image of f is not contained in Uy, or
in a single open set. In this case, let {U; }; be an open cover of X by open sets satisfying Definition 3.1.1.
Then, {f~(U;)}; is an open covering of I. Let A be the Lebesgue number of the covering. Now, choose
n € Nsuch that 1/n < A. Divide the interval I into the closed sub-intervals of length 1/n. Since the
diameter of these intervals is less than A, f maps each of these intervals inside some U;. We can now apply
the argument above. We now show uniqueness by proving that given any two maps fo, f1 : I — X with
same initial point such that p o fo=po fi, theset

A={tel| folt)= fi(t)}

is either empty or all of 1. It suffices to show that A is cl-open. First we will see that it is a closed set. Let
t be in the closure of A andletx = p o fo(t) = po fi(t). Assume fo(t) # f1(t). We will see that this
leads to a contradiction. Let x € U, be an open satisfying Definition 3.1.1, and let Up and U, be open sets
of X containing fo(t) and f1(t) respectively that are mapped homeomorphically to z. Since fo and f;
are both continuous, we can find a neighborhood t € W C I such that fo(W) C Upand f1(W) C U.
But Uy N U; = (. This is a contradiction to the fact that every neighborhood of ¢t must intersect the set
A. This shows that A is closed. Analogously, we can argue that every point in A is an interior point and
therefore the set is open. Since fo and f agree on at least one pointin 1, i.e., fo(0) = f1(0), they have to
be equal.

Proposition 3.2.2. Letp : X — X be a covering map. Any homotopy H : Y X I — X can be uniquely
liftedto X if Hy : Y — X can be lifted to X provide that H has been specified.
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Proo¥F. A more general version of Proposition 3.2.2 will be proved in Proposition 11.2.4. For an alterna-
tive approach, see [Leero], which demonstrates how Proposition 3.2.2 can be applied by generalizing the
argument in Proposition 3.2.1. O

Let us now use Proposition 3.2.1 and Proposition 3.2.2 to recompute the fundamental group of St.

Example 3.2.3. (Homotopy Classification of Loops in S) Consider the covering space p : R — S'.
We compute the fundamental group of S! in the following steps:

(1) If f : I — S, then any two lifts f1, f2(0) such that f1(0) = fa differ by an integer. Indeed,
p(fi) = p(f2)) = fi(t) = fa(t) € Z

for eacht € I. Since fi — fa is a continuous function from the connected space I into the
discrete space Z, it must be constant.

(2) Let fo, f1 : I — S! be two paths in S! with same initial and terminal points. If fo(0) = £1(0),
then

for~ i = fo(1) = fr(1)

The forward direction is clear since R is simply-connected (Remark 2.2.9). For the reverse direc-
tion, suppose that fo ~ f1. Let H : I xI — S! be a between foand fi. Then Proposition 3.2.2
implies that H lifts to a homotopy

H:IxI—>R

such that H(-,0) = fo. Now Hi(+,1) : I — Risa path of that is a lift of f; starting at f1(0).
By uniqueness of lifts, it must be equal to f1. Thus, fo ~ f1 and thisimplies that fo(1) = f1(1).

(3) (Winding Number) Suppose f : I — S'is aloop based ata pointzg € ST If f : [ — Ris
any lift of f, then f(1) and f(0) are both points in the fiber p~! (), so they differ by an integer.
Since any other lift differs from f by an additive constant, the difference

f() - f(0)

is an integer that depends only on f, and not on the choice of lift. This integer is denoted by

N(f), and is called the winding number of f. (1) and (2) at once imply that two loops in S*

based at the same point are path-homotopic if and only if they have the same winding number.
(4) (Fundamental Group of S') We can now show that 71 (S!, 1) = Z generated by [w] where

w : I — S!such thatw(t) = ™. Define the maps

J: 7 — m(Sh1), K :m(S'1) =z,
ni 7] 1] N ()
It is clear that J, K are well-defined and that J, K are homomorphisms. We show that J, K are
two-sided inverses. To prove that K o J = Idz, let n € Z be arbitrary. Note that
K(700) = K(1w") = K((an]) = Naw) =
where a, : I — S'is the map o, (£) = €™, To prove that J o K = Id,, (s1 1), suppose

f is any element of 71 (S, 1), and let  be the winding number of f. Then f and a, are path-
homotopic because they are loops based at 1 with the same winding number. Therefore,

JIK()) = J(n) = [w]" = [an].

Let us now use Proposition 3.2.1 and Proposition 3.2.2 to determine how the fundamental groups of
the based space and covering space in a covering map relate to each other.

Proposition 3.2.4. Letp : (X,Zo) — (X, x0) be a covering map such that xo = p(To).
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(1) The induced homomorphism
pe s (X, Z0) = (X, x0)

is injective. Hence, m1 (X, Zo) can be identified with a subgroup of w1 (X, x0).

(2) If X ispath-connected, the subgroups p.(m1 (X, %)) for @ € p~L(wo) are exactly the conjugacy class
of subgroups of p.(m1(X, To)).

(3) If X is path-connected, then

Number of sheets of p = |71 (X, z¢) : m1 (X, Zo)|
(4) If X is path-connected and simply connected, then
m1(X, 20) = p~ (o)
as sets.

Proo¥. The proof is given below:

(1) Let [a] and [3] be two homotopy classes of paths in X and suppose that p.[a] = pi[B]. If
fa € [0]and f3 € [B], thenp o go ~ p o gg. It follows from Proposition 3.2.2 that go ~ g3 in
X. So, [a] = [B]. Thus the map is injective.

(2) Firstsuppose that g, 71 € p~!(x). Letybeapath from Zg to Z1. This defines an isomorphism
(Proposition 2.2.5):

¢ : Wl(X,.fo) —>7T1(X,.f1)
[a] = [yoaon™]]

We thus have the following commutative diagram:

Here, v is defined such that
D([8]) = [(p+(v) " 0 Bo (p<(7))]

We conclude that the images of 71 (X, Zo) and 71 (X, Z1 ) are conjugate via [p. ()]. Conversely,
any subgroup in the conjugacy class of p. (71 (X, Zo)) is of the form

[ pu(m1 (X, 20)) [a]
for some [a] € 71 (X, z0). Let f € [a]. By Proposition3.2.1g : I — X is a unique lift of f
initial point Zg. Let Z1 be the terminal point of the lifted path. Then
ps(m(X,71)) = [a™ ] pu(mi(X, Z0)) o]
(3) Let H = p.(m1 (X, Zo). Define a map

o W — pil(a?o)

[f]+H = f(1)

Here f is a lift of the path f. We claim that ¢ is well-defined. Given [f] € m1(X,z¢) and
[h] € H, let h bealoop in X based at Zo. Thus, (h - f)(1) = f(1). This shows that ¢ is

well-defined. We claim that ¢ is a bijection. Since X is path-connected, for any Z € p~*(zo),
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there exists a path g from Zg to Z, and it must project to a loop ¢ in X based at xg. Thus, ¢ is
surjective. Now suppose

o([f1+ H) = ¢([f'] + H)

Then f(1) = f/(1),andso the path f-(f’) ™! liftstoaloopin X based at o, i.e., [f][f'] 7! € H.
This shows that ¢ is connected.
(4) This follows from (3).

This completes the proof. OJ

Example 3.2.s. Consider the covering p : S* — RP". Forn > 2, S" is path-connected and simply-
connected. Hence, Proposition 3.2.4 implies that

71 (RP™, 29) — p~L(z0)
as sets. Since [p~!(xg)| = 2 and there is a unique group of order 2, it follows that
m1(RP", xo) =2 Z/2Z
forn > 2. Forn = 1, we have that RP* 22 S'. Hence, r; (RP!, ) = Z.

Previously, we considered a path in the unitinterval / within X and lifted it to a corresponding path in
the covering space X . We now extend this concept by studying the lifting of paths in X from an arbitrary
connected space Y. Letp : (X, Zg) — (X, z0) be a covering space. Let (Y, ) be a topological space
and let f : (Y, y0) — (X, o) be a pointed continuous map. We seek to determine conditions under
which there exists amap ¢ : (Y, yo) — (X, Zo) such that the following diagram commutes:

=

(Y, yo) E— (X, fo)

(X, Zo)
lp

If ¢ exists, we say that ¢ can be lifted to X. We refer to ¢ as a lifting of ¢. Note that if ¢ exists, then the
following commutative diagram of group homomorphisms holds:

7T1(X,fo)

T (Y) ?/0) D+

L

m1 (X, o)
Since py is injective, for the diagram to commute it is necessary that
G« (m1(Y,90)) S pu(m1 (X, T0))
This condition is also sufficient.

Proposition 3.2.6. Letp : (X,Zo) — (X, T0) be a covering map. Let (Y, yo) be a connected and locally
path-connected space. Given a pointed continuous map ¢ = (Y,yo) — (X, xo), there exists a lifting ¢ :

(Y,y0) — (X, Zo) if and only if

¢« (m1(Y,90)) € pu(m1(X, Zo))
Proor. Skipped. u
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3.2.1. Covering Space Automorphisms. An automorphism of a covering map is an isomorphism
from a covering space to itself. An automorphism of a covering map interchanges points in the fiber point
in the base space. The set of all automorphisms of forms a group under composition and can be interpreted
as the symmetries of the covering space.

Remark 3.2.7. Automorphisms of a covering map are also called deck transformations.

Using Proposition 3.2.1 and Proposition 3.2.6, we first establish various properties of the morphisms
of a covering map.

Corollary 3.2.8. Let (X1,p1) and (X2, p2) be covering spaces of a topological space (X, x¢) such that
p1(71) = p2(¥2) = w0
(1) Let ¢o and 1 be bomomorphisms of(Xl,pl) into (Xa,p2). If there exists a point x € X such
that ¢o(x) = ¢1(x), then ¢o = ¢1. )
(2) There exists a morphism ¢ of (X1, p1) into (Xo, p2) such that $(Z1) = To if and only if
pre(m1 (X1, %1)) C pou(mi(X2, Z2))
(3) The morphism in (2) is an isomorphism if and only if
pr(m1 (X1, 1)) = pou(m1 (X2, T2))
(4) (X1,p1) and (Xo, pa) areisomorphicif and only if the subgroups p1. (71 (X1, T1) ) and pa. (11(X2, T2))
of m1 (X, xo) belong to the same conjugacy class.
Prookr. The proof is given below:

(1) This follows from Proposition 3.2.1.

(2) This is a special case of Proposition 3.2.6.
(3) This follows from (2).

(4) This follows (3) and Proposition 3.2.4(3).

This completes the proof. O
We can now specialize to the case of an automorphism of a covering map.

Corollary 3.2.9. Letp : (X, %) — (X, x0) be a covering map.
(1) If ¢ is an automorphism (X, o) and ¢ is not the identity map then ¢ has no fixed points.
(2) LetZ1,%2 € p~Y(mo). There exists an automorphism ¢ € Aut(X, p) such that $(Z1) = T if
and only if

Px(m1(X, 1)) = pa(m1 (X, Z2))
Proo¥. The proof is given below:

(r) This follows from Corollary 3.2.8(x).
(2) This follows from Corollary 3.2.8(3).

This completes the proof. U

3.3. Action of Fundamental Group on Fibers
We have seen in Proposition 3.2.4 if p : (X, %) — (X, x0) is a covering map, then if X is path-
connected and simply-connected, then
m1 (X, x0) = p~* (x0)
as sets. We provide another perspective on this bijection of sets by observing that 1 (X, x¢) acts naturally
on p~t(z). For any point Z € p~(xg) and any [a] € 71 (X, z0), define 7 - [a] € p~1(x) as follows:
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let & be the lift of v to X starting at Z, so that p,. (@) = av. Then define Z - [@] to be the terminal point of
the path class a.

Remark 3.3.1. It can be verified that the action defined above is well-defined.

It follows from the definition that:

(1) T-[cyy] =7

(2) (z-a)-f=12-(af)
Therefore, this defines a right group action of 71 (X, 7o) on the set p~1(xp).
Proposition 3.3.2. Letp : (X, %) — (X, x0) be a covering map. If X is path-connected, the action of
m1(X, x0) on p~(20) is transitive. As a right 71 (X, x0)-space, we have

T (X N .1’)

P«(m (X, o))
ProoF. LetZ,§ € p~*(z). Since X is path-connected, there exists a path & in X with the initial point

Z and terminal point . Let [a] = [p«(@)]. We have Z - [a] = . This shows that the action is transitive.
Note that the isotropy subgroup of any Ty is the set.

{la] € m(X,2) | Zo - [a] = Zo} = pu(mi (X, Z0))

The desired isomorphism of 71 (X, z¢)-sets follows by the orbit-stabilizer theorem. 0

p~H(zo) =

In fact, the automorphism group of the covering space, denoted as Aut(X , p), acts on the fiber p~! ()
as a right 71 (X, x)-space. This action is compatible with the group action of 71 (X, zg) on the fiber. In-
deed, let ¢ € Aut(X,p),any point Z € p~!(x),and any [a] € 71 (X, xo). Lift @ to a path @ in X with
initial point Z, such that p, (&) = «. Note that Z - [¢] is the terminal point of &. Now consider the path
¢ o @in X. Its initial point is ¢(Z) and the terminal point is ¢(Z - [a]). Observe that:

p(¢oa)=(po¢)(a) =p(a) =a.

This implies that ¢ o @ is also a lifting of . By definition, (¢(Z)) - [¢] is the terminal point of ¢ o a.
Therefore, we have

¢(z - [a]) = &(Z) - [a]

We now state an important result relating automorphisms of covering spaces to automorphisms of
the fiber.
Proposition 3.3.3. Letp : (X,Zo) — (X, z0) be a covering map.

(1) Aut(X,p) is naturally isomorphic to the group of automorphisms of the set p~1 (o) considered as

a right m (X, x)-set. B
(2) The antomorphism group Aut(X, p) is isomorphic to the quotient group
N (p. (1 (£, 20))
p«(mi (X, Zo))

where N (p.(m1 (X, Zo)) denotes the normalizer of m1 (X, Zo)) in 71 (X, x0).

Proo¥. The proof is given below:

(1) Note thatif ¢ is an automorphism of X, then ¢| p—1(x) is an automorphism of the fiber p~H(zo).
We will prove that the map

¢ ¢’p*1(xo)
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is bijective. Suppose @, -1 () = ¥|p—1(z,)- This implies that (¢ o w_1)|p71(l,) = Idp-1(z¢)-
Since automorphisms of covering spaces have no fixed points unless they are the identity (Corol-
lary 3.2.8)(1)), it follows that pogp~! = Id 5 p,and thus ¢ = 1. This shows the map is injective.

If ¢ is an automorphism of the fiber p~! () such that ¢(Zo) = Z1, whereZ; € p~(x). Then
p(m1(X, o)) = pu(m1 (X, 71))
By Corollary 3.2.9(2), there exists an automorphism ¢ € Aut(X, p) such that ¢)(Zg) = ;.
This shows the map is surjective.
(2) This follows from (1) and the group-theoretic fact that if Z is a transtive G-set and H is the
isotropy subgroup of some z € Z. Then the automorphism group Aut(Z) is isomorphic to
the quotient group

Aut(Z) = N}(T{H)

This completes the proof. O
We now state two important corollaries of the previous result:
Corollary 3.3.4. Letp : (X, %) — (X, z0) be a covering map.
(1) If p«(m1(X, Zo)) is a normal subgroup of 11 (X, o), then
= . m(X, )
AP = o (X )
(2) If X is simply-connected then
Aut(X,p) & m(X, x0)

PrOOE. (1) follows at once from Proposition 3.3.3. (2) also follows from (1) since N ({¢z, } = 1 (X, o).
(|

Corollary 3.3.4 provides key insights into the structure of the automorphism group of a covering space.

(1) The firstpart shows that when the image of the induced map on the fundamental group p. (71 (X, Zo))

is a normal subgroup of 71 (X, ¢ ), the automorphism group of the covering space is isomorphic
to the quotient of the fundamental group of the base space by this normal subgroup. Moreover,
forany z € p~1(zp), we have

p(m (X, T9)) = pu(m (X, 7))

since there is only one conjugacy class of p, (71 (X, Z)). Covering spaces that satisfy this property
are called regular/normal covering spaces.

(2) The second part of the corollary, which applies when X is simply-connected, shows that the au-
tomorphism group of such a covering space is isomorphic to the fundamental group of the base
space. Covering spaces that are simply connected are called universal covering spaces

3.4. Classification of Covering Spaces

Ifp : (X,%9) — (X, z0) is a covering map, we have proven that a covering space (X, p) is deter-
mined up to isomorphism by the conjugacy class of the subgroup p. (71 (X, Zo)) of m1 (X, 2g) (Corol-
lary 3.2.9). Now, we address the inverse question:

Suppose (X, ) is a topological space and we are given a conjugacy class of subgroups of 71 (X, z).
Does there exist a topological space (X, To) and a coveringmap p : (X, Tg) — (X, x0) such that
p«(m1 (X, Z)) belongs to the given conjugacy class?
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We will see that the properties of regular and universal covering spaces are closely related to this ques-
tion.

Proposition 3.4.1. Let (X, xg) be a topological space that is connected, locally path-connected, and semi-
locally simply connected. Then, given any conjugacy class of subgroups of w1 (X, ), there exists a topological
space (X, To) and a covering map p : (X, %o) — (X, x0) such that p.(m1 (X, Z)) belongs to the given
conjugacy class.

Remark 3.4.2. A topological space (X, xo) is semi-locally simply connected if every x € X has a neighbor-
hood Uy, such that the homomorphism
1 (Ug, ) = m (X, z)

istrivial. That is, every loop in Uy can be contracted to x within X. Note that U need not be simply connected
since every loop in U may not be contractible within U. For this reason, a space can be semi-locally simply
connected without being locally simply connected. The definition of the latter is obvious. It turns out that
(X, x0) has a universal cover if and only if (X, xo) is connected, locally path-connected, and semi-locally
simply connected. See [Leero; Hatoz] for details. Universal covering spaces are called universal because they
satisfy the following property: let q = (Y, 5o) — (X, xo) be a covering map such that (Y , 4o) is a universal
covering space. Then for any other covering spacep = (X, %) — (X, mo), there exists a unique covering map

¢ (Y,y0) = (X, Zo)

such that the following diagram commautes:

(Y. o)
S o

(X, zp)

(X7 jO)

This follow at once from Corollary 3.2.8(2).

ProOF. (Proposition 3.4.1) The assumptions on (X, z¢) imply that there exists a universal covering space,
(Y, o), for (X, x0). Letq : (Y, y0) = (X, x0) denote the corresponding (universal) covering map. We
know the following facts:

(1) m1(X, o) acts freely and transitively on the set ¢~ (o).

(2) Aut(Y, q) =m (X, 1‘0).
Choose a subgroup G C 71 (X, z¢) that lies in the given conjugacy class. Consider the following sub-
group:

H :={¢: Aut(Y,q) | there exists oy, € G such that ¢(y) = y - [a] € p~*(20)}

Note that G = H under the correspondence ¢ — cvg. Since H is a subgroup of Auth, q), it is a satisfies
the hypothesis of Proposition 3.1.7. Hence, the quotient map r : Y — Y/G := X is a covering map.
The universal property of universal covering spaces (Remark 3.4.2) implies that we have a commutative

diagram:
(Y7 Yo )
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Here p : X — X isamap induced by g and Zo = 7(yo) € p~'(wo). Itis not hard to verify that
p : X — X isa covering map. Thus, the group m1 (X, ) acts transitively on the right of the set
p (o). Since Y is simply-connected, we have Aut(Y,7) = 7 (X, Z). We claim that Aut(Y, r) = H.
Clearly, H C Aut(Y,r). Suppose y1,y2 € Y, andlet ¢ € G be such that ¢(y1) = y2. Since ¢ is
a covering transformation, we can choose an automorphism ¢ € Aut(Y, p) such that ¢ (y1) = yo. It
follows that ¢ = 1. Hence, Aut(Y, p) C G, and therefore G = Aut(Y, p)". Hence, we have
Aut(Y,r) =2 H =G.

So p« maps 71 (X, Zo) onto G. This completes the proof. O
Remark 3.4.3. Proposition 3.4.1 proves the additional fact that if a group acts on a simply-connected space X

such that the group action satisfies the hypotheses in Proposition 3.1.7, then the quotient mapp : X — X /G
isa regular covering map, and

Aut(X/G,p) = m(X/G,x0) =G

Example 3.4.4. Consider the Lensspace L(p; 1, - - - , ¢n) = S*"~1/Z,. Since S** ! is simply-connected
and the action of Z;, on S27 =1 satisfies Proposition 3.1.7, Remark 3.4.3 implies that

T (S*Y 2y, 30) 2 7y
We have shown that there is a one-to-one correspondence:
{Conjugacy classes of m1 (X, z¢)} «— {Covering maps p : (X, Zg) — (X, z0)}

provided that (X, ) is connected, locally path-connected, and semi-locally simply connected. Since the
universal covering space is connected, we in fact have a one-to-one correspondence for connected covering
maps. Let us now consider some examples to illustrate this correspondence.

Example 3.4.s. (Coverings of S') Sice R is simply connected, the covering map
p:R—S!

is a universal covering map. We know that 71 (S!, zo) & Z. Every connected covering space of S corre-
sponds to a subgroup of Z. Every non-trivial subgroup of Z is of the form nZ for some integer n > 1.
Note that the index of nZ is n. For eachn > 1, Proposition 3.4.1 implies that there exists a unique (up to
isomorphism) connected n-fold covering space of S, which can be described as the quotient R /nZ = S!.
The associated covering map is the n-th power map on S*.

p:St - st

z 2"

"This shows that 7 : Y — Y /G is a regular covering map.
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CHAPTER 4

Homological Algebra

Homological algebra provides the foundational framework and tools essential for systematically study-
ing and computing algebraic invariants arising in topology, geometry, and algebra. Central to this frame-
work are exact sequences, (co)chain complexes, and spectral sequences, which play a fundamental role
in algebraic topology. The theory is developed within the category Ab, with all definitions and results

extending naturally to any abelian category. Standard references for this material include [Weig4; Rotog].

4.1. Motivation via Simplicial Homology

To keep the discussion grounded and to motivate the forthcoming material, we present a detailed
treatment of simplicial homology in this section. This serves to illustrate the application of homological
algebra techniques to topological contexts. Simplicial homology is particularly advantageous due to its
computational tractability, as it applies to topological spaces that admit triangulations. In particular, we
will define simplicial homology in terms of A-complexes, which will serve as the fundamental building
blocks for our triangulations.

Definition 4.1.1. Let [vg, v1, . .., U] be an ordered tuple in R"™.

(1) [vo,v1,...,v,) € R™issaid to be affinely independent if the set

{vi —wvo,v2 —wo,..., v —v0}

is linearly independent'.
(2) Given an affinely independent ordered tuple [vg, v1, . . ., v,] C R™, the n-simplex generated by
[vo, V1, . .., Vp] is the convex span in R™ of the n 4 1 points vy, . . . , Up:

n
COHV[’U07’(}17.,,7/Un] = {IL’ = Ztﬂ)z e R™ ’ tz > O’Ztl = 1}7
1=0 i

We call the points v; the vertices of the n-simplex [vg, v1, . .., vp)].
(3) Given an n-simplex conv(vg, v1, . . ., vy], the face opposite to v; is the (n — 1)-simplex:

conv{vg, ..., U, ..., U] = {x € convlvg, v1,...,v] | t; = 0}.
The boundary of an n-simplex is the union of its faces.

Geometrically, an n-simplex can be understood as the smallest convex subset containing the vertices
{vo, ..., v}, where these points do not lie within any hyperplane of dimension less than . As an exam-
ple, consider the standard n-simplex:

Definition 4.x.2. The standard simplex, A" C R is

A" = {(to,---,tn) ER™ [t >0,) ti= 1}.

"Thus necessarily n < m

60
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Remark 4.1.3. The standard simplex allows one to induce coordinates on all n-simplices by sending e; — v;
inducing a map of simplicies:

n
(to, ... ,tn) — Ztivi
i=0

(to, ..., tn) are are called barycentric coordinates.
Definition 4.1.4. A A-complex structure on a topological space X is a collection of maps {0';7 A" —
X }%G>J0n such that:
(1) The restriction U]T-Lhm( Any is injective, and each point of X is in the image of exactly one such
07 ltne(an)-
(2) Restriction of each 07’ to a face of A™ is one of the maps 0271 A X
(3) Aset A C X isopen if and only if (U;‘)_l (A)is openin X foreach o}

Remark 4.1.5. In what follows, we shall identify a o} + A" — X with a n-simplex [vg, - - -, vn].

Our goal is to define the simplicial homology groups of a A-complex structure on a topological space
X. Let Ap(X) denote the free abelian group generated by the open n-simplices of X. Elements of
A, (X) are called n-chains. These can be expressed as finite formal sums

Z njoy, nj€Z.
JEIn
Definition 4.1.6. Let X be a topological space with a A-complex structure. The boundary operator
05+ An(X) = Ay 1(X)
is defined on each basis element of A, (X) as:

05 [vo, - vn) = Y _(=1)’[v0, -, By -, V0

We say that
(Y mio}) € Ana(X)
J€Jn
is the boundary of } . ; ;07 in X.
Remark 4.1.7. Note that the boundary of an n-simplex in X is a Z-linear combination (with coefficients
+1) of n — l-simplices. This provides one motivation as to why we consider Z-linear combinations of n-

simplices. Moreover, heuristically the signs are inserted to take orientations into account, so that all the faces
of a simplex are coberently oriented. See Example 4.1.8.

Example 4.1.8. The following are examples of boundaries some standard simplexes.

(1) Consider X = A, Then 9f [vg, v1] = [v1] — [vo]

€1
V) @ >
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(2) Consider X = AZ2. Then 8?[1)0,1)1,1)2] = [vl,vg] — [1)071)2] + [’Uo,vl]

V2

€3 €2

Vo

> U1
€1

Lemma 4.1.9. Let X be a topological space with a -complex structure. The map,
A

N
95 005 An(X) 25 Ap1(X) 25 Aa(X)
is zero for eachn > 0.

Proor. Note that:

Z (_1)1'(_1)1'[@0’...7@.’...7@.7...’%]_’_ Z (_1)1'(_1)3'—1[@07...7@7...,@.7...7%]:0

0<j<i<n 0<i<j<n
The latter two summations cancel since after switching ¢ and j in the second sum, it becomes the negative

of the first. U

Remark 4.r.10. Notethar A € ker 81A if and only if vo = v1. In this case, Al can be thought of as a circle
ora 1-loop. Indeed, this observation motivates the the observation that n-loops in X correspond to elements of
ker 02 foreachn > 1. Moreover, the condition 05 o 95, = 0 is the observation that the boundary of a
L-linear combination of (n + 1)-simplicies is a n-loop.

Let C2(X) = Ap(X) foreachn > 0. Purely algebraically, we have a sequence of homomorphisms
of abelian groups:

o A op A 54 A (o
/= O (X) = Chi(X) — Crg(X) — -+
The boundary map 95 : C2(X) — C2 | (X) is such that
95 1002 =0
That is,
im(02,,) C ker(02)

n

Elements of ker(95') are called n-cycles (or n-loops) and elements of im (92, ;) are called n-boundaries.

Definition 4.x.1x. Let X be a topological space with a A-complex structure. The n-th simplicial homol-
ogy group of X with Z-coefficients of the associated chain complex (C4(X), 95" ) nen is

ker(92Y)
im(as—&-l)

H2(X;Z) is called the n-th simplicial homology group of X.

HNX;Z) =

Remark 4.x.x2. In what follows, we will not explicitly verify Definition 4.1.4(3). For instance, we will not
explicitly verify that the A-complex structure on the circle, SY, i Example 4.1.13(1) is compatible with the
topology on St. Similarly, Example 4.1.13(2)(8) we will not explicitly verify that the A-complex structure
is compatible with the underlying quotient topology. It should be straightforward to do verify these claims,
though.

Example 4.1.13. We compute simplicial homology groups of various topological spaces below.
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(1) (Circle) Consider X = S! with a A-complex structure with a single 1-simplex and a single o-
simplex.

oY

We have a chain complex of the following form:

A aA 8A
—>0—>Z—>Z—>0

Here alA is the zero map. Therefore, we have:

HASL: Z) = {Z ifn=0,1

0 otherwise

(2) (Mobius Band) Consider X = M, the Mobius band. A A-complex structure on M is pictured
below.

We have a complex of the following form:

o o5
0 % gez %, et O, gea B
We have
Pa=0Pb=0rd=w—v
Ic=0
Hence Im 0§ & Z, implying that H5*(X) = Z%2/7 = 7. Also
BU=a—b—c
OSL=b—d—c
This implies 02* is injective. Hence H5(X) 22 0. A basis for ker 08 is {x = a — d,y =

b—d,z = c}. Henceker 02 = 7 @® 7 @ 7. A basis for Im 95" is {x — y — 2,5 — 2}. An
equivalent basis is {x, y — 2}. Hence HX(X) = Z.

Z forn=0,1
0 form>2

HnA(M;Z)g{
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(3) (Torus) Consider the X = T, the torus, with the A-complex structure is pictured below having
one vertex, three edges a, b, and ¢, and two 2-simplices U and L.

We have a complex of the following form:

BA

o5 2 0% 3 o o
c0 25 7% 25 7% a7 2 0.

As in the previous example, 81A = 0. Also 32AU =a+b—-—c = 82AL. Since 81A =0,
HE(T) = 7Z. Since {a, b, a + b — c} is a valid basis for Z3, it follows that H{*(T') = Z? with
basis the homology classes [a] and [b]. Since there are no 3-simplices, H. MMT)is equal to ker o5,
which is infinite cyclic generated by U — L. Thus,

Z®7Z forn=1
HX(TZ) = Z forn = 0,2
0 forn > 3

(4) (Real Projective Plane) Consider X = RP2. The delta complex structure is pictured below.

We have a complex of the following form:

9 08 08 o 0B
s 2 7?2 2,798 L, 7®2 00,

0,

We have
I’b=0Pa=w—v % =0.
Hence Im 9 = Z, implying that H5*(X) = Z%2 /7 = 7. Also
U =a—b—c OPL=b—a—c
This implies 92" is injective. Hence H£ (X)) 2 0. A basis for ker 0 is {x = a — b,y = c}.

Henceker 08 22 Z@Z. Abasis for Im95" is {x —y, —r —y}. Anequivalent basisis {z —y, 2y }.
Hence H{ (X) & Zo.
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Z forn=20
HYRP%7Z) = Zy forn=1
0 form>2

(5) (Klein Bottle) Consider X = K, the Klein bottle, with the A-complex structure is pictured
below having one vertex, three edges a, b and ¢, and two 2-simplices U and L.:

We have a complex of the following form:
op o op R
0 =25 72 2,798 7 20,
Clearly, 08 = 0. 02U =a+b—cand 02 L = a — b + c. Since 0P = 0, HY (K) = Z. We
have Im(95) = span{2a,a + b — c}. Since {a,a + b — ¢, ¢} is a valid basis for Z3, it follows
that HP(K) = Z @ Zs. Since there are no 3-simplices, H5* (K) is equal to ker 95, which is
easily seen to be trivial. Thus,

Z®7Zoy forn=1
HYNKZ) ={ Z forn =0
0 forn > 2

(6) (Triangular Parachute) Let X be a triangular parachute obtained from A? by identifying its
three vertices to a single point.

We have 1 face, 3 edges, and 1 vertex so that A%(X), A%(X) = 7, A1(X) = Z3. Note that
IN(X)=b+a—c
0P (a) = 9P (b) = 91 () = 5*(v) = 0

Hence ker 05 = 0, ker 09 = Z2, ker 95 = 7. On the other hand, Im 05 = Z as the
subgroup (b + a — c) is free on one generator. Hence we have,

Z forn =0
HY(X;Z)=2{Z%? forn=1
0 forn > 2
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(7) Let X be the topological space obtained obtained from 7 4 1 2-simplices A2,..., A2 byiden-

(8)

tifying all three edges of Ag to a single edge, and for ¢ > 0 identifying the edges [vg, v1] and
[v1, va] of A? to a single edge and the edge [vg, v2] to the edge [vo, v1] of A? ;.

v v v v
60‘60 €0i iel €1i i€2 en_li ien
v v v v v
€0 é1 é2 én
We have 1 vertex, n + 1 edges, and n + 1 faces so that Ag(X) = Z, A1(X), Ag(X) =2 Z"H,
We have a complex of the following form:

o5 1 0% iy 1 %
ceQ 2zt 2, 7o+l 1, 791 04,

Clearly, 95 = 0 and Im 02 = 0. Hence H5*(X) = Z. Let’s compute Im Jo. Note that:
X — €0 ifi=0
S 2e; —e;_1 ifi >1

It is clear that a basis for Im 9 = {ep} U {2¢; — ¢;_1 : 1 <i < n}. Note thatin H}(X) =
ker 01 /Im 0o, we set eg = 0 and 2e; — ;1 = 0 so thateg = 0, 2e; = e;_1. This implies that

2e1 = eg =0 2262:60:0 2k€k:€[]:0

so that Therefore:

HAX) = Z"Y (X 22 % -+ X QL) 22 Ty X Loy X - -+ X Tpm
It is easy to see that ker 05* = 0. Hence H5*(X) = 0. Therefore, we have:

Z forn =0
HYX;Z) = Ly X Ly X -+ X Lgn forn =1
0 forn > 2

Let X, be obtained from an n-simplex by identifying all faces of the same dimension. Since there
is only one k-simplex for each k < n, we see that AF (Xpn) = Zfor k < n. Choose a generator
o}, for each of these. Note that the restriction of o, to a (k — 1)-dimensional face will just be
0—1. Thus,

0 ifk =0,
k
, 0 ifk <n, and k is odd
020, = (=1)op_1 = = ’
k Tk Zz;( SOk op—1 ifk <n, and kis even,
0 itk > n.
Therefore:
Z ifk =0, 0 ifk=0,
ker((‘?kA): Y/ %fkgn,andk%sodd, Im(0y) = 0 %fkgn,andk%sodd,
0 ifk <mn, and kis even, Z ifk <n, and k is even,
0 ifk>n. 0 ifk>n.
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Hence:
7 ifk =0,
H,CA(Xn;Z) =1 7Z ifk=mn, andnisodd,
0 else.

4.2. (Co)-Chain Complexes & (Co)homology

We now turn to the formal study of homological algebra. In particular, we will discuss (co)chain
complexes and their associated (co)homology theories. These algebraic structures provide a systematic
framework for investigating topological and algebraic invariants. Our aim is to develop the foundational
tools essential for the study of algebraic topology.

4.2.1. Exact Sequences. Before defining (co)chain complexes and their associated (co)homology,
it is necessary to first discuss exact sequences. Exact sequences are a central tool in homological algebra,
encoding the manner in which one algebraic object maps into another. They play a crucial role in detecting
kernels and images of homomorphisms, which are fundamental in the definition and computation of
homology and cohomology groups.

Definition 4.2.1. A sequence

N ENG!
of two homomorphisms of abelian groups is said to be exact at B if im f = ker g. More generally, a
sequence

Sn+1 fn

2 A — Ay S A —

is said to be exact if it is exact at A,, for each n € Z. Such a sequence is called a long exact sequence of
abelian groups.

The following is an important special case:

Definition 4.2.2. A short exact sequence of abelian groups is an exact sequence of the form

0-4aL BSOS
that is exact in each degree.

Example 4.2.3. Using the notion of exactness, we can rephrase familiar definitions from basic algebra.
Suppose f : A — B is a homomorphism of abelian groups.

(1) fisinjectiveifand onlyif0 — A Iy Bisexact. Indeed, the sequence is exact at A if and only if
ker f = O ifand only if f is injective.
(2) f issurjective if and only if A ENy: 3N 0 is exact. Indeed, the sequence is exact at B if and only
ifim f = Bifand only if f is surjective.
(3) f is an isomorphism if and only if 0 — A Iy B 0iis exact. This follows from the two
statements above.
Remark 4.2.4. Functors in Abg (or in any abelian category) can preserve algebraic structure in different
ways. A functor F is said to be left exact if it sends exact sequences of the form
0+A—-B—-C

to exact sequences

0— F(A) — F(B) — F(O).
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Similarly, a functor is said to be right exact if it sends exact sequences of the form
A—-B—-C—0

to exact sequences
F(A) — F(B) — F(C) — 0.

A functor is called exact if it is both left exact and right exact. The notion of exact functors will be used later
and is discussed in greater detail in the appendix (Chapter 1s).

4.2.2. Co-(chain) Complexes. We now define the notions of (co)chain complexes and the (co)homology
of these complexes. (Co)chain complexes provide the algebraic framework for computing (co)homology,
encoding sequences of abelian groups connected by boundary maps. First, recall that in the category GrX,
where X = Grp, Ab, Modg, a morphism f : C' — D is said to be of degree k if for each n € 7Z, the
component map satisfies f : Cp, — Dy 4.

Definition 4.2.5. A chain complex of abelian groups is a graded abelian group along with a homomor-
phism O of degree —1 such that 909 = 0. In other words, a chain complex is a sequence of abelian groups
and homomorphisms

On, On On On—
C T Ol —5 Cpp 5 Gy —— -
for n € Z which satisfies 0, 0 911 = 0, foreachn € Z. Thatis,
im 8n+1 - kerc?n e 8n o 8n+1 =0

We refer to the entire complex as (C,, Js) or sometimes just Cy. The maps 0y, are called the boundary
operators of the chain complex. Elements of ker 0, are called n-chains and elements of im 0,41 are called
n-boundaries.

Example 4.2.6. Let X be a topological space. The chain complex
(O (X), 0 Jnen

encountered in Section 4.1 is a chain complex of abelian groups. We call this the simplicial chain complex.
Note that in this example the abelian groups are all zero for negative subscripts; this, however, is not part
of the definition in general.

Remark 4.2.7. Thereis a dual notion called a cochain complex of abelian groups, which is a graded abelian
group along with a homomorphism O of degree +1 such that 0 o O = 0. In other words, a co-chain complex
is a sequence of abelian groups and homomorphisms

an—l

n n+1 n-+2
‘—>Cm,8_)cn+18—>cn+26—>“‘

forn € Z, satisfying the condition

Ot od" =0, foreachn € Z.

Equivalently,
im 0" C ker o™ 1.
We denote the co-chain complex by (C*,0°%) or simply C®, and the maps O" are called the coboundary

operators. Elements of ker Oy, are called n co-chains and elements of im Oy 41 are called n-co-boundaries.

The distinction between chain and co-chain complexes is purely formal. We will invoke either notion
as needed throughout the text, depending on context and convenience. We now define the notion of a
chain map between chain complexes.
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Definition 4.2.8. Let (Cs, 0, ) and (C,,, 0, ) be chain complexes of abelian groups. A chain map between
(Ce, o) and (Cy,, 8,) is a sequence of abelian groups homomorphisms f, : C,, = CJ, forn € Z such
that the diagram commutes:

On+1 On
"'*>Cn+1 Cn Cn—1*>"'

an#»l an l n—1
o, !

1 n+1 1 9
”'*>Cn+l Cn - s ...

n !
n—1

Remark 4.2.9. The definition of a co-chain map between co-chain complexes is similar.

Proposition 4.2.10. Chain complexes of abelian groups form a category, denoted as Chainap. Similarly,
co-hain complexes of abelian groups form a category, denoted as CoChainp,.

Proor. Itsuffices to prove the first claim. Objectsin Chainay, are chain complexes of abelian groups and a
morphism between chain complexes of abelian groups is a chain map. If (Cs, 9 ), (C%, 0,) and (C?, 0)
are chain complexes such that fo : Co — C, and ge : C\, — C are two chain maps. Then

(go fle:Ce — CV

is the chain map given by (g © f), = gn, © fy. Thisis indeed a valid chain map as the diagram

On+1 1)
"'*>Cn+1 n C, sy Cpep —— -
fn+1 fn fn—l
/ ’
0 )
! ntl 1 n !
”'*>Cn+1 Cn Cn71*>”'
In+1 gn gn—1
/! /! /!

10)
1 n+1 1 n+1 1/ n+1
- — n41 C’I’L n—1 —_—

commutes essentially by construction as can be easily checked. This defines the composition of two chain
maps. Moreover, the identity chain map Id : Cq — Cl is the chain map given by Id,, = Id¢, where
Idc,, is the identity homomorphism from C;, to C,.

On

d
oo —— Cpy1 —5 0, Chq —> -

lldnﬂ Jldn Jldn_l
a !

n+1 6n
"'*>Cn+1 Cn Cn71*>"'

All that is required is check that composition of chain maps satisfies the associativity property and the
composition of a chain map with the identity chain map yields the original chain map. All these are routine

checks. 0

Remark 4.2.xx. We can also define the category of short exact sequence of chain complexes, ChainEﬁaCt. Ob-

Jects in Chain52 are short exact sequences of chain complexes. A morphism between short exact sequence of
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chain complexes is a diagram

0 A, — B, - C, O
e e
0. A, B I~ 0e

such that fe, Ge, Ne are chain maps. We will not go through the pain of writing the diagram out explicitly.
Exact

The category CoChain s is defined similarly.

4.2.3. Co(homology). Given a chain complex (Cl, 0 ), where each C,, is a abelian group and 0, :
Cpn — Cj—1 is a boundary map, the defining condition of a chain complex is that the composition of
consecutive boundary maps is zero; that is, 9,, 0 05,41 = 0 forall n € Z. This condition ensures that

im Oy 4+1 C ker Oy,

This containment motivates the introduction of homology which serves to measure the failure of this
inclusion to be an equality.

Definition 4.2.12. Let (C,, o) be a chain complex. The n-th homology group is defined as

ker 0,,
im 8n+1 '

H,(C,) :=

Remark 4.2.13. There is a dual notion of cobomology of co-chain complexes. Given a co-chain complex
(C*,d®), where each C™ is an abelian group and O™ : C™ — O™V is a4 co-boundary map satisfying
Ot o 9" = 0, we define cobomology to measure the failure of exactness:
ker O™
imon—1°
Once again, the distinction between homology and cohomology is purely formal. We will invoke
either notion as needed throughout the text, depending on context and convenience.

H™(C®) =

Example 4.2.14. Let’s compute the homology of some simple chain complexes:
(1) Consider the chain complex
C.:---%O%ZEBZ%Z%OH---,
where the chain groups are given by
C, =17,
Co =2 L,
Cn=0 forn#1,2.

The homomorphism 05 is defined by 92(z, y) = 3z + 3y. Note that we have the following

ker & Z, ifn=1lorn=2,
cr =
"o, ifn#£1,2.

Similarly, we have

. 37, ifn =2,
im 0, =
0, ifn#2.
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Therefore, the homology of the chain complex is given as:

Zg, ifn = 1,
H,(Co) =< Z, ifn=2,
0, ifn#1,2.

(2) Consider the chain complex:

27825 72/82 % 7282 5 2/87 00— -

where Cy, = Z/8Z forn < 0and C™ = 0 forn > 0 and the map 0 is given by x mod 8 —
4z mod 8. It is easy to see that

ker 9 ={0,2,4,6} = Z/AZ
im 0 ={0,4} 2 7Z/27Z
for n < 0. Hence,
YAZYA
H,(Co) &2 —= =27Z/27

Trivially, H,,(Cs) = 0 forn > 0and Hy(C,) = Z/47Z.

We now discuss an important observation that (co)homology defines a functor from the category of
(co)-chain complexes to the category of abelian groups. This is formalized in the following proposition.
Proposition 4.2.15. Forcachn € Z, there is a_functor

H,, : Chainpp — Ab

that associates to a chain complex over abelian groups its n-th homology group Similarly, for eachn € 7 there

is a_functor
H": CoChainap — Ab

that associates to a co-chain complex over abelian groups is n-th cobomology group.

Proor. Itsuffices to prove the first claim. Consider a chain map between chain complexes given by the
following diagram:

On

a'n,+1
"'*>Cn+1 Cn Cn—1*>"’

lfn-kl an l n—1

! n+1 / oy, /
...*>Cn+l Cn Cn—l*>.”

The relation f,,0,41 = a; 1 1fn+1 implies that f,, takes n-cycles to takes n-cycles for each n € N. This
is because if ,,¢ = 0, then

3;1(]”“(0)) = fn-1(0nc) =0
Also, f, takes n boundaries to n-boundaries since
fn(On1c) = awlm+1(fn+lc)
Hence f, descends to a homomorphism
H,(f) : Hy(Cs) — Hy(Cy)

It remains to check that H,,(g o f) = Hy(g) o Hy(f) and that Hy,(Idx) = Idg, (x). Both of these are
immediate from the definitions. U



72 4. HOMOLOGICAL ALGEBRA

4.2.4. (Co)-chain homotopy. We conclude this section by introducing the notion of a chain homo-
topy between chain complexes. Chain homotopy allows us to compare chain maps up to a ‘deformation,’
playing a crucial role in establishing when two chain complexes have the same homological properties. As
expected, there exists an analogous notion of a co-chain homotopy between co-chain complexes. We will
not repeat the definitions in this case.

Definition 4.2.16. Suppose (C,, ) and (C,,, ") are two chain complexes with chain maps fe, ge. A
chain homotopy between fo, ge is a series of maps T, : Cy, and C), 11 such that

fon—gn = a;H—lTTL + Th—10, n>1
Tood = fo—go n=20
That is, the following diagram commutes

On

On41
"'*>Cn+1 Cn Cn71*>"'

T%ngn% f nlgz%llgn% ,

/ / /
o O o Ol Gy ——
n

Remark 4.2.x7. It can be verified that (co)chain homotopy is an equivalence relation. Consequently, Defini-
tion 4.2.10 defines a new category, hChainay, whose objects are chain complexes over abelian groups and whose
morphisms are chain maps modulo the chain homotopy equivalence relation. The category hCoChainay, 7s
defined analogously, with cochain complexes and cochain maps modulo cochain homotopy.

Remark 4.2.08. We will provide a geometric intuition bebind the definition of a chain homotopy in Sec-
tion s.2.

Proposition 4.2.19. Let (C,0,), (C', D)) be chain complexes and let fo, ge be chain maps between the
chain complexes. If there is a chain homotopy fe and ge, then the induced maps in homology are equal, i.c.,
we have:

H,(f) = Hn(g) : Ho(Ce) — Hy(Cy)

Proor. Let (T7,)n>1 be the sequence of maps defining a chain homotopy. Let [c] € H,,(C). If n = 0,
we have

Ho(f)([e]) = [fo(c)] = [90(c) + 01 To(¢)] = [g0(c)] = Ho(g)([c])

Forn > 1, we have:

Hn(£)([e]) = [fn(c)]
= [gn(¢) + 041 Tn(c) + Tn-10n(c)]
= [gn(c)]
= Hn(9)([c])
The third equality uses that cis a n-cycle and that a homology class is not changed if we add a n-boundary.
The claim follows. O

Proposition 4.2.19 shows that for each n > 0, the homology functor defined in Proposition 4.2.15
factors through the homotopy category hChainap.

Chainap —~— hChainay,
.
H, <+
Ab
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Of course, a similar statement holds for the cohomology functors and the category hCoChainap.

4.3. Motivation for Spectral Sequences

In algebra, one often seeks to compute a graded object M*, which may be, for instance, any of the
following:
(1) agraded R-module for aring R,
(2) agraded K-vector space for a field K,
(3) agraded K-algebra for a field K.
The computation of M™ is frequently nontrivial. Significant progress can often be made through an
approximation argument, especially when M™ is equipped with additional structure that facilitates such
methods. A common scenario arises when M™ is endowed with a filtration by a (possibly unbounded)
descending sequence of subobjects:

QMnQMn—i-lQ) (I)
satisfying (J;— g My, = M* and (2, M,, = 0. Alternatively, one may consider filtrations given by
possibly unbounded increasing sequences of subobjects. In general, these sequences need not be bounded.

We illustrate this with the following example:

Example 4.3.1. Let M* be a possibly infinite-dimensional KK-vector space. For instance, consider M* =
K*°, the countably infinite-dimensional K-vector space with basis {eg, €1, . .. }. Define
M, := span{e, | p > n}
Then { M), }nen defines a filtration as described in Equation (1).
In fact, Example 4.3.1 possesses additional structure, in the sense that K® can be recovered from its
filtration as follows. The filtration of K gives rise to a new graded IK-vector space known as the associated

graded K-vector space defined by M,, / M, 1. One can recover K up to isomorphism from its associated
K-vector space by taking direct sums:

K>® =~ @Mn/Mn—i- ~ @ Spal’l{ep ‘ p > n} o éspan{en}
n=0

span{e p>n+1}

In general, it may not be possible to fully compute an arbitrary graded object M * via such filtrations.
For example, if M* is an arbitrary graded R-module, extension problems may arise that obstruct the re-
construction of M* solely from its associated graded R-module. Nevertheless, the associated graded mod-
ule of a filtration on M ™ serves as a natural first approximation to M ™, which can potentially be refined
through a limiting process. This principle underlies the theory of spectral sequences:

A spectral sequence is an algorithm for computing a graded object by taking successive approximations.

Spectral sequences arise as a natural computational and conceptual framework in the study of filtered
complexes within homological algebra and algebraic topology. They prove especially useful in contexts
where direct computation of homology is intractable, yet a filtration endows the problem with a more
accessible structure. To illustrate this informally, we now consider an example that will naturally motivate
the formal definition of a spectral sequence.

Example 4.3.2. (Filtered Co-Chain Complexes) Let C'® be a co-chain complex of abelian groups equipped
with a decreasing filtration* by sub-complexes:

.:_)FpC'QFp+1C°2...

*We could also consider an increasing filtration; however, to remain consistent with the filtration introduced earlier in Equa-
tion (1), we choose to work with a decreasing filtration. Later on, we will work with both decreasing and increasing filtrations.
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E91,1 E8,1 E?,l E91,1 B E8,1 B E?,l w ;
0 (\0

0 0 0 0 0 0 0
E 1,0 EO,O El,O E—I,O EO,O El,O E—I,O EOO

0 0 0
EZ, 1 — Ey_; — E7_,4
() Zeroth page (B) First page (c) Second page

Snapshots of first three pages of a homological spectral sequence

Such a filtration provides a decomposition of the complex into progressively more refined components.
The central question is how the cohomology of C'® can be reconstructed from the data of the filtration. A
natural first step is to consider the associated graded complex:

G, C*® == F,C*/F,11C". (2)
For each p € Z, one may compute the cohomology of G, C'®, yielding an approximation to the coho-
mology of the co-chain complex. However, this information may be insufficient to fully determine the
cohomology of C'*. To overcome this limitation, one introduces a spectral sequence: for r € N, a se-
quence of pages { E7'?};, )ez2 such that E? is a bi-graded group. The first page is derived from the

cohomology of the associated graded complex in Equation (2). Subsequent pages refine this approxima-
tion as each subsequent page is defined as the cohomology of the preceding page.

Remark 4.3.3. Under appropriate convergence conditions, the spectral sequence is expected to stabilize at a
terminal page which captures the associated graded components of the homology of the co-chain complex. We
will see how the exact definition of convergence of a spectral sequence naturally arises in explicit constructions.

4.4. Definition of a Spectral Sequence

Based on the discussion in Section 4.3, we introduce the definition of a spectral sequence in this section
and comment on some details surrounding the definition.

Definition 4.4.1. Let 79 € N. A homological spectral sequence, £, of abelian groups consists of the
following data:

(1) A collection of abelian groups, E /, with integers p,q > Oand r > ro,
(2) A collection of differentials

(a . T T
dp,q : Ep,q - Ep—nq-ﬁ-r—l

r T r+1 T
suchthatd)_, .. 4 ody, =0and £} 7" is the homology at E ,i.e.

-
1~ kerdy, 4
p7q . r

im dpﬂn’qﬂﬂJrl

The collection E" = {(E}, ,,dy, ,) : p,q € Z} for a fixed r is called the r-th page.

One way to look at a homological spectral sequence is to imagine an infinite book, where each page
is a Cartesian plane with the integral lattice points (p, ¢) consisting of objects in the category of abelian
groups and differentials between the objects forming a chain complex. The homology groups of these
chain complexes are precisely the groups which appear on the next page. The customary picture is shown
in Figure 1.

Lol T
E% .,  E3., BV, ES . Bl EY
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The intuition behind the definition of the differential maps can be understood as follows. Since the
differentials d;’q are designed to compute homology, we anticipate that the total degree of the map de-
, oy . N "
creases b).r one. Cor?sequent.ly, ifthe d(.)malr} is E.p,q, itis natural for the Cf)c.lomam of dp7 qto be Ep_r, g+r—1-
The particular choice of shifts by 7 will be justified later, when we explicitly construct spectral sequences.
We also recall the analogous definition in the cohomological setting:

Definition 4.4.2. Let79 € N. A cohomological spectral sequence, I, of abelian groups consists of the
following data:

(1) A collection of abelian groups, EPY with integers p,q¢ > Oand r > 7y,
(2) A collection of differentials

D4 . P4 p+r,q—r+1
avt . P9 — EF
—r+1 . .
such that d£+r’q i, d?? = 0 and Effl is the homology at EPY je.

P ker @24
Ty
imd;

The collection B, = {(EF?, d"?) : p,q > 0} for a fixed r is called the r-th page.

Il

BN B B EM N E\ " T
Eo—l,O Eg,o Eé’o El—l,O E?’O E1170 Ez\m/}$
—1,-1 0,—1 1,-1 “1,-1 0,—1 1,-1 —1,—1%
E, E, £, E, — B — B E, Ey E;
(a) Zeroth page (B) First page (c) Second page

Snapshots of first three pages of a cohomological spectral sequence

Remark 4.4.3. Spectral sequences refine the process of calculating homology in the sense that the computa-
tion of homology at the r-th page not only yields the homology at the (v + 1)-st page, but also determines the
differential maps between the homology on the (1 + 1)-st page. Hence, a spectral sequence encodes a signifi-
cant amount of additional information. However, the differentials can be difficult to compute explicitly. In
practice, educated guesswork and ad-hoc techniques are often required to determine the differential maps.

Since homology is defined as a sub-quotient (i.c., the quotient of an abelian group), we expect the
modules appearing on the (7 + 1)-th page to be, in some sense, “smaller” or more refined than those on
the 7-th page. Fixing a position (p, q) € Z?, we consider the sequence of abelian groups Ep asT — oo.
This motivates the definition of the limiting page of the spectral sequence, referred to as the /°° page, as
well as the notion of convergence of spectral sequences. The definition will be provided in a later section.
The best way to understand how this definition arises is by examining a concrete construction where we can
explicitly determine the ingredients that determine the definition of convergence of a spectral sequence.
For the time being, we consider a formal construction in which issues of convergence do not arise.

Example 4.4.4. (First Quadrant Spectral Sequence) First-quadrant homological spectral sequences
are significantly more tractable than general homological spectral sequences, both computationally and
conceptually. A homological spectral sequence is a first quadrant homological spectral sequence if £ | =

Oforp < Oorg < 0. Fix (p, q¢) € (NU{0})2. Inafirst quadrant homological spectral sequence, for  (as
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a function of (p, q)) large enough, the differential with co-domain £ , has domain 0 and the differential
with domain E;,q has co-domain 0. Therefore, we get

s T
kerdy, , ~ Eyq ~ gr

r+1 ~
- 0 pq°

p.q

: i
m dp+r,q—r+1

The stable value £, , = Eﬁq for k > r(p, q) is named E;%- In this case, we can determine the entries
on the F°° page in a finite number of steps, and there are no issues of convergence. A first-quadrant
cohomological spectral sequence is defined similarly.

The distinction between homological and cohomological indexing is purely a matter of convention.
We will use both notations as appropriate and convenient in the discussions that follow.
4.5. Spectral Sequence of a Filtered Complex

Remark 4.5.1. In this section, we work with cobomological spectral sequences. The constructions are largely
formal and have analogous counterparts for homological spectral sequences, which we will freely use later on.

Definition 4.5.2. Let C* = {C", 0" },,c7 be a co-chain complex of abelian groups. A decreasing filtra-
tion of C'® is a sequence
- DF,C* D2 F,1C*D---

such that each F,,C* is a sub-complex of C'* and the differential 9™ restricts to a map
F,C" — F,Cc"t!
forall n € Z that is compatible with the filtration.

Remark 4.5.3. Increasing filtrations for chain complexes are defined similarly.

Remark 4.5.4. We write the j-th entry of F;C* as C’gfor 1,7 € Z. Note that we have 83 (CZ]) C C'Z-j+1
foreachi, j € 7. We can visualize the filtered co-chain complex as follows:

o1 0
— 0 =0, = oy
Ul Ul Ul
%t o 1
— C Cy Cy
Ul Ul Ul
0t o 1
Ul Ul Ul

We say that the filtration is exhaustive and separated if for each j € Z, we have

(¢! =0 and |JCI=CY.

i€EZ 1€EZL
The first condition is the exbaustive condition, and the second condition is the separated condition. In other
words, the filtration must eventually become arbitrarily small and arbitrarily large at each degree.
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From the data of a filtration on a co-chain complex, one constructs a spectral sequence that approx-
imates the cohomology of C'® through successive approximations. Let’s first discussion the motivation
behind the construction. We let the Ey page of the spectral sequence be the associated graded co-chain
complex. That is?,

D~ P+Hq ~ p+q p+q
Ef? = G,CPT1 = F,CPT/F, 1 C
with induced differential
p+q p+q+1
P9 - Fp,C FpC
Fpi CPH F, . CPratl
induced by themap 9577 : F,CPT4 — F,CPT9+! The map is well-defined because obta (Fp41CPT2) C

Fp CP +4+1 Ttis clear that these maps compose to zero. We then let the /1 page denote the cohomology
of the associated graded co-chain complex. That s,

EP? = HPPYG,C®)

ker (dﬁ”q : BPY — E{]”qﬂ)  ker (&) G,CPHY — G,OPTItT)

im (dg’q_l : Eg’q_l — Eg”) im (dg’q_l : GpCrta—l — GpC'p+q> '

~ P4 P9+l ~
= Ey" — By =

We think of E4* as a “first-order approximation’ to HPT9(C*®). The question now is how to construct
the differential d*?? Let’s construct d¥*2. Note that a cohomology class [a] € EP? represents a chain
1 1 34 1 p

¢ € F,CP*4 with differential 95 /¢ € Fp,1CP+4, With this in mind, we define
D:q . Psd p+1.q
" By — By
p+q
[a] — [8p cl.

One easily sees that dlf+1’q o d"? = 0. So we are justified in defining

Pq . Psd pt+1g

ker(d)? : EY* — E7T7)

s (P14 . pp—1a Py’
im(dj B} — E7Y)
We can continue to construct higher-order approximations. Note that a cohomology class [a] € E5? can
be represented by some [z] € EV'? with differential d"[z] = 0 € E¥ 14 Since dz] = [95T],
where ¢ € F,CP"isany chain representing ¢, we can choose 8£+qc to be the zero elementin ker(dg+1’q),

Ep>q fp—

meaning that 85 ¢ € F,1oCPT9+1, This suggests that we can define a map
D4 . 1Psq p+2,q—1
dy” : By — K .
Based on what we’ve seen so far, it seems that elements of an rth-order approximation EP? should ul-

timately be represented by co-cycles ¥ € F,CPT? such that dz € F,;,CPT% L, This turns out to be
exactly the case. For each n € Z, we have a filtration

-~ D F, 1C" D F,C" D Fpy1C" D - -
of the object C),. We think of elements of C, further down the filtration as being “closer to zero.” The
idea of a cohomological spectral sequence of a filtered co-chain complex is to asymptotically approximate
the cohomology of C*® by refining co-cycles and co-boundaries through their 7-approximations.

(1) Specifically, an r-almost co-cycle is a co-chain whose differential vanishes modulo terms that are
7 steps lower in the filtration.

3Although the choice of C* 19 instead of C'¥ may initially appear unusual, for fixed p the index p + ¢ is merely a shift of
g by a constant, and thus poses no problem. The necessity of this choice will become apparent when the spectral sequence is
constructed in detail.



78 4. HOMOLOGICAL ALGEBRA

(2) An r-almost co-boundary in filtration degree p is a co-cycle that is the differential of a co-chain
which may be up to r steps higher in filtration degree.

We now state and prove the desired result.

Proposition 4.5.5. Every decreasing filtration of a co-chain complex C® determines a cobomological spectral
sequence.

Remark 4.5.6. We will see in the proof that the zeroth page of the spectral sequence is the associated graded
co-chain complex

G,C* = F,C*/F,4,C",

and that the first page is the cobomology of this co-chain complex. Hence, the construction is consistent with the
remarks made in Section 4.3.

Proor. Choose the Fy page of the spectral sequence such that
EN = F,CP*/F, 1CPT1 = G,CPT1
For > 0, we define r-almost (p, ¢)-co-cycles and r-almost (p, ¢)-co-boundaries as the following abelian
groups:
(1) The abelian group of r-almost (p, g)-co-cycles is defined as
ZP9 = {c € F,CPT1| 989(c) € Fpy, CPTIT1} JF,  CPHI

_ RPN (B CPHY) + By CPH KP4,y OPF
- Fp41 CPHa T FpaCrte

In other words, ZF*? consists of co-chains in chp+q whose co-boundaries lie in F},,.C? +atl
modulo Fj,1CP14.
(2) The abelian group of r-almost (p, ¢)-co-boundaries is defined as

— gpta- 1( F,_ r+1cp+q 1)mpcp+q

p—r+1
angng( p_THCIqul) N F,CPHe 4 B, CPHa
o +1C’p+q
a£+g+%(Kp r+1,14r— 2)+Fp+10p+q . If’q—l—FpHCerq
F,y1CPHa " Fpp CPHa

In other words, BX"? consists of co-chains in chp-i—q that are in the image of F},_, 11 crta—1
modulo Fj,CPT1,

Note that the reason we quotient out by 7 +1CP+4 in the definitions of Z2'? and BY? is that we want to
localize our attention to the p-th graded piece of the filtered complex, and avoid interference from deeper
levels of the filtration. This allows us to consider approximate co-cycles and approximate co-boundaries in
the associated graded co-chain complex. Since the differentials in the co-chain complex compose to zero,
note that we have,

B’[I’)’q g Zf7q
We can therefore define the 7-almost (p, ¢)-cohomology by

e Zlhq N K;D,(Z_I_Ferlcp—i—q
r B P14 F, CPta
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Note that we have a canonical surjective homomorphism:

KP4 F,,,CPH g

IP? 4+ F,CPrta T

mapping x € KF"? to [z + 0]. Note that the kernel can be identified with 7' C K**?. Moreover, note

. o .
that 0£+q restricts to a map from K29 o K,PJFT’Q "1 Since 8£+q(ff’q) = 0, we have a commutative
diagram:

g . ) ) +
g KP9 s KP4 B CP

opte rg—rtl
Kq{)’q KTP )

, +rq—r+
- [

) +r,g—r+1
EPS oy RS

. . —r41
It is clear by construction that dPTT o P — (), We now show that
4l
ker (d’ﬁ’q . P4y Pt )
Ep7q %/

| :
. — -1 — -1
im (d%f natrh prenatrl E,qu)

A quick computation shows that
Y2 +1 -+
Kr+1 + FPTICP™4
P9 prticeta ’
P,q p+1p+q
im(dp—r,q-‘rr—l) ~ Ir+1 + F ¢ .
r P+ prtiCrta

ker(dP)

12

Therefore, we have
ker(df’q) N (Kffl +Fp+1cp+q)/(_[7?’q +Fp+1cp+q) N Kffl +Fp+1cp+q v
im(dp—nq—&-r—l) - (Iffl +Fp+1Cp+q/(I£7q+Fp+1Cp+q) - Iffl +Fp+1Cp+q - r+l

r

It is clear from the definitions that
ZP9 = ker (G,CPT1 — G,CPTIH) |
BY? = im (G,CPTT! — G,CPT) .
Hence, EV" = HPT9(G,C*®). This completes the proof. O

Remark 4.5.7. A homological spectral sequence associated to an increasing filtration of a chain complex is
constructed similarly.

4.5.1. Bounded Convergence. We discuss the notion of convergence of spectral sequences infor-
mally in this section, focusing on the special case of bounded filtrations, where convergence issues do not
essentially arise. The idea behind the construction of the spectral sequence is that as r becomes large, the
approximate co-cycles and co-boundaries of degree r approach the actual co-cycles and co-boundaries.
Therefore, we expect EP9 o approach something related to the cohomology of the co-chain complex.
There are subtle issues of convergence involved, but we can attempt to identify the ‘limiting page’ in the
special case where the filtration is bounded. For a bounded, exhaustive and separated filtration, for each
| € Z there exist m(l) > n(l) € Z such that

F,Ct =,
F,C'=0.
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Fix any p, ¢ € Z, and choose any r > max{m(p+ ¢+ 1) —p,p —n(p+q+ 1) + 1,0}. Then,
Fp—r+1cp+q_1 ») Fncp—l-q—l — Cp-&-q—l.
Therefore, we have

pa chp+q N ker OPT4 + Fp+lcp+q B — cherq Nim oP+ta—1 FpH(ijrq
T F,1CPta ’ L F,1CPTa '

With these descriptions stated, we obviously have a surjective map
+ o )
F,HPTI(C®) — EP1.

The kernel of this map will be the cohomology classes « € F, HPt9(C*) represented by a cycle z €
F,11CPT4. That s, the kernel is exactly F},11CP%. Hence, forr > max{m(p+q+1) —p,p—n(p+
g+ 1) + 1,0} we have the isomorphism

G, HPH1(C*) = EP,

r

Hence, we see that if the filtration is bounded, then for sufficiently large 7, the r-almost (p, ¢) cohomol-
ogy coincides with the associated graded cohomology abelian groups. Hence, for the case of a bounded
filtration, we say that the “limiting page” of a cohomological spectral sequence, denoted EPA satisfies

ERY = G,HPI(C®).

We write £ = G,(HPT9) = EX7 and say that the spectral sequence converges weakly. The general
case is dealt with by definition through the notion of a convergence of spectral sequences.

Remark 4.5.8. A similar remark regarding convergence applies to homological spectral sequences associated
to an increasing bounded filtration of a chain complex.

4.5.2. Spectral Sequence of a Double Complex. We now discuss the construction of a cohomo-
logical spectral sequence arising from a double complex. Our focus will be on first-quadrant cohomolog-
ical double complexes, where convergence issues do not arise. The construction of a homological spectral
sequence arising from a first-quadrant homological double complex is similar.

Definition 4.5.9. A first quadrant cohomological double complex, C'**, of abelian groups consists of a
collection of abelian groups { CP};, ;) en2 arranged in a bi-graded grid, together with two differentials:

dgq . CPa — oPTLa d;\)f,q . OP9 —y OPatl
such that the following conditions hold:
derl,q © dﬁ{q =0,
dz‘:qul © d;‘:,q =0,
dgﬁl © dz‘o/,q + dz‘o/ﬂ,q © dgq =0,
forallp,q € N.

A first quadrant cohomological double complex can be visualized as a grid of abelian groups arranged
in the first quadrant, with horizontal and vertical differentials.
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v
dgo

v
dg 1

CO,l

v
dg.o

C0,0

The total differential d = d" +d* on the associated total complex Tot® (C'**), defined by Tot™ (C**)

\4
d12
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H
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H
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d3 o
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D, j=n CP satisfies d o d = 0, making Tot(C*®) a co-chain complex. Each element in CP¢ C

Tot" (C*) is mapped, via both the horizontal and vertical differentials of the double complex to the cor-
responding summands in (Tot C')PT4+L,

Remark 4.5.10. A first quadrant homological double complex Co o of abelian groups can be defined simi-
larly. It consists of a collection of abelian groups {Cp ¢} (p.q)enz arranged in a bi-graded grid, together with

two differentials:

P .
dy : Cpg = Cp1,,

satisfying the following conditions for all p, q € N:

-1
p,q—1 p,q __
a0 di? =0,

-1 -1
A5 ody  + dy o dii? = 0.

P .
dy" : Cpg = Cpg—1

A first quadrant homological double complex can be visualized as a grid of abelian groups arranged in the
[first quadrant, with horizontal and vertical differentials.

g2:2

H
Ca

3,2
dy

Csp

2,2
dy

)

3,2
dy;

3,1
dy

g2t
H
Can

Cap

Cs,1

3,1
dy;

a0
Cs0

)

)

Given a cohomological double complex, we construct a cohomological spectral sequence by filtering

our double complex in two different ways. We first consider the following filtration:

0
ChI

ifi < p,
ifi > p.
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Note that we have a decreasing filtration by columns. The total complexes of these truncations of C'*-®
give rise to a decreasing, exhaustive, seperated and bounded filtration on the total complex of C*°.

F, Tot),(C**) = P Ci

1>p
Using Proposition 4.5.5 and Section 4.5.1, we have the following result:
Proposition 4.s.xx. Consider a first quadrant cobomological double complex, C'**, of abelian groups. There
exists a cobomological spectral sequence EPA Sforr > 0 such that:

(1) The zeroth page is given by the original double complex:

era_ B Tor,(C°)

Fp+1 TOtp+q(C.’.)

e X

and the differentials dg’q : Eg 4 Eg 9L ve the vertical differentials dv of the double complex

(2) Thefirst pageisgiven by the cobomology computed from the zeroth page and the differentials d)*? : EP*? —

Ef L e naturally induced by the horizontal differentials daf,

Moreover, for cach (p, q) € N there exists a R(p, q) such that forr > R(p, q) we have
EP9 = EPY = G,HPTI(Tot C**).

We could easily have used the vertical truncations of the double complex.

i 0 ifj<p
07’7_] — o ’
(e {Cw ifj > p.

Note that we have a decreasing filtration by rows. The total complexes of these truncations of C'** give
rise to a decreasing, exhaustive, seperated and bounded filtration on the total complex of C'*'°.

F, Totl/(C**) = @5 Cm
jzp
Using Proposition 4.5.5 and Section 4.5.1, we have the following result:
Proposition 4.5.12. Considera first quadrant cobomological double complex, C**, of abelian groups. There
exists a cobomological spectral sequence EX? for v > 0 such that:

(x) The zeroth page is given by the ‘transposed’ original double complex:

11 )
Eg’q: Fp Tot,  ,(C**) _ cav

p+1 TOthrq (C. .>

and the differentials d57: EP'? — Eb U 4y the induced by the horizontal differentials d™ of
the double complex

2) Thefirstpageis given by the cobomology computed from the zeroth page and the differentials & : E{*? —

E? T e naturally induced by the vertical differentials dV of the double complex.

Moreover, for each (p, q) € N there exists a R(p, q) such that forr > R(p, q) we have
EP9 = EPI = G,HPT9(Tot C**).

Remark 4.5.13. Of course, we could have derived a homological spectral sequence associated to first-quadrant
homological double complexes. We obtain two types of spectral sequences, which we described in words:
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(1) The first spectral sequence is obtained by filtering columns. The zeroth page is the double complex, and
the differentials are the vertical (downward facing) maps from the double complex. The first page
is the homology of the first page and the maps are the horizontal (rightward facing) maps induced

from the double complex.

(2) The first spectral sequence is obtained by filtering rows. The zeroth page is the ‘transposed’ double
complex, and the differentials induced by the horizontal differentials from the double complex. The
first page is the homology of the first page and the differentials are the vertical maps induced from
the double complex.

We will freely use the analogous results below.
4.6. Applications

Why all the fuss about homological algebra, and in particular spectral sequences? Their significance
stems from the ability to systematically decompose complex computations into more tractable, stepwise
analyses. Let us now apply the machinery we have developed.

4.6.1. Diagram Chasing Lemmas. We first establish several diagram-chasing lemmas that play a
foundational role in homological algebra.

Proposition 4.6.1. (Five Lemma) Consider the following diagram of R-modules:

A1, B C D5 E
of ol ol el
Al / B C’ D 9 E

be a commutative diagram with exact rows of R-modules. We have the following:

(v) If o is a surjective homomorphism and B, 0 are injective homomorphisms, then vy is an injective
homomorphism.

(2) If € is an injective homomorphism and (3,0 are surjective homomorphisms, then vy is a surjective
homomorphism.

Remark 4.6.2. We use the homological spectral sequence associated with a first-quadrant homological double
complex in the argument below.

Proo¥. We only prove (1), noting that the proof of (2) proceeds analogously. To construct the desired
double complex, we begin with the given diagram, reflect it appropriately, and adjoin the necessary kernels
and cokernels on the left and right. By assigning zero objects to all remaining entries, we obtain a first
quadrant homological double complex.

|

T A

0 0 0 0 0 0 0 0

l l | | | l l !
coker ¢’ E D C B A ker f 0
l L A l l
coker g” E' D’ C’ B’ A’ ker f/ +— 0

If we consider the homological spectral sequence arising from filtering the double complex by rows, the
E'-page is computed by taking homology in the horizontal direction. Since the double complex is exact



84 4. HOMOLOGICAL ALGEBRA

along rows, it follows that all entries on the 2 1—page vanish. Consequently, the spectral sequence converges
weakly to zero. Similarly, the homological spectral sequence obtained by filtering the double complex by
columns also converges weakly to zero. In this case, the F/ 1 page is obtained by taking the the homology
of the double complex in the horizontal direction:

x «— kere ker & kery ker 8 ker v +—— x

% <—— cokere ¢—— cokerd +—— cokery +—— coker 8 +—— cokera +— x

By assumption ker § = ker 3 = coker & = 0. By taking homology once more, we arrive at the £ page:

*‘x*\ke\’y*&*
* * * * \0 *

As the spectral sequence converges weakly to 0, we know that on the /°° page, no entry can remain. But
this means that ker v must vanish, since otherwise it could never disappear on the subsequent pages. This
proves the claim. O

We now prove the Snake Lemma using homological spectral sequences. The Snake Lemma is a fun-
damental result in homological algebra, playing a crucial role in the construction of long exact sequences
that arise naturally from short exact sequences of chain complexes.

Proposition 4.6.3. (Snake Lemma) Consider the following diagram of R-modules:

AL, 92.¢ 0
|
0 A/f ;9 !

Then there is an exact sequence of R-modules:

kerao — ker 8 — kery -2 cokeraw — coker B — coker~y
The map 0 is called the connecting homomorphism.

Proor. The proof proceeds analogously to that of Proposition 4.6.1. As in that case, we construct a
first quadrant homological double complex by adjoining kernels and cokernels to the given diagram and
assigning zero objects to the remaining entries.

O

OO
—o— o
— QO — O
e O
O

~

o

-

\
C— O — O — -

0 «— cokerg’ c’ B’ A 0

If we consider the homological spectral sequence obtained by filtering the double complex by rows, the
E 1—page is computed by taking homology in the horizontal direction. Since the double complex is exact
along rows, all horizontal homology R-modules should vanish, and thus the &/ 1—palge consists entirely of
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zero objects. Consequently, the spectral sequence converges weakly to zero. Similarly, the homological
spectral sequence obtained by filtering by columns also converges weakly to o. For this spectral sequence,
the B! page is obtained by taking the the homology of the double complex in the horizontal direction:

0 <— cokerg ker ~y 5 ker 8 <T ker o

coker T coker 3 <f—/ cokeraw «— ker f/ «— 0

The maps shown above are induced by the morphisms in the original commutative diagram. We show
that we have exactness at ker 5 and coker (3.

(1) Note that we have ker g = ker g M ker 3. By exactness of the original diagram, we have ker g =
im f. Hence, we have

ker g Nker B = im f Nker 8
= f(f " (ker B))
= f(ker(Bo f))
= flker(f' o))
= f(kera)

The last equality follows since f” is injective. Hence, we have ker g = im f.
(2) By exactness of the original diagram, we have ker ¢’ = im f’. Note that we have

(¢") t(imy)  (¢") '(im(yog))

im 3 N im 3
(¢")"'(im(g" 0 B))
im 3
im /3 + ker ¢/
im 3
_im 3 +im f
B im f3
The first equality follows since g is surjective, and the third equality follows from exactness at B’
Hence, ker g’ = im f’.

We take homology once more to examine the E? page.

0 0 0 ker f 0

Since all entries must vanish on the /°° page, the one remaining map must necessarily be an isomorphism.
By inverting this isomorphism, we obtain a connecting homomorphism:

kera Lo ker 8 AN ker ~y -2 cokerar coker 3 BN cokery

b 1

coker § — ker f'

| T

0 0
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Let’s show exactness at ker . Using the commutative square, we have that kery = ker 7. But we also
have that kerm = im g. Hence, kery = im g. A similar argument shows that the sequence is exact at
coker av. g

We now provide a proof of the Braid Lemma using a diagram chasing argument. While spectral se-
quences are powerful tools in homological algebra, I am not aware of a standard proof of the Braid Lemma
that relies on them. As we shall see, the Braid Lemma plays a crucial role in constructing the long exact
sequence associated with triples of topological spaces.

Proposition 4.6.4. (Braid Lemma) Suppose three long exact sequences and a chain complex we have a
commutative diagram. Then the chain complex is also a long exact sequence

NP PN
A AT s

Proor. WLOG, assume that the f maps describe the chain complex. By symmetry, it suffices to show
exactness at C', F) and H:

(1) ker(f2) € im(f1): Letz € ker(f2). Then0 = fao(x) = jafa(x) = g2h2(x) by commuta-
tivity. It follows that ho(z) € ker(g2) = im(g1). So 3z1 € A such that g1(z1) = ha(z). By
commutativity, g1 (1) = haf1(21). So we have that 0 = g1 (x1) — ha(z) = ha(fi(z1) — ).
Let zo := f1(x1) — x € ker(hy) = im(h1). Then Jz3 € B such that hy(z3) = 2. Note
that

Ji(xz) = fahi(xs) = fa(z2) = fo(fi(21) — ) =0,
where the last equality follows from f3 o fi = 0and fao(x) = 0. We therefore have that z3 €
ker(j1) = im(jo). So there exists z4 € O such that jo(x4) = 3. Considergo(z4). It satisfies

figo(za) = hajo(za) = hi(x3) = 22 = fi(21) — @
Therefore, we have x = f1(x1 — go(z4)). This shows that x € im(f1).

go 904

AN
I

(2) ker(f3) C im(f2): Letx € E be such that f3(x) = 0. By commutativity, g3j2(z) = 0, so
jo(z) € ker(gs) = im(g2). Then 3x; € D such that go(x1) = jo(x). It satisfies hg(z1) =
J392(z1) = jsje(x) = 0, as (j;) is a chain complex. So 21 € ker(hz) = im(hg). Therefore,
there exists zo € C'such that ha(22) = 21. This element is such that jo fo(22) = goha(x2) =
g92(x1) = jo(x). We therefore have jo(fo(x2) — x) = 0. Let 23 := fa(we) — x. Then
x3 € ker(j2) = im(j1). Let x4 € B be such that j1(z4) = 3. x4 is such that fohy(z4) =
J1(z4) = x3 = fo(x2) — x. Finally, we see that x = fo(xo2 — hi(x4)), so z € im(f2) as
required.




4.6. APPLICATIONS 87

e,

h1<1’4),x2 0 jg 1‘)

A m/ e

Xyt

(3) ker(f1) C im (f) Letz € H besuch that f4(z) = 0. Then 0 = h5f4(az) = ga(x). So
x € ker(ga) = im(g3). Let z1 € F besuch that g3(x1) = x. Then hqjz(x1) = fags(z1) =
fa(z) = 0. So jg(xl) € ker(ha) = im(h3). Let x2 € D be such that h3(x2) = j3(x1). Then
Js(x1) = jaga(x2),suchthatzs := go(xe)—x1 € ker(j3) = im(j2). Letxy € E besuch that
jo(x4) = xs. Then f3(z4) = g3ja(za) = g3(z3) = g3(g2(z2) — 1) = —g3(z1) = —x.
Therefore, x = f3(—x4),and x € im( f3) as required.

0

/\

l‘l)

\/Y

€r3,T1

/f3\/\

—$$?—>0

This completes the proof. O

4.6.2. Short Exact Sequence via Spectral Sequences. Spectral sequences often encode a wealth
of homological information, organizing it across multiple pages of approximations. Even when the data
appears sparse, the structure of a spectral sequence can be leveraged to extract compact and meaningful
results. We show how they can also be employed to derive short exact sequences that are both non-trivial
and extremely useful in computations.

Proposition 4.6.5. (Two Column Sequence) Let { EX},>1 be a cobomological spectral sequence associ-
ated to a decreasing, exhaustive and separated filtration. Assume that EY'? = 0 unlessp = 0, 1. For each
n € Z, we have a short exact sequence:

—1,n+1
E2

0— Ey" — M, — — 0.

Proor. The Es3 pages looks like the following:

2

Hence, we see that EY'? = EE. Assume that the spectral sequence converges weakly to { M, }nez.
Hence, we have
FpMp+q

P94 _ P o~
EyT = B = F, 1M
p+1i¥p+q
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Ifp # 0, 1, we get
FpMp+q
Fpr1Mpyq 7
which tells us FjyH,1q = Fpi1Hpqq forall ¢ € Zsuch thatp # 0, 1. Therefore the filtration looks like

"':FfQMn:FfanQFOMnQFan:FQM =

0=FED!=

Since the filtration is assumed to be exhaustive and separated, we have that

FM,=F M,=---=M,,
FiM, = FbM, =---=0.
For p = 0, we notice that
FoM,
EY" = Byt = = FyM,,.
2 o] Fan 04iVin
Forp = 1, we get
E2—1,n+1 _ E;C’)nil ~ F,an _ Mn '
FyH, FoM,,
For each n € Z, the short exact sequence
0 — FyM, — M, — —— — 0
04Vln n FOMn

turns into the short exact sequence
—1n41
0— Ey" — M, — E; " — 0.
O

Remark 4.6.6. If we had a homological spectral sequence, the analogous statement would be that for each
n € Z there is a short exact sequence:

0— E§, — M, — E}, | —0

4.6.3. Long Exact Sequence in Homology. We now employ an argument analogous to that of
Proposition 4.6.3 to demonstrate that any short exact sequence of chain complexes gives rise to a long
exact sequence in homology. As this reasoning is entirely algebraic in nature, we carry out the proof in the
general algebraic setting.

Proposition 4.6.7. (Long Exact Sequence in Homology) Consider a short exact sequence in Chaineg -

0o — Ay 22 B, 2% 0, = 0,

For eachn > 1, there exist connecting morphisms 6y, : Hy,(Co) — Hy—1(As) such that there is a long
exact sequence in homology:

HnJrl(Bo) - n+1(00) —
517+1/
Hy(B,)
///677,
- n—l(Ao) - n—l(Bo)

T Ha(A) Hy(Co) —

. . . L
In fact, the above construction defines a functor from Chaln,%ﬂxjc‘f}t% to Chainy,., ng, the category of long exact

sequences of abelian groups.
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Proo¥. (Sketch) Note that a short exact sequence of chain complexes naturally gives rise to a first quad-
rant homological double complex: the chain complexes are arranged in rows, with horizontal maps given
by the differentials within each complex and vertical maps given by the maps from the short exact sequence
ateach degree. The resulting double complex lies in the first quadrant because the indices of the R-modules
in each chain complex are drawn from the natural numbers. The exactness at each degree ensures the re-
sulting diagram satisfies the conditions for forming a double complex. The short exact sequence of chain
complexes can be drawn more explicitly as:

0 0 0

l | l

s — Ap TAnéT_HAnJrI —

n

l’in+1 l’ln l’infl

If we consider the homological spectral sequence obtained by filtering the double complex by rows, the
E 1—patge is computed by taking homology in the horizontal direction. Since the double complex is exact
along rows, all horizontal homology R-modules should vanish, and thus the &/ 1—page consists entirely of
zero objects. Consequently, the spectral sequence converges weakly to zero. Similarly, the homological
spectral sequence obtained by filtering by columns also converges weakly to o. For this spectral sequence,
the E* page is obtained by taking the the homology of the double complex in the horizontal direction:

Let us focus on the sub-diagram involving only the indices n — 1 and n. Upon rotating the sub-diagram,
the resulting sub-diagram is as follows.

0 —— Hy,(A) —— H,(B) —— H,(C) —— 0

|on lon lox

0 — Hp1(A) — H,—1(B) — Hp1(C) — 0
By applying Proposition 4.6.3, we obtain the following long exact sequence:

Ho(A) — Ho(B) — Ho(C) 2 Hy 1 (A) — Hy_1(B) — Hy_1(C)
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By assembling these short exact sequences via the connecting homomorphisms, we obtain the desired long
exact sequence in homology. In fact, we can explicitly describe the connecting morphism d,, in this case,
and the construction given below can be shown to be compatible with the abstract existence of the con-
necting homomorphism in Proposition 4.6.3. The connecting morphisms d,, are constructed as follows:
let ¢ € C), be a cycle representative for [a] € Hy,(C). Then, since jy, is surjective, there exists b € By,
such that ¢ = j,, (). Therefore, we have that 0/,(b) € Bj,—1. By the commutativity of the diagram, we
know that

Jn—1(9, (b)) = 9, (jn-1(b)) = 9;,(c) = 0,

since ¢ is a cycle. Therefore, 0),(b) € kerj,—1 = imin—;. So, there exists a (unique, since i,,_1 is
injective) a € A,,—1 with 9/,(b) = i,,—1(a). We show that a is a cycle. Note that

in—2(0n—1(a)) = Op_1(in-1(a)) = 0;,_1 (9, (b)) = 0
Since i,,—2 is injective, this implies that 0,,—1(a) = 0. Finally, we define 6,,([o]) = [a] € Hy—1(A). We
have to show that this assignment is independent of all choices.

(1) Suppose we choose b’ € By, such that j,(b') = c. Then, b’ — b € kerj, = imiy. So, there
exists a’ € A, such that b’ — b = iy, (a’). Therefore,

0 (V) = 0, (b) + Oy, (in(d))
= 0(b) + in-1(9n(a’))
= in-1(a) + in-1(0n(a’))
=in_1(a+ 0p(a")).

So we see that changing b to b’ amounts to changing a by a homologous cycle a + 9, (a').
(2) If instead of ¢ we use ¢ + ), ;(¢/) for some ¢ € Cpq1. But then, ¢ = j,11(0) for some
b e Bn+1 So,
c+ n+1( ) =c+ 8n+1(]n+1(bl))
= ¢+ jn(0, 11 ()
= jn(b+ Op 41 (V)
Then b will be replaced by b 4 9, | (b'), which leaves 9}, (b) unchanged, hence @ unchanged.

. L .
We now show that the above construction defines a functor from Chaln,l\zﬂxjj; to Mod; "®. Consider

the following diagram in Chainf,lxjdclt%:

0 A, 5 B, -5 C, 0e
lf. § lg. § lh.
i AL B2 0.

We show that induces the following commutative diagram.

s Hy(A) 22 1By 9 L 0) s (A, (B ——
lHn(fn lHn(gn) J/Hn(hn) lHn 1 fn 1) lHn 1(gn—-1)
s HyA ) gy T ey O a5 (B s
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The commutativity of the first two squares and the last square is obvious since n-th homology is a functor.
It suffices to check that the the diagram

H,(C) —2 H,_i(A)
Hn(hn) anl(fnfl)
|

H,(C") —— H,_1(A)

is commutative. Recall that the map 6,, : H,(C) — H;,_1(A) was defined by 6,,[c] = [a] where
¢ = jn(b)and ip,—1(a) = O}0b. Con51derh ( ) € CJ,. Note that
n(b)) =

i%q(fn—l(a)) = gn—l(ln—l(a)) = gn_1(8,’1(b)) = d;,(gn(b)).
Here d/, is the map from B}, to B,_;. Hence,
001 (e))] = [fn-1(a)] = [fn-16n(c)]

. . . L
This shows that the construction defines a functor from the ChalnEAXSdc }t% to Mod Rong. O

4.7. Convergence of a Spectral Sequence

We have seen in Section 4.5 that a bounded descending filtration naturally induces a convergent coho-
mological spectral sequence, in the sense that the entries EP4 stabilize for sufficiently large 7, as a function
of (p, q), allowing us to define the limiting page of a spectral sequence. We now turn to the question of
convergence for a general spectral sequence. We first need to define the notion of the limiting page of a
general spectral sequence. If { EZ'? 27}, o is a a cohomological spectral sequence, we have a tower of
R-submodules

Byt Byt C By C-Ce CZyt C 2yt C ()

Here ZF?, B2 are defined as in Section 4.5. Define

o0 o0
g _ Pq g _ D,q
Zoo - m Zr ’ Boo - U Br
r=1 r=1
Note that BY? C 729 for each (p,q) € 72, Clearly, the construction generalizes to the case where we

have a cohomological spectral sequence starting on the rg-th page, for some rg € N. This allows us to
define a potential candidate for the limit of a cohomological spectral sequence.

Definition 4.7.1. Let 9 € N, and let { EX?] d%«”q}rzm be a cohomological spectral sequence of R-
modules. The Eo, page of { EX'?, dP?},>,, is defined such that

e.¢]

oo Zp’q
p:q - o0
pr

In the specific instances examined in Section 4.5, the spectral sequence was shown to converge to the
associated graded cohomology of a co-chain complex. This observation motivates the following definition.

Definition 4.7.2. Letrg € N. Let { M, },,ez be a family of R-modules, and let { EX'?, d7},~, bea
cohomological spectral sequence of R-modules.

(1) Wesay that { E?*?, d7?},>,, converges weakly to { My, } ez if there exists a decreasing exhaustive
filtration
: Qpran QFpMn 2Fp+1Mn 2
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for each n € Z and furthermore, there exist isomorphisms
E,M,,
BP9 Gy (Myyy) = — PP
pMptq
= FpriMyiq

We write
EPT = Gp(Mpq)
(2) We say that { EX'?, d"}, >, approaches { M,, } ¢z if the filtration in (1) is exhaustive and sepa-
rated.
(3) We say that { EP?, d?}, >, converges strongly to { My, }ez if it approaches { My, },ez and
M, = lim (M, /F,M,).
PEL
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Singular Homology

Singular homology is a powerful tool in algebraic topology that assigns a sequence of abelian groups
to a topological space by studying continuous maps from standard simplices into the space. It enjoys wide
applicability due to its functorial properties and satisfies the Eilenberg—Steenrod axioms, making it a foun-
dational invariant in the subject. References include [Hatoz; Leero; May9o].

s5.1. Definitions

Singular homology is difficult to compute, but singular homology has nice theoretical properties
which allows us to prove a host of properties about a homology theory. It can be checked that simplicial
homology and singular homology is coincide as we will do later on. Hence, simplicial homology provides
a computational tool to compute homology, and singular homology provides a theoretical tool to study
homology theoretically.

Definition s.r.r. Let X be a topological space. A singular n-simplex is a continuous map o : A™ — X.
The set of all such continuous maps is denoted as Hom (A", X).

Example s.1.2. Since AVisa point, a 0-simplex in X is simply a pointin X. Since Alis a closed interval,
a 1-simplex is a path in X. Since Alis asolid triangle, 2-simplex is the image of a solid triangle.

Remark s.1.3. The phrase singular’ is used here to express the idea that o need not be an embedding or a
homeomorphism but can have singularities’ where its image does not look at all like a simplex. All that is
required is that o be continuous.

We can express our constructions categorically. Consider the category A, whose objects are the finite
ordered sets

n]={0<1<---<n}

for each integer n > 0, and whose morphisms from [n] to [m] are given by strictly increasing functions.
The assignment of the n-simplex as a topological space defines a functor

Ae: A —> Top

that sends [n] to A™. A morphism « : [n] — [m] in A is sent to the continuous injection

A" — A™
(to,...,tn) — (80,...,Sm),
where s,(;) = t; foreachi = 0,...,n, and the remaining coordinates are set to zero. For example, the

inclusion [n — 1] — [n] which skips the i-th entry induces the face inclusion
dr A" AT
(tos .- stn—1) = (to, ..., ti—1,0,t5, ..., th1),

93
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Note that we obtain the sets Hom(A™, X') by considering continuous maps A™ — X, and we have a
collection of functions

d; : Hom(A", X) — Hom(A" !, X),
[ fod!.
The construction of the sets Hom(A"™, X') and the maps between them is given by the composition of
functors
Sing, (X) := Hom(Ae(—), X) : A — Top — Sets®P.

Note that the second functor is a contravariant functor. Such functors are known as simplicial sets. In
words, a semi-simplicial set is a contravariant functor

Xo: A — Set©
that consists of a collection of sets { X, } >0, where each X, is called the set of n-simplices. Each strictly

order-preserving injection [n] — [m] in A induces a function fy, ym @ Xy — Xp.

Remark s.1.4. Since every morphism in A\ can be written as a composition of elementary injections of the
form d} - [n — 1] — [n], it suffices to specify the effect of each such d. The functor Xo assigns to each such

N L —n
injection a function d; : X, — Xp_1.
The data of a semi-simplicial set can be encoded in a category.

Definition s.r.s. The category ssSet consists of semi-simplicial sets is the functor category Func(A, SetsOp),
the category of contravariant functors from A to Sets.

Explicitly, a semi-simplicial is a contravariant functor Xo : A — Set,and amorphism fo : X¢ — Y,
of semi-simplicial sets is a collection of functions f, : X,, = Y}, foreachn > 0, such thatforalln > 1
and 0 <4 < n, the following compatibility condition holds:

—n

d; o fn=fn-10 J?_l.
The constructions can be summarized by noting that there exists a singular semi-simplicial set functor
Sing, : Top — ssSet,
X + Sing, (X).
Sing, is defined as a composition of functors:
Top — Func(Top, Sets°P) — Func(A, SetsP)
X — Hom(—, X) — A o Hom(—, X)

Here A} o Hom(—, X) is the functor that maps n to Hom (A", X). Singular homology studies a topo-
logical space by probing it through Z-linear combination of singular simplices.

Definition 5.1.6. Let X be a topological space. The group of n-chains, Cy, (X), is the free abelian group
with basis the set of singular n-simplices in X:

Cn(X) := ZHom(A", X)] {Z nio; 1 n € Z,0; : A" — X continuous}
=0
where each formal sum )" n;07; is finite, i.e., all but finitely many n; are zero. The n-th boundary map

By : Co(X) = Cr1(X)
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is defined on the basis of Cy,(X') by the formula

n

On(0) =Y (-1)icody

1=0
Remark s.r7. What is the meaning of the expression o o d? Note that the image d;(A""1) C A"
can be identified with the the i-th face of A™. Hence, if o : A" — X is a singular n-simplex in X,
then the composition o o dj restricts o to its i-th face. For the most part, however, we shall use the notation
T vo.rns,..o o] 20 TESET L0 the map o o d}.
Lemma s.1.8. Let X be a topological space. The composition

Bn1 08y On(X) 25 Cy(X) 278 Cpa(X)

is the zero map.

Proor. The crucial observation about the maps d;’s we need is that for every n > 2 and every 0 < j <
1 < n, we have:
df od)™ = djod! : A2 A"
Indeed, it is easy to verify that both maps are given by
(tO)tlv s ’tn—2) — (th B 7tj—17 Oatj7 ooy biot, Oati7 s )tn—2)

Note that

i
L

n

Du100u(0) = 33 (- Hood odr!

I
- o
-
Il
o

T

- O

<.
MQ' I MQ'

o

3
I

n—1 n
(—)™dpod) M Y Y (~1)Hdpodi !

™

Jj=0i=j+1
n— o n—1 n o
=S Y d T+ Y S ()]
Jj=0 =0 j=0i=j+1
n—1 J n—1n—1
=SS e+ S ) o
? J J i
Jj=0 =0 j=0 i=j
-1 7 —1n—1
_ K -1 Z+]dn dn—l _ N \ -1 l+jdn dn—l
D WCTLTETSES 9 DAL
J=0 =0 j=0 i=j

The second last equality follows by a shift of the inner summation index in the second nested sum. If we
now interchange the roles of % and j in the second sum, the two nested sums cancel. O

Remark s.1.9. In what follows, we shall write the boundary operator as

n

an(o-) = Z(—l)zg‘ (V0,05 5eee,Un]

=0
Note that the following computation:

Z(—l)i(—l)ja |[v07...@7...,@7...7%] +Z(_1)i(_1)j_10 |[vo,-~~,@,--~,@,~~-,vn}: 0.

J<i J>t
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The latter two summations cancel since after switching i and j in the second sum, it becomes the negative of

the first.

The discussion above can be summarized as extracting a chain complex C (X') from the semi-simplicial
set Sing, (X). Therefore, the procedure described above can be viewed as being defined as a functor:

Top — ssSet — Chainap,.

We will discuss the second functor in more detail in Proposition s.r.11. Purely algebraically, we have a
sequence of homomorphisms of abelian groups:

. 8n+1 Cn (X) 8n Cn_l (X) anfl 87172

The boundary map 0, : Cp,(X) — C(X);,—1 is such that
On©00pt1 =0
That is:
im(0p41) C ker(dy,)
A sequence (Cy,(X), O )nen satisfying these properties is is called a singular chain complex. Elements of

ker(0,,) are called (singular) n-cycles and elements of im(0),41) are called (singular) n-boundaries.

Definition s.r.1o. Let X beatopological space. The n-th homology of the chain complex (Cy, (X)), O )nen

1S

ker(0y,)
im(On+1)
H,,(X) is called the n-th singular homology group of X with Z coefficients.

H,(X;Z) =

We now verify that thtsingular homology defines a functor from Top to Ab. Thus, singular homology
yields an invariant that can distinguish spaces. More importantly, it provides a systematic and general way
to study topological spaces using algebraic methods. Unlike simplicial homology, which require specific
decompositions, singular homology applies to all topological spaces, making it a powerful and flexible
theoretical tool in algebraic topology.

Proposition s.r.xx. Foreachn > 0,
H, : Top — Ab

is a covariant functor for eachn > 0.

Proor. H), can be described as the composite functor:

Hy

Sin —
Top e, ssSet & Chainap, —— Ab
We already know that Sing, is a covariant functor. The last functor is the homology functor which com-
putes the n-th homology of a chain complex of abelian groups. We already know from Proposition 4.2.15
that this functor is covariant. Hence, it suffices to prove that the middle functor is also covariant. Our
construction of the chain complex Cq(X) from Sing, (X') can be understood as arising from this mid-
dle functor. This functor extends naturally to any semi-simplicial set. Given a semi-simplicial set X,, we
define
Z(Xe)n := L[ X,],
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the free abelian group generated by the set X,,. We equip this graded group with a differential given in
terms of the face maps by the formula

d: Z[X,) — Z[Xp—1]
defined on a generator x € X, by

d@) =Y (=1 fi_1n:
=0
Here, f}_;,, denotes the map X,, — X,,_; induced by the standard injection [n — 1] — [n]. Fora

morphism fo : X¢ — Y, of semi-simplicial sets, the induced chain map
Z(fo)n : LI Xn] — Z[Yy)]

is defined on generators by sending z € X, to f, () € Y}, extended linearly. It can be verified that this
is a chain map and that Z preserves identities and composition '. This proves that the middle map

Z(—) : ssSet — Chainap,
Xo — Z(X)
is a functor. This proves the claim. O

Remark s.x.x2. We can collect all the functors in Proposition s.1.11 to define a single homology functor
H, : Top — GrAb,

where GrAb is the category of graded abelian groups. This functor takes a topological space X and maps it to
the graded abelian group

Hy(X) = P Ha(X).

n>0

Calculation with singular homology is difficult because each C, is generally a free abelian group on
uncountably many generators! Eventually, however, we will show that simplicial homology and singular
homology are isomorphic.

Remark s.x.03. We will also introduce cellular homology which is isomorphic to singular homology and is
amenable to computation.

Here is a trivial computation:

Example s.1.14. (Singular Homology of a Point) If X is a single point, then there is exactly one map
on : A" — X, and it is continuous, so Cy, (X)) = Z for all n. Moreover,

n—1
) 0 for n odd
an n) — —1) n—1 —
(o0) ;( J'on- {O’n_l for n even

We end up with:
52%72572%7250

Thus, we can quotient out to get the homology:

Z forn=0
0 formn>1

EMK@%{

"This construction is the same construction we have used to defined chain maps Ce (X)) — Cl(Y") if there is a morphism

X =Y.
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On the other hand, singular homology is much nicer theoretically, because we don’t have to worry
about choosing a A-complex structure, so it provides a convenient tool to prove various properties about
a homology theory. For instance:

Proposition s.r.xs. Let X be a topological space.
(1) Let (Xo)aca are the path-connected components of X. Then,
Hy(X;Z) = P Hn(Xa; Z)
acA
(2) (O-th Singular Homology Groups) If X is non-empty and path-connected, then Hy(X) =2 7Z.
Hence, for any space X, Ho(X; Z) is a direct sum of s, one for each path-component of X.
Prookr. The proof is given below:

(1) Since A™ is path-connected, and an n-simplex o : A™ — X is a continuous map, we have that
im(0) C X, for some a. Therefore, we get a decomposition:

Cn(X) = P Cn(Xa).

The boundary maps preserve this decomposition, i.e., 9, (Cr(Xq)) € Cp_1(Xs). Hence
ker(9y,) and im(0p,41) split similarly as direct sums, and the result follows.
(2) By definition, Hy(X;Z) = Cp(X)/im 9;. Define a homomorphism

E:CQ(X)%Z

n n
E Nn;o; —r E n;
=0 1=0

This is obviously surjective if X is non-empty. We claim thatker e = im 0 if X is path-connected.
Observe first thatim 01 C ker ¢ since for a singular 1-simplex o : Al = X, we have

eodi(o) = 5(0}[01] N U’[vo]) =1-1=0

For the reverse inclusion, suppose € (> ;nio;) = 0. Hence, Y i yn; = 0. The 0y’s are
singular o-simplices which are simply points of X. Choose a path 7; : I — X from a basepoint,
x0, to 0;(vg), and let o be the singular o-simplex with image z9. We can view 7; as a singular
1-simplex, amap 7; : [vg, v1] — X, and then we have 0 (7;) = 0; — 09. Hence,

n n n n
D mim | =) nioi =) niog =Y _ nioy,
i=0 i=0 i=0 i=0

since Y ;" yn; = 0. Thus, > ;n;0; is a boundary. Hence, kere C im 0;. Hence, € induces
an isomorphism Ho(X;Z) = Z.

This completes the proof. O

It is often very convenient to have a slightly modified version of homology for which a point has triv-
ial homology groups in all dimensions, including zero. This is done by defining the reduced homology

groups, Hy, (X). Let {*} € X bea one-point space. There is 2 unique map X — {*}. Moreover, a map
{*} — X assigns a basepoint, x¢, to X. Since the composition

{x} 20X - {x}
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is the identity, for each n > 0 the induced maps on homology satisfy

Ho({+}) 29 H, (X) —— Ho({})

also compose to the identity. Hence, Hy, ({*}) is an abelian subgroup of H,,(X) for each g € X. For
eachn > 0, we define the reduced homology to be
7 Hy, (X )
Ho(X) = 7755
Hy({*})
By Example 5.1.14, we have
i, (x) = { @)/e =0
H,(X) n >0

Note that we have Hy(X) 2 Ho(X) & Z because Hy(X) is a free Z-module.

s.2. Eilenberg—Steenrod Axioms

We have met two homology theories: simplicial homology and singular homology. Later on, we will
discuss cellular homology. In fact, there are many other homology theories in mathematics that satisfy
remarkably similar properties. Eilenberg and Steenrod unified these different homology theories by for-
mulating a set of axioms that all such theories satisty.

Definition s.2.1. (Eilenberg—Steenrod Axioms) A homology theory with Z coefficients consists of

(1) A family of functors H,, : Top?> — Ab forn > 0, and
(2) A family of natural transformations

on:H, — H,_10p

where p is the functor sending (X, A) to (A, @)and f : (X, A) = (Y, B)to f|la: (A, @) —
(B, @).

such that the following axioms are satisfied:

(a) (Homotopy invariance) If f, g : (X, A) — (Y, B) are homotopic maps, then the induced maps
H,(f),Hn(g): Hy(X,A;Z) — H,(Y, B;Z)

are such that H,,(f) = Hy(g) forn > 0%
(b) (Long exact sequence) The inclusions

(A4,0) = (X,0) — (X, 4)
give rise to a long exact sequence

e Hod(XGZ) — Hod (X, A7) 75 Ho (A7) — Ho(XGZ) — -

(c) (Excision) If Z C A C X are topological spaces such that Z C Int(A), the inclusion of pairs
(X\Z,A\ Z) C (X, A) induces isomorphisms
Ho(X\ 2, A\ Z,2) — H,(X, A;2)

forallm > 0.

*In other words, H,, may be regarded as a functor from hTop to Ab.
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(d) (Additivity) If X = [, Xq is the disjoint union of a family of topological spaces X, then
Ho(X;Z) = @ Ha(Xo; Z)

foreachn € N.

If a homology theory satisfies the following additional dimension axiom, which states that for any
one-point space X = {*},
Z ifn =
Ho(X:Z) = ifn =0,
0 otherwise,
then the homology theory is called an ordinary homology theory with Z-coefficients, and the correspond-
ing Eilenberg—Steenrod axioms are referred to as the ordinary Eilenberg—Steenrod axioms for homology.

Remark s.2.2. Not all homology theories satisfy the dimension axiom. Such theories are known as extraor-
dinary/generalized homology theories. Although they still satisfy the other Eilenberg—Steenrod axioms, they
fail the dimension axiom. Examples of extraordinary/generalized homology theories include: Examples of
extraordinary homology theories include:

(1) Unoriented bordism homology,

(2) Oriented bordism homology,

(3) Homology theories represented by spectra in stable homotopy theory that do not satisfy the dimension

axiom.

s.2.1. Relative Homology. We introduce the notion of relative homology functors to make sense of
the family of functors in Definition s.2.1:
H, : Top?> — Ab

Given (X, A) € Top?, we have C,(A) C Cp(X) such that 9, restricts to a map from Cp,(A) to
Cr,—1(A). Therefore, we can consider a chain complex (Cq(A), G| 4) which is a sub-complex * of the
chain complex (C,, 0o ) The chain complex (Co(A), Oa| 4) is usually drawn as:

s Oa(A) 214 01 a) 24 o)

Note that Cj, (A) is an abelian subgroup of Cy, (X'). Hence, we ¢ can consider quotient group
Cn(X)
Cn(A)

Since the boundary map
On 1 Cp(X) = Cp—1(X)
takes Cy, (A) to Cy,—1(A), it induces a quotient boundary map
Op : On(X,A) = Cro1(X, A)
Since 11 © 85, = 0 on Cy (X)), we have that 9,11 0 9,, = 0 on Cy, (X, A). Therefore, we get a chain

complex (Co (X, A), Oe) The chain complex is usually drawn as:

s Oa(X, A) 25 (X, A) 2 (X, A)

The above discussion implies that the construction of relative singular chain complexes defines a functor
from Top? to Chainp.

3Given a chain complex (Cl, Da ), a subcomplex of (Cl, 8, ) is given by a family of subgroups C;, C C,, such that the
boundary operator 8}, : Cy, — Cn_1 restricts to a homomorphism C;, — C, _; foralln.
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Definition 5.2.3. Let (X, A) € Top?. Then-threlative homology group with Z coefficients, H,, (X, A),

is the n-th homology group of the chain complex (Co (X, A), o). Thatis:

Ker 0y,

Ho(X, A4:2) = - 1
n+

Remark s.2.4. 1t is clear that the n-th relative homology group with Z coefficients defines a_functor from
Top? 7o Ab.

Remark s.2.5. Since the homology of the empty set is trivial for all n > 0, we bave:
H,(X,0;Z)=H,(X;Z)
foreachn > 0. Similarly, we have
H,(X,X;Z)=0
foreachn > 0.

By considering the definition of the relative boundary map we see that:
(1) Elements of H, (X, A;Z) are represented by relative n-cycles: n-chains a € Cy,(X) such that
On(a) € Cp_1(A4).
(2) A relative n-cycle, v, is trivial in Hy, (X, A; Z) iff it is a relative n-boundary: o« = 011 (8) + v
forsome 3 € Cp41(X)andy € Cy,(A).

s.2.2. Long Exact Sequence in Singular Homology. We now prove that singular homology satis-
fies the long exact sequence axiom. The importance of the long exact sequence axiom is that is allows us
to compute homology groups of various spaces in using an ‘inductive’ and/or ‘bottom-up’ approach, as
we shall see in various examples later on. We have a short exact sequence of chain complexes:

0u = (Co(A),Ba] 4) 22 (Cu,B0) 25 (Co(X, A),B4) — 04
By Proposition 4.6.7, we have the following long exact sequence is homology associated to the pair of spaces
(X, A):
o Hor (X5 Z) = Hor (X, A7) 25 Ho(A) = Ho(X37) — -+

By Proposition 4.6.7, the boundary map 6,, : Hp (X, A;Z) — H,,—1(A;Z) has a very simple descrip-
tion: if a class [a] € Hy (X, A; Z) is represented by a relative cycle o, then d,,[c] is the class of the cycle
dpain Hy 1 (A;Z).

Remark 5.2.6. An easy generalization of the long exact sequence of a pair (X, A) is the long exact sequence
of a triple (X, A, B) € Top®. Indeed, we have (X, A), (X, B), (A, B) € Top> The three long exact
sequences assemble in the following diagram.:

The braid lemma (Proposition 4.6.4) implies that the chain complex labeled with = arrows is a chain complex.
This is the desired long exact sequence in homology generated by (X, A, B).



102 5. INGULAR HOMOLOGY

5.3. Homotopy Invariance of Singular Homology

We establish that singular homology groups satisfy the homotopy invariance axiom. To this end, we
begin with the non-relative case. Recall from Proposition s.1.11 that for each n > 0, the singular homology
group H,, defines a functor from the category Top of topological spaces to the category Ab of abelian
groups. The homotopy invariance axioms amounts to the claim that H,, factors as follows:

Top 7, hTop

|
‘f
AN

Ab

Here, v : Top — hTop is the canonical projection functor that identifies homotopic maps. We we will
make use of the notion of a chain homotopy between chain complexes.

Remark s.3.x. What is the geometric interpretation of a chain homotopy? Let h: X X1 — 'Y be a homotopy
between two continuons maps f,g: X — Y. Consider a 1-chain a € C1(X). Then fi(a) and g.(a) are
L-chains in'Y . The homotopy h interpolates between f and g, and thus maps the endpoints of fi(a) to those
of g« (a). To understand this, consider the boundary of the image of a under h, as depicted in Figure 1.
Traversing the boundary of hy (a) counterclockwise startin g at the bottom right, we observe:

Oah(a) = g«(a) =04 — fi(a) +9-,

where 0 and d_ correspond to the images under h of the endpoints of a. The difference 61 — d_ precisely
equals h,(01a). Therefore, we obtain:

O2hi(a) = g«(a) = fi(a) — hu(Ora).

This expression illustrates that a chain homotopy mirrors the notion of a homotopy between maps at the level
of chain complexes.

The image is taken from [Aluzi].

For each n > 0, recall that the functor H), is given as the composite functor:
Hy

Sin, —
Top e, ssSet & Chainap, — Ab

~_ s
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Itsuffices to show that the functor S, is homotopy invariant, since we already know from Proposition 4.2.19
that the functor Chainap — Ab descends to a well-defined functor

hChainAb — Ab.

In other words, it suffices to show thatif f,g: X — Y are homotopic continuous maps, then the in-
duced chain maps f, g« : Co(X) — Co(Y) are chain homotopic; that is, there exists a chain homotopy
between them. A homotopy H : X x I — Y between maps f,g: X — Y determines the data given in
the following diagram:

X x {0}

H
X x {1} g

Since Se: Top — Chaingy, is a functor, applying it to the diagram yields the following equalities at the
level of chain complexes:

Se(f) = Se(H) o Sa(ip),
Se(g) = Se(H) 0 Sa(i1).

Since composing a chain homotopy with a chain map* yields a chain homotopy it suffices to prove that
the maps
Se(i0), Se(i1): Co(X) = Co(X x I)
are chain homotopic since Se(H) is a chain map. Thus, we need to construct a chain homotopy whose
components
Cn(X) — Cn+1(X X I)
are defined for each n > 0. Given a generator o : A™ — X in S, (X), itis natural to consider the map
oxId: A" x I — X x I.

Although A™ x I is notitself an (n + 1)-simplex, we show that it can be expressed as a union of (n + 1)-
simplices. This decomposition allows us to define the desired map by assembling it piecewise on these
simplices. Let’s provide an intuition foe the this construction. In A™ x I, let

A" x 0= [vg,...,vn]

A" x 1 = [wp,...,wn]
where v; and w; have the same image under the projection A™ x I — A"™. We can pass from [vg, . . ., Uy,
to [wo, . .., wy| by interpolating a sequence of n simplices, each obtained from the preceding one by

moving one vertex v; up to wy, starting with v, and working backwards to vg. For instance,
[/U07 sy U Wit 1, - - - 7wn]
moves up to
[U(]a sy Vi1, Wiy - - - )wn]
The region between these two 7 simplices is exactly the (1 + 1) simplex
[V0y -« Uiy Wiy« .oy Wiy
Lemma s.3.2. A" x [ is the union of n + 1 copies of AL

4This is clear.
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Proor. Fori = —1,0,...,n — 1,letg; : A™ — I denote the map
gi(80,81, e ,Sn) = Zsj.
i<j

Let G; € A™ x I denote the graph of g;. Then G; is homeomorphic to A™ via the projection A™ x I —
A" surjective the first factor. Let us now label the vertices at the bottom (i.e., A™ x {0}) of A™ x I by
V0, V1, - - . , U and those at the top (i.e., A™ x {1}) by wo, w1, . .., wy. Then G is the n-simplex

Gi = [vo,...,vi,wi+1,...,wn].

Since G; lies below Gj—1 as g; < gi—1, it follows that the region between G; and G is the (n + 1)-
simplex [vo, . . ., Uj, Wi, . . ., Wy]; thisis indeed an (n + 1)-simplex as wj is not in G; and hence not in the
n-simplex [vo, . . ., Ui, Wi, . . . , Wy)]. Since

O=gn<gn1<...<go<g1=1,

we see that A™ x I is the union of the regions between the G;, and hence the union of n + 1 different
(n 4 1)-simplices [v, . . . , Vi, W, . . . , Wy ], each intersecting the next in an n-simplex face. O

We can now prove the desired result.

Proposition 5.3.3. (Homotopy Invariance) For cachn > 0, the functor Hy, in Proposition s.1.11 descends
to a functor Hy, : hTop — Ab.

Top ., hTop

|
‘f
A

Ab
In other words, if X and'Y" are topological spaces and f, g : X — 'Y are homotopic maps, then

Hn(f) = Hn(g) : Hn(X5Z) — Hn (Y Z)
foreachn > 0.
ProOOF. As noted above, it suffices to prove that
Se(i0),Se(i1): Co(X) = Co(X x I)
are chain homotopic. Givena o : A™ — X in Cp,(X), we can consider the map:
oxId: A" x I - X xI—=Y
We can define prism operators P, : Cp,(X) = Cp41(X x I) by the following formula:

n+1
Po(0) =Y (=1)"(0 % 1d) g 1 05,005, 0m]-
=0
Note that P,,(0) € Cyy1(X X I) since Lemma 5.3.2 shows that [vg, . . ., v;, w;, . .., wp] isan (n + 1)-

simplex contained in A™ X I. The prism operator is our proposed chain homotopy. A simple computation
shows that we have
(il)n - (ZO)n — 1,1+1Pn + Pn—lan
Indeed:
01 Pu(0) =D (=1 (=1 (0 X 1d)|jug,....5,...0s 055

J<i

+ Z(_l)i(_l)j+1(g X Id)‘[UO7---7vi7wia---7@7---7wn]
>
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The terms with ¢ = j in the two sums cancel except for
Fo(oxId)|z =0l w = (i1)n(0),
—Fo (O’ X Id)‘[vo,...,vn,@} = —0"[007,..,1)”] = _(iO)n(U)

The terms with @ # j are exactly —P,,—10,(0). Hence, the maps { P, },,>0 define the desired chain
homotopy. O

Corollary s.3.4. If f : X — Y isa homotopy equivalence, then H,,(X;Z) = Hy(Y'; Z) for eachn > 0.
In particular, if X is contractible, then Hy (X ;Z) = 0 for eachn > 0.

Proor. Let g: Y — X be a homotopy inverse of f. Theng o f ~ Idx and f o g ~ Idy. By
Proposition 5.3.3, it follows that

H,(f) o Hn(g) = IdHn(X;Z)a
Hy(g) o Hu(f) = g, (vz) -
Hence, we conclude that
H,(X;Z)= H,(Y;Z).
for each n > 0. The second statement follows immediately from the first statement together along with

the fact that H,,({*};Z) = O foralln > 1. O
Corollary s.3.5. Foreachn > 0, the functor Hy, Top? — Abdescends toa functor H,, : hTop? — Ab.

Top? ., hTop?

|
o
m i

Ab
In other words, if (X, A), (Y, B) € Top?, and f, g : (X, A) — (Y, B) are homotopic maps, then
Hy(f) = Hn(g) : Ho(X, A;Z) — Hy(Y, By Z)
foreachn > 0.
Proor. Itsufhices to prove that
Se(i0), Se(i1): Co((X,A)) = Co((X x I,(AXI)

are chain homotopic. Consider the chain homotopy constructed in Proposition 5.3.3. The prism operator
P, : Co(X) = Cpy1(X x I)sends Cy(A) into Cpy1(A x I). Consequently, it induces a chain
homotopy between the quotient chain maps
Co(X x{0}) Co(X x1I) Se(X x {1})  Se(X x1I)
— and — .
Co(A x {0}) Co(A % I) Se(A x {1}) Se(A x 1)
The claim follows. 0

5.4. Acyclic Models

There are several theorems in algebraic topology whose proofs require significant computation. For
example, consider the argument used to prove Proposition 5.3.3. We used categorical arguments to predict
and provide that for each X € Top, there exists a chain homotopy

Co(X) = Co(X x I).
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If X = A" and A" — A" is the identity map, we can consider A" as an element of Cy, (A™). The argu-
ment in the proof of Proposition s.3.3 relied on writing A™ X I as a union of A" +1s This construction,
in turn, can be thought of as producing a map

Cr(A™) — Cr1 (A" % ).

The proof then bootstrapped this construction to apply to any X € Top. The method of acyclic models
is an abstraction of this strategy. It provides a powerful framework to prove various theorems in algebraic
topology by breaking complex problems down into manageable steps:

(1) Start with a simple “model”—an object or class of objects.

(2) Show that on these models the construction is straightforward or canonical.

(3) Extend the construction uniquely and naturally to more complicated objects by inductively “build-
ing up” from the “model” cases.

The method of acyclic models goes a step further by also addressing when certain constructions are natural
in the categorical sense. Note that we did not prove that the chain map

Co(X) = Co(X x I)
is natural in the categorical sense. That s, if X — Y is a continuous map, then there is a commutative
diagram:

Cu(X) — Co(X x I)

| |

Cu(Y) —— Cu(Y x 1)

In fact, this statement is more general than what we have done to prove Proposition 5.3.3, in the sense that
we constructed a chain homotopy

Co(A™) = Co(A™ x 1)
and then extended it to a chain homotopy
Co(X) = Co(X x I).

forany X € Top. The method of acyclic models allows us to prove naturality questions related to functors
within a categorical framework. Hence, the method of acyclic models can be applied to various “bottom-
up” constructions in algebraic topology that we expect to be natural in a categorical sense.

Definition s.4.1. Let C be a category, and let M be a collection of (model) objects in C. Let F : C —
Chain,\z,lg 4> the category of non-negatively graded chain complexes of R-modules.
(1) Fis acyclic on M if, for each M € M, the complex F(M) is acyclic in positive degrees. That is,
F(M) has zero homology in all positive degrees.

(2) Fis free on M if there exist objects M, € M (possibly with repetitions and not necessarily in-
cluding all objects in M) and elements m,, € F(M,,) such that, for any object X € C, the set

{F(f)(mg) | forallacand f : M, — X}
forms a basis of F(X).

Remark s.4.2. Note that we do not require F to be acyclic in degree zero in Definition 5.4.1.

Let us try to motivate Definition 5.4.1. Let C = Topand D = Chain,\z,l?)dR. We should think of the
collection M = {A"™},,> as a collection of “model” objects in C = Top. We have two functors from

Topto Chain,\ZAng.
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() X — Co(X)
(2) X — Co(X x I)

We know that the first functor satisfies the acyclic condition on M. The freeness condition means that,
often, one only needs to define constructions on the objects M, in order to define them everywhere. Note
that the functor X — C, (X)) satisfies the freeness condition since Hom (A", X') forms a basis for Cy, (X)
foreach X € Topand n > 0. We can state the main result:

Proposition s.4.3. Let C be a category with a collection, M, of (model) objects. Let F : C — Chain,\zﬂg dn be
functors such that F is free on M and G is acylic on M.

(1) Given a natural transformation Hy(F) = Ho(G), there exists a natural transformation F = G
inducing the given natural transformation.

(2) Given two natural transformations F = G inducing the same natural transformation Hy(F) =
Ho(G), there exists a natural chain homotopy between F(X') and G(X) forall X € C.

Proor. The proof is given below:

(1) For X € C, we need to define a natural transformation 7 : F = G such that 7(X) is a chain
map (Jg(x) © 7(X) = 7(X) 0 Fp(x)) and for each g € Hom(X,Y"), the following diagram

commutes in each degree ¢:

7q(X)
Fo(X) —— G¢(X)

Falo)| |Gata)

Fo(Y) —57 Ga(Y)

Since F is free, for each ¢ > 0 there exist objects {ng }jega in M and elements mgj € F(ng)
such that forany X € Cand

{Fq(f)(mgj) | foralland f : Mg, — X}

forms a basis of F(X). Let xij . =Fqlf) (md;). The naturality condition reads that for each
f € Hom(M{, X), we must have

7(X)(@3, ) = Go(f)(7(ME,)(mi,)) (4)

By freeness of F, it suffices to ensure that the above equality holds. We define 7,(X') inductively.
First let ¢ = 0. Define 70 (M, aoj ) (mgj) to be any element in Go (1, 2},) such that its homology
class satisfies

[ro(Mg, ) (ma,)] = é(ml, ) € Ho(G(Ma,)),

where mgj denotes the homology class of mgj in F(Maojy #)- Here ¢ is the map from Ho(F) to

Hy(G). Hence, we just need to pick a representative in the homology class of (b(mgj ). T is then
defined such that Equation (4) holds. Hence, we get a map

7(X) : Fo(X) = Go(X)
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such that it induces ¢ on Hy. This is because the following diagram is commutative by construc-
tion:

(ME,)
Ho(F(MY))) — Ho(G(Mg,))

[

@

Fo(Mg,) —— Go(My)

Fo(h)| Jeotn)

Fo(X) e Go(X)
Now assume that 7; has been defined for ¢ < g. Since 74, must be a chain map, it suffices to define
T4 so that

Doz, Ta(M;) (md,) = 7q1 (M) (Oparg ym,),

This is sufficient because naturality ensures that the appropriate square involving boundary maps
commutes for any object. Note that the right hand side is a cycle. Since G is acylic on models,
we can choose 74(M4, )(md;) to satisfy the compatibility condition with the boundary map.
Proceeding inductively defines a natural transformation

(2) Skipped.
This completes the proof. OJ

Remark s.4.4. The closest analogy to Proposition 5.4.3 is the comparison theorem (Proposition 15.4.14) for
projective resolutions, which states that if we bave a projective resolution Py — M and a resolution Qe — N,
then any morphism M — N induces a chain map Py — Qe that is unique up to chain homotopy.

Remark s.4.5. There is a more general version of the acyclic models theorem where the target category is
replaced by an abelian category. See [Baroz] for more details.

We conclude this section by showing how Definition 5.4.1 can be applied to prove Proposition s.3.3.
The only remaining requirement is to verify that the functor X — Co(X X I is acyclic. In other words,
we must show that H,,(A* x I) = 0 forall k and all n > 0. This will follow from the observation that
H,(X)=0forn > 0if X is star-shaped.

Remark 5.4.6. A star-shaped domain, X, is contractible. However, note that we cannot use Corollarys.;.4 a
priori, since we would like to use Definition s.4.1 to give an alternative proof of Proposition s.3.3, which implies
Corollary 5.3.4!

If X is star-shaped, then there is a chain map
€:Ce(X) — Z,

determined uniquely by sending each generator of C(X) to 1. Here, we think of Z as a chain complex
that is nonzero in degree 0 and zero everywhere else. Define a chain map 7 : Z — S¢(X) as follow. Let
xo € X be the point with respect to which X is star-shaped. Then 7 is defined in degree o by sending
1 € Z to the o-simplex corresponding to g, and zero in all other degrees.
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i Oy(X) =25 01 (X) 2 C(X)

0 0 Z

Clearly, € o n = Idz. We show that 7 and € are inverse up to chain homotopy by showing that 7 o € is
chain homotopic to Id¢, . Let o € Cy,(X). Define H,, (o) : A" — X by

t1,...,t
toro + (1 - t()) o (W) iftg # 1,
Hy,(o)(to, ... thy1) := 1—1
Zo iftg =1,
A simple computation shows that

n+1

Ont1(Hu(0)) =0+ (=1)" hn1(0i-1(0))
=1

As 1 o € vanishes in positive degrees, this can be rewritten as
Ont10 Hp + hp—100, =1Idg,(x) —noe
forn > 0. Forn = 0, note that we have
O (Ho(o)) =0 —x¢ = IdC.(X)(a) —noe(o).
In any case, we have the formula
Ony10 Hp + hp1 00, =Idg,(x)—noe
This shows that 77 o € is chain homotopic to Id¢, (x)-
o Oo(X) = Ci(X) T Co(X)

h H
ha 120¢€2 ! 710€1 o 70%€0

i Oy(X) =2 01 (X) 2 Co(X)

We can now provide an alternative argument proving Proposition 5.3.3. For X € Top, letig; : X —
X x I denote the two inclusion maps. We have two maps Co(X) — Co(X X I) induced by ig and i1,
and these are natural transformations between the functors

X — Co(X)

X = Co(X x 1)

They induce the same map on zeroth homology because the points (x,0) and (z, 1) are connected by a
pathin X x I, and thus the zero-singular simplices (x, 0) and (z, 1) differ by the boundary of a 1-simplex.
We can now invoke Proposition 5.4.3(2) to conclude that singular homology is homotopy invariant.

Remark s.4.7. There si a version of Proposition 5.4.3 which states that if C is a category with models M, and

let F,G : C — Chainfﬂl;ng be functors to the category of augmented chain complexes. If F and G are free
and acyclic on M. Then F and G are naturally chain equivalent as functors of augmented chain complexes.
We will freely invoke this variation of the result below as necessary.
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5.s. Excision in Singular Homology

We now establish that singular homology satisfies the excision axiom. Excision is a statement that
homology is “localizable.” Intuitively, it asserts that if A C X, and if the n-chains in question lie “sufhi-
ciently deep” inside A, then removing a suitable subspace of A does not alter the relative homology groups
H, (X, A;Z). We now state the formal version of the excision property that we aim to prove:

Proposition s.5.1. Suppose Z C A C X are topological spaces such that 7 C Int(A). Then there is an
inclusion of the pair (X \ Z, A\ Z) C (X, A), and the induced map

Ho(X\ Z,A\ Z;7) — Hn(X, A7)

is an isomorphism foralln > 0. Equivalently, for subspaces A, B C X whose interiors cover X, the inclusion
(B, AN B) — (X, A) induces isomorphisms

Ho(B,ANB;Z) = Hy(X, A;7)

Remark s.s.2. Tosecthat the two statements of the Excision Theorem are equivalent, justtake B = X\ Z (or
Z = X\ B). Then ANB = A\ Z, and the condition Z C int(A) isequivalent to X = int(A)Uint(B).

To build some intuition, suppose that X = int(A) U int(B). In this setting, we might expect that
the relative homology group H,, (X, A) remains unaffected when we excise 4, i.e., remove it from con-
sideration. This expectation is valid when all singular chains lie entirely within either A or B. However,
complications arise when a chain does not lie completely within either A or B. To address this, we employ
the technique of barycentric subdivision, which systematically replaces “large” simplices with “smaller”
ones that are sufficiently localized to lie within A or B. This technique is also called the locality principle.

Proposition s.s.3. (Locality Principle) Let X be a topological space, and letU = {U;} be a collection of
subspaces of X whose interiors form an open cover of X. Let CY (X)) C Co(X) denote the chain sub-complex
of simplices whose image is contained entirely within one of the open sets of U. The functors X — Co(X)
and X v CY(X) are naturally chain homotopic.

Proor. (Sketch) The proof invokes Proposition 5.4.3. We sketch the details of the argument that allow
us to invoke Proposition 5.4.3.

(1) Let C denote the category of spaces with open coverings, which has objects (X, U), where U is
an open cover of X, and whose morphisms respect these coverings in the natural way. Let the
model spaces be {I" },,>0, where I" is the n-cube.

(2) Onecanshow thatboth functorsacyclic and free. The argumentinvolves Lebesgue number/compactness
argument via Barycentric division.

(3) It can be verified that Ho(XY) & Hp(X) are isomorphic. Here Ho(X") is the homology with
respect to the chain complex C¥ (X). This essentially follows because U is an open cover of X.

Therefore, these functors are naturally chain homotopic. O

Proor. (Proposition s.5.1) Assume that X = A U B. WLOG, assume that A and B are open sets. We
have
Cn(ANB) =Cyh(A)NCL(B).
Therefore, we have
Cu(B) _ Ca(B)  _ Cu(A)+Cu(B) ., CY(X)
Co(ANB)  Co(A)NCn(B) Cn(A) Cn(A)
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Proposition s.5.3 implies that the inclusion

CH(X)/Cn(A) = Cn(X)/Cp(A)
induces an isomorphism on homology. Since
Cn(B)
H(X)/Cp(A) = o
CH(X)/CulA) = 5 4

we have that
Hn(B,ANB;Z) = Hy(X, A; Z)
for eachn > 0. This completes the proof. O
The case of an open cover i = {A, B} consisting of two subsets gives rise to an alternative formu-
lation of the excision principle, known as the Mayer—Vietoris sequence. This is a long exact sequence in
homology that provides a powerful computational tool, especially in inductive arguments. Specifically,

if a homological property is known to hold for A, B, and their intersection A N B, the Mayer—Vietoris
sequence can be used to deduce that the same property holds for the union A U B

Proposition s.s.4. (Mayer-Vietoris Sequence) Let A, B C X be open sets such that X = AU B. Let
ig: A— X,
ip:B < X,
ja:ANB— A
jp:ANB—B

denote inclusions maps. Then there is a long exact sequence
= H, (AN B;Z) Gny H,(A;Z) ® H,(B;Z) ﬂ—") H,(X;Z) a—"> H, 1(ANB;Z) — ---
where ap = (Hy(ia), Hn(ip)) and By, = Hy(ja) — Hu(jB)-

Proor. LetUd = {A, B}. Consider the long exact sequence associated to the short exact sequence of
chain complexes:

0= Co(ANB) S Cu(A) & Cu(B) 2 CU(X) 0,
The associated long exact sequence in homology yields the desired result by Proposition s.s.3. O

Remark s.s.5. By using augmented chain complexes, we also obtain a corresponding Mayer-Vietoris sequence

for the reduced homology groups.

Example 5.5.6. (Homology of Spheres) We can use of the Mayer—Vietoris sequence to carry out our first
non-trivial computation: computing homology groups of a sphere in arbitrary dimension. Let X = S",

A =8"\{S},and B = S"\ { N}, where S and N are the south pole and north pole, respectively. Then
A~R" B~R" ANB~S§"!

From the Mayer-Vietoris sequence for reduced homology groups, we get Hj,(S™) ~ Hj,_1(S""!) for all
k. By induction, we find that the reduced homology groups of spheres are given as:

~ Z =
Hk(S”;Z)N{’ k=n

5The Mayer—Vietoris sequence can also be interpreted as an abelian analogue of the Seifert—van Kampen theorem.
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The computation above readily implies the following:

Z®7Z, ifk=0,n=0

Hy (5" 7) 7 ifk=0,n>1
S 4 ifk=n>0
0 otherwise

We end this section by proving the suspension theorem. This result provides a fundamental link be-
tween the homology of a space and the homology of its suspension, allowing us to relate different dimen-
sions of homology groups. It also plays a key role in the study of stable phenomena in algebraic topology.
Suspension and other categorical constructions will be discussed in more detail later on when we study
homotopy theory.

Proposition s.5.7. (Suspension Theorem) Let X be a topological space and let S X be its suspension:

X x 1

= 0 X < (1)

We have B B
Hy(X5Z) = Hp1(SX;Z)
forn > —1.
Proo¥. Forn = —1, H_; (X; Z) is the trivial group. Since SX is path-connected, Efo(SX; Z) is also

the trivial group. Let n > 0. Let P, ) denote the collapsed spaces X x {0} and X x {1} respectively.
Let A= SX — {P}andlet B = SX — {Q}. Aand B are homeomorphic to the cone space

OX = (X x I)/(X x {0})

By the Mayer-Vietoris sequence for reduced homology, since AN B = X x (0, 1), we obtain the exact
sequence

o= Hy 1 (A; Z)®Hy 1 (B Z) — Hyyy1(SX;Z) — Hy(ANB; Z) — Hy(A; Z)®H, (B Z) — -+ -

for all n. Note that C'X is contractible®. Moreover, X x (0, 1) deformation retracts down to X . Hence,
the sequence simplifies to:

oo 0= Hy1(SXZ) = Hy(X5Z) =0 — - -
This proves the claim. U

5.6. Equivalence of Simplicial & Singular Homologies

Let X be a topological space that admits a A-complex structure. We say that a subspace A C X
admits a A-sub-complex structure on X if A is a union of simplicies of X. Relative simplicial homology
group can be defined in the same way as relative (singular) homology groups. That is, the n-th relative

simplicial homology group, H, (X, A;7),is the n-th homology group of the chain complex:
Az (X) i A(X) i Ao(X;Z)

Ay (A) A1(A) Ay(A)
That is: N
HAX, A;7) = K20
Im an+1

®Indeed, the homotopy H(x, s) = (2, (1 — t)s) continuously shrinks C'X down to its vertex point.
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As before, this yields a long exact sequence of simplicial homology groups for the pair (X, A; Z) by the
same algebraic argument as for singular homology. We now show that the simplicial homology groups of
X corresponding to any A-complex structure on X coincides with its singular homology groups of X.

Proposition s5.6.x. Let X be a topological space that admits a A-complex structure and let A be a A-
subcomplex of X. The inclusion map

Ap(X,A) = Ch(X, A)
induces an isomorphism
H2(X, A7) = Hy (X, A7)
foreachn > 0. Taking A = 0, we obtain the equivalence of absolute singular and simplicial homology.
Remark 5.6.2. A spectral sequence argument can be used to prove the equivalence of simplicial and singular

homologies. However, we choose to present a different argument here. Later on, we will prove that cellular
and singular homologies are equivalent via a spectral sequence argument.

ProoF. Our strategy will be to proceed by induction on the skeleta X kA, consisting of all simplices of
dimension £ or less. The proof proceeds in several steps:

(1) First suppose that X is finite dimensional. Thatis, X = (i form > n forsomen € N. Assume
that A = (). Consider the following diagram:

HnA—i-l(XkA’XkAfl Z) — HnA(XkAA Z) —— HnA(XkA Z) — HnA(XkAvXkAA Z) —— HnA—1(XkA4 Z)

|5 | [ |7 2

Ho (X3, X2y Z) —— Ho(X2 ) Z) —— Ho(X( 2) —— Ho(XP, X2y Z) —— Haa (X2 2)

Note that A (X2, X2 |)isafree abelian group generated by k-simplicesand A, (X5, X& |) =
() for n # k. Therefore, we have:

free abelian group generated by k-simplices ifn = k

A yA
Ap(Xpe, Xjly) = {Q) 0 k

A simple calculation shows that:

Z#k—simplicies ifn=%L

Nt e

It is easy to check that (X2, X2 |) is a good pair and
#k—simplicies
A A k
Xig [ Xjpmr = \/ S
i=1

Therefore, Corollary 6.1.9 implies
Z#k—simplicies ifn==%L
Hn(XkAvXkAfl Z) - o
0 ifn #£k

Therefore, both f1 and fy4 are isomorphisms. An induction argument shows that f3 and f5 are
isomorphisms. The five lemma (Proposition 4.6.1) then implies that f3 is an isomorphism.
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(2) Suppose that X is possibly infinite-dimensional. Assume that A = (). Note that a compact set
C C X can meet only finitely many open simplices of X. If not, C' would contain an infinite
sequence of points ;, each lying in a different open simplex. Then the sets

Ui = X = (a3}
i#]j
which are open since their pre-images under the characteristic maps of all the simplices are clearly
open, form an open cover of C' with no finite sub-cover. This can be applied to show the map

H (X5 Z) — Ho(X;2)

is bijective. For surjectivity, let [¢] € H2 (X ;Z). Choose a representative n-cycle, o, of [c]. Now
acis a linear combination of finitely many singular simplices with compact images, meeting only
finitely many open simplices of X. Hence, avin X kA for some k. We have shown that

H, (X} Z) = Hp (X} Z)

So there exists a n-cycle v € A, (X£) such that [v] gets mapped to [c]. This proves surjectivity.
Injectivity is similar so we omit details.
(3) Now consider the general case where A # (). Consider the following diagram:

H (X, A Z) —— HR(AZ) —— HY(XZ) —— HE (X, A;Z) —— HY (A7)

lfl sz lfs lf4 lfs
Hy1(X,A;Z) —— Hp(A;Z) —— Ho(X52) —— Hp(X, A;Z) —— Hy 1 (A7)

By (2), f2, f3, f5 are isomorphisms. The claim now follows by induction and the five-lemma.
This completes the proof. ]

Example 5.6.3. Let X = S! x S1. Note that X ishomemorphic to the torus, T', considered in Section 4.1.
Hence, Proposition 5.6.1 implies that
Z®7Z forn=1
H,(X;Z)=HXT;2)={1Z forn = 0,2
0 forn > 3



CHAPTER 6

Computations & Applications

Building upon the foundations of singular homology, practical computations and significant applica-
tions arise through tools such as cellular homology, which provides an effective computational framework
for CW complexes. The Euler characteristic emerges as a fundamental invariant linking topological and
algebraic properties. Key theoretical results—including the Universal Coefficient Theorem (UCT), relat-
ing homology groups with different coefficients, and the Kiinneth theorem, describing the homology of
product spaces—further enhance computational methods. Together, these concepts illustrate the broad
applicability and strength of homology theory in both calculation and topological understanding. Refer-
ences include [Hato2; Leero; Maygo].

6.1. Interpretation of Relative Homology

We first examine relative homology in greater depth in order to develop a clearer understanding of its
structure and significance. This deeper insight will provide us tools to better interpret relative homology
groups and their applications.

Lemma 6.1.1. Let A C X be topological spaces. Consider an exact sequence of abelian groups:
A-B—-C—D—FE

(1) C = 0ifand only if the map A — B is surjective and D — E is injective.

(2) Fora pair of spaces (X, A) € Top?, the inclusion A — X induces isomorphisms on all homology
groups if and only if H, (X, A;Z) = 0 foralln > 0.

Proor. The proof is as follows:
(1) Leta, 3,7, 0 be the corresponding maps. By exactness,
im(a) = ker(8), im() = ker(y), im(y) = ker(?).

Note that « is surjective iff ker(8) = B iff im(8) = 0, and 0 is injective iff im(y) = 0 iff
ker(y) = C. Putting both together, « is surjective and 0 is injective iff C' = 0, since im(8) =
ker(7).

(2) Consider the following part of the the long exact sequence in homology:

T Hn—i—l(X; Z) — Hn—i—l(Xa 45 Z) — Hn(A5 Z) — Hn(X5 Z) —

The maps Hy,(A; Z) — H,,(X;Z) are isomorphisms for all n > 0 if and only if they are both

injective and surjective for all n > 0. By re-indexing, this is true if and only if the leftmost map
in our five-term exact sequence is surjective and the rightmost map is injective for all n > 0. But
(1), this is true if and only if the middle group vanishes for all n > 0.

This completes the proof. g
As per Lemma 6.1.1, we can think of Hy, (X, A; Z) as measuring the failure of the induced morphism

H, (A;Z) — H,(X;Z) to be an isomorphism for each n > 0. Based on Lemma 6.1.1, we can character-
ize relative homology groups forn = 0, 1.

15
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6. COMPUTATIONS & APPLICATIONS

Proposition 6.1.2. Let A C X be topological spaces.

(1)

(2)
(3)

Proor.

(1)

Ho(X, A; Z) = 0if and only if A meets each path-component of X. In other words,
Ho(X, A; Z) = Z|path-components of X not intersecting Al

H(X,A;Z) = 0ifand only if Hi(A;Z) — Hi(X;Z) is surjective and each path-component
of X contains at most one path-component of A.
Let (X, x0) be a pointed topological space. Then

Hn(Xa 1‘0;Z> = Hn(sz> = Hn(X7Z)
foreachn > 1.

The proof is given below:
We first prove the special case that if X is a non-empty path-connected space and A C X, then
Hy(X, A; Z) = 0ifand only if A is not-empty. Consider the end of the long exact sequence for
the pair (X, A;Z):
Ho(A;Z) - Z — Ho(X,A;Z) — 0
If A is empty, the sequence is,
0—>Z— Ho(X,A;Z) =0

Hence, Z = Hy(X, A; Z) and Hy(X, A; Z) must be non-zero. If A is non-empty, pick a point
a € Aand consider the homology class [a] € Hy(A; Z). The image of [a] under

Ho(AZ) — 7

is the homology class of a point, which generates the co-domain. So Hy(A; Z) — Z is sutjective.
Hence

Ho(A;Z) — Ho(X, A:2)
is surjective as well implying thatand Ho (X, A; Z) = 0. More generally, suppose X has multiple

connected components. Assume that A meets each path component of X. If X is a component
of X, then Hy(A N X;;Z) — Ho(X;; Z) is surjective. But then

Ho(A;Z) = @ Ho(AN X33 Z) — @) Ho(Xi; Z) = Ho(X; Z)

is surjective. Therefore, So Ho(X, A;Z) = 0. Conversely, if A does not meet a component
of X, say X, then Hy(X;, A;Z) # 0. But then Hy(X;, A;Z) # 0 is a direct summand of
Hy(X, A;Z). Hence Hy(X, A; Z) must be non-zero.
If Hi(X,A;Z) = 0, then H1(A;Z) — H1(X;Z) is surjective and Hy(A; Z) — Ho(X;Z)
is injective by Lemma 6.1.1. This last statement can’t be true if some path component X; of X
contains multiple components of A because then Ho(A N X;) = Z" for some n > 2 while
H()(XZ) = 7. So then

Ho(A N Xl) — H()(XZ)
can’t be one-to-one, and the same follows for

Ho(A;Z) — Ho(X;7Z)

If Hi(A;Z) — Hy(X;Z) is surjective, then the kernel of the map H1(X;Z) — H, (X, A;Z)
is Hi(X;Z). So the map Hi(X;Z) — H;(X, A;Z) is the 0 map. Similarly, if each com-
ponent of X contains at most one component of A, then Hy(A;Z) — Ho(X;Z) is injec-
tive. So its kernel is 0, so the image of H; (X, A;Z) — Hy(A;Z) is 0. But then by exactness,
0= Hi(X,A;Z).
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(3) Ifn > 2,then H,(X;Z) = 0and H,,—1(x; Z) = 0, and thus we immediately see H,, (X, xg) =
H,,(X; Z) by inspecting the long exact sequence in relative homology. For n = 1, consider the
following part of the long exact sequence in relative homology:

0— HI(X; Z) — Hl(X, [E();Z) -7 — Ho(X; Z) — H()(X, [EO;Z) —0
Proposition 6.1.2(1) readily implies that
0— Hi(X;Z) — Hi(X,z;Z)

is surjective if and only if Z — Ho(X; Z) is injective if and only if it is not the zero map. The
last equivalence follows from the observation that Hy(X; Z) is a free abelian group. Ifit were the
zero map, the map Ho(X;Z) — Ho(X, zo; Z) will be injective. However, this is not the case
since the point zg € X defines a generator (o) of Hy(X;Z) thatis is in the kernel of the map
Hy(X;Z) — Ho(X,xo). Therefore, the claim is true for n = 1 as well.

This completes the proof. U
We now explore the relationship between reduced and relative homology.

Definition 6.r.3. Let (X, A) bein Top?. If A C X is a closed subspace such that there exists a neigh-
borhood V' of X such that A is a strong deformation retract of V.

Remark 6.1.4. Colloquially, we say that a pair of topological spaces (X, A) satisfying Definition 6.1.3 is
‘good’ of topological spaces.
The next proposition provides an alternative interpretation of relative homology in many cases of

interest. Intuitively, it asserts that for good pairs of topological spaces (X, A), the relative homology group
of (X, A) is isomorphic to the reduced homology of the quotient space X / A.

Proposition 6.1.s. Let (X, A) € Top? such that there exists B C X such that the following conditions are
satisfied.:

() ACBCX,

(2) A CInt(B),

(3) Aisastrong deformation retract of B.
Foreachn > 0, we have

Ho(X,A;7) = Hy(X /A, %, 7) = Hy(X /A Z)

Remark 6.1.6. A pair (X, A) satisfying the hypothesis in Proposition 6.1.5 is called a ‘good* pair. The as-
sociated triple (A, B, X) is called an excisive triple. Note that these conditions are satisfied is A is a closed
subspace and there exists an open neighbourhood of A that retracts surjective A.

Proor. Consider the following diagram:

Ho(X, A;Z) ——— Ho(X,B;Z) ¢ Hy(X \ A, B\ A;Z)

| | J

Ho(X /A, %,7) —— Hn(X/A,B/A;Z) «+—— H,(X/A\ *, B/A\ *;Z)

We make the following observations:
(1) The upper-left horizontal map is an isomorphism by virtue of the long exact sequence of the
triple (X, B, A) (see Remark 5.2.6) since the groups Hy, (B, A) vanish for all n > 0. This van-
ishing follows from the fact that a deformation retraction of B surjective A induces 2 homotopy

equivalence of pairs (B, A) ~ (A, A) ~ (x, ). Hence, H, (B, A) = Hy(*,*) = 0.
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(2) The deformation retraction of B surjective A descends to a deformation retraction of the quo-
tient B/ A surjective the point A/A’". Therefore, the same reasoning as above applies to show
that the lower-left horizontal map is also an isomorphism.

(3) The remaining two horizontal maps are isomorphisms by the excision property.

Since the right-hand vertical map is an isomorphism, it follows by the five lemma (Proposition 4.6.1) that
the left-hand vertical map must also be an isomorphism. This completes the proof. O

Corollary 6.1.7. If (X, A; Z) is a good pair, then there is an exact sequence:
o= Hy (A7) — Ho(X3Z) — Ho(X /A7) — Hy1(A;Z) = Hy 1 (X3;2) — - --
Proor. This s clear. O

Example 6.1.8. (Homology of Spheres) We first recompute the homology groups of spheres using the
long exact sequence in relative homology. The reduced homology groups of spheres are given as:

~ n o VL, ifk=mn
H’“(S;Z):{o itk % n

Since (D™, S"~1) is a good pairand D" /S*~! 22 S™, the long exact sequence in relative reduced homology
yields:

o= Hy (ST 4 7) — Hy(D™Z) — Hy(S™Z) — Hy_y (S*™ 5 7Z) — Hy_1 (D™ Z) — - --
Since D™ is contractible, Hj,(D™; Z) = 0 for k > 0. Therefore,
H(S*™ 5 7Z) — 0 — Hy(S™Z) — Hy_ (S 52) =0 — -
Hence, we have:
Hy(S™Z) = Hy,_1(S™ Z)
The result now follows via induction and the observation that
Ho(S%;72) =7  Hy(S%;Z) =0 k>0
The computation above readily implies the following:

787, ifk=0,n=0

7 ifk = 1
Ho(S™7) = itk =0,n>

7 ifk=n>0

0 otherwise

Corollary 6.1.9. Let (X, Ta)acr be a collection of good pairs in Top,. Let X = \/ 1 Xo with the
basepoint v = (o) e in Top,. Then

ﬁn(X; Z) = @ f_jn(Xa; Z)
acl

forn > 1.

"This uses the fact that taking the product with I commutes with taking quotients, since I is a compact HausdorfF space.
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Proo¥. Since (Xq, Za)acr be a collection of good pairs, (X, ) is also a good pair. We have:

f.x:z) = 1, (H X H{xa};z)

acl acl

~f, (H Xao, [[{za}i Z)

acl ael

=~ P Hu(Xa, 70; Z)
acl

=~ (P Ho(Xos 2).
ael
The first and third equivalences follow by Proposition 6.1.2. The second equivalence follows by observing
that the additivity axiom holds in Top? as can be checked. O

Remark 6.1.00. Ler X =S x S'andY =S v St v S2 Using Corollary 6.1.9 we have that:

Z®L forn=1
H,(Y)=<X17Z forn =0,2
0 forn >3
We see that
H,(X;Z) = Hy(Y)
forn > 0. It can be checked that the covering spaces of X and 'Y have different homology groups. Hence, X

andY are not homotopy equivalent. Therefore, singular homology is not a complete topological invariant, as
it may fail to distinguish between topological spaces that are not homotopy equivalent.

6.2. Local Homology

Using the homology groups of spheres, we can distinguish spheres from Euclidean spaces in any di-
mension. This distinction allows us to prove the invariance of dimension (Remark 1.3.3) and the invariance
of boundary (Remark 1.3.9) for topological manifolds. It also provides the foundation for introducing the
concept of local homology groups.

Corollary 6.2.x. Lerm # n. The following statements are true:

(1) R™ and R™ are not homeomorphic or even homotopy equivalent.
(2) IfU CR™ and V. C R"™ are non-empty homeomorphic open sets, then m = n.

Proor. Note that S™ is not homotopy equivalence to S”. This follows from Example 6.1.8 since the
homology groups are not isomorphic for m # n.

(1) If m or n is zero, this is clear. So let m,n > 0. Assume we have a homeomorphism f : R™ —

R™ WLOG assume that f(0) = 0. This restricts to a homeomorphism R™ \ {0} — R™\

{f(0)}. But these spaces are homotopy equivalent to spheres of different dimension, yielding a

contradiction.
(2) Forallx € U and forall k € Z, we have

Hi(U,U \ {z}) = H(R™,R™ \ {z})

by the Excision Theorem. Combining this with the long exact sequence for the reduced homol-
ogy of (R™,R"™ \ {x}) and the fact that R™ \ {x} is homotopy equivalent to S™ !, we obtain
forallz € Uandall k € Z:
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m o = m 12, E=m
Hy(U, U\ {z}) = Hp(R™, R™ \ {z}) = Hj, 1 (R™\ {z}) = {0 k£m
Similarly,
~ n n ~ IJ n ~ Z7 k; =n
V.V (o) = BB R\ (o)) = B R\ () =3 ="
If U, V are homeomorphic via f : U — V, then
Hy(U, U\ A{z}) = Hp(V,V\{f(2)})
The claim follows by comparing homology groups.
This completes the proof. 0

Remark 6.2.2. If X is a topological space, v € X, and U C X is an open neighborhood of x, then for all
n € Z, the excision theovem yields that

Hp (X, X\ {z}) = Ho(U,U \ {z}).
In particular, for alln € Z, the group H,,(X, X \ {x}) depends only on the topology of a neighborhood of
x. Therefore, these homology groups are called the local homology groups of X at .

Using the discussion about the homology groups of spheres and Corollary 6.2.1, we can prove the
invariance of dimension (Remark 1.3.3) and the invariance of boundary (Remark 1.3.9) results about topo-
logical manifolds.

ProoF. Let X be a topological n-manifold.

(1) Working in local coordinate charts, this follows from Corollary 6.2.1(2).
(2) This is skipped.
This completes the proof. g

6.3. Cellular Homology

We define the cellular homology of a CW complex X in terms of a given cell structure, then we show
that it coincides with the singular homology, so it is in fact independent on the cell structure. Cellular
homology is very useful for computations. Before discussing cellular homology, we compute the relative
homology groups of a topological space, X, that can be given the structure of a CW complex.

Lemma 6.3.1. Let X be a topological space that can be endowed with the structure of a CW complex. Then:
(1) The relative romology Hy,(X™, X1, Z) is given by:

n 0, fk#n
Hip (X" X 1;Z):{Z#n-cells l-'j]:k:n,

fork > 1.

(2) Hpy(X™Z) = 0ifk > n > 1. In particular, if X is finite dimensional, then Hy,(X;7Z) = 04f
k > dim(X).

(3) Theincusioni : X™ — X induces an isomorphism H,(X";Z) = Hy(X) if k < n.

Prookr. The proof is given below:
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(1) Since (X™, X™ 1) is a good pair, we have:
Hy(X", X" % 7) = Hy(X™ /X" 1, 7)
= Hy(X" /X" 4 2)

- #”\'7“8” - {0, itk # n,

s Z#n-cells’ ifk = n.

(2) Since (X™, X" 1) is a good pair for each n > 1, we can consider the following portion of the
long exact sequence:

Hiy (X", X"™H2) = Hy(X"™HZ) — Hy(X"™Z) — Hy(X", X" 2)

Ifk+1 # nand k # n, we have from (1) we have that Hy (X", X" 1;Z) = 0and
Hp(X™, X" 1) = 0. Thus

Hy(X"™12) = Hy (X" Z)
Hence, if k > n (so in particular, n # k + 1 and n # k), we get by iteration that
Hp(X™Z) =2 Hy(X" 5 Z) = - = Hy(X°; Z)

Note that X is just a collection of points, so H}, (XO; Z) = 0. Thus, when k > n > 1, we have
Hi(X™;Z) = 0 as desired.

(3) We only prove the statement for finite-dimensional CW complexes. Let k < n, and consider the
following portion of the long exact sequence:

s H (XM XM Z) = Hy (XM Z) — Hy(X"TH2Z) — -

Sincek < n, wehavek+1 # n+1landk # n+1,s0 by part (1), we get that Hy 1 (X" X, Z) =
0and Hy (X", X" Z) = 0. Thus, H(X™) & Hy(X"™"1;Z). By repeated iteration, we ob-

tain:
Hy(X™Z) = Hy(X"hZ) = .. = (X" Z) = Hy(X;2),

where [ is such that X" = X since we assumed X is finite dimensional. See [Hatoz] for the
case when X is infinite-dimensional.

This completes the proof. OJ

In what follows we define the cellular homology of a CW complex, X, in terms of a given cell structure,
then we show that it coincides with the singular homology.

Definition 6.3.2. The cellular homology H*V (X)) of a CW complex X is the homology of the cellular
chain complex (Cq (X)), d.) indexed by the cells of X, i.c.,

Cn(X) = Hn(Xn’Xn—l; Z) — Z#n—cells’

and with differentials d,, : Cp,(X) — Cp,—1(X) defined by the following diagram: d,, etc. are defined
in the obvious way to make the diagram commute. It is easy to check that d;,41 o d;, = 0 since the
composition of these two maps induces two successive maps in one of the diagonal exact sequences.
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Hp (X" X" 7)=0

/
0= Hy(X""2) Hy (X" Z) = Hy (X Z)
T~ Z"/
. H(xmz)
n+1 In
/ dn+1 \,\ 4
Hp (X", XM 7) H, (X", X""1,7) - n ' H, (X" 1, X"2,7)
\n) JTy
H, (X" 1, 7)
/

H, 1(X"2%7)=0
Proposition 6.3.3. Let X be a topological space that admits a CW-complex structure. We have:
HY(X) = Ho (X3 2)
Sforalln > 0, where Hy,(X; Z) is the singular homology of X.

PrOOF. We present an argument based on spectral sequences. Let Cy (X') denote its singular chain com-

plex. We filter C'y (X) by setting
FPCu(X) = {o € Cu(X) [ alc, (xp) = 0} = ker(Cr(XP) = Cn (X)),

where the map C),(X?) — C,(X) is the natural restriction map. This defines an increasing filtration.
By the analog of Proposition 4.5.5, we get a homological spectral sequence such that

Ep g = G Cpiq(X) = Hpig(X).
We claim that ES} g = COpig(X PHLXP). Note that we have a homomorphism of short exact sequences:

0 — FP7L1C, 0(X) — Cpig(X) — Cpig(XPFT) — 0

l lldcp-&-q(x ) l

0 — FPCHi4(X) — Cpig(X) — Cppg(XP) — 0
Since the middle map is an isomorphism, the snake lemma (Proposition 4.6.3) tells us that the left map is
injective, and that its cokernel is isomorphic to ker(Cp4(XPT1) — Cpy o (XP)). Hence, we have
FPC,i4(X)
B0 o — PR o ker(Cy g (XPHY) = Cpyg(XP)) = Cppg(XPHL, XP)
D, Fp_lcp+q (X) p+q p+q p+q
Hence, the E* page is defined such that:
E;,q = Hyig(XPT, XP)
Recall that Hy,(XP™!, XP) = 0if ¢ # 1, so the only nontrivial differentials on the E page are

dy 1t Hppg(XPHL XP) — Hyy o (XPH2, XPH),

One easily checks that these agree with the differentials defining cellular homology, so the Eo page is given
by

EPa HSﬁ(X) ifqg =1,
2 0 otherwise.
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Since there are no further non-trivial differentials in the spectral sequence, we have Ez = Eg‘f]. More-
over, because each diagonal p + ¢ = n contains at most one nonzero term, it follows that the associated

graded pieces stabilize, and we obtain an isomorphism
Hy(X) = EX, ;= HV(X).
Therefore, the singular and cellular cohomology groups of X are isomorphic. O

Let’s make some observations which are immediate:

(1) If X hasnon-cells, then H,,(X;Z) = 0. Indeed, in this case we have C,, = H,, (X", X"~ 1; Z)
0. Therefore, HSV (X;Z) = 0.

(2) If X is connected and has a single O-cell, then d; : C1 — Cj is the zero map. Indeed, since X
contains only a single O-cell, Cy = Z. Also, since X is connected, Hy(X) = Z. So, by the above
theorem, Z = Hy(X;Z) = kerdy/Imd; = Z/Imd;. This implies that Imd; = 0, so dy is
the zero map as desired.

If X has no cells in adjacent dimensions, then d,, = 0 for all n, and H,,(X;Z) = z#neells for Al
n. Indeed, in this case, all maps d,, vanish. So for any n, H, “Y(x)y=(C, =2z necells T ep’s Jook at two
examples:

Example 6.3.4. Whenn > 1,S™ x S™ has one 0-cell, two n-cells, and one 2n-cell. Since n > 1, these
cells are not in adjacent dimensions. Hence:

Z, ifk=0,2n
Hi(S" x SMZ) =<K 72, ifk=n
0, otherwise.
Example 6.3.5. Recall that CIP™ has one cell in each even dimension 0, 2,4, . . ., 2n. So CP" has no two

cells in adjacent dimensions. Hence:

Z, ifk=0,2,4,....2n

0, otherwise.

Hy(CP% Z) = {

We next discuss how to compute, in general, the maps
dy, : Cy, (X) — Z#n-cells — Chy (X) _ Z#(nfl)-cells

of the cellular chain complex. Let us consider the n-cells { €5 }  as the basis for Cy, (X') and the (n—1)-cells
{1} 3 as the basis for Cy,—1(X). In particular, we can write:

dn(€2) = dag ey  dap€l,
B

Proposition 6.3.6. (Cellular Boundary Formula) The cocfficient d, g is equal to the degree of the map
Agp: st — Sg_l defined by the composition:

n 1l
Spt=opn £ Xt = X2 U, D S X /(X2 U DR = Sp

where O is the attaching map of D7, and the collapsing map sends X"~ U, 15 DI~ L 10 4 point.
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Proo¥. We will proceed with the proof by chasing the following diagram:

(Aa,ﬁ)*

Hy (D2, S 2) ———— Ho(Sh742) H,(Sy%2)
(<I>Z)*J (¢5) B,
Ho (X", X" 47) — 2 s H, (X"} 2) & Hyoq (X1 /X2 2)
x It =

Hyoq (X1 X"2Z) —— Hp g (X" X772 X2 /X2 7)

The maps are as follows:
(1) @7 is the characteristic map of the cell €]}, and ¢y, is its attaching map.
(2) The map
qx : ﬁnfl(Xn_l; Z) - ﬁnfl(Xn_l/Xn_Q; Z) = @ ﬁnfl (Dg_l/aDg_l; Z)
B
is induced by the quotient map ¢ : X"~ 1 — X"~1/ X2,
(3) gz : X"/X"? — Sg_l collapses the complement of the cell eg_l to a point, the resulting
quotient sphere being identified with Sg_l = Dg_l / 8Dg_1 via the characteristic map @Z_l.

(4) Ayp : St ngl is the composition gg o q o @7, i.e., the attaching map of e} followed by

the quotient map X"~ — ngl collapsing the complement of ]D)g*l in X"~ ! to a point.

The top left-hand square commutes by naturality of the long-exact sequence in reduced homology.
The top right-hand square commutes by the definition of A, g. The bottom left-hand triangle commutes
by definition of d;, . The bottom right-hand square commutes due to the relationship between reduced
and relative homology. The map (®7), takes the generator [D?] € H,, (D7, S™1) to a generator of the
Z-summand of Hy, (X™, X"~ 1) corresponding to D, i.e.,

(®a)«([Dg]) = Dy
Since the top left square and the bottom left triangle both commute, this gives that
> da gDt = da(D) = dn 0 (27)([Da]) = jn-1 0 (¢3)+([Da])-
B
Here we have implicitly identified H,, (D7, S?~1) with H,,(S?~1). Looking to the bottom right square,

) o

recall that since X is a CW complex, (X", X"~ 1) is a good pair. This gives the isomorphism
Hn 1(Xn an 2Z) n 1(Xn 1/Xn 2Z)
~ n—l(Xn I/Xn 2,Xn 2/Xn72;Z).

Notice that the map ¢, collapsing all the n — 1 cells of X to the n — 1 cell Sg_l, induces the map
4B, which projects linear combinations of {Dg,_ 1} onto its summand of ]D)Z_l. Therefore, the value

of d,, (DY) is going to be the sum of the projections gg . on the n — 1 dimensional cells eg_l. In other

Z do gD = do Z 4B © qs © o [Dy].

As noted before, we have deﬁned (Aap)s = g« © g« © (9. The result now follows. O

words:
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Example 6.3.7. Let X = S?. We S? with D?/ ~ such that

(z,y) ~ (2,y) =2/, y = |y|
This induces a cell decomposition into one 2-cell, the image of the interior, one 1-cell, the image of St \
{(0,1),(0,—1)}, and two o-cells, the images of (0, 1) and (0, 1) which are N and S. Let A = {N, S}.

Since A is a sub-complex, X /A inherits a CW complex structure with one one 2-cell, one 1-cell and one
0-cell. We have

0572 7%7 4o

Since X /A is connected as has a single O-cell, d; = 0. The attaching map of the two-cell in either case

N 1%
S 1%
X =82 X =S%/{N, S}

can be identified with the map:
. 9 0<¢p<
iy _ e’ <o<m
P1.2(¢7) {e‘i‘i’ m<¢<2rm
The map has degree 0. Hence, d2 = 0. As a result, we have
Z, ifn=20,1,2

0, otherwise.

H,(S?*/{N,S};Z) = {

Example 6.3.8. Recall that RP" has a CW structure with one k-cell D in each dimension 0 < k < n.
The attaching map for D is the standard 2-fold covering map ¢ : Sk—1 5 Rpk-1 identifying a pointand
its antipodal pointin S*~1. To compute the boundary map dj, we compute the degree of the composition

RPF—1
k-1 k—1 _ k-1
f:SF1 S RP — i =S

We consider a neighborhood V' of 3 and the two neighborhoods Uy and Us given to exist by the local
homeomorphism property of f. One of the homeomorphisms is the identity map and the other homem-
orphisms is the anti-podal map. Then by the local degree formula implies

dp =1+ (—1)*

heo {0 if k is odd,

It follows that

2 if kiseven,
and therefore we obtain that
Zo ifkisodd,0 < k < n,
Hp(RP*;Z) =< Z ifk =0,nisodd,

0  otherwise.
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Example 6.3.9. Let M, be the closed oriented surface of genus g, with its usual CW structure: one o-
cell, 2g r-cells {ay, by, . . ., ag, bg}, and one 2-cell attached by the product of commutators [a1,b1] - . .. -
[ag, bg]. The associated cellular chain complex of M is:

0% 7 % 7% 97 D
Since M, is connected and has only one o-cell, we get that d; = 0. We claim that ds is also the zero
map. As the attaching map sends the generator to a1b; al_lbl_1 o agbgag_lbgl, when we collapse all 1-
cells (except a;) to a point, the word defining the attaching map aibya; byt . .. agbgag_lbg1 reduces to
aiai_l. Hence, the coefficientdeq, = 1 — 1 = 0. Altogether, da(e) = 0. So the homology groups of M,
are given by
7z forn =0,2,
H,(Mg;Z) = 7?9 forn =1,
0 otherwise.

For g = 3, refer to Figure 3 to visualize the 29 = 6 generators of Hy(M3):

M3 with three pairs of loops indicated generating Hq (Ms3).

6.4. Equivalence of Homology Theories

We have encountered various homology theories, including singular, simplicial, and cellular homol-
ogy, and have seen that they all coincide in specific cases. For instance, if a topological space admits a A-
complex structure, the singular and simplicial homologies coincide. Similarly, if a topological space admits
a CW-complex structure, the singular and cellular homologies coincide. We now demonstrate that thisis a
specific instance of a more general principle: homology theories are uniquely determined on well-behaved
topological spaces, particularly within the category of CW pairs.

Proposition 6.4.1. Let hy be a homology theory in the sense of Definition s.2.1 with 7 coefficients defined as
a collection of functors

hy 1 CW? — Ab
Ifhyn(%;Z) = 0 for n # 0, then there exists a natural isomorphism
hn(X,A) 2 H, (X, A;G)
Sfor all CW-pairs (X, A) and for all n > 1, where G := ho(x;Z) € Ab.
Proor. Since (X, A) is a good pair, we have an isomorphism
ho (X, A;Z) = by (X A7)

foralln > 0. This is a formal consequence of Eilenberg-Steenrod axioms that we have verified for singular
homology. Hence, we only need to check the absolute case. Just as for singular homology, we have

WY (X Z) =2 ho(X;2)
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The hypothesis that hy, (*;Z) = 0 for n # 0 is used here. The long exact sequences of h, homology

groups for the pairs (X, X,,—1) give rise to a cellular chain complex.

dn,
o= BSY(X G, X1 Z) E RSV (X1, X0 Z) — -

We also have

On

o BV (X, X3 G) 2 HOY (Xo1, X5 G) — -+ -

The individual groups are isomorphic, since
hi (X, Xn-132) = Gl 2 HEV(X, X1 G).

Thus, it remains to show that d,, = 0y, forn > 1. Forn = 1, we can pass from X to S2X since
suspension is a natural isomorphism in any homology theory. S 2 X has no 1-cells, so immediately dq =
0 = 01. Now let n > 1. The calculation of cellular boundary maps d,, for n > 1 in terms of degrees of
certain maps between spheres works equally well for h., where degree now means degree with respect to
the i, theory. But a map
f:S*— 8§

of degree m in the usual sense is simply multiplication by m on H,,(S"; G) = G = h,(S"; G). The
claim follows. 0

6.s. Euler Characteristic

The Euler characteristic was first introduced by Leonhard Euler in the 8t century as a formula for

convex polyhedra:
x=V-—-FE+F,

where V', E, and I’ represent the numbers of vertices, edges, and faces, respectively. Euler discovered that
for any convex polyhedron, this quantity is always equal to 2. This remarkable result was a precursor to the
development of modern topology. We can categorify Euler’s formula by expressing it purely in terms of the
ranks of certain homology groups. This has the advantage that the Euler characteristic can be computed
for a large class of topological spaces. Moreover, it allows us to demonstrate that the Euler characteristic is
indeed a topological invariant, independent of any particular decomposition of a polyhedron into vertices,
edges, and faces, justifying that x is always equal to 2 for a convex polyhedron, regardless of its decompo-
sition into vertices, edges, and faces, is a key step in showing that the Euler characteristic is a topological
invariant.

Definition 6.5.1. Let X be a n-dimensional CW complex. The Euler characteristic of X is defined as:
n n

X(X) =D (=1)" #n —cells :=Y (=1)" - rank(C{V)

i=0 =0

Here, C-Y denotes the i-th abelian group in the chain complex that defines the cellular homology of
X. A priori, the Euler characteristic appears to depend on the chosen cell structure of X. However, we
now show that the Euler characteristic is actually independent of this choice. To establish this, it suffices
to show that the Euler characteristic depends only on the cellular homology of the space X . Indeed, since
cellular homology is isomorphic to singular homology, and singular homology is independent of the cell
structure, the Euler characteristic is therefore a topological invariant.

Proposition 6.5.2. Let X be a n-dimensional CW complex. The Euler characteristic can be computed as:

n

X(X) =) (=)' rank(H Y (X; 2))
1=0
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In particular, X (X ) is independent of the chosen cell structure on X.

Proor. Let B; = im(d;+1), Z; = ker(d;), and ]-IZCW = Z;/B;. From the definitions of the cellular
chain complex, we have two short exact sequences for each degree i:

0 —2%4, — C; — Bi_1 — 0,
0 — B — Z; — HY — 0,
The additivity of rank yields that
rank(C;) = rank(Z;) + rank(B;_1)
rank(Z;) = rank(B;) + rank(HEY)
We have

(—1)" rank(C;)
(—1)*(rank(Z;) + rank(B;_1))

(—1)%(rank(B;) + rank(HY) + rank(B;_1)).

The terms rank(B;) + rank(B;_1) cancel out due to the alternating sum, leaving

n

X(X) = (1) rank(H[Y)
=0

Since cellular homology is naturally isomorphic to singular homology, and singular homology is invariant

under homotopy equivalence, the result follows immediately. O

We conclude this section by discussing some basic properties and examples of the Euler characteristic.

Proposition 6.5.3. Let X, Y be finite-dimensional CW complexes and let

n

X(X) =Y (-D'a,  x(Y) =) (~1)%;
=0

=0 J

Here a; is the number of i-cells in X. Similarly, b; is the number of j-cells in B The Euler characteristic
enjoys some nice properties:

() x(X xY) = x(X) xx(Y)
(2) If X = AU B such that A, B are sub-complexes of X. Then

X(X) = x(4) +x(B) = x(AN B)
(3) Ifp: X — X isan n-sheeted covering space, then
X&) = nx(X)

Prookr. The proof is given below:
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(1) For any index k, k-cells in X X Y are created by considering products of 7-cells and k£ — 7 cells
from X and Y respectively where 0 < r < k. Hence the number of k-cells is

k
E arbk—r
r=0

Therefore,

=0 7=0
m+n k
= S (F S aby = x(X x V).
k=0 r=0

(2) Leta:! denote the number of i-cellsin A. Similarly, let a? be the number of i-cells in B. Similarly,
let aA7B be the number of i-cells in A N B. We have

ai = ai* +aP — a"P

fori =1, -+, n. Therefore, we have,
n
X(X) =D (~1)a;
i=0
n n ) n )
=3 (Ve +> (-1)'af > (-1)'a]"?
=0 1=0 =0

= x(4) +x(B) —x(ANB)

(3) Recall that if DY is a k-cell in X, then X has n k-cells. Therefore, it is clear that

X(X) = nx(X)
This completes the proof. O

Example 6.5.4. Let M be the oriented surface of genus g, and let IV, be the oriented surface of genus g.
We have

X(Mg) =2 —2g
X(Ng)=2—g

Thus all the My, Ny are distinguished from each other by their Euler characteristics. There are only the
relations

X (M) = x(Nag)

6.6. Tor Functor

We now discuss the Tor (derived) functor which will play an important role in the discussion of ho-
mology with coefficients. Further details on derived functors and related topics can be found in Chapter s.

Remark 6.6.1. We work with commutative rings below. Hence, we don’t make any distinction between the
categories of left R-modules and right R-modules. We use the generic phrase ‘R-module’to refer to a left/right
R-module.
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Recall that the tensor product, ® g, defines a functor from the category of R-modules to itself such
that if V is a R-module, then

—®@rM(N)=N®rM
Moreover, if f : N — N'isa R-module morphism, then
—@rM(f): Nop M L2 N1 o p M

It can be checked that — ® g M is a right exact functor. However, — ® g M is not a left exact functor in
general.

Example 6.6.2. The functor —® g M need not be left exact functor. Let R = Z. Consider the sequence:
02Z 7

Here -n is the multiplication by n map. Let M = Z/nZ we obtain a map:

n®zldy
ZInZ = T @y T/nZ —= """

Z Qg ZIn7 = Z/nZ
However, this is the zero map since we have

0 @7 1dgz(1 ©77M) = n @z M = 1 @ 7m = 0.
The zero map is not injective.

Remark 6.6.3. A R-module M is called flat if —® g M isa left exact functor. If M isa projective R-module,
then — @ M is a left exact functor. This follows because a projective R-module is a direct summand of a
free R-module, a free R-module is a flat module and that a R-module is flat if and only if each summad. is
a flat R-module.

Since the — ® g M functor is a right exact functor which in general is not a left exact functor, we can
consider its left derived functor.

Definition 6.6.4. Let R be aring and let M be a R-module. The i-th Tor functor is the i-th left derived
functor of — ® i M. Itis denoted as

Torlt(—, M)
By definition, Torl*(—, M) is computed as follows. If N is a R-module, take any projective resolution
o> Pt PP 5 N 0,
and form the chain complex:
i3> P2Qr M - P og M — P @r M
Then Tor*(N, M) is the homology of this complex at position i.

Tor (N, M) = H;(P" ®g M)a)

Remark 6.6.5. General results about derived functors (Chapter 15) show that the homology is independent
of the choice of the projective resolution.

If R is a commutative ring and M is a R-module, we can define another functor M ®pr —. The
definition is similar to that of the functor defined above. It can also be checked that M ®pg — is right
exact functor that is, in general, not left exact. Hence, we can attempt to construct a left-derived functor
associated to M @ — as above. We label that derived functor Tor!* (M, —). We have the following result:
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Proposition 6.6.6. (Balanacing Tor) Let R be a ring, M, N be R-modules. Denote by Torl (N, ) the

left-derived functors of the tensor product functor N @ g —, and by Torl(—, M) the lefi-derived functors of
— ®@pr M. We bave that

Tor®(N, M) = Torf{(M, N)

Proor. We provide an argument based on homological spectral sequences of double complexes. We
choose projective resolutions

i —> Ph— P —F — N—0

= Qe — Q1 > Qo — M — 0

of N and M, respectively. We define a first quadrant homological double complex Cq o by C, 4y = P, ®
Q4> where the maps are the induced ones coming from the maps in the projective resolutions. The double
complex can be visualized as follows:

PhRQ2 +—— PLRQr +— P ®Qy ¢— ---

PhoQ «+— PIQQ1 +—— P ®Q1 +— ---

Ph@Qo+—— PI®Qy+— P®Qy+— ---

Since projective modules are flat modules, the rows and columns of this double complex are indeed com-
plexes, and the squares in the double complex are commutative. We first filter this double complex by
columns. Note that the homology in the vertical direction determines the E* page such that

R
E, , = Tor)(P,, M).

Since P, are projective and hence flat modules, we have Torf;2 (P,, M) = Oforq > 0,and Tor}(P,, M) =
P, ® M. Thus, the E! page is:

PPOM+—P M +— POM +—— ---

Taking homology of the I/ 1 page yields the &/ 2 page:

Torl!(N, M) Torl(N,M) Torl(N,M) Torl(N,M) Torl(N,M) Torl(N, M)
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In asimilar manner, we can filter the double complex by rows, and we obtain a spectral sequence whose

FE 2—page looks like:

0 \0\0\0\0 0
Torl!(M,N) Torf(M,N) Torl(M,N) Torl(M,N) Torf(M,N) Tork(M,N)
For both spectral sequences, we have Eg 4 = EP4 Since both spectral sequences converge to the associ-

ated graded object, we can conclude that
Torl'(N, M) = Tor (M, N).
This completes the proof. U

Remark 6.6.7. In light of Proposition 6.6.6, we can identify the two Tor functors. This allows us to compute
projective resolutions of either N or M to compute Torl*(N, M) for eachi > 0.

Proposition 6.6.8. Let R be a commutative ring and let M be a R-module. The Tor functor satisfies the
Sfollowing properties:

(1) Torl'(N, M) = N ®p M for any R-modules M, N.
(2) If N is a projective R-module, then Torl (N, M) = 0 forall i > 1
(3) Any f : N1 — Na R-module homomorphism induces a morphism

fi: Torl (N1, M) — Torl(Ny, M)
foreachi > 0.
(4) Any short exact sequence 0 — Nq g No i) N3 — 00of R-modules induces a long exact sequence:
- = Torf (N, M) — Torf(Ny, M) — Torl'(N3, M) = Ny @ M — Ny @p M — N3 @p M — 0

Proor. (1)and (2)follow from general properties of derived functors (Corollary 15.4.15). For (3), let P! be
a projective resolution of N1 and P; be a projective resolution of Na. General properties about projective
resolutions imply that that f lifts to a chain map ¢® : P} — P3. Then, ¢* induces a morphism of
chain complexes P @ gp M — Py ®pg M which, in turn, induces a morphism:

fi: Tor®(Ny, M) — TorF(Ny, M)

for each @ > 0. For (4), let P® be a projective resolution of M. Then there is an induced short exact
sequence of chain complexes:

0= N RrP*—= No®@rP*— N3®rP*— 0

because each module P? is projective. Applying the long exact sequence in homology produces the re-
quired long exact sequence. U

We now specialize to the category of Z-modules. In what follows, we fix GG to be an abelian group. We
have the following result:

Lemma 6.6.9. For any abelian group A, we have Tor”(A,G) =0 ifi > 1.
ProoF. Recall that any abelian group, A, admits a two-step free resolution.

0—-FL—>F—A—=0
Thus, TorZ(A, G) = 0ifi > 1. O
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Remark 6.6.10. Only Tor’ (—,G) encodes any interesting information. In what follows, we adopt the
notation: Tor(—, G) := TorZ(—, G).
Proposition 6.6.11. If R = 7, the Tor functor satisfies the following properties:
(1) Tor (P, Ai, G) = P, Tor(4;, G).
(2) If Ais a free abelian group, then Tor(A, G) = 0.
(3) Tor(Z/nZ,G) = ker(G % G).
(4) For a short exact sequence: 0 — B — C — D — 0 of abelian groups, there is a natural exact
sequence:

0 — Tor(B,G) — Tor(C,G) — Tor(D,G) > BOr G —- C®rG = D®r G — 0.

Proor. The proof is given below:
(1) This follows from the identity,

(@ Ai) ®z G = @(Ai ®z G)

and noting that taking direct sums of projective resolutions of A; forms a projective resolution
for @, A, and that homology commutes with direct sums.
(2) If Ais free, then 0 — A — A — 0is a projective resolution of A, so Tor(A4, G) = 0.

(3) The exact sequence 0 — Z 27— Z/nZ — Oisa projective resolution of Z/nZ. Tensoring
with G and dropping the right-most term yields the complex:

G=ZopG 228 79,0 =0,
Thus, Tor(Z/nZ,G) = ker(G = G).
(4) This follows from Proposition 6.6.8(4).
This completes the proof. U

6.7. Universal Coefficient Theorem

We extend our discussion of homology by introducing homology with coefficients in an abelian group
,G. While homology with integer coefficients captures much of the essential topological information of a
space, considering more general coefficient groups allows for greater flexibility and reveals additional struc-
ture. In particular, it can clarify torsion phenomena and simplify computations in certain contexts. We
then turn to the Universal Coefficient Theorem (UCT) for homology, which provides a precise relation-
ship between homology with integer coefficients and homology with coeflicients in an arbitrary abelian
group. This result plays a central role in understanding how the choice of coefficients affects the compu-
tation of homology groups of a topological space.

Definition 6.7.1. Let G be an abelian group and X a topological space. The homology of X with G-
coefficients, denoted H, (X; G) forn € N, is the homology of the chain complex:

Co(X;G) = Co(X) @2 G
consisting of finite formal sums ) _, 7; - o; with n; € G, and with boundary maps given by
% =0, ®z1dg .

Remark 6.7.2. Since O, satisfies O, 0 Op+1 = 0, it follows that 0S 0 0S| = 0. Hence, (Co(X); G, 95)
is indeed a chain complex.
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We can construct versions of the usual modified homology groups (relative, reduced, etc.) in the most
natural way.

(1) (Relative homology with G-coefficients) Consider the augmented chain complex:
C1(X;G) — Co(X;G) -G —0
where €D, mioi) = D>, m € G. Reduced homology with G-coefficients is defined as the

homology of the augmented chain complex.
(2) (Relative chain Complex with G-coefficients) Define relative chains with G-coefhicients by:

Cn(X, A;G) = Ch(X;G)/Ch(A4;G),
Consider the chain complex:
C1(X,A4;G) = Co(X,4;,G) = 0

The relative homology with G-coefficients is defined as the homology of the augmeneted
chain complex.
(3) (Cellular homology with G-coefficients) We can build cellular homology with G-coefhicients
by defining
Cnc(X) -, (Xna X, 1 G) ~ G(number of i-cells)

The cellular boundary maps are given by:

dS (€2) =3 dagel
B

where dqg is as before the degree of a map Ay : St=t — S"~L Asit s the case for integers,
we get an isomorphism:

HY(X;G) = H,(X;G)

Example 6.7.3. Let’s look at some examples:

(1) By considering the chain complex with coefficients in an abelian group G, we deduce that the
homology groups of a single-point space satisfy

G ifn=0,

(2) (Sketch) By induction and using the long exact sequence of the pair (D™, S*~ 1), the homology
of the sphere with coefficients in an abelian group G is given by

G ifi=0ori=n,

0 otherwise.

H;(S";G) = {

Remark 6.7.4. The computations in Example 6.7.3 will follow more easily from our discussion of the uni-
versal coefficient theorem below.

We now turn to the proof of the Universal Coefficient Theorem (UCT), which establishes a fun-
damental relationship between homology groups computed with difterent coefficient groups. Since the
choice of coefficients can significantly affect the structure of homology groups, it is crucial to understand
how these variations are interconnected. The UCT provides an explicit algebraic framework that allows
one to express homology with arbitrary coefficients in terms of homology with integer coefficients and cer-
tain algebraic constructions involving the chosen coefficient group. The UCT not only facilitates practical
computations of homology groups in diverse contexts but also offers deep theoretical insights into how
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algebraic and topological information is encoded within homological invariants. Since the result holds in
a general homological algebra framework, we state it here in its full generality.

Proposition 6.7.s. (Universal Coefficient Theorem) Consider a chain complex (Cs, Os) of free abelian
groups. Foreachn € N, the homology groups H,,(Ce; Z) and Hy,,(Ce; G) are determined by the short exact
sequence:

0 — Hp(CoiZ) @7 G — Hy(Ca: G) 2 Tor(Hp_1(Ca; Z),G) — 0
Proor. Choose a projective resolution for G:
o= PP = Py—G—0.

We define a first quadrant homological double complex C o by C), 4 = P, ® Cy, where the maps are the
induced ones coming from the maps in the projective resolutions. The double complex can be visualized
as follows:

PO +— PRCy+— PbCy +— ---

PRC,+—PRC, +—P,RC| +— ---

P0®CO<;P1®00<;P2®00<;-“

We first filter this double complex by columns. Taking the homology in the vertical direction, we obtain
the E* page:

P0®H2(C) +~— P ®H2(C) — P2®H2(C) — -
P0®H1(C) +— P ®H1(C) — P2®H1(C) — -

Py ® Hy(C) +—— P, ® Hy(C) +—— P @ Hy(C) — ---

This follows because P, ® — is an exact functor. The rows here correspond to the complexes used to
calculate TorZ(G, —), so the (p, ¢)-th entry on the E? page is Toqu(G, H,(C;Z)). Let’s examine this
more closely. Applying G ® — to the short exact sequence of chain complexes

0 — imde — kerde — He(Co) — 0
and deriving gives a long exact sequence:
-+ = Tork (G, Hy(C)) — Tor2 (G, imd,,_1) — Tor2(G, kerd,,) — Tor?(G, H,(C)) — Tord(G,imd,_1) — - -

Butsince im d,,—1 and ker d,, are subgroups of the free abelian group C,, they are themselves free. There-
fore, the higher Tor groups vanish. By the long exact sequence, it follows that Toqu (G,H,(C;Z)) =0
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forall ¢ > 2. Hence, the E? page looks as follows:
Tor2(G, Hy(Cs; Z)) TotZ (G, Hy(Cs; Z)) 0 0

or?
Tor2(G, Hy(Cs; Z)) W.:Z))\O 0
By Remark 4.6.6, we have
0— E§, > M,—E}, | =0
Note that Ej ,, = Tot2(G, Hy(Co; 7)) = G ® H,(C4; Z) and B, 1= TotZ(G, H,_1(C4; 7).

Hence, the exact sequence becomes
0— G® H,(Ce;Z) — M, — Tor?(G, H,_1(Ce;Z)) — 0

To identify M,,, we now filter the double complex by rows. This amounts to considering a spectral se-
quence whose E¥ page is the transposed double complex:

PQ@C()%PQ@CH <;P2®CQ<;"'

PRCy+——PRC, +— P 0Cy 4— -

PhCy+—— PhRC| +— PhRCy +— ---

Here the vertical maps are induced by the horizontal maps of the double complex. Hence, taking the
homology in the vertical direction of the transposed double complex is equivalent to taking the homology
of the double complex in the horizontal direction. Thus, the (p, ¢)-thentry of the E' pageis Tor, (G, Cy).
For p > 1, this vanishes because each C}; is a free abelian group. Moreover, we have Torg(G,Cy) =
G @ Cy. Hence, the E' page is given by:

CGRC)+— GRCL +— GRCy ¢— - --

Here the horizontal differentials are induced by the vertical differentials of the double complex. Taking
homology, on the £ 2 page, everything except the bottom row is zero. In the bottom row, we have:

H()(G & CQ;Z) Hl(G ® C.; Z) HQ(G X C.; Z)
This shows that M,, = H,,(G ® C,; Z). Therefore, we obtain the short exact sequence:
0 — G® Hy,(Co;Z) — Hy(G @ Co; Z) — Tor2 (G, Hy—1(Co; Z)) — 0
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This completes the proof. O
Remark 6.7.6. It can be checked that the sequence in Proposition 6.7.5 splits.

Remark 6.7.7. There is also a universal coefficient theorem for homology where 7. is replaced by a PID, R
and G is a R-module. In this case, we have

0= Hy(Co) @5 G — Hn(Co; G) 25 TorB(H,_1(CW), G) — 0

This comes from first establishing that Tor ™ vanishes fori > 2 for when R is a PID, and then going throngh
a proof for universal coefficient theorem essentially as above.

Example 6.7.8. Suppose X = K is the Klein bottle, and G = Z /4. Recall that Hy (K, Z) = Z ® Z/2,
and Hy(K;Z) = 0, so:

Hy (K 7,/4) = (Ho(K Z) 05 Z4) & Tor(Hy (K), Z/4)
= Tor(Z,Z/4) & Tor(Z/2,7Z/4)
=00 Z/2
=7/2.
Example 6.7.9. Let X = RP" and G = Z/2Z. Recall that we have
7)27 ifkisodd,0 < k < n,
Hp(RP*;Z) =< Z ifk =0,nisodd,
0 otherwise.
We compute Hy,(RP"; Z/27). We consider multiple cases. For & = 0, we have:
Hy(RP";Z/27) = Ho(RP"; Z) @7 Z/27Z = 7 Q7 L./27 = 7./ 2.
For k = 1, we have:
H(RP";Z/27Z) = Hi(RP"; Z) ®z Z/2Z & Tor(Ho(RP"), Z/27)
= (Z)2Z @3 Z]27) ® Tor(Z,7./27)
=7Z/2Z ®0=17Z/2Z.
For1 < k < n, such that k is an odd integer, we have
Hi(RP";Z/27) = (H,(RP"; Z) @z Z/27) @ Tor(Hy_1(RP"; Z),Z/27)
= (Z/27 ®7 Z]2Z) & Tor(0,Z/2Z)
=7/2Z
For1 < k < n, such that k is an even integer, we have
Hi(RP*;Z/27) = (H,(RP"; Z) ®z Z/27) @ Tor(Hy_1(RP"; Z), 7. /27)
= (0®z Z/2Z) & Tor(Z/2Z,7./27)
=7/27
For k = n even, we have
Hy(RP*;Z/27) = (0 @7z Z/27) & Tor(Z/27,7./27.) = 7./ 27
If £ = nis odd, we have
Hi(RP";Z/27) = (Z ®z Z/2Z) @ Tor(0,Z2/27) = 7/27
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All in all, we have
7)27 ifk=0,---,n

0 otherwise.

Hy(RP™;Z,/27) = {

6.8. Kiinneth Formula

The Kiinneth Formula is a fundamental result in algebraic topology that relates the homology of a
product space X x Y to the homology of the individual spaces X and Y. It provides a practical way to
compute H, (X X Y; G), where G is an abelian group, by expressing it in terms of the homology groups
Ho(X;G)and He(Y'; G). Suppose X and Y are finite CW complexes. Their product X x Y inherits a
CW structure where the n-cells are built from products of p-cells in X and g-cells in Y with p 4 ¢ = n.
This suggests that the chain complex of the product, Cs (X X Y'), should be related to the tensor product
of the chain complexes Co(X) ® Co(Y'). We use the method of acyclic models to construct a natural
chain map

Co(X) @ Ce(Y) = Co(X xY)
The proof uses acyclic models.
Proposition 6.8.1. Let X, Y € Top. Thereis a natural (in both X andY) chain equivalence
Co(X xY) > Co(X)®Co(Y),
where Co(X) @ Co(Y') denotes the tensor product of chain complexes defined in degree n by
(Co(X) @ Co(Y ) = €D Cpl(X) @ Cy(Y),
p+q=n
Proor. Let C = Top?. Consider the functors
(X,Y)— Co(X xY),
(X,Y) — Co(X) @ Co(Y).

Call these functors F and G. Let M = {(A", A™)},, m>0. Itis clear that F is acylic since A™ x A™ is
contractible for each n, m > 0. We show that G is free. Indeed, G,, is free on

|_| Hom(AP?, X) x Hom(A?Y) = Hom((AP, A9),(X,Y))
ptq=n
Hence, G is free on M. The result follows by Proposition 5.4.3. O

Remark 6.8.2. We have used abstract arguments to establish the existence of such a map. In fact, it is possible
to construct a chain map

Co(X XY) = Co(X) @ Co(Y),
by an inductive argument. By Proposition 5.4.3(2), any other natural chain map will be chain homotopic to
the one constructed by an inductive argument.

We have thus reduced the problem to computing the homology of the tensor product of chain com-
plexes. This can be done using the algebraic Kiinneth formula.

Proposition 6.8.3. Let G be an abelian group, and let Co, D be chain complexes of abelian groups. Assume
that each Cy, is a free abelian group. There is a short exact sequence
0= €P Hy(C)® Hy(D) = Hy(Co® Dy) = @ Tor(Hy(C), Hy(D)) — 0,
pt+g=n p+g=n—1

The short exact sequence splits.
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Proo¥. The proof is similar to a spectral sequence argument used to prove Proposition 6.7.5. ]

Example 6.8.4. Let X = T. Since the homology groups of S! are free, all Tor terms will drop out. For
k > 2, we have

H,(T2Z)= @ Hy(S842)®-- © Hy (S 2)
i1t Fig=n
= P H.ED oo H,s2)220)

1+ t+ig=n
i;€{0,1}



Part 3

Cohomology



CHAPTER 7

Singular Cohomology

Singular cohomology is a topological invariant of topological spaces analogous to singular homology,
which is a contravariant functor rather than a covariant functor. That s, a continuous map f : X — Y
between topological spaces induces a homomorphism

£ HN(Y) — HY(X).

of abelian groups. We will show that this functor actually factors through hTop®P. Hence, singular coho-
mology is a homotopy invariant. There are several reasons for caring about the fact singular cohomology
is a contravariatnt functor:

(1) Many geometric objects pull back along continuous maps f : X — Y. Examples include differ-
ential forms, covering spaces, or vector bundles. Topological invariants of such objects that are
compatible with pullback must take values in an abelian group which is contravariantly assigned
to X.

(2) For every topological space there is a diagonal map A : X — X x X. Cohomology will turn
this into a map

A" HY (X x X) - H(X),
from which we can extract a product on H*(X). This additional algebraic structure turns co-
homology groups into a ring structure, which makes cohomology a ring-valued invariant, unlike
singular homology.

(3) Categorically, cohomology is a better invariant than homology is that cohomology is a repre-
sentable functor.

References include [Hatoz; Leero; May9o].

7.1. Definition

Formally, we can develop he theory of singular homology similarly to that of singular cohomology.
Let G be an abelian group and let X be a topological space with a singular chain complex (Ce, Do) of
abelian groups:

. 8n+1 C (X) a—n)Cn_l(X) 8n71 Cn_Q(X) 8'n72

Consider C} (X)) = Hom(Cp,(X), G), the group of singular n co-chains of X with G-coefficients. This
defines the dual chain complex:

o * o 15)
L O (X) SO (X) R Oy (X) R

Remark 7.1.1. We write (C*®,0°) for the above diagram which is called a singular co-chain complex. We
often abbreviate (C*®,0%) as C®. We write C" for C}; = Hom(C,,, G). Moreover, we shall also write the
boundary map Oy, , | as 6" for the boundary map.

141
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The boundary maps are 9}, : C; _; — C; defined as:
@n)(@) = (¢ 0 9n)(e)
fory € C;, 1, a € Cp. Note that the boundary map are such that 9y, | 0 9;, = 0 forn € Z. Indeed,
(0n4100,)(¥) = ¥(Ops100,) =0
forvy € C;_,. Hence, we can now make the following definition:

Definition 7.1.2. Let G be an abelian group, and let (C,, 0, ) be a chain complex of free abelian groups.
The n-th cohomology group of (C,, 0, ) with G-coefficients is defined as

H"((Ce,0);G) := Hp((C*,0°); G)
Elements of ker 0y, , ; are called n-cocycles, and elements of Im 0y, are called n-coboundaries. We shall
write Z™(X) for ker 8% ; = ker " and B"(X) for Im 9}, = ker 6" .
Remark 7.1.3. Recall that chain complexes of abelian groups for a category, Chainap. The dual category,
ChainSE, is called the category of co-chain complexes of abelian groups. Singular co-chain complexes are ele-
ments of ChaincA)E . It can be checked that both Chainap and Chaingg are abelian categories. Thus, all results

that hold for Chainap, or singular chain complexes in particular continue to hold in Chaingg, or singular
co-chain co-chain complexes in particular. For instance, we have various diagram-chasing lemmas such as the
five lemma, the nine lemma, and the snake lemma. We shall not repeat these details in these notes. In any
case, the proofs are similar to those discussed in the context of homology.

Proposition 7.1.4. Let G be an abelian group. For eachn > 0,
H" : Top — Ab
. . . =1
is a contravariant functor. Moreover, functor H" descends to a contravariant functor H™ : hTop — Ab.

Top - hTop
Hy, in

Ab
In other words, if X and'Y" are topological spaces and f, g : X — 'Y are homotopic maps, then
H"(f) = H"(g9) : H"(X;G) = H"(Y; G)
foreachn > 0.
Proor. Fixn > 0. The construction of H" can be defined as the following composite functor:

Hy

Top % ssSet M Chainap, PM) CoChainap — Ab

~_ s

Since Hom(—; G) is a contravariant functor and all the other functors involved are covariant functors,
it follows that H" is a contravariant functor. Moreover, note that dualizing a chain homotopy gives a
co-chain homotopy. Thus, H" factors through hoTop®?. O

Similar to singular homology, singular cohomology can be challenging to compute. One must develop
computational tools to calculate singular cohomology, such as long exact sequences, excision, and other
techniques. However, at the very least, we can explicitly compute 0 by invoking the construction of Hy.
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Example 7.1.s. Hyo(X;G) consists of those functions f : Cy(X) — G such that f o 9; = 0. This
means that f o 91(c) = 0 for every singular 1-simplex. Hence, f is constant on path components. We
conclude that

HY(X;G) = HomZ(ZMO(X)‘,G).
=.2. Ext Functor

We now discuss the Ext (derived) functor, which arises as a derived functor of Hom(—, G), and plays
a crucial role in the formulation of the universal coefficient theorem for singular cohomology.

Remark 7.2.1. We work with commautative rings below. Hence, we don’t make any distinction between the
categories of left R-modules and right R-modules. We use the generic phrase ‘R-module’to refer to a left/right
R-module.

In the category of R-modules, recall that the Hom (X, —) functor defines a covariant functor from
the category of R-modules to itself. If M is an R-module, then

Hom(X, —)(M) = Hom(X, M).
Moreover, if f : M — M’ isa morphism of R-modules, then the functor acts on morphisms by
Hom(X, —)(f) : Hom(X, M) — Hom(X, M")

defined. It can be checked that Hom(X, —) is a left exact functor. However, Hom(X, —) is not a right
exact functor in general.

Example 7.2.2. The functor Hom(X, —) is not a right exact functor in general. Let R = Z. Consider
the short exact sequence of abelian groups:

0737 — 7/27 — 0.
Apply the functor Hom(Z/2Z, —) to this sequence. We obtain:

0 —s Hom(Z/2Z,Z) 2% Hom(Z/2Z,Z) — Hom(Z/2Z,7,/27)

The resulting sequence is:

0—-0—0—7%Z/2Z,

which is not an exact since Z /27 — 0 is not a surjective function.

Definition 7.2.3. Let R be a ring and let X be a R-module. The i-th Ext functor is the i-th left derived
functor of Hom(X, —) := hx. Itis denoted as

Ext} (X, —)
Remark 7.2.4. The subscript I denotes that we have taken an injective resolution.
By definition, Ext} (X, —) is computed as follows: for an R-module Y take any injective resolution
O—-Y—>Iy—>1 —- -
and form the co-chain complex:
Hom(X, Iy) — Hom(X, ;) — --- .
For each integer 4, Ext’ (X, Y) is the homology of this co-chain complex at position i:
Ext}(X,Y) = H;(Hom(X, I;)*)

Similarly, we can consider the contravariant Hom functor and consider its right derived functor. Since
itis a contravariant functor, we take projective resolutions now.
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Definition 7.2.5. Let R be a ring and let Y be a R-module. The i-th Ext functor is the i-th left derived
functor of Hom(—,Y") := hY. Itis denoted as
Exthh(—,Y)

Remark 7.2.6. The subscript P denotes that we have taken a projective resolution.

By definition, Ext)»(—, Y) is computed as follows: for an R-module X take any projective resolution

.= Pl PP 5 X >0,
and form the co-chain complex:
Hom(P°,Y) — Hom(PLY) — - --
Then Exth, (X, Y) is the homology of this co-chain complex at position i:
Exth(X,Y) = H;(Hom(P',Y)*)

The left exact Hom(—, —) functor can be thought of as a bifunctor which is covariant in the second
variable and contravariant in the first variable. The discussion above seemingly provides us with with two
different strategies to compute the Ext functor. Fortunately, it turns out that we can use either strategy as
formalized by the following proposition.

Proposition 7.2.7. (Balancing Ext) Let XY be R-modules. Then
Exth(X,Y) = Ext}(X,Y)
foreachi > 0.

PrOOF. A spectral sequence argument analogous to that used in Proposition 6.6.6 can be employed to
establish this result. O

Therefore, one can work with either strategy mentioned above. Therefore, we can now unambigu-
ously write Ext'(X,Y).

Proposition 7.2.8. The Ext functor satisfies the following properties:
(1) Ext°(X,Y) = Hom(X,Y) for all R-modules X,Y ..
(2) If X isa projective R-module, then Ext!(X,Y) = 0 forall i > 1
(3) IfY is an injective R-module, then Ext'(X,Y) = 0 foralli > 1
(4) Any f : X1 — Xo induces a morphism

o0 Ext'(Xa,Y) — Ext'(X1,Y)

foreachi > 0.
(s) Any g : Y1 — Yo induces a morphism

gt Ext'(X,Y]) — Ext'(X,Y5)
foreachi > 0.
(6) Any short exact sequence 0 — Yy 2 Ys 2, Y3 — 0 induces a long exact sequence:
0 — Ext°(X, V) = Ext°(X, Y3) — Ext*(X,Y3) — Ext'(X,Y]) = Ext?(X,Ya) — - -

(7) Any short exact sequence 0 — X1 LA Xy Y, X3 — 0induces a long exact sequence:
0 — Ext®(X3,Y) — Ext®(X5,Y) — Ext°(X1,Y) — Ext!(X3,Y) — Ext?(X5,Y) — - -



7.2. EXT FUNCTOR 145

PrOOF. (1), (2) and (3) all follow from general properties of derived functors (Corollary 15.4.15). For (4)
Let P} be a projective resolution of X1 and Py be a projective resolution of Xo. General properties about
resolutions implies that f lifts to a chain map ¢® : P} — P3. Then, ¢*® induces a morphism of chain
complexes Hom(Py,Y) — Hom(Py,Y') which, in turn, induces a morphism:
o0 Ext'(Xo,Y) — Ext'(X1,Y)
for each i > 0. For (s), let P*® be a projective resolution of X. Then, there is a morphism of chain
complexes 3° : Hom(P*,Y;) — Hom(P*,Y>) induced by g, which, in turn, induces a morphism:
gl Ext'(X,Y)) — Ext'(X,Y5)

for each ¢ > 0. For (6), let P® be a projective resolution of X. Then there is an induced short exact
sequence of chain complexes:

0 — Hom(P*,Y1) - Hom(P*,Y2) - Hom(P*,Y3) — 0
because each module P is projective. Indeed, at each degree 7, P’ this sequence is

0 — Hom(P*,Y7) — Hom(P',Y3) — Hom(P",Y3) — 0

obtained by applying the functor Hom(P?, —), which is exact as P* is projective. It is then easily checked
that this gives a short exact sequence of chain complexes. Thus, applying the long exact sequence in ho-
mology produces the required long exact sequence. For (7), Let P*® be a projective resolution of X7 and
let Q*® be a projective resolution of X3. By the horseshoe lemma (Lemma 15.4.16), there exists a projective
resolution R* of X5 and a short exact sequence of chain complexes

0—-P°*—=R*"—Q°*—0,
Since Q' is projective, applying Hom(—, Y') yields
0 — Hom(Q",Y) — Hom(R",Y) — Hom(P",Y) — 0
for each ¢ > 0. It follows that there is a s.e.s. of cochain complexes
0 - Hom(Q*,Y) — Hom(R*,Y) — Hom(P*,Y) — 0.
The associated long exact sequence in cohomology is the required long exact sequence. g

The above proposition show that the Ext groups ‘measure’ and ‘repair’ the non-exactness of the func-
tors Hom(—, Y") and Hom(X, —). Let us now specialize to R = Z. In what follows, let G be a fixed
abelian group.

Lemma 7.2.9. For any abelian group A, we have that
Ext"(A,G) =0ifn > 1,
PrOOEF. Any abelian group, A, admits a two-step free resolution.
0> —Fy—A—0
Thus, Ext"(A,G) = 0ifn > 1. O

Remark 7.2.10. OnlyExt! (A, G) encodes interesting information for abelian groups. Wewrite Ext(A, G) :=
Ext! (A, G).

Proposition 7.2.1x. The Ext functor satisfies the following properties:
(1) Ext (6D, 4i, G) = [, Ext(A;, G).
(2) If A is free, then Ext(A, G) = 0.
(3) Ext(Z/nZ,G) = G/nG.
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(4) If H is a finitely generated abelian group, then:
Ext(H, G) = Ext(Torsion(H), G) = Torsion(H) @7 G

(s) For a short exact sequence: 0 — A — A" — A" — 0 of abelian groups, there is a natural exact
sequence:

0 — Hom(A”,G) — Hom(A',G) — Hom(A4,G) — Ext(A”,G) — Ext(4’,G) — Ext(A,G) = 0

Proor. The proofis given below:
(1) This follows from the identity,

Hom (EBAZ-,G) = HHom(Ai,G),

and noting that taking direct sums of projective resolutions of A; forms a projective resolution
for @, A%, and that homology commutes with arbitrary direct products.
(2) If Ais free, then
0—>A—A—0

is a projective resolution of A, so Ext(A4, G) = 0.
(3) Consider the projective resolution of Z/nZ given by

07257 > Z/nZ —0

dualize it and use the fact that Hom(Z, G) = G to conclude that Ext(Z/nZ,G) = G /nG.
(4) This follows at once from the previous statement.
(s) This follows from Proposition 7.2.8.

This completes the proof. (Il

Remark 7.2.02. The discussion above implies has dealt with the case of Z-modules (abelian groups). The
general case can be more involved. For instance, consider Zg as a Za-module. Let 7.y 4, Zo denote the

quotient map. Let 7.y X2, Ly denote multiplication by 2. Ziy has the following free resolution over Zy:

27, 27, 227, 227, 5 7, 0.
Since Homy, (Zy, L) = Ly (by mapping the generator of L.y to either o or 1), the dual of X2 : Zy — 7y
is simply the zero map. Hence, we have the dual sequence
0= Zo— 202757, % 75— -
Consider the truncated sequence
70272, %72, %75 — -
The homology of this complex is Zia for every degree. Hence,
Exty, (Za, Zo) = Zs
is nongero for all n € N. This is stark contrast Remark 7.2.10.
Remark 7.2.13. The name Ext comes from the phrase extension. We say X is an extension of A by B if
0=-B—=X—A4-0

isexact. Given A and B, there is always the trivial extension X = A ® B, corresponding to the isomorphism
class of the split exact sequence. It can be shown that isomorphism classes of extensions of A by B are in 1-1
correspondence with elements of Ext' (A, B), with the trivial extension corresponding to 0.
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~.3. Universal Coefficient Theorem

Recall the construction of singular cohomology in Section 7.1. Since everything is determined in terms
of (Cl, O ), can we compute cohomology groups using information about homology groups? The answer
is a qualified yes. This is the universal coefficient theorem (UCT) for cohomology, which we now discuss.
We first motivate the statement of UCT. As a first guess, we might think that

H"(C,;G) := Hp(C*;G) = Hom(H,(C,),G)
This turns out to be almost true. We indeed have a natural map:
v : H"(Co,G) — Hom(H,(C,), G).
Denote Z,, = kerd,, C C,, and B, = Im 0,11 C C)p,. We have B,, C Z,,. Aclassin H"(C*®; G) is
represented by a homomorphism ¢ : C;, — G such that 9}, ;¢ = 0. Thatis, $0,11 = 0, or in words,
¢ vanishes on By,. The restriction ¢g = ¢|Z,, then induces a quotient homomorphism
(50 : Zn/Bn — G,
an element of Hom(H,,(C,), G). If ¢ is in Im O}, say ¢ = 0y, for some 1p € C_,, then ¢ is zero on
Zy since Oy, © 011 = 0. So ¢g = 0 and hence also ¢pg = 0.

8n+2 6n

a'n.+1
— Cht1 Cy

Thus, there is a well-defined quotient map
h:H"(C,,G) — Hom(H,(C),G)
sending the cohomology class of [¢] to ¢g. Obviously h is a homomorphism.

Proposition 7.3.1. (Universal Coefficient Theorem) If a chain complex (Cs, O ) of free abelian groups
has homology groups Hy,(Cl), then the cobomology groups H™ (Ce; G) of the cochain complex Hom(Cy,, G)

are determined by the short exact sequence:
0 — Ext(Hp_1(Cy),G) — H™(Cy; G) - Hom(H,(C4), G) — 0

Proor. The proofis based on a spectral sequence argument and is analogous to that of Proposition 6.7.s.
Moreover, it can be verified that the sequence in Proposition 7.3.1 splits. O

Corollary 7.3.2. Let (Co, Da) be a chain complex so that its Z-homology groups are finitely generated. Let
T,, = Torsion(H,,). We bave

0—Ty—1— H"(Ce;Z) — H,/T,, = 0

This sequence splits', so:
H"(C*Z) =T, H,/T,.

Prookr. Clear. O

Example 7.3.3. Let us now derive some immediate consequences of Proposition 7.3.1.
(1) If n = 0, we have

HO(X:G) = Homgz (Ho(X), G) = Homgz(ZI™X)! @)

This is consistent with Example 7.1.5.

'Since Hy, /Ty, is free and hence projective.
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(2) If n = 1, the Ext-term vanishes since Ho(X) is free, so we get:
H'(X;G) = Homz(H(X),G)
Remark 7.3.4. There is also a universal coefficient theorem for cobomology where 7. is replaced by a PID, R
and G is a R-module. In this case, we have
0 — Exth(Ha_1(X; R),G) — H"(X;G) - Homp(H,(X; R),G) — 0.

This comes from first establishing that Ext' vanishes forn > 2 for when R is a PID, and then going through
a proof for universal coefficient theorem as above.

7.4. Eilenberg-Steenrod Axioms

We have defined singular cohomology. There are many other cohomology theories: sheaf cohomology,
Cech cohomology, etc. All these cohomology theories satisfy the Eilenberg-Steenrod axioms. The purpose
of this section is to state these axioms and prove that singular cohomology satisfies these axioms.

Definition 7.4.1. (Eilenberg-Steenrod Axioms) Let G'be an abelian group. A (unreduced) cohomology
theory consists of

(1) A family of functors H™ : Top? — Abforn > 0, and

(2) A family of natural transformations v : H™ — H""! o p, where p is the functor sending

(X,A)to (A, @)and f: (X, A) = (Y,B)to f|p: (A, @) — (B, D).
such that the following axioms are satisfied:
(a) (Homotopy invariance) If f, g : (X, A) — (Y, B) are homotopic maps, then the induced maps
H"(f),H"(g9) : H"(X,A) - H"(Y, B)

are such that H"(f) = H"(g) forn > 0. In other words, H™ may be regarded as a functor
from hTop to Ab.

(b) (Long exact sequence) For every pair (X, A), the inclusions
(4,0) < (X,0) & (X, 4)

give rise to a long exact sequence

s HYX,A) Dm0 s gy D B X A) s
(c) (Excision) If Z C A C X are topological spaces such that Z C Int(A), the inclusion of pairs
(X\Z,A\ Z) C (X, A) induces isomorphisms
H"(X\Z,A\Z)— H"(X,A)
forallm > 0.

(d) (Multiplicativity) If X =[], Xo and A = [, A4 is the disjoint union of a family of topolog-
ical spaces X, then

H'(X,A) = [[ H"(Xa, Aa)

foreachn > 0.
If a cohomology theory satisfies the following additional dimension axiom, which states that for any
one-point space X = {x},
G ifn=0,

0  otherwise,

Hn(X;G)Z{
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then the cohomology theory is called an ordinary cohomology theory with G-coefficients, and the corre-
sponding Eilenberg—Steenrod axioms are referred to as the ordinary Eilenberg—Steenrod axioms for coho-

mology.

Remark 7.4.2. Not all cobomology theories satisfy the dimension axiom. Such theories are known as extra-
ordinary/generalized cobomology theories. Although they still satisfy the other Eilenberg-Steenrod axioms,
they fail the dimension axiom. Examples of extraordinary/generalized cobomology theories include:

(1) Topological K-theory,

(2) Complex cobordism,

(3) Cobordism theories associated with structured manifolds, e.g., spin cobordism,
(4) Morava K-theories,
(s) Cohomology theories represented by spectra in stable homotopy theory that do not satisfy the dimen-

sion axiom.

We now verify that singular cohomology satisfies the Eilenberg—Steenrod axioms. This is largely a
formal exercise. This follows because singular homology satisfies the corresponding Eilenberg—Steenrod
axioms for homology, and singular cohomology and singular homology are related via the Universal Co-
efficient Theorem (Proposition 7.3.1). An alternative line of argument is that we can dualize all the proofs
showing that singular homology satisfies the Eilenberg—Steenrod axioms for homology and thereby con-
clude that singular cohomology satisfies the Eilenberg—Steenrod axioms for cohomology.

7.4.1. Relative cohomology groups. We first construct the relative cohomology group that shall
allow us to construct the appropriate functors from Top to Ab. We apply the Hom(—, ) functor to the
the relative singular chain complex to get

C"(X,A;G) :=Hom(Cy(X, A),G).

Thegroup C"(X, A; G) can be identified with functions from the set of n-simplices in X to G thatvanish
on simplices in A, so we have a natural inclusion

C"(X,A;G) — C"(X; Q)
The relative coboundary maps

3" CM(X,A;G) = CVTH(X, A; Q)

are obtained by restricting 6™. We have a co-chain complex (C*(X, A),4").

Definition 7.4.3. Let A C X be a subspace of a topological space X. The n-th relative cohomology
group, H" (X, A), is the n-th homology group of the chain complex (C*(X, A), S') That is:
K <=n
(X, A) = 20
Im

Similar to Proposition 7.1.4, it is easily checked that each H" is a functor from Top? to Ab. This
effectively checkes the first two conditons in the definition of the Eilenberg-Steenrod axioms.
Remark 7.4.4. Since the cobomology of the empty set is trivial for all n > 0, we bave:
H"(X,0)=H"(X), V¥n=>0.

Remark 7.4.5. There is also a Universal Coefficient Theorem for relative cobomology. The argument is
identical to that in Proposition 7.3.1.
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We now prove that singular cohomology satisfies the long exact sequence axiom. The importance of
the long exact sequence axiom is that is allows us to compute cohomology groups of various spaces in
using an ‘inductive’ and/or ‘bottom-up’ approach. Applying by the Hom(—, G) functor to the short
exact sequence,

0 = Cn(A) 25 Cu(X) 2% Cu(X, A) -0,
we get another short exact sequence”
0« C™MA;G) <& C™(X: @) &= O™ (X, A;:G) + 0.

Since %y, and jy, commute with the boundary maps, it follows that ¢}, and j;; commute with co-boundary
maps. So we obtain a short exact sequence of cochain complexes:

0 C*(A;G) & C*(X:; Q) &= C*(X, A;G) 0.

By taking the associated long exact sequence of homology groups, we get the long exact sequence for the

cohomology groups of the pair (X, A):

e HY(X, A G) I HYXGG) S H(AG) D HYTY(X, A3 G) S gt (X 6) 2
This shows that the long exact sequence axiom is satisfied.
7.4.2. Homotopy Invariance. We now show that singular cohomology satisfies the homotopy in-

variance property. In fact, we have already formally established this in Proposition 7.1.4. Nonetheless, we
explicitly detail the proof below using a dualization argument.

Proposition 7.4.6. (Homotopy Invariance) Let X, Y betopological spaces, and let G be an abelian group.
If f ~ g : X =Y are homotopic maps, then

H"(f)=H"(g): H*(Y,G) — H"(X,G).

Proor. Recall from the proof of the similar statement for homology that a chain homotopy between
Co(X, A;G) and C, (Y, B; G) is given by a prism operator

T, : Cn(X,A;G) = Criy1 (Y, B; G)
satisfying

fa—gn=Th 100, + 8;—&—1 oTy,

with f, and g,, being the induced maps on singular chain complexes. The claim about cohomology follows
by applying the Hom(—.G) functor to the prism operator to get

" : C""(Y,B; G) — C™(X, A;G)
which satisfies

g = O e T T a0,
Hence, we have a chain homotopy between C*(X, A; G) and C*(Y, B; G). It is now a standard fact

that a chain homotopy induces the same maps on homology groups. Hence, H"(f) = H"(g) for each
n > 0. ]

Corollary 7.4.7. If X is contractible, then H"(X) = 0 foralln > 1.

Proor. Thisisimmediate from the homotopy invariance of singular cohomology and that H™ ({*}) = 0
forn > 1. O

*Hom(—, G) is only a left exact functor in general. But it can be checked in this case that the resulting sequence is both left
exact and right exact.
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7.4.3. Excision. We now prove that singular cohomology satisfies the excision axiom. As in the case
of singular homology, the importance of the excision axiom is that if A C X and n-cochains are “suffi-
ciently inside” A, we can remove A without affecting the relative cohomology groups H" (X, A). Here is
the formal statement, which parallels the corresponding statement for singular homology.

Proposition 7.4.8. (Excision) Let X be a topological space such that Z C A C X, with Z C int(A).
Then the inclusion of pairsi : (X \ Z, A\ Z) — (X, A) induces isomorphisms:

" HY (X, A;G) — HY(X \ Z,A\ Z;G)

foralln >. Equivalently, if A and B are subsets of X with X = int(A) U int(B), then the inclusion map
(B, AN B) — (X, A) induces isomorphisms in cobomology.

Prookr. Proposition 7.3.1 and Proposition s.5.1 imply that the left and right maps in the diagram below
are isomorphisms.

0 — Ext(Hp_1(X,A),G) — > H"X,A;G) — Hom(H, (X, A),G) — 0

| [ I

0 Ext(Hn 1(X\ Z,A\ Z),G) = H"(X \ Z, A\ Z;G) - Hom(Ho(X \ Z,A\ Z),G) » 0

The five-lemma (Proposition 4.6.1) then implies that the middle map is also an isomorphism. This com-

pletes the proof. O

7.4.4. Dimension Axiom. We now verify that singular cohomology satisfies the dimension axiom.
This follows formally as a consequence of Proposition 7.3.1. Let X = {x} be a single point space. By
Proposition 7.3.1, we have:

H"(X;G) =Hom(H,(X),G) ® Ext(H,—1(X),G).
Since H,,(X) satisfies the dimension axiom for singular homology and Ext(H,,_;(X),G) = 0 for all

n > 0 since each Hy, (X)) is a free abelian group, we have the following consequence:

G, ifn=0

0, otherwise

H"(X;G) = {

7.4.5. Multiplicativity Axiom. We now prove the multiplicativity axiom. This is easily seen to hold
using a UCT in relative cohomology (Remark 7.4.5). Let X = [ [, Xq and A =[], An. We have:

H"(X,A;G) = Ext(H,_1(X, A); G) @ Hom(H, (X, A); Q)
= Ext(H,_, HXQ,HA G) @ Hom(H,, (HXQ,HAQ);G)
= Ext( @Hn 1 (X, Ag) @Hom@ﬂ \ G)
—HExt ne1(Xa, Ad) EBHHom w(Xa, Aa); G)
- HExt (Hp-1(Xa, Aa); G) ® Hom(H,, (Xa, Ag) HH” (Xa, Aa; G)

Hence, we see that singular cohomology satisfies the Eilenberg-Steenrod axioms.



152 7. SINGULAR COHOMOLOGY

Remark 7.4.9. We have previously seen that the Mayer-Vietoris sequence for singular homology is a formal
consequence of the Etlenberg—Steenrod axioms for homology. Similarly, the Mayer-Vietoris sequence for sin-
gular cobomology is a formal consequence of the Eilenberg—Steenrod axioms for cobomology. Mayer-Vietoris
sequence for singular cobomology states that if X be a topological space, and A and B are open subsets of X
such that X = int(A) U int(B), then there is a long exact sequence of cobomology groups:

s HY(XG) S HMAG) @ HY(B;G) S HY(ANB;G) — -

We also note in passing that have a Mayer-Vietoris sequence in relative cobomology groups.

Remark 7.4.50. We can also define reduced cobomology. Consider the augmented singular chain complex
for X:

0s 0 0

where £()_, nix;) = Y, . After applying the Hom(—, G) functor, we get the angmented co-chain com-
plex:
% « 05 « 01 x EF
— Oy «+—C{+—Cj<+—7Z+0
Note that since €00y = 0, we get by by applying the Hom(—, G) functor that 0f oe* = 0. The cobomology of

this augmented cochain complex is the reduced cohomology of X with G-coefficients, denoted by H'(X;G).
1t follows by definition that

H"(X;G) = H'(X;G) n>0
and by the universal coefficient theorem (applied to the augmented chain complex), we get
HY(X;G) = Hom(H"(X), Q).

Remark 7.4.1x. If (X, A) isa good pair, then the long exact sequence in reduced cobomology holds true. This
is because the analogous result is a_formal consequence of the Eilenberg-Steenrod axioms.

co o HM(X, A;G) — HY(X;G) — H"(A;G) — H" X, A;G) — - - -
In particular, if A = {x} is a point in X, we get that
H™(X;G) = H"(X, z0;G)
forn > 1. Moreover, we bhave
H™(X,A:G) = H"(X/A; G)

foralln € N. The proofis the same as in the homology case since it is a formal consequence of the Eilenberg-
Steenrod axioms and the hypothesis on the space. Also, if each X, is path-connected, we have

a(\/ Xa) = [[ H"(Xa)
« «
forn > 0. Once again, the proof is similar to the proof in the case of singular homology. We also have a
Mayer-Vietoris sequence in reduced cobomology.

Remark 7.4.12. We can define simplicial cohomology and cellular cobomology in exactly the same way as
expected. As expexted, simplicial cobomology and cellular cobomology are isomorphic to singular cobomology.
The proofs are identical in the homology case.
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7.5. First Computations

The purpose of this section is to compute cohomology groups of some topological spaces. We begin
by looking at some specific examples.

Example 7.5.1. (Contractible Spaces) Let X be a contractible topological space. We have:

G, ifn=0
0, otherwise

H"(X;G) = {

This follows immediately by the homotopy invariance of cohomology groups since X homotopy equiva-
lent to a point.

Example 7.5.2. (Spheres) Let X = S". Then we have
Z@L, ifk=n=0
Hi(S"7) =<7, ifk=n>0,k=0,n>0
0, otherwise

Since, Z and Z @ Z are free-abelian groups, the Ext term in the UCT for cohomology vanishes for each .
Hence,

GG, ifk=n=0
H*(S™, Q) = Hom(H,(S™, ), Z) = { G, ifk=n>0 k=0,n>0.

0, otherwise

foreach k > 0.

Remark 7.5.3. We can also compute the cobomology groups of S™ by using the above Mayer-Vietoris sequence.
Cover S™ by two open sets A = S™ \ {N } and B = S"™ \ {S}, where N and S are the North and South
poles of S™. Then we have

ANB~S§" ! A~DB~R"
Thus, by the Mayer-Vietoris sequence for reduced cobomology, homotopy invariance, and induction, we get:

G, ifk=n

H*(S™G) =~ H;,_,,(S"; G) =
( ) knl ) {0, otherwise
foreach k > 0.

Example 7.5.4. (Mobius Band) Let M denote the Mobius band. Since M is homotopic to S*. we have,

ifk=0,1
HE(, Gy = G TR=01
0, otherwise
foreach k > 0.
Example 7.5.5. (Torus) Let X = S x St Recall that we have,

ZD7Z form=1
H,(S'xst,z)y={z forn = 0,2
0 forn >3
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Since, Z and Z @ Z are free-abelian groups, the Ext term in the UCT for cohomology vanishes for each k.
Hence,

GG forn=1

H™(S' x SY,G) = Homy(H,(S' x $Y,72),G) =< G forn = 0,2
0 forn >3
Example 7.5.6. (Klein Bottle) Let X = K be the Klein bottle. Recall that we have,
4 forn =10
H,(KZ)=27Z®Zy forn=1
0 forn > 2

Note that we have,
Ext(Ho(K,Z),G) =0,
Ext(H1(K,Z),G) = Ext(Zs, G) = G/2G

Therefore, we have

H"(K,G) 2 Homyg (H,(K,Z),G) @ Ext (H,—1(K,Z),G)

G, forn =0,
~ G®G/2G, forn =1,
G/2G, forn =2,
0, forn > 3.

The case G = Zs is important. Then,

ZQ fOI‘TL:O,Q,
H"(K Z9) 2 (Zo®Zy forn=1
0 forn >3

Example 7.5.7. (Real Projective Space) Let X = RIP". Recall that we have,

Zo ifkisodd,0 < k < mn,
Hiy(RP",Z) =< 7Z ifk=0,nisodd,
0  otherwise.
Note that Homy(Zo, G) = G2 = {g € G | 2g = 0} and Ext(Z2, G) = G/2G. If n is odd, we have:
(G itk =0,n,
G/2G ifkiseven,0 < k < n,

HF(RP™, G) =
( ) Go ifkisodd, 0 < k < n,
0 otherwise.
If n is even, we have:
(G ifk =0,
Hk(RIP”,G) ~ G/2G ifkiseven,0 < k < n,

Gy ifkisodd,0 < k < n,

0 otherwise.
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Remark 7.5.8. The case G = Zo in Example 7.5.7 is important. We have

Zo k=0,---,n,
0  otherwise.

H*(RP" Zy) = {

Example 7.5.9. (Complex Projective Space) Let X = CP". Recall that we have,

Z, ifk=0,2,4,...,2n
0, otherwise.

Hy(CP" 7) = {

Since Z is a free abelian group, all the Ext terms in the UCT for cohomology vanish. Hence,

G, ifk=0,2,4,....2n

0, otherwise.

H*(CP", Q) = Homy(H(CP", Z), G) =2 {



CHAPTER 8

de-Rham Cohomology

The transition from singular cohomology to de Rham cohomology focuses on a cohomology the-
ory intrinsically adapted to smooth manifolds. De Rham cohomology provides a geometric realization
of singular cohomology with real coefficients, establishing an isomorphism between these theories in the
smooth setting. Defined via differential forms and their exterior derivatives, de Rham cohomology cap-
tures topological invariants through differential-geometric structures. The kth de Rham cohomology
group H%, (M) measures the extent to which closed k-forms fail to be exact on a smooth manifold M,
quantifying the obstruction to extending local primitives to global ones. This reflects a fundamental prin-
ciple across mathematics: cohomology theories serve to measure the failure of local data to assemble into
global structures.

8.1. Definition & Propeties
Let M be a smooth manifold. Since
> =dod: QF (M) S k(M) S QFL(M)
is the zero operator for every k > 1, we have
im <d L QFL(M) - Qk(M)) C ker (d QF (M) — Qk“(M)) .
Thus, im d is a subspace of ker d for all & > 1.

Remark 8.1.1. Let M be a smooth n-dimensional manifold. For convenience, we set Ok (M) = {0} forall
k < Qand k > n. Moreover, we set

d=0:QFM) = Q" (M)
forall k < 0and k > n. Then the inclusion above holds for all k € 7.
Definition 8.1.2. Let M be a smooth manifold. The quotient vector space

 ker(d : QF(M) = QM) {w e QF(M) : dw = 0}
~im(d: QFY (M) — QM) {dw:w € QF1(M)}

is the k-th de Rham cohomology group of M.

Hg (M)

Let M be a smooth manifold. A form w € QF(M) is closed if dw = 0 and exact if there exists a
(k — 1)-form 7 € QF~1(M) for which dr = w. Since d o d = 0, every exact form is closed. hus,

_ {closed k-forms in M}
~ {exact k-forms in M}

This suggests that Definition 8.1.2 measures the failure of closed forms to be exact forms. Indeed, every
closed form need not be exact:

Hi (M)

156
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Example 8.1.3. Consider the 1-form on R? \ {0} defined by:
rdy —ydx
x2 + 92

Then,
(dz A dy — dy A dz)(2? + y?) — 2z dx + 2y dy) (z dy — y dx)
(22 + 42)?
2+ yH)de Ndy — (227 dx A dy — 2y* dy A dx) 0
(22 + y2)2
So, w is closed. But writing w in polar coordinates and integrating around a circle centered at 0 in R?\ {0}

gives
/ w = 2.
St

If w = dn were exact, Stokes’ theorem would imply

0:/17:/ n:/dn:/w:27r.
1] oSt St St
Hence, w is not exact.

Remark 8.1.4. Elements H¥(M) are equivalence classes of k-forms. Given w € ker(d : QF(M) —
QFFL(M)), we denote the equivalence class by

(W] = {w+dr € Q¥(M) : 7 € QF (M)}
Therefore, HY, (M) is a vector space that classifies the dlosed k-forms in M up to exact forms.

dw =

8.1.1. Properties of de Rham cohomology. We now discuss several algebraic properties of de Rham
cohomology, which are analogous to the properties of singular cohomology for general topological spaces.
We first show that the de Rham cohomology defines a contravariant functor from the category of smooth
manifolds, Man, to the category of abelian groups, Ab.

Proposition 8.1.5. Let M, N be smooth manifolds and let ' - M — N be a smooth map. Foreach k € Z,
let F* : QF(N) — QF(M) be the pullback map.
(1) Foreach k € Z, F* descends to a linear map F* : H5y(N) — H%, (M) between the de Rbam
cobomology groups given by F*|w] = [F*w].
(2) (Functoriality) Forcachk € Z, H 5R : Man — Ab is a contravariant functor.

Proor. We shall use the fact that the exterior derivative commutes with pullbacks. The proof is given
below:

(1) Letw isaclosed form. Then
d(F*w) = F*(dw) =0
Hence, F'*w is also closed a form. This shows that F™*w restricts to a map
F* : {closed k — formson N} — {closed k — forms on M }

Now let w = dn be an exact form. Then
Frw = F*(dn) = d(F"n),

Hence, F*w is also an exact form. This shows that F™* descends to a well-defined map map
F*: Hig (N) = Hig (M)

given by F*[w]| = [F*w].
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(2) This follows from (x).
This completes the proof. U
Proposition 8.1.6. (de Rbam Cobomolgy of Disjoint Unions) Let { M } jc 1 be a countable collection of

smooth n-dimensional manifolds. Let M = | |, ; M. Foreach k € Z, the inclusion mapsij : M; — M
induce an isomorphism

Hjp (M) = [ [ Hix(M
jeJ
Proor. The pullback maps i} : H ¥(M) — H*¥(M;) induce an isomorphism from
F) = [T HA M), i(w) - (15@) ey = @) ey
JjeJ
This map is injective because any smooth k-form whose restriction to each Mj is zero must itself be zero,

and it is surjective because giving an arbitrary smooth k-form on each M defines one on M. O

We now discuss the homotopy invariance of de Rham cohomology, allowing us to show that de Rham
cohomology is a topological invariant. If M and N are smooth manifolds, and F,G' : M — N are
smooth maps, we shall show homotopy invariance by constructing a co-chain homotopy between F* and
G* which are given by linear maps

hy s QF(N) — QF L)
for each k € Z such that
Ff(w) = G*(w) = d(hyw) — 1 (dw)
foreachw € Q¥(N)and k € Z.

-—>Qk1 *>Qk *>Qk+1(]\7)#>--~
F# G# h F # hk+1 F# G#
le %Qk %Qkﬂ )#

The key to our proof of homotopy invariance is to construct a homotopy operator first in the follow-
ing special case. Let M be a smooth manifold, and for each t € I, let

weM—MxIT
be the map ¢ (z) = (z, t). We first construct a co-chain homotopy between i, and .

Lemma 8.1.7. Let M be a smooth n-dimensional manifold. There exists a co-chain homotopy between the
two maps iy and i,

Proor. Foreach k € 7Z, we need to define a linear map
hy - QF(M x T) — QFL(M)

such that
hiy1(dw) + d(hw) = 7 (w) — i (w) *)
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for eachw € QF(M x I). Let S be the vector field on M x R given by S(p, s) = (0, % ‘S) Given
w € QF(M x I), define hy(w) € Q*1(M) by

1
h(w) = /0 i (Sow) dt.

We shall verify the formula in (x) in local coordinates. Forp € M, let U = (z!,--- ,2™) denote a co-
ordinate chart containing then. Then U x R = (21, --- , 2", s) is a co-cordinate chart containing (p, s)
for each s € R. In coordinates:

w= Z:(,u}(ar:,s)ds/\daci1 Ao A dat —l—Zw%(w,s)dmh A A dat*
I T

where I, J range over all increasing k-multi-indices over {1, - - - , n}. We have,

Sw = Zw}(:r,s) dz™ Ao A da
I

it (Saw) =i} <Zw}(w,s) dz A A dxi’“) = Zw}(x,s) dz™ A - A da
I

I
We have,

1
d(hpw) = d/ it (S_w) dt
0

15) t ) ) )
/(Zwlﬂvtda}”/\ /\da:“‘)dt Z/(wé; dJ/\d:c“/\.../\da:Zk)dt.

We now compute hy+1(dw). Here d is the exterior derivative on M X I. First note that,

Ol , . . 0
dw=Y" “’g(;’s) da? NdEAdZ A - Azt "Jfa(g;) da' AdeP A - -Adab
T J

8(.01( s)

We now find Ay (dw), which is given by the expression:

1
hk+1(dw):/ i% (S dw)dt
0
We have,

S_ndwzzawla(mds/\da:ﬁA---Adxjk—ZWthdxj/\dle/\--~/\de’“
S T
J I

Therefore, we have,

1
hk+1(dw):/ if (S dw)dt
0

1 2(p ¢ ) . T ¢t ) ) )

:/ Zmd:ﬂjl/\/\d‘fn'}k— Mdl"j/\dl‘zl/\/\dl‘u‘: dt
0 - 0s 7 (7

We have,

1 2(p.t A A
d(uss) + (o) = [ (Z&Ugj’)dxﬁ/\---/\d:c]k)dt
0

J

dsAdzI - -

AdaxTe
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Noting that,

it (w) = Zw%(w,t) dz?t A - A da,
J

we have,

dif (w) Ow?(z,t) i i

As aresult, we have,

1 g:# w
d(hae) + hpy (dw) = / B gy it () — it (w)

o dt

Hence, (%) holds in every co-ordinate chart. This proves the claim. O

Proposition 8.1.8. Let M and N be smooth manifolds. If F, G : M — N are smoothly homotopic smooth
maps, then the induced cobomology maps F*,G* « Hby(N) — HY, (M) are equal for cach k € Z.

Proor. There exists a homotopy H : M x I — N from F'to G such that F' = H 0i9,G = H o4y
We have,

F* = (H oig)t = i, o H*,
G* = (Hoiy) =i o H*.

By Lemma 8.1.7, we know the maps i, and i are equal from HY, (M x I)to H%, (M) foreach k € Z.
Therefore,

F*=(Hoig) =ijoH =i{o H* = G*
This proves the claim. U

Corollary 8.1.9. (Smooth Homotopy Invariance) Let M and N be smoothly homotopy equiviaent smooth
manifolds. Then

Hp(M) 2 Hiy (N)
foreach k € 7.
Proor. Let F': M — N and G : N — M be smooth maps such that

GoF ~1dy
FOGZIdN

‘We have,
(GoF) = F"oG* = 1d}; = Idyi(up),
(FO G)# = G# (e] F# = Id#]#\/' = Ide(N)

Since Id%, is a surjective map, then F* is surjective. Moreover, since Id?; is an injective map, then F* is an
injective map. Hence, F* is a linear map bijection, and hence an isomorphism. Hence, we have

Hi (M) = Hi (N)
foreach k € Z. O
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Itis clear thatif M = {x}, then H, (M) = 0 forall k > 0. We will verify this explicitly later on. If
M is a star-like manifold, then by smooth homotopy invariance, H fR(M ) = Oforall k > 0since M is
contractible. This is immediately implies that the famous Poincaré lemma which states that if U is an open
star-shaped subset of R", then every closed form on U is exact. A consequence of the Poincaré lemma is
that every closed form on a smooth manifold, M, is locally exact. This suggests that the the obstruction
of solving the equation

dn = w,

is connected to a global problem. This hints that the de Rham cohomology group is not affected by the
difterential structure that is of local nature. This is made precise below:

Corollary 8.1.10. (Topological Invariance of de Rbham Cohomology)If M and N are homotopy equiv-
alent,

Hjp(M) 2 Hiy (N)
foreach k € Z.

Proor. By Whitney’s approximation theorem, every topological homotopy equivalence can be approxi-
mate is homotopic to a smooth homotopy equivalence. The result then follows from Corollary 8.1.9. [

8.1.2. Mayer—Vietoris Sequence. Suppose M is a smooth manifold, and let U and V' be open sub-
sets of M such that U U V' = M. The main goal of using the Mayer-Vietoris Sequence is to compute
HY (M) interms of HE (U), HE, (V)),and HY, (UNV) where {U, V'} is an open cover of M. We have

the following inclusions:

7

4

For each k € Z, these inclusion induce pullback maps on differential forms

U
N
unv M
j /
y

Ok
QKU NV)
%
QOF
Note that these pullbacks are in fact just restrictions. If we take some w € QF(M) and apply the map

kE* @ 07, we get
E* @0 (w): Q8 (M) = QX)) @ QF(V), k@0 (w) = (K'w, (*w) = (w|y,wly)

)
N
QF (M)
o
(V)

Furthermore, if we take (w,n) € QP(U) & QP(V') and apply the map i* — j*, we have
=P (V) = QFUNV) (@ =) (wn) =w|yny — Tpay

In other words, we have the following diagram



162, 8. DE-RHAM COHOMOLOGY

OrU)

QHUNV) L QF(U) @ OV

\

Proposition 8.1.11. (Mayer—Vietoris Sequence) Let M be a smooth manifold, and let U,V be open
subsets of M such that M = UUV. Foreachk € Z, thereis a linear map 6% : Hi, (UNV) — Hf;’l(M)
such that the following sequence, called the Mayer-Vietoris sequence for the open cover {U, V' }, is exact:

5k

1
i HZZCR(M) Ker

i#— S# 5k k’#@l#
25 HYR(U) @ B (V) S HRp(Un V) 2 HE (M) 225 -

Proo¥. Consider the following sequence:

0 — QR EEL by @ (V) TS (U nU) = 0
We show that this sequence is a short exact sequence. We first show that £* @ [* is injective. Suppose that
o € QP(M) satisfies
(k* @ 1%)(0) = (o]v, alv) = (0,0)
This means that the restrictions of o to U and V" are both zero. Since {U, V'} is an open cover of M, this
implies that o is zero. We now show exactness at Q%(U) @ QF(V). Note that
(i =j") o (k" @) (o) = (icj)(olv,olv) = olunv — oluny =0,

This shows that Im (k* ®1*) C ker(i* —5*). Conversely, suppose we are given (v, a') € QF(U)@QF(V)
such that (i* 0 j*) (@, ) = 0. This means that a|yny = o/ |y So thereis o € QF (M) defined by

{a onU,

o=9 ,

o' onV.

Clearly, (o, ') = (k & 1)(0). Soker(i* — j*) C im(k* & I*). We now show that i* — j* is surjective.

Letw € QF(U N U). Let {p, ¥} be a smooth partition of unity subordinate to the open cover {U, V'}
of M. Define a € QF(U) and o/ € QF(V) by

_ JYwonUNYV, o — —pwonlUNV,
~ 1 0onU \ supp e ~ 1 00onU \ supp
‘We have
(" = j ), ') = alyay — |luny = Yw — (—pw) = (P — P)w = w.
Hence, the sequence is indeed a short exact sequence. Because pullback maps commute with the exterior

derivative, above short exact sequence induces the following this will show that we have the following short
exact sequence:

E ol*

7;#_ #
0 — Hig(M) == Hi(U) & Hix (V) —= Hx(UNU) =0

Since this is true for each k& € Z we get a short exact sequence of co-chain complexes involing the de-Rham
cohomology groups. The Mayer—Vietoris theorem then a formal consequence of the snake lemma. [
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Remark 8.1.12. The snake lemma defines the connecting morphism

6k
Hip(UNV) = HyF (M)

A characterization of the connecting homomorphism is given in the proof of the snake lemma (Proposition 4.6.3).
Recalling it and adapting it to our case, we have that §*|w] = [0, provided there exists (o, o)) € QF(U) @
QF (V) such that

ifa—j*d =w, (k*o,l*0) = (da,dd’).
«, o can be defined as in Proposition 8.1.11 to satisfy the first equation. Given such forms (o, &), the fact
that w is closed implies that do = do' on U NV Thus, there is a smooth (k + 1)-form o on M that is equal
todaon U and do! on'V, and it satisfies the second equation.

Itis quite easy to characterize the de Rham cohomology in degree zero and degree one. We first discuss
the degree zero case.

Proposition 8.1.13. Let M is a connected smooth manifold. Then HYy, (M) is equal to the space of constant
Sfunctions. Therefore,

HO% (M) =R

Proor. Note that
H% (M) = {closed 0 formson M} = {f € C*°(M) | df = 0}

Since M is connected, df = 0 if and only if f is constant real-valued function. Therefore,

HY (M) = R
This completes the proof. O
Corollary 8.x.14. Let M be a smooth manifold. Then

Hp(M) =RV,

where | J | is the number of connected components of M.

M =] M,
JjeJ
where each Mj is a connected component of M and J is at most countably infinite. By Proposition 8.1.6
and Proposition 8.1.13, we have,

HgR(M) = H HgR(Mj =) H R = RV
jeJ jeJ

Proor. We have,

This completes the proof. OJ

Another case in which we can say quite a lot about de Rham cohomology is in degree one. Let
Hom(m1 (M, p),R) denote the set of group homomorphisms from 71 (M, p) to the additive group R.
We define a linear map ®: H, (M) — Hom(m1 (M, p), R) as follows: given a cohomology class [w] €
Hy (M), define ®([w]): m1 (M, p) — Rby

where [7] is any path homotopy class in 71 (M, p), and 7y is any piecewise smooth curve representing
the same path class.
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Proposition 8.1.15. Suppose M isa connected smooth manifold. Foreachq € M, the linearmap ®: H, (M) —
Hom(m (M, p), R) is well defined and injective.

PrOOEF. (Sketch) Given [y] € 71 (M, p), it follows from the Whitney approximation theorem that there
is some smooth closed curve segment 7 in the same path class as 7. We use without proof the fact that

[

for every closed forms, w and every other smooth closed curve ¥ in the same path class as 7. If W is another
smooth 1-form in the same cohomology class as w, then w — w = df for some smooth function f, which

implies
| [o- [w= [ =sw-1@=0

Thus, ® is well defined. It follows from properties of the line integral that ®([w]) is a group homomor-
phism from 71 (M, p) to R, and that ® itself is a linear map. Suppose @ (|w]) is the zero homomorphism.
This means that f7 w = 0 for every piecewise smooth closed curve ¥ with basepoint ¢. If 7y is a piecewise
smooth closed curve starting at some other point gg € M, we can choose a piecewise smooth curve o
from g to qo, so that the path product « - 7y - @is a closed curve based at g. It then follows that

g R e R Ry E S

Thus, w is conservative and therefore exact. OJ
Corollary 8.1.16. If M isa connected smooth manifold with finite fundamental group, then Hi, (M) = 0.

Proor. There are no nontrivial homomorphisms from a finite group to R. The claim follows from
Proposition 8.1.15. (]

Remark 8.r.x7. If M is a connected smooth manifold whose fundamental group is a torsion group, then
H}y (M) = 0. This is becanse R has no torsion elements. Hence, Hom(m1 (M, p), R) = 0 in this case.

8.2. Examples & Applications
We discuss some example computations of de Rham cohomology.

Example 8.2.1. (0-Dimensions) Let M/ be a 0-dimensional smooth manifold. We have,

=TT
i€l
where |I| is the cardinality’ of M. Then
R ifk =0
HE (M) = ’ :
dr (M) {0, otherwise

where |I| is the cardinality of M. This follows at once from Proposition 8.1.6 and Proposition 8.1.13.
Example 8.2.2. (Contractible Manifolds) Let M/ be contractible manifold. Then,
RV ifk =0

0, otherwise

(1) — {

11| is at most countably infinite.
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where |.J| is the number of connected components of M. This follows immediately from Example 8.2.1
and Corollary 8.1.14.

Remark 8.2.3. If M is a star-like manifold, then by homotopy invariance, HY; (M) = 0 for all k > 0
since M is contractible. This is immediately implies that the famous Poincaré lemma which states that if U is
an open star-shaped subset of R, then every closed form on U is exact. A consequencee of the Poincaré lemma
is that every closed form on a smooth manifold, M, is locally exact.

Example 8.2.4. (Circle) Let’s compute the de-Rham cohomology of S'. Clearly, Hj, (S') = R since
St is connected. Write S' = U U V, where U, V' represent the ‘nothern hemisphere’ and ‘southern
heisphere’. U, V' are contractible and U N'V = {+£1}. The Mayer-Vietoris theorem implies

0-R->RER-ROR - Hip(SH) —0—0—---

This clearly implies that Hf, (S*) = 0 for k > 2. We can immediately conclude via exactness that
H}; (S') = R. Hence,

R, ifk=0,1
0, otherwise

HfR(Sl) = {

We can compute the generator for HJ (S'). The generator of is the angular 1-form df. Notice that df
is not globally defined on the circle since it is a multiple-valued function. Therefore, df is not zero in
cohomology and generates H j; (S').

Example 8.2.5. (Spheres) Let’s compute the de Rham cohomology of S™ for n > 1. We proceed by
induction on k to show that

R, ifk=0,n

0, otherwise

HfR(S”) = {
We have verified the claim for & = 1 in Example 8.2.4. Now assume the claim is true for n — 1. Let
U=S"\{N}andV =S"\ {S}. We have
Unv~s"! U~V ~R"
The Mayer-Vietoris sequence implies
= 0= HEHS™Y) - HE(S™) =0 — - -
This implies that H¥ 1 (S"~1) & HE (S™). The claim now follows via induction and Example 8.2..4.

Example 8.2.6. (Punctured Euclidean Space) Let p € R" forn > 2. WLOG, we can assume that

p = 0. We have
R, ifk=0,n—-1
0, otherwise ’

Hig (R"\ {p}) = {

Indeed, the inclusion S*~! — R™ isa homotopy equivalence. The claim now follows from Example 8.2..

We can now discuss some elementary applications of de-Rham cohomology. We can now prove the
topological invariance of the dimension of smooth manifolds.

Proposition 8.2.7. If m # n, then R™ is not homeomorphic to R™. In particular, if M be a topological
n-manifold then its dimension is uniquely determined.
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ProOF. Assume that R = R"™ If f : R" — R™ is a homeomorphism, then f : R™ \ {0} —
R™\ {f(0)} is a homeomorphism. So,

Hig (R"\ {0}) = Hgy (R™\ {£(0)}),
foreachk € Z. But R\ {0} =2 S""Land R™\ {£(0)} = S™~L. So,
Hy (S™1) = Hp (8")

for each k € Z. This is a contradiction by Example 8.2.5. The claim for a topological manifold follows by
working in co-ordinate charts. U

We can also show that the rank of the de-Rham cohomology groups is finite for most manifolds. We
first need a definition:

Definition 8.2.8. Let M be a smooth n-manifold and {U, } aen an open cover of M. We say {Uq }aecn
is a good cover if for any finite subset I = {1, ..., o} C A of indices, the intersection

Ur:=Uy NUq, N+ NUq,
is either empty or diffeomorphic to R".

Remark 8.2.9. By using the theory of geodesically convex neighborhoods in Riemannian geometry, one can
show that any open cover of any smooth manifold M admits a refinement which is a good cover. In particular,
if M is compact, then M admits a good cover which contains only finitely many open sets. See [B113].

Proposition 8.2.10. Let M be a smooth n-manifold. If M admits a finite good cover, dim HY, (M) < 0o
foreach k € Z.

Proo¥. We proceed by induction on the number of sets in a finite good cover of M. If M admits a good
cover that contains only one open set, then that open set has to be M itself. In this case, M is diffeomorphic
to R", and the conclusion follows. Now suppose the theorem holds for any manifold that admits a good
cover containing k — 1 open sets. Let M be a manifold with a good cover {U1, . .., Uy }. We denote

U=U;U---UU,_7y and V =U,.

Then UNV admits a finite good cover {U1 MUk, . . ., Uy—1 MUy }. By the induction hypothesis, all the de
Rham cohomology groups of U, V', and U NV are finite-dimensional. Now consider the Mayer-Vietoris
sequence:

o Hi U0 V) S B (M) S i (U) @ H (V) — -
The conclusion follows since
dimim(ay) < dim HY, (U) @ HR (V) < oo,
dimker(ag) = dimim(6y,—1) < dim Hi H(UNV) < cc.
This completes the proof. O

Corollary 8.2.xx. If M is a compact manifold (or M is homotopy equivalent to a compact manifold), then
dim HY, (M) < oo forall k € Z.

Proor. This follows from Proposition 8.2.10. O
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8.3. Compactly Supported de-Rham Cohomology

Let M be an orientable smooth manifold. Integration is a pairing between compactly supported forms
and oriented manifolds. This observation motivates that HJ, (M) is important for studying orientations
on M. Unfortunately, if M is non-compact, the integration of a n-form is not nicely defined unless the
differential form is compactly supported. This observation motivates the study of de-Rham cohomology
with compact support.

Definition 8.3.1. Let M be a smooth n-manifold and let w € Q¥(M). The support of w is
supp(w) = {p € M [ wp # 0}.

w is compactly supported if supp(w) is a compact set.

We set,
QF (M) = {w € QF(M) | wis compactly supported},
be the set of all compactly supported smooth k-forms. Clearly, the following facts are true:

(1) if wy,wo are compactly supported k-forms, so is cjw1 + cawa;
(2) if w is compactly supported, then dw is also compactly supported.

So QF (M) are real vector spaces for each k € Z, and the exterior derivative makes these vector spaces a
co-chain complex:

0— QM) % al(v) % a2y S a3y S -

Definition 8.3.2. Let M be a smooth manifold. The quotient vector space
HE (M) = ker(d : QF(M) — QEFL(M)) _ {we Qk(M) : dw =0}
o im(d: QFY(M) = QF(M))  {dw:we QM)
is the k-th de Rham cohomology group with compact support of M.

Example 8.3.3. Let M be a smooth manifold. For & = 0, by definition
HfRyc(M) ={f e C™(M) | df =0and supp(f) is compact}.

Butdf = Oifand onlyif f islocally constant, i.c., f is constant on each connected component. Moreover,
a locally constant compactly supported function has to be zero on any non-compact connected compo-
nent. So we conclude

HC?R,C(M) = R™e,
where m,. is the number of compact connected components of M. In particular,
Hy. (pt) =R, and Hf (R") =0
foralln > 1.

Remark 8.3.4. Since R" is homotopy equivalent to {pt}, we conclude that HY, (M) is no longer a homo-
topy invariant.

We now discuss the analog of the Mayer-Vietoris sequence for the compactly supported case. If I :
M — N is a smooth map between smooth manifolds, note that by definition,

supp(F*w) C F~ ! (supp(w)).

Soifw € QF(N), in general we may have F*w ¢ QF(M). Hence, we cannot expect to pull back
compactly-supported cohomology classes on N to compactly-supported cohomology classes on M
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Remark 8.3.5. If ' : M — N is proper map, then the pull-back F**w of a compactly supported differential
Sformw € QF(N) is still compactly supported. In this case, we have an induced map:

o HfR,c(N) - HACR,C(M)

In this case, one can prove that if Fo, Fy : M — N are proper smooth maps that are properly homotopic,
then the induced maps are equal:

Fl* = FQ* : H(]igR,c(N) - H(QCR,C(M)'

Note that any homeomorphism is proper. So, in particular, the compactly supported de Rham cobomology
groups are still topological invariants up to homeomorphisms. That is, if M = N as smooth manifolds, then

HE (M) = HE(N)

foreach k € 7. We have aready seen that compactly supported de Rbam cobomology groups is not a topolog-
tcal invariant up to homotopy equivalence.

So how do we prove an analog of the Mayer-Vietoris sequence for the compactly supported case. Note
that we can now instead pushforward compactly supported differential forms and hence cohomology
classes. If U' C M is an open set, the inclusion ¢ : U < M induces a map

i QMUY — QU(M)

that sends a compactly supported difterential form on U to the same differential form extended by zero

outside of U.
Lemma 8.3.6. Forcach k € Z, the map i, commutes with the exterior derivative.

Proor. Forw € Q(U), we have dw € Q71(U). Thus, applying (i, o d) to w results in dw extended
by zero outside of U. If we first apply i, we obtain

M
in(w) = {O, on M\ U,
w, onU.
Taking the exterior derivative, we get
M
dliww) = 40 oM MAT
dw, onU.
Thus, 7, commutes with d. Thatis, 7, 0o d = d 0 i,. O

Lemma 8.3.6 allows us to establish the following version of the Mayer-Vietoris sequence for the com-
pactly supported case.

Proposition 8.3.7. Let M be a smooth n-manifold and let U,V C M be open sets such that U UV = M.
Then there exists linear maps 65 : HE(M) — HEYL(U N V') so that the following sequence is exact:
66
- HHUNV) = HYU) @ HE(V) — HE(M) = HFP' (U NV) — -

Proo¥. The proof is so much like the original Mayer-Vietoris proof, and it involves a diagram chase. We
omit details. O

Example 8.3.8. We compute HY, (R") for k < n. We have seen H); (R™) = 0. Now we show that
H§R7c (Rn) =0
for1 < k < n. We identify R™ with then open set S — {N'}. Then we get an inclusion map

t: R = §™,
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(1) Letk = 1. Letw € QL(R™) such that dw = 0. Since d commutes with 7 as seen above, we have

that t.w € QL(S™) such that d(t,w) = 0. Since*
Hig ((S") = Hgy (S") = 0

there exists 7 € Q0(S™) = C°(S™) such that t.w = dn. Noting that ¢,w is supported in
S™—U foropen set U containing NV, we have dn = t*w = 0 on U. Thisimplies thatn|y = cfor
some constant ¢ € R. It follows that if we take 77 = 17 — ¢, then 7j € Q%(S" — {N}) = QY(R")
and dnp = w.

(2) Letk > 1. Letw € Qf (R™) such thatdw = 0. Asabove, t,w € Qf,(R") such thatd(c,w) = 0,
and t,w is supported in S — U for open set U containing V. Since’

Hip ((S") = Hip (S") = 0

there exists 7 € Q2F~1(S™) such that 1,w = dn. By shrinking the neighborhood U of N, we can
assume that U is contractible. Then the fact that dn = t,w = 0in U implies that there exists
ap € Q8 2(U) such that n|y = du. Now pick a bump function 1) on S” which compactly
supported in U that equals1on N. Then

i =n—d(yp) € QS
and 7) = 0 near N. By construction, dnj = dn = w.

8.3.1. Top Degree Cohomology. We now set up the machinery to argue that the degree k£ de Rham
cohomology with compact support is related to the orientation of smooth manifolds. First, an example:

Example 8.3.9. Let’s compute Hj, _(R). Consider the integration map

/:Qi(R)—ﬂR, w&—>/w.
R R

This map is clearly linear and surjective. Moreover, if w = df is a compactly supported exact form, then

[Cww= [ Lo i) s,

d
—o0 —R
foreach R > 0. Since f € C°(R), f(R) = f(—R) = 0 for R large enough. So it induces a surjective

linear map

/ : Hip (R) = R.
R

Moreover, if [ f(t) dt = 0, where f € C2°(R), then consider the function

o= [ sar

Clearly, g is smooth. If we choose T' > 0 and R < 0 large enough, we get
T 0
F(T):/ f(t)dt:/ f(t)dt =0.
R R
F(R) :/ F(t) dt :/ 0dt = 0.

2Notethatk =1 <n
30nce again, note thatk < 1 < n
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Hence, g € C°(R). Since dg = f, we have [f(t)dt] in HC}KC (R). Thus, [ is an isomorphism between
H!(R)and R, ie.,
HYR) = R.

The same method as in Example 8.3.9 works generally. Let M be a connected, oriented n-manifold,
andletw € Q7 (M) be a compactly supported n-form. Then w is closed, and we have defined the integral

wa. So we get a map
/ QN (M) = R, w&—>/w.
M M

Suppose w = dn for some n € Q71 (M). We can take a compact set K C M such that supp(n) C K.

By Stokes’ theorem,
/w:/ dn:/dn:/ n=0.
M M K oK

Thus, f M induces a linear map

/M:HQR&(MHR, W] o /Mw

Proposition 8.3.10. Let M be an oriented smooth n-manifold. Then the map [,, - Hiy (M) — Ris
surjective.

Proor. Fix a n-form (a volume form) w on M. For any ¢ € R, one can find a smooth function f thatis
compactly supported in a coordinate chart U, such that fU fw=c g

We can prove the following corollary based on Proposition 8.3.10:

Corollary 8.3.1x. The following statements are true:
(1) Ifw € Q(S™) and [, w = 0, then w is exact.

(2) We have
n R, k=mn,
H({lCR,c(R ) =
0, k#n.
(3) Let M be a smootn n-manifold. if M admits a finite good cover, then dim Hng’C(M) < 00 forall
ke Z.

Proor. The proof is given below:
(1) Note that
Hix(S") = Hip (S") =R
Hence, the map in Proposition 8.3.10is in fact alinear isomorphism. In other words, if fSn w =0,
then [w] = 0, i.e., w is exact.
(2) Example 8.3.9 proves the case n = 1 and Example 8.3.8 takes care of the case 1 < k < n for
n > 2. We discuss the case k = n > 2. It suffices to show that the surjective linear map

. n n
: HdR,c(R ) - Ra [OJ] = w
Rn R™
is in fact an isomorphism. We show that the map is injective. Assume that [, w = 0 for some

w € QF(R™). Automatically, we have dw = 0. As before, consider the inclusion map ¢ : R —
S™. Then t,w € Q™(S™). Since

/ L*w:/ w =0,
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by (1), we see t,w = dn for somen € Q2"71(S™). The rest of the proof is similar to that of
Example 8.3.8(2).

(3) We can use Mayer-Vertoris sequence compactly supported de Rham cohomology and induction
and the number of open sets in a good cover. The same as the proof for the ordinary de Rham
cohomology.

This completes the proof. OJ

We now reach the punchline for this section. We argue that Proposition 8.3.10 is, in fact, a linear
isomorphism if the underlying smooth manifold is connected and orientable.

Proposition 8.3.x2. Let M be a smooth connected orientable n-manifold. The map in Proposition 8.3.10 is
an isomorphism. In particular,

HER,C(M) =R

Proor. In Proposition 8.3.10, we have already checked that the map is a surjective linear isomorphism.
We check that it is injective. Let w € Q(M) such that [;,w = 0. Since M is connected and supp(w)
is compact, we can take a connected compact set supp(w) C K. If we can cover K, by a good cover
which contains only one chart, then Corollary 8.3.11(2) implies that w = dy for some u € Q2 1(M).
We can now proceed by induction. Suppose the claim is true if K, can be covered by £ — 1 ‘good charts,’
and suppose w € Q7 (M) satisfies the property that K, admits a good cover {U1, .. ., Uy }. There exists
one Uj, say U}, for simplicity, such thatboth U = Uy U - - - U U1 and V' = Uy, are connected*. Pick a
partition of unity { pr/, pv } of U UV subordinate to the cover {U, V' },and letw|yy = ppw,w|y = pyw.
Since K, is connected, U NV # (). We pick an n-form w( compactly supported in U NV so that

/UJOZ/ (/J’U.
M M

Then w|yy — wo is compactly supported in U, which is connected and admits a good cover of &k — 1

good charts, and
/ (w|ly —wo) = 0.
M

Wy — Wy = d?ﬂU

So by the induction hypothesis,

for some ny € QP H(M). Similarly,

wy + wo = dnly
for some n|y € Q71 (M). It follows that

implies

w=wy +wy =dny +nv),
where 1|y + 0|y € Q7~1(M). This completes the proof. O

8.4. de-Rham’s Theorem

#This needs proof.



CHAPTER o

Products & Duality

Cohomology acquires a rich algebraic structure through the cup product, which endows cohomology
groups with a graded ring structure fundamental to distinguishing and classifying topological spaces. The
interplay between homology and cohomology is further illuminated by Poincaré duality, a powerful the-
orem revealing a deep symmetry on orientable smooth manifolds that connects geometric properties with
algebraic invariants. These concepts form the backbone of much of modern algebraic topology, providing
essential tools for understanding manifold structures, intersection theory, and the algebraic encoding of
geometric information. References include [Hatoz; Leero; Mayg9)].

9.1. Cup Product

Let’s revert back to singular cohomology. However, we will keep on referring to de Rham cohomology
for some down-to-earth motivation. We have worked with coefficients G, where G is some abelian group.
Cohomology groups with G-coefticients can be ‘summed up’ to yield a direct sum decomposition:

H*(X;G) =P H"(X;G)
n>0
We now show that if we take G = R to be a commutative ring R, then the singular cohomology with
coefficients in R also forms a ring under the cup product operation. This suggests that cohomology is a

stronger topological invariant than homology. First, let’s define the algebraic object over which we define
the ring structure.

Definition 9.1r.1. Let X be a topological space, and let R be a commutative ring. The total cohomology
of X with coefficients in R is given by

H*(X;R) := P H"(X; R).
n>0

Our aim is to make H*(X; R) into a graded ring when R is a commutative ring. We shall do this by
first making

C*(X;R) =P C"(X;R)
n>0
into a graded ring, and then showing that the ring structure descends to cohomology. This will be done

by introducing a cup product structure on C*(X; R).

Example 9.1.2. We first discuss the special case of de Rham cohomology. The advantage here is that we
can directly work at the de Rham cohomology groups. Let M be a smooth manifold, and letw € QF (M),
n € QY (M) be closed forms. If [w] = [w'] and [] = [1'], we have

w=uw +da, n=n+dp

172
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fora € QF1(M)and B € Q'1(M). Note that we have
wAn= (W +da)A (7 +dB)
=W A+ ANdB+da Ay +d(aAB)
=W AR —dB AW +danny +d(anp)
=w AR —d(BAY)+d(ann)+dlaApB)
=W AR —d(BAY +a Ay +anp).
Hence, [w A 1] = [w’ A 7/]. This shows that the wedge product
A QF(M) x QYM) — QF (M)
descends to a well-defined bilinear map
—t Hig (M) x Hig (M) — Hy' (M),
Wl — ] = [wAn].
This is called the cup product in de-Rham cohomology.

Let’s now move back to the singular cohomology case and define the cup product. We first define it

at the level of C*(X; R).
Definition 9.r.3. Let ¢ € C*(X; R) and¢ € C'(X; R). The cup product ¢ — ¢ € C*(X; R) is
defined by:

(¢ ~ ¢)(U : Ak—H — X) = (b(o—‘[vo,...,vk]) : w(o—‘[vk,...,vk+l])

where ‘-’ denotes the multiplication in the ring 1.

Remark 9.1.4. Technically, these restricted maps in Definition 9.1.3 have the wrong domains; they aren’t
the standard k, l-simplices. But we just pre-compose with the ‘obvious’ maps from the standard simplices. We
shall not do this below.

The cup product extends by linearity to define a function C*(X; R) x C!(X; R) — C*(X; R)
by

(E ¢z’>v E Y| = E Gi — Py
i J ,J
Let us first check this gives us a ring structure.

Lemma 9.1.s. Let X be a topological space and let R be a commutative ring. Then C*(X; R) is a graded
ring under the cup product. If R bas an identity then C*(X; R) also has an identity.

ProoF. Suppose ¢ € C*(X; R)and ),y € CH(X; R). Weclimthatg — (Y +7) = ¢ — p+¢ —
~. For this, take o : A**! — X Then
(0 — (W +7))(0) = D(Ong,...0n) - @+ (Ol a))
= 0O Lg,on]) * V(g i) T P(T0g,n])) = V(T vpia))
= ¢ — Y(Opp,na)) T O = V(Oop,vna))-

A similar computation shows that (¢ + 1) — v = ¢ — v + 1) — 7. Associativity follows by a similar
computation. Let 1z denote the identity in R. Define a cochainv € C°(X; R)byv(z) = 1 Vz €
X and extend by linearity. Itis clear that

v—p=6=0—v
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forany ¢ € C"(X; R) and any n > 0. Thus, C*(X; R) is indeed a graded ring. O

Unfortunately, the ring structure on C*(X; R) is not very useful, as it is too “large” and almost im-
possible to compute. However, as we will now see, the total cohomology H*®(.X; R) also inherits a ring
structure, and this structure is much nicer. We need the following result:

Lemma 9.1.6. Let ¢ € C¥(X; R) and+p € C'(X; R)
Mo — ) = 0" — u + (1) — 3y

Proo¥r. Foro : ARl 5 X we have

k
(5k¢ ~ flp)(o-) = Z(_1)i¢(0[vo,...,@,...,vk+1}) ' w(a—[vk+1,...,’uk+l+1]>7
=0
k+1+1 '
(_1)k(¢ ~ 5¢)(U) = Z (_1)1¢(U[v0,...,vk}) ' T/J(U[vk,...,@,...,uﬂm])-
i=k

When we add these two expressions, the last term of the first sum cancels with the first term of the second
sum, and the remaining terms are exactly §*+!(¢ — 1)(0) = (¢ — 1) (Og41110) since

k+1+1 A
ak-l—l-i-lg = Z (_1)Z0[v0,-.-ﬂ7i ----- Vkti41)"
=0

This completes the proof. O
Corollary 9.1.7. The following statements are true:

(1) If¢ € C*(X; R) and 1 € CY(X; R) are cocycles, then ¥ (¢ — 1p) = 0.

(2) If ¢ € CH(X;R) andp € CYX; R) are such that one of ¢ or ) is a cocycle and the other a

coboundary, then ¢ — 1) is a coboundary.

ProoF. The proofis given below:
(1) Since 0%¢ = 0 and 6'9) = 0, we have that that

Mg — ) =8 — w+ (~1)fp — 8P =0
(2) Say 0%¢ = Oand ¢ = 8"~ 1. Then
MG — ) = (1) — 8= (-1)f'¢ — ¢
The other case is similar.

This completes the proof U

It follows that we get an induced cup product on cohomology:

— : H¥(X;R) x H(X;R) — H*(X; R)
9] X [¢] = [¢ — ¢]
Well-definedness follows from Corollary 9.1.7. Indeed, if [¢] = [¢'] and [¢)] = [¢], then
p=¢'+a, Y=y¢'+p
where o, 3 are co-chains. We have
¢ —v=(¢+a)— ¥ +p)
=+ (¢~ Bra—¢ +a—p)
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Corollary 9.1.7 implies that the term in paranthesis is a coboundary. Hence,

6wl =4 — v
The operation is distributive and associative since it is so on the co-chain level. If ? has an identity element,
then there is an identity element for the cup product, namely the class [1] € H O(X ; R) defined by the

0-cocycle taking the value 1 g on each singular O-simplex. Considering the cup product as an operation on
the direct sum of all cohomology groups, we get a (graded) ring structure on H*(X; R).

Definition 9.1.8. Let X be a topological space and let R be a commutative ring. The cohomology ring

of X is the graded ring
H*(X;R) := (@H"(X;R), - )

n>0
with respect to the cup product operation. If R has an identity, then so does H*(X; R).
Remark 9.1.9. We can also define the relative cup product. The cup product on cochains
C*(X:R) x CY(X;R) = C*Y(X: R)
restricts to cup products
C*(X,A; R) x C{(X;R) — C*Y(X, A; R),
C*(X,A;R) x C' (X, A;R) — C*(X, A; R),
C*(X;:R) x CY(X, A;R) — C*{(X, A; R).
since CY(X, A; R) can be regarded as the set of cochains vanishing on chains in A, and if p or ) vanishes on
chains in A, then so does p ~— ). So there exist relative cup products:
H*(X,A;R) x H(X;R) - H*(X, A; R),
H*(X,A;R) x H(X,A;R) — H*(X A; R),
H*(X;R) x H(X,A;R) — H*!(X A;R).
In particular, if A is a point, we get a cup product on the reduced cobomology H* (X5 R). More generally,
we can define
H*(X,A;R) x HY(X,B;R) — H*"Y(X, AU B; R)
when A and B are open subsets of X or sub-complexes of the CW complex X.

Normally, no one computes cohomology rings using the definition of the cup product, as this can be
quite tedious for the most part. However, we compute a couple of basic examples:

Example 9.1.10. (Spheres) Let X = S" forn > 1and R = Z. We have
Z, ifk=0,n

0, otherwise

H*(S™, 7)) = {

The generating element in H%(S™; Z) is the identity element. We label the generators of H°(S™; Z)) and
H"(S™; Z) as1and z respectively. We have the following relations
1—1=1, 1lwz=2, z—1=2, z—a=0
The last relation is true since H>"(S™; Z) = 0. Hence, we have
Zlx]

H'(§%2) = 75 = Zlz)/(a?) = Aglz]
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Here Az [x] is the exterior algebra on two generator over Z.

Remark 9.x.xx. We can define a cup product for simplicial cobomology by the same formula as for singular
cobomology. It can be checked that the isomorphism between simplicial and singular cobomology respects cup
products. Hence, we can compute cup products using simplicial cohomology.

Example 9.1.12. (Real Projective Plane) Let X = RP? and R = Z. We have

Zo k=0,1,2,
0 otherwise.

H"(RP?; Zy) & {

Let « be the generator of H'(RIP%; Zs). Consider
o? = a — a € H*(RP? Zy).

We claim that o? # 0, so & is in fact the generator of H?(RP?; Zs) = Zs. Consider the cell structure
on RP? shown in the figure below. The 2-cell 77 is attached by the word ejey Le=1 and the 2-cell Th is

attached by the word ese]’ le—1,

Since o is a generator of H'(RP?; Z/27) = Homgz,(Hy (RP?; Z),Z/27), it is represented by a cocycle
¢ : C1(RP?) — Z/27

with ¢(e) = 1, where e represents the generator of Hy(RP?;Z) = Zjy. The co-cycle condition for ¢
translates into the identities:

0= (0p)(T1) = p(0T1) = p(e1) = p(ea) — ¢(e),

0= (0p)(T2) = ¢(0T3) = p(e2) — p(e1) — p(er).
As p(e) = 1, we may WLOG take (e1) = 1and ¢(e2) = 0. Note that o? is represented by ¢ — ¢,

and we have:
(o — ¢)(T1) = ple1) - p(e) = 1.
Similarly,
(9 — @) (T2) = p(e2) - p(e) = 0.
Since the generator of C (RP?) is T} + T», and we have
(p— ) T1+T2) = (p— o)(T1) + (¢ — ¢)(T2) =1+ 0=1,

it follows that a? = [p — ¢] is the generator of H?(RP?;Z/27). Let I denote the ideal generated by
the relations. Hence, we have

2 o 2 o)

Let’s prove some important facts about the cup product.

H*(RP"™; Zy) =
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Proposition 9.1.03. Let X, Y be topological spaces and let let f : X — Y be a continuons map. For each
n € Z, the induced maps
fo=H"(Y;R) —» H"(X;R)
are ring homomorphisms. That is,
fala—B) = f(a) — f(B)
foreach o, B € H*(Y; R).
Proor. Itsufhices to show the following co-chain formula:
o =)= f ) — ().
Forp € C*(Y;R) and ¢ € CY(Y;R), we have:
(ffo — ) (o A = X) = (F0)(0lug,...n)) - (F) (O )
= o((f*O)lwo,..on)) - Y(F*O) g opsa)
= (¢ —¥)(f*0)
= (f*(e — ¥))(0).
This completes the proof. U
Corollary 9.r.14. If f : X — Y isa continuous map, then there is a ring homomorphism
ff+H(Y;R) —» H*(X; R).
Proor. We have
H*(Y;R) =@ H"(Y;R), H*(X;R)={PH"(X;R)

n>0 n>0

If we define f* such that f*|gn(y.r) = fn, the claim follows via Proposition 9.1.13. O

Remark 9.1.x5. The discussion above implies that the operation of taking the cobomology ring is a (con-
travariant) functor from Top to CRing,

Example 9.1.16. The isomorphisms

H* (H Xo; R) ~[[H*(Xa; R)

whose coordinates are induced by the inclusions i : X < ][, Xa, is a ring isomorphism with re-
spect to the coordinatewise multiplication in a ring product, since each coordinate function ¢}, is a ring
homomorphism. Similarly, the group isomorphism

H*(\/ Xa; R) = [ [ H*(Xa; R)

is a ring isomorphism.
We now show that the cup product is graded anti-commutative.

Proposition 9.1.17. Ler X be a topological space and let R be a commutative ring. Let o« € H*(X; R)
and 8 € H (X R). We have

a~— 8= (—1)“5 N
ProOF. See [Hatoz]. O
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Example 9.118. Let X = S! x S! = T2, We can use Proposition 9.1.17 to compute H*(T?; R).
Consider the following simplicial complex structure on T2

The generator 1 € H(T?;Z) is the unit. By examining the dimensions of the other generators, the only
non-identity generators which could multiply together and give something non-zero are the generators of

HY(T? 7). Leta, B € HY(T?; Z) be generators of H(T?; Z). We compute
a—a, a—f, o [—p

By Proposition 9.1.17, we must have o« — o = 8 ~— 8 = 0. But let’s verify it explicitly. c is represented
by a cocycle

0o :C1(T? = Z

with pa(a) = 1,¢4(b) = 0. Here a, b are generators of H1(T?;Z). The co-cycle condition for ¢
translates into the identities:

0= (60a)(X) = va(X) = @al(a) — pa(c) + palb),

0= (5@04)()/) = @a(y) = Soa(b) - @a(c) + Soa(a)'

As a(a) = 1,p4(b) = 0, we must have 0, (c) = 1. Note that a? is represented by ¢ — ¢, and we
have:

(Pa — 0a)(X) = @a(b) - pala) = 1.
(o = ©a)(Y) = pala) - pa(b) = 1.
Hence, 0o — @o = 0. This shows that & ~— o = 0. If we choose /3 to be represented by a cocycle
o Cl (TQ) —7Z
with pg(b) = 1,¢pg(a) = 0, we similarly have 3 — § = 0. We now compute o — (. Note that
o — [isrepresented by ¢, — @g. We have
(Pa = ©8)(X) = @a(b) - pala) = 0.

(Pa = 9p)(Y) = ¢ala) - pa(b) = 1.
Since the generator of C2(T?) is X + Y, and (¢ — ¢g)(X +Y) = 1, it follows that o — S is the
generator of H?*(T% 7). By Proposition 9.1.17, we have 8 — a = —a — [3. Hence, we have
Z[z, y]

H*(T*Z) =
(@?, 9%, vy + yx)

gAZ[$7y]

Here Az [z, y] is the exterior algebra on two generator over Z.
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9.2. Poincaré Duality for Smooth Manifolds

We discuss Poincaré duality for smooth, oriented, n-manifolds in this section. We can prove this spe-
cial case by leveraging de Rham cohomology. Using Stokes’ theorem, Poincaré duality for smooth, ori-
ented n-manifolds asserts that there is a non-degenerate pairing between de Rham cohomology groups:

H (M) x HIHOM) 5 R, ([a], [8]) = /M an.

It is easily checked that the pairing defined above is well-defined. The pairing above can be equivalently
defined as a linear map from HY, (M) to (H dR. F(M))*. We show that this linear map is an isomorphism.

Proposition 9.2.x. Let M be a smooth, oriented, n-manifold that admits a good finite cover. Then
Hjp (M) = (Hjg F(M))*
foreach0 < k < n.

9.3. Poincaré Duality

Poincaré duality is a fundamental result in algebraic topology that relates the homology and cohomol-
ogy groups of an orientable closed manifold. It states that for an n-dimensional orientable manifold M,
there exists an isomorphism

Hy,(M;Z) = H]'™*(M; Z)

This duality provides deep insights into the topology of manifolds, constraining their possible homology
groups and aiding in the computation of topological invariants. It also plays a crucial role in intersection
theory. Before defining Poincaré duality, we need to define the notation of a fundamental class. In order
to define a fundamental class, we need to define the notation of an orientation.
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CHAPTER 10

Categorical Nuances

The category hTop is the appropriate framework for studying homotopy theory. However, not all
concepts from the category Top carry over directly to hTop. For instance, we have the following pushout
diagram in Top:

St — [+
[
D® — S

On the other hand, we also have the pushout diagram in Top:

St {5

|
(o) = {)

Therefore, even though D™ is homotopy equivalent to {*}, the two pushouts are not homotopy equiva-
lent. Therefore, contrary to expectation, the pushout diagrams in hTop are not the same. This example
suggests that further analysis and applications of the homotopy notion require a certain amount of formal
(categorical) considerations. In this section, we discuss some basic constructions of a categorical nature.
More advanced constructions such as homotopy pullbacks and homotopy pushouts will be discussed as
necessary later on.

10.1. Cones & Suspensions

In this section, we discuss the the categorical constructions of cones and suspensions.

10...1. Cone & Suspension. Let I = [0, 1] C R. The space X X [ is called a cylinder over X, and

the subspaces X x {0}, X x {1} are the bottom and top “bases”. Now we will construct new spaces out
of the cylinder X x I.

Definition 10.1.1. Let X be a topological space. The cone of X is the quotient space:
CX =X xI/(X x{0})

Remark ro.1.2. CX has a natural basepoint given by the collaposed space X x {0}. Hence, we have a
Sfunctor

C:Top — Top,

Indeed, if f + X — Y is a continuous map, we have a continnous map f X idy : X X I =Y XY and if
we define C( f) to be the map

C(f): CX — CY,
[, t] — [f(z), 1],

181
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We bave C'f o qx = qy o (f x idy) where qx , gy are quotient maps defining CX and CY .

X x 2y o

b ol

cx —Y ., oy

The universal property of quotient topology implies that C f is continuous.
The cone of a topological space is always a contractible space.
Proposition 10.1.3. Let X € Top. Then CX is contractible.

Proo¥. A homotopy between the identity on C'X and the map to the basepoint is given by:
F:CX xI—CX,
([z,t],s) = [z, (1 — s)t]
This completes the proof. O
The motivation for introducing the cone of a topological space is given by the following proposition:

Proposition 10.1.4. Let X, Y € Top. Amap f : X — Y is nullbomotopic if and only if it extends to a
map f: CX — Y.

Proor. Consider a continuous map H : X x [0,1] — Y with H(-,0) = f(-). Note that H(z, 1)
is constant for all z € X if and only if X x {1} is contained in a fiber of H, which in turn, by the
universal property of quotient spaces, says that [ factors uniquely through the canonical quotient map

X x [0,1] — CX. This proves the claim. O

Remark ro.1.5. Proposition 10.1.4 implies that a continuous map f : S™ — X is null-homotopic if and only
if f extends to a continuous map f : D" — X, This is becanse CS™ = D"+

We now define the suspension of a topological space.
Definition 10.1.6. Let X € Top. The suspension of X is the quotient space:
SX =X xI/(X x{0},X x{1})

Remark ro.r.7. S defines a a functor S : Top — Top This follows by a similar reasoning that cone is a
functor.

Example 10..8. The suspension of S° = {x, 21 } consists of two lines (one over each point in S°) joined
ato and 1, giving S*. In fact,

S"H! =~ 58"
in general. To see this, WLOG, replace I = [0, 1] by I = [—1, 1]. Define
f:S"x[-1,1] - S**!
by
Flzy. . zn), ) = (- V1I—12,. . an - V112,
Itis clear that fis continuous and surjective. Moreover, f agrees on the fibers of SS™. Hence, f desc~ends
to a continuous bijection f from SS” to S"*L. Since SS™ is compact and S"*! is Hausdorft, f is a
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homemorphism.
S™ x [-1,1]

S

SS” Loy SOHL
f

10.2. Compact Open Topology, Path & Loop Spaces

10.2.1. Compact Open Topology. If (X,zg) € Top, , note that 7 (X, xg) is, in particular, a
space of continuous functions. Hence, we would like to discuss what appropriate topology to put on the
function space of continuous maps between topological spaces.

Definition 10.2.1. Let X, Y € Top and let C(X,Y") denote the set of of continuous maps X — Y.
C(X,Y) carries a natural topology, called the compact-open topology, generated by a subbasis formed by
the sets of the form

B(K,U)={f: X Y | {(K)C U}

where K C X isa compactsetand U C Y is an open set.
Remark 10.2.2. The topological space given by this compact-open topology will be denoted by Maps(X,Y).

Remark x0.2.3. Foramap f : X — Y, onecan form a typical basis open neighborhood by choosing compact
subsets K1, ..., K, C X and small open sets Uy € X with f(K;) C U; to get a neighborhood O of f,

Of = B(Kl, Ul) [AEEEER! B(Kn, Un)
The collection of all such sets forms a basis for the compact-open topology.

What is the motivation behind the definition of the compact-open topology? If X is compact Haus-
dorffand Y a metric space, then one can consider the supremum norm on (C(X,Y), || - ||). It can be
checked that in this case Maps(X,Y) = (C(X,Y), || - [[s). We prove a slightly more genral claim:

Proposition 10.2.4. Let X, Y € Top such that (Y, d) is a metric space. The compact-open topology and
the topology of uniform convergence on compact sets coincide on C(X,Y).

Proo¥F. We first prove that the topology of compact convergence is finer than the compact-open topology.
Let B(K, U) be a subbasis element for the compact-open topology, and let f € B(K,U). Because f is
continuous, f(K) is a compact subset of U. Therefore, we can choose € > 0 so that the e-neighborhood
of f(K) is contained in U. Then, as desired,

Here
Ex(fe) ={9 € C(X,Y) [ [If = glloo,x < e}

is a basis element of the topology of compact convergence. We now prove that the compact-open topology
is finer than the topology of compact convergence. Let f € C(X,Y’) and consider Ex (f, €) for some
e > 0. Every z € X has a neighborhood V. such that f(V,) lies in an open set Uy, of ¥ having
diameter less than €. For example, choose V; so that f(V;,) lies in the £ /4-neighborhood of f(z). Then

f(Vz) lies in the £ /3-neighborhood of f (), which has diameter at most 2e /3. Cover K by finitely many
such sets V, say forx = x1, ..., 2,. Let K; = Ve N K. Then K, is compact, and the basis element

B(ledefl) n---N B(Kmman)

contains f and lies in Fx (f, €), as desired. O
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Remark x0.2.5. IfY is not a metric space, we need to redefine the notion of proximity between maps. Suppose
f,9 € Maps(X,Y) are two continuous maps. Let K C X be a compact subset and U C 'Y be an open
subset such that f(K) C U. Assume thatY is Hausdorf], which ensures that closed sets in' Y bebave well
under continnous maps. Since f(IK) is compact and Y is Hausdorff; f(K) is closed in Y, and intuitively,
small perturbations of f(IK) should remain within U. Thus, to define the topology on Maps(X,Y'), we say
that a neighborbood of f is the set of maps g € Maps(X,Y') such that g(K) C U. This formalizes the
notion that g is ose’to f if it maps the compact set K into the same open set U that contains f(K).

Proposition 10.2.6. (Exponential Law)Let XY, Z € Top. If X is Hausdor{fandY is locally compact,
then

¢ : Maps(X x Y, Z) — Maps(X, Maps(Y, Z)), ©(9)()(y) = g(z,y)
is a continuous bijection.

Proor. We first show that ¢ is well-defined. Suppose g is continuous, and choose an arbitrary sub-basis
open set B(K, U) in Maps(Y, Z). Choose z € (g) 1 (B(K,U)),so g({z} x K) C U. Since K is
compact and g is continuous, there are open sets V' > z and W 2O K such that g(V x W) C U. Then
V is a neighborhood of z with ¢(g) (V) C B(K, U), showing that ¢(g)~*(B(K, U)) is open. Hence,
 is well-defined. ¢ is obviously an injection. We now show that ¢ is continuous and surjective.

We first show that ¢ is continuous. Let g : X X Y — Z be a continuous map. Let K1 C X and
K5 C Y be compact subsets, U C Z be an open set. Let

B(K1,B(K2,U)) ={g: X — Maps(Y, Z) | g(K1)(K2) C U}

be an open neighborhood of ¢(g). Then [K x K3, U] isan open neighborhood of g in Maps(X X Y, Z)'
such that
(P(B(Kl X Ko, U)) - B(Kla B(KQa U))

This shows that ¢ is continuous. We now show that ¢ is surjective. Let f : X — Maps(Y,Z) be a
continuous map. Let (x,y) € X x Y and W be an open neighborhood of o ™1 (f)(z,y) in Z. We find
neighborhoodsz € U C X andy € V' C Y such that o= *(f)(U x V) C W. Since f(x) : Y — Z
is continuous, f ()1 (W) is an open neighborhood of y in Y. Since Y is locally compact, there exists a
compact set K C f(x) "1 (W) such thaty € Int(K) C K. Then [K, W] is an open neighborhood of
f(y),andsince f : X — Maps(Y, Z) is continuous at z, there exists an open neighborhoodz € U C X
such that f(U) C [K, W1]. This implies that F'(U x K) C W. We can take V' = Int(K), and thus we
have F(U x V) C W. O

Remark x0.2.7. If X is locally compact Hausdorff, the continuous bijection in Proposition 10.2.6 is in fact a
homeomorphism.

Corollary 10.2.8. Let X,Y € Top such that X is locally compact and 'Y is Hausdorff. The evaluation
map

Evxy : X x Maps(X,Y) = Y,
(z, ) = f(x).
s continuous.

Proo¥. We take for granted the statement that Y is HausdorfF implies that Maps(X,Y") is Hausdorff.
Proposition 10.2.6 implies there is a continuous bijection:

Maps(Maps(X,Y) x X,Y) = Maps(Maps(X,Y'), Maps(X,Y))
The inverse image of Idygyps(x,y) is Evx y- O

"We need that X is HausdorfF here. See Lemma XILs.1 (a) of Dugundji’s Topology.
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Remark 10.2.9. Here is an important observation. If X, Y & Top, then a homotopy between two maps
fr9: X = Yasanelementof Maps(X x 1,Y). Based on Proposition 10.2.6, it is possible to reinterpret a ho-
motopy between twomaps f, g : X — Y asan element of Maps(X, Maps(1,Y")) or Maps(I, Maps(X,Y")).
The latter says that a homotopy is a path in Maps(X,Y).

Proposition 10.2.10. If X, Y € Top are locally compact Hausdorff spaces, then the function
Oxy,z : Maps(X,Y) x Maps(Y, Z) — Maps(X, Z)
given by composition is continuous.
Proo¥r. By Proposition 10.2.6 we have the bijection
Maps(Maps(X,Y) x Maps(Y, Z), Maps(X, Z)) = Maps(Maps(X,Y) x Maps(Y, Z), x X, Z)

Hence, ® x )y, 7 is continuous if and only if the image of ® x y, 7, denoted <I>'X7Y’  » under the exponential
law is continuous. Let (f, g) € Maps(X,Y) x Maps(Y, Z) and z € X. We have

v, z((f.9),2) = (T(f,9))(x) = f(g()).

We can decompose ‘ID’X y 7 as the following composition:

(9:9)—~9(y)

(fvgvx)'_)(fvg(x)) Maps(Y, Z) <Y 7

Maps(Y, Z) x Maps(X,Y) x X
The first map is just Idyaps(v,z) X Evxy and the second map is Evy, 7. Both these maps are continuous

by Corollary 10.2.8. The claim follows. O

10.2.2. Path & Loop Spaces. We can consider special instances of the function space discussed
above to define loop spaces. For instance, if X € Top, the space A(X) = Maps(S!, X) € Topis
the free loop space of X. Similarly, the space P(X) = Maps(I, X) € Top is the free path space of X.

Remarkxo.2.ax. If X = I = [0,1], Y islocally compact and Z is a topological space, then Proposition 10.2.6
reads

Maps(Y, Maps(1, Z)) = Maps(I x Y, Z)
= Maps(/, Maps(Y, 2))

This is called the cylinder-free path adjunction. Thisis because I X Y isa cylinderon'Y and (Maps(I, Z)))
is the path space on Z. Note that Maps(I X Y, Z) =Y, Z].

We now make the following definition:

Definition 10.2.12. Let (X, () € Top,.
(1) The path space P(X, zg) € Top, of (X, zg) is the pointed space given by
P(X,x0) = {y € P(X) [ 7(0) = zo}.

with the constant path ¢, at  as the base point.
(2) Theloop space (X, zg) € Top, of (X, x0) is the pointed space

QX z0) = {y € P(X) | 7(0) = o = v(1)}

with the constant loop ¢;, at x as the base point.
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Remark 10.2.13. Note that Q(X, x¢) consists of pointed loops (S*, %) — (X, z¢). Moreover, note that
P(X,x0) can be thought of as a pullback:

P(X,z0) —— X!

T

{ro} — X
Proposition 10.2.14. Let X € Top. The path space, P(X, x), is contractible.

ProOF. A homotopy between theidentity on P(X, ) and the map to the basepoint (the constant path)
is given by:
F:P(X,xy) x I - P(X, o),
(v:8) = (t = (1= 9)t)).
This completes the proof. O

Remark 10.2.15. We discuss some applications of function space Maps(X,Y") ro establish some basic facts:

(1) A point in X can be identified with a map v : x — X sending the unique point  to x. Hence, we
have a bijective correspondence

X = Maps(*, X).
(2) In the case of a pointed space, we have a bijective correspondence
(X, o) = Maps (({,+'},+), (X, 20))
= Maps ((SO, 1), (X, z0)).
(3) Note that we bhave
[X,Y] = mo(Maps(X,Y))
(4) Let X, Y belocally compact Hausdorff spaces. Consider the continunous function
T : Maps(X,Y) x Maps(Y, Z) — Maps(X, Z)
Hence, T induces a map
[(X,Y] x [Y, Z] = mo(Maps(X,Y)) x mo(Maps(Y, Z))
= mo(Maps(X,Y) x Maps(Y, Z))
— mo(Maps(X, 7))
=[X, 7]
In particular, a continnous function f : X — 'Y induces a map
Yzl = (X, 7]
and a continuous function g : Y — Z induces a map
g [ X,)Y] = [X, Z].

(s) Let f + X =Y be a homotopy equivalence with homotopy inverse and g ' Y — X. Using (3), we
have two induced maps

f#[KZ]—)[X,Z] f#[Z,X}%[Z,Y]
The maps g* and gy are inverses of f* and fy respectively. Hence, we have a bijection of sets
Y. z] = [X, Z], (2, X]=[2,Y]
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10.3. Smash Products

We introduce the notion of a smash product that forces us to take basepoints seriously. The need for the
smash product arises based on the need to consider the pointed analog of Maps(-, -).

Definition 10.3.1. Let (X, z9), (Y, yo) € Top,. The pointed space Maps((X, zo), (Y, y0)) is defined
to be subspace of Maps(xo, yo) consisting of pointed maps, along with the natural basepoint given by
constant map X — yo.

Remark 10.3.2. We have [(X, o), (Y, yo)] = mo(Maps((X, zo), (Y, v0)))-
We now define the smash product:

Definition 10.3.3. Let (X, z0), (Y, y0) € Top,. The smash product is defined as the quotient space
(X, 20) A (Y, 90) = (X XY, (20,%0))/(X VY)

Remark 10.3.4. The wedge sum X V'Y of two pointed spaces is naturally a pointed subspace of (X, xq) X
(Y, yo). For pointed spaces (X, xq) and (Y, yo), the pointed product (X X Y, (xo,yo)) comes naturally
with an inclusion map of (X, xo) given by

(X, @0) = (X x Y, (20, 90)),

z = (x,10)-
There is a similar map (Y,y0) — (X X Y, (20, y0)). Since X V'Y is a pushout in Top,, we obtain a
pointed map X VY — (X XY, (z0,yo)) which yields the desired inclusion.
Remark 10.3.5. [t can be checked that the smash product defines a functor

A : Top, — Top,

The motivation behind the definition of a smash product is to extend Proposition 10.2.6 to Top,.

Let (X, z0), (Y,y0),(Z,20) € Top,. Since yo and 2 are basepoints in Y and Z, respectively, then

Maps((Y, 90), (X, z0)) has a basepoint given by the constant function X — zy. We wanta map f :
(X, z0) = Maps((Y,y0), (Z, z0)) to preserve basepoints, meaning that it must satisfy

f(xo)(y) =29 forally €Y.
Additionally, forany € X, the map f(z) : Y — Z must also preserve basepoints, i.c.,

f(z)(yo) = 20 forallz € X.

Therefore, if Proposition 10.2.6 is to be extend to Top,,, thenaamap f : X XY — Z f mustbe constant
on

({zo} x Y) U (X x {yo}),
sending it to zg. This is exactly how we have defined the smash product, which yields the following result:

Proposition 10.3.6. Let (X, x0), (Y, y0), (Z, 20) € Top,. If'Y islocally compact and X is Hausdorff,
then the smash product satsifes the pointed version of the exponential law. That is we have a continuous
bijection:

MaPS*((X> l’o) A (K yO)a (Zv Z)) = Maps*((Xa fL‘O)aMaPS((Y» y0)> (Z’ Z)))

Proor. Clear. Invoke the discussion above, and note that Proposition 10.2.6 descends to yield the desired
result. ]

Remark 10.3.7. If X is locally compact Hausdor(f; the continunous bijection in Proposition 10.3.6 is in fact a
homeomorphism.
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Remark 10.3.8. Let M, N be locally compact Hausdor(f spaces. Then their one-point compactifications
Mo, Nog are compact Hausdorff spaces, and each is equipped with a canonical basepoint. We continue to
write (Moo, 00nr) as Moo, The product M x N is locally compact Hausdor{f and we have the basic relation

(M X N)oo = Moo N Neo.
Indeed, there is canonical continuons map
U: Mo X Noo = (M X N)oo

which maps M x N C My, X Noo via the identity onto M x N C (M X Y )oo and maps Moo X
{oon} U{oonm} X Noo to {oonix N }. Therefore it induces a continuons bijection

' i Moo A Noo = (M X Y )oo
on the quotient space Moo, N Noo of Moo X Noo. This space is comapct, therefore u' is a homeomorphism.
Example 10.3.9. Each (S", *) is a pointed topological space. We have
(S™, %) = (SY, %) A (S, %)

Note that (S, %) x (S!, %) isa torus. Visualizing the torus as quotient of a square with endpoints identified
appropriately, S' V S! corresponds to the to the boundary of the square. The smash product identifies all
these boundary points to a single point, yielding (S?, ). More generally, we have

(S™, %) = (S, %) A--- A (Sh %)
Indeed,
(S, %) = (R™")oo
— (R™ x R")o,
(R™)oo A (R™) 0o = (S™, %) A (ST, %).

I

Example 10.3.10. Let (X, z9) € Top,. We can define the reduced cone of (X, z¢) as

C(X,z0) = (X,z0) X (1,0)/((X,z0) X {zo} U{x} x (I,0)).
Essentially by definition,

C(X,z0) = (X,20) A (1,0)
We can also define the notion of a reduced suspension.

Definition 10.3.11. Let (X, 20) € Top,. The reduced suspension (X, zg) € Top, is the pointed
space

2(X, 20) = ((X,20) x (S', %))/ ({zo} x (8", %) U (X, 20) x {+}),
where the base point is given by the collapsed subspace.

Remark 10.3.12. Using the quotient map I — 1/01 = S, an alternative description of the reduced
suspension (X, x) is given by

S(X, 20) = (X, 20) % (I,0))/ ({ao} x TUX x {0,1}),
Example 10.3.13. Let (X, o) € Top,. We have
B(X,20) = (X, 20) A (S', %)
Indeed, consider the quotient map f : (I,0) — (S!, x) given by f(¢) = €2™, and the diagram:
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(X, 20) x (I,0) L5 (X, 20) x (S, )
pl lq
Y(X, ) (X, x0) A (S, %)
It can be checked that We show that 1 x f is a quotient map. The characteristic property of the quotient

topology now implies that
Y(X, z0) 2 (X, z0) A (ST %)

Remark 10.3.14. Along with Example 10.3.9, the previous examples readily implies that we have
B(S™, %) = (S, %)

Corollary 10.3.15. Let (X, x0), (Y,yo0) € Top, such that X is Hausdorff. Then there is a continuous
bijective correspondence

Maps*(E(X, 370), (K yo)) = Maps*((X, .%'0), Q(Y7 3/0))
Passing to mo, we have

[E(X7 xO)a (K yO)] = [(Xv :L‘O)aQ(K yO)]

Proor. This follows from Proposition 10.3.6 and that Remark 10.3.14. O

10.4. Compactly Generated Spaces

The bijection in Proposition 10.2.6 relies on the fact that Y is locally compact. A number of topo-
logical spaces in homotopy theory are non-locally finite CW complexes. Fundamental examples include
RIP>° and CP*°. We now look at a category of topological spaces where we expect homotopy theoretic
propositions to be true without additional assumptions.

10.4.1. Compactly Generated Spaces. Informally, acompactly generated space is a topological space
whose topology is determined by all continuous maps from arbitrary compact spaces.

Definition 10.4.1. Let X € Top. Asubset A C X is called k-closed in X if, for any compact Hausdorff
space K and continuous map f : K — X, the preimage f~1(A) C K is closed in K.

The collection of k-closed subsets of X forms a topology, which contains the original topology of X
Let kX denote the topological space whose underlying set is that of X, but equipped with the topology of
k-closed subsets of X. Because the k-topology contains the original topology on X, the identity function
Id : kX — X is continuous.

Definitionx0.4.2. Let X € Top. X iscompactly generated (CG)ifId : kX — X isahomeomorphism.

Let CG denote the full subcategory of Top consisting of compactly generated spaces. Let’s discuss
categorical properties:
Proposition 10.4.3. Ler X € Top.

(x) The k-ification is a functor.
(2) For any space X, the map KX = kX isa homeomorphism. Hence, E2X >~ kX,
(3) The k-ification functor is right adjoint to the forgetful functor. That is,

Homcg(X, kY) = HomTep(X,Y)
forall X € CGandY € Top.

(4) The k-ification functor commutes with limits. Hence, limits exist in CG.
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(s) Disjoint unions of compactly generated spaces are compactly generated. Quotients of compactly gen-
erated spaces by equivalence relations are compactly generated.
(6) Colimits exist in CG and can simply be computed in Top.

Prookr. The proof is given below:

(1) Suppose f : X — Y is any continuous map and A C Y is compactly closed. For any map
u: K — X, thesetu™ (f71(A)) is closed in K. Thus, f~*(A) is compactly closed in X
This means that f : kX — kY is continuous.

(2) Given a compact Hausdorft space X and a (set) map f : K — X, the map f is continuous if
andonlyif f : X — kX is continuous. So the compactly closed sets of X are the same as the
compactly closed sets of £X . In other words, kx = E2X.

(3) Itsuffices toshowthat f : X — Y iscontinuousifand onlyif f : X — kY iscontinuous. Since
the k-ification topology is finer, we assume that f is continuous and show that f is continuous.

Butk(f) : kX — kY is continuous and kX = X.

(4) This follows from (3) and categorical arguments. Indeed, we have:

Homcg (X, k(lﬁl Y;)) = Homrop(X, I&HY;)
= l'ngomTop(X, Y:)

= @Homcg(X, kY;) = Homcg(X, lglkyl)

forall X € CGandY € Top. Hence,
k(imY;) = m kY,

(s) Let X = [[; X; such that each X is compactly generated. Let A C X be k-closed. Then A has
the form [ [, A;, where A; = AN Xj, and it is sufficient to check that A; is closed in X;. As X;
is CG, it is enough to check that A; is k-closed in X;. Consider amap f : K — X;. Then the
compositei o f : K — X; < X)) is continuous and

FHA) = (i0 f))7H(A),

which is closed because A is k-closed in X. Now let X be compactly generated and let g : X —
Y a quotient map. Since X is compactly generated, ¢ induces a continuous map ¢ : X — kY
as shown below:

q
me

Let A C Y bea k-open subset of Y. Hence, d! (A) C kY isopenin kY. Then the preimage
¢ H(A) = (Idog)™H(A4) = '(dH(A) € X

is open in X since ¢ : X — kY is continuous. Therefore, A C Y is open in Y since ¢ is a
quotient map.

(6) Colimits in Top can be constructed by taking disjoint unions and quotients. The colimit of
compactly generated spaces in the category Top is a compactly generated space. Thus, it is also
the colimit in CG.

This completes the proof. U
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Remark 10.4.4. In Proposition 10.4.3(3) we have shown that f : X — Y is continuous if and only if
[+ X = kY iscontinuous for all X € CGandY € Top. This can be summarized such that following

diagram commutes:

kY oy

X
Note that f has the same underl lying function as f. This exhibits kY — 'Y as the ‘dlosest approximation’ of
Y bya CG space.

Proposition 10.4.5. Every locally compact Hausdorff space and CW-complex is CG.

Proor. Let X be a locally compact space assume f~1(A) C K is closed for every compact Hausdorff
space, K. We show A is closed by showing that A¢is open. Letx € A°. By local compactness, there exists
a compact neighbourhood of z, say K. Let U, be an open neighbourhood of z such thatx € U, C K.
Because K, N A is closed by hypothesis (consider the inclusion map i, : K, — X), we have that
(K5 N A)¢is open. Therefore,

(K, nA)°NU, =U;:=V,

is an open neighbourhood of = not intersecting A. We have

A= | Vi,

rEAC

and therefore A€ is open. A CW complex is a colimit constructed by consideting closed disks. Since closed
disks are in CG and CG is closed under taking colimits, every CW complex is in CG. ]

Corollary 10.4.6. Ler X € Top. Then X € CG if and only if X is a quotient space of a locally compact
space.

Proor. Let X € CG. The converse follows from Proposition 10.4.3. Consider the following collection:
K ={fk(K)| fx : K — X is continuous and K compact Hausdorff}

LetY = @y, (k)ex fx (K) where each fx(K) € K has the subspace topology inherited from X.
Then Y is alocally compact space. Let
q:Y =X

be the map maps each f () onto the corresponding compact subset fx (K) C X by the identity map.
We claim that the quotient topology, 74, generated by this mapping coincides with the original topology,
7,0on X. Clearly, 7 C 7 since ¢ is a continuous map. Let U € 74. Letg : L — X be continuous such
that L is compact. Since U € 74, we have that ¢ 71 (U) is open in Y. Since g(L) is open in Y, it follows
that ¢~ (U) N g(L) is open in Y. But ¢~ *(U) N g(L) = g~ (U). Thus, g *(U) is open in L and
consequently, U € 7. O

Remark 10.4.7. Limits in CG need not coincide with limits in Top. Let X, Y € CG such that X =
R\ {1,1/2,1/3,. ..} with the subspace topology, and let Y = R /7 with the quotient topology. X € CG
since X is a CW complex® and Y € CG by Corollary 10.4.6. In fact, Y is also a CW complex since Y is an
infinite bouget of circles. However, X XY is not compactly generated. Let

o o 1 q 0.5 1 1 4
A= 4= S+ 2+ )eXxY:jeNy, ag=|>—- 107°,
i:LJl U{(i+'z+3)€ AR } ‘ (Z Z+1)

ij=1 J

*Right?
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The closure of A closure contains (0,0). Hence, A is not closed. But for any compact subset K C X x Y,
the set AN K has only finitely many points. This is because for fixed i € N, there are only finitely many
J € N, and also there can be only finitely many i. Hence A k-closed. This shows that X x'Y is not in CG.
See [Eng89] for details.

Remark 10.4.8. We have
CWC CGC Top

as inclusion of categories. The inclusions are in general strict. Indeed, the Hawaiian earring is in CG since it
is compact and hence locally compact. However, we have already seen that it admits no CW decomposition.
For the inclusion CG C Top, consider the example in Remark 10.4.7.

We can now discuss the mapping spaces with the notion of a compactly generated space in place. We
need to modify the definition given in the previous section a bit since we deal with compact Hausdorff
spaces in this section.

Definition 10.4.9. Let Cp(X,Y) be the set of continuous functions from X to Y with the compact-
open topology that is generated by a subbasis formed by the sets of the form

B(u, K,U)={f: K=Y | f(u(K)) CU, u: K — Xiscts. s.t K is cpt. Hausdorff}
We define C'(X,Y) = kCp(X,Y).

Remark 10.4.10. If XY € CG, then X XY might not be in CG. See Remark 10.4.7. In this case, we can
consider k(X X Y). Below, wewrite k(X X Y)as X x Y.

Remark 10.4.11. [f X € CGandY € Top is locally compact, it turns our that X x'Y € CG. Since
X € CG, we have X = Z ] ~ such that Z is locally compact by Corollary 10.4.6. In other words, we have a
quotient map q : Z — X. Consider the map

gxIldy : ZxY - X xY

1t is a standard fact that ¢ X 1dy is a quotient map since Y is assumed to be locally compact. It is clear that
ZxXY

/ )

A
XxY=—xY=

~ ~

where (z,y) ~' (2',y') ifand only if z ~ 2'. In other words, we have “ ~'=~ x1d". Here we have

implicitly used the fact that the bijection of sets
ZxY

/

A
XxY=2—-—xY<=

~ ~

is in fact a homeomorphism in Top essentially because the product topology (left hand side) and the guotient
topology (right hand side) are the same. Since Z XY islocally compact, the claim follows from Corollary 10.4.6.
Proposition 10.4.12. Let X, Y, Z € CG.

(1) For X,Y € CG, C(X,) is a covariant functor from CG to Sets. Similarly, C(-,Y") is a con-
travariant functor from CG to Sets.
(2) The evaluation map

EVny : X X C(X, Y) —Y
and the injection map

’L'X7y Y — C(X Xk C(X,Y))

are continuous.
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(3) (Exponential Law) The map
0:C(X xx Y, Z) = C(X,C(Y, Z)),

as discussed in Proposition 10.2.6 is a homeomorphism.
(4) The composition map

dyyz:CX,Y) < C(Y,Z) = C(X, Z)
is continuous.

Prookr. The proof is given below:
(1) We prove the the covariant case. It suffices to check that Cp(X, ) is a covariant functor. We
have to check thatif g : Y — Z is a continuous map, then g, = Co(X,Y) — Co(X, 2) is

continuous. But we have
(g*)_lB(u7 K, U) = B(ua K, g_l(U))

The claim follows.

(2) It suffices to show that Y — Co(X, X Xy Y) or equivalently that i =1 B(u, K, U) is open in
Y. AsY € CG,itis equivalent to check that v~1i =1 B(u, K, U) is open in L for every test map
v: L — Y, where L is a compact Hausdorff space. Note thatu X v : K X3, L — X X}, Yisa
test map, so (u X v) "H(U) is open in K xj, L. By the Tube Lemma, the set

{beL:K x{b} C(uxv)'(U)}

is open in L. Tt is easy to check that this set is the same as v~ linj ™! B(u, K, U), which completes
the proof.

Consider an open set U C Y,andamapu : K — X x; C(X,Y). We show that
V = u'Evi(U)isopenin K. Letv : K — Xandw : K — C(X,Y) be the two
components of u, so

V={a€e K :w(a)(v(a)) € U}

Suppose thata € V. Asw(a) ov : K — Y is continuous, we can choose a compact neigh-
bourhood L of a in K such that w(a)(v(L)) € U. This means that w(a) € B(v, L,U) C
C(X,Y). Asw : K — C(X,Y) is continuous, the set N = w™(B(v, L,U)) is a neigh-
bourhood of ain K. If b € N N L, then w(b)(v(b)) € w(b)(v(L)) C U,sob € V. Thus, the
neighbourhood N N L of @ is contained in V. This shows that V' is open, as required.

(3) We first show that it is a bijection at the level of sets. If f : X — C(Y, Z) is continuous, then its
image

X <, v 2 oy, 2) < v 225

is continuous. On the other hand, if g : X Xcg Y — Z is continuous, then its image

i“jx,y

X OY, X x, V) 225y

is continuous. This shows that the exponential map is bijection. Moreover, if W € CG we have
bijections:
CW,C(X,C(Y, 2))) =C(W x; X,C(Y, Z))
(W x, X X Y, Z)
(W,C(X x, Y. 2).

12

C
C

12
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This means that C(X, C(Y, Z)) and C(X Xy, Y, Z) represent the same contravariant functor
and the claim now follows by Yoneda’s Lemma.
(4) The proof is similar to Proposition 10.2.10.

This completes the proof. U

Thus, we have obtained a category CG that contains all locally compact Hausdorft spaces, CW-complexes,
admits all limits and colimits, and is Cartesian closed.

10.4.2. Weakly Hausdorff Spaces. The category CG still contains some bad topological spaces, like
the Sierpinski space. These do not satisfy the Hausdorff condition and we would like to exclude them by
imposing a Hausdorft like condition.

Definition 10.4.13. Let X € Top. Then X is weakly Hausdorft (WH) if for every compact Hausdorff
space K and every continuous map u : K — X, the image u(K) C X is closed in X.

Example 10.4.14. If X is a Hausdorff space, then X is weakly-Hausdorff since u(K) is compact and thus
closed in X. Every CW-complex is Hausdorft, hence in particular weakly Hausdorft.

Proposition 10.4.15. Let X be a weakly Hausdorff topological space.

(1) Any finer topology on X is still weakly Hausdor(f. In particular, kX is weakly Hausdorff.
(2) Any subspace of X is weakly Hausdorff.

Proo¥. The proof is given below:

(1) Let x be the set X equipped with a topology containing the original topology, i.e., the identity
functionId :  — X is continuous. For any compact Hausdorff space K and continuous map
u: K — x, the composite Id ou : K — X is continuous, and so its image (Id ou)(K) € X is
closed in X. Thus, u(K) = Id~!((Id ou)(K)) is closed in .

(2) Leti : A < X be the inclusion of a subspace in X. For any compact Hausdorft space K and
continuous map u : K — A, the composite i o u : K — X is continuous, and so its image
(tou)(K) C Xisclosed in X, and thus in A as well.

This completes the proof. U

Let CGWH denote the full subcategory of CG consisting of compactly generated weakly Hausdorff
spaces. We have
CW C CGWH € CG C Top
as inclusion of categories. The inclusion CGWH C CG is strict since the Sierpinski space is in CG but not
in CGWH. Similarly, the inclusion CW C CGWH is strict. Simply consider the Hawaiian earring.

Proposition 10.4.36. Let X € CG. Then X € CGWH if and only if the diagonal subspace Ax =
{(z,z) | x € X} is k-cosed in X xj, X.

PrOOF. Suppose that X is weakly HausdorfF. First, observe that every one-pointset {x} C X is certainly
a continuous image of a compact Hausdorft space and thus is closed in X, so X is T7. Next, consider a
testmap u = (v,w) : K — X xj X. It will be enough to show that the set u 1 (Ax) = {a € K :
v(a) = w(a)} is closed in K. Suppose thata ¢ u~1(Ax),sov(a) # w(a). Then the set

U= {b:0(b) £ w(a)}
is an open neighbourhood of a (because {w(a)} is closed in X). Now K is compact Hausdorff and
therefore regular, so there is an open neighbourhood V' of @ in K such that V' C U, or equivalently

w(a) ¢ v(V). This means that a lies in the set
W =w (V).
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The weak Hausdorff condition implies that v(V) is closed in X, and thus W is open in K. We claim that
(VAW)nut(Ax) = 0. Indeed, if b € V N W, then v(b) € v(V) butw(b) € v(V)° by the
definition of W, so v(b) # w(b), which implies u(b) = (v(b),w(b)) ¢ Ax. Thisshows thatu ! (Ax)
is closed in K, as required.
Conversely, suppose that A x is k-closed in X X3, X. Letw : K — X be a test map. Given any other
testmap v : L — X, we define
M ={(a,b) e K x L:u(a) =v(b)} C K x L.

This can also be described as (u x v)}(Ax), so it is closed in K x L and thus compact. It follows
that the projection 7r, (M) is compact and hence closed in L. However, it is easy to see that 7, (M) =
v~ (u(K)). This shows that u(K) is k-closed in X, and hence closed. This means that X is weakly
Hausdorff. O

Remark 10.4.37. Proposition 10.4.16 is an important characterization of weakly Hausdorff spaces. In Top,
the criteria in Proposition 10.4.16 is exactly the characterization of a Hausdorff space. Thatis X € Top is
Hausdorffif and only if Ax = {(z,z) | € X} iscosedin X x X. Here X x X is the product in Top.

We now have two additional functors. The first is the forgetful functor from CGWH to CG. Another
is weak-Hausdorflification, dented as h, from CG to CGWH. We need to construct this functor h. We fist
need some additional facts about wtaking quotients in CG.

Lemma 10.4.08. Let X, Y € CGand let ~ be an equivalence relation on X.
(1) We bhave
(X %, Y)/(~xId) = (X/~) x Y
(2) Let q be the map
q: X X X = (X/ ~) xx (X/ ~)
Theset g~ (Ax /) C X Xy, X isclosed if and only if X | ~ € CGWH,
ProoE. The proofis given below:
(1) The standard map
[ X %X Y = (X/~) X Y
respects the relation ~ X Id and thus factors as
Fi (X xxY)/(~ < 1) = (X/ ~) %3 Y
Let g1 be the projection map.
g1 (X/ ~) XY = (X x4 Y)/(~ x 1d)
Using the exponential law, we get a map
g2: X = C (Y, (X %, V)/(~ x 1d))
This respects ~ on the level of sets, and so factors to give a map
Gy X/~ C (Y (X V) (~ % 1d)
Using the exponential law again, we get a map
g: X/~ xY = (X xxY)/(~ x1d)

f and g are clearly inverses.
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(2) By applying (1) twice, we have
(X X X)/(~ x ) = (X ~) X (X ~)
Thus, Ax /. is closed if and only if g7 (A x /) is closed if and only if X / ~ isin CGWH.
This completes the proof. g

Proposition 10.4.19. There exists a functor h : CG — CGWH that is a left adjoint to the forgetful functor
CGWH — CG. That is,

Homcg(Rh(X),Y) = Homcown(X,Y)
forall X € CGandY € CGWH.

Proor. We first construct h. For X € CG, consider the smallest equivalence relation on X X X that
is closed. We can take the intersection of all closed equivalence relations. Then hX := X/ ~€ CGWH
and there is a natural projection map p: X — X/ ~. We now show that A is left-adjoint to the forgetful
functor. It suffices to show that every f : X — Y factors through X — hX. Since Y € CGWH
Ay CY xy, Y isclosed and hence f 71 (Ay ) is closed in X xj, Y. This is an equivalence relation that
contains ~ since it is closed. Thus X — Y respects ~ and factors through X — hX. Moreover, h is
a functor since for f : X — Y such that X, Y € CG, we have X — Y — hY which in turn gives
hX — hY. O

Remark 10.4.20. The functors discussed are summarized in the diagram below:

k h
Y /_\J
Top CG CGWH
\_/ \_/
Forgetful Forgetful

Corollary 10.4.21. The following properties hold.:

(1) Limits exist in CGWH and can simply be computed in CG. In fact, small colimits in CGWH can
be computed in CG.

(2) h commautes with colimits. In particular, colimits in exist in CGWH and are obtained by applying
h to the colimit in CG. In particular, the category CGWH is admits small colimits exist becanse CG
admits admits small colimits.

(3) For X € CGandY € CGWH, C(X,Y) € CGWH. Hence, CGWH is Cartesian closed.

Proor. (Sketch) The proof is given below:

(1) (Sketch) This is because an arbitrary product in CG of CGWH spaces is still WH, and so is an
equalizer in CG of two maps.
(2) This follows since A is left adjoint to the forgetful functor.

(3) Define
Ev, : C(X,Y) 2 {2} x C(X,Y) o> X x C(X,Y) 25 v
We have
Acixy) = ﬂ (Evz % Evy) ' (Ay)
rzeX
This is closed. Hence, C'(X,Y) € CGWH,
This completes the proof. ]

Thus, we have obtained a category CGWH that contains all locally compact Hausdorff spaces, CW-
complexes, admits all limits and colimits, and is Cartesian closed.



10.4. COMPACTLY GENERATED SPACES 197

Remark 10.4.22. A/l results about Maps(X, Y') that hold under the bypothesis of locally compact and Haus-
dorff hold without any additional assumptions in C(X,Y).



CHAPTER 1

Fibrations

Fibrations play a central role in algebraic topology by providing a framework to study spaces via con-
tinuous maps that locally resemble product spaces. They generalize the notion of fiber bundles and enable
powerful tools for understanding the relationship between total spaces, base spaces, and fibers. The con-
cept of a fibration allows the use of long exact sequences in homotopy and cohomology, as well as spectral
sequences, to analyze complex topological structures. Establishing a suitable categorical setting ensures
the technical foundations are robust and well-behaved, facilitating the development of the theory. From
this point onward, we adopt the following conventions:

(1) All spaces and maps are assumed to lie in the category CGWH of compactly generated weak
Hausdorff spaces.

(2) For simplicity, we denote CGWH by Top.

(3) The fibered product X xj, Y will be written simply as X x Y.

These conventions enable the development of the theory of fibrations without additional technical restric-
tions. References include [Hatoz2; May9o].

11.1. Fibrations

Fibrations play a fundamental role in homotopy theory. In a sense, fibrations can be thought of as
‘homotopically nice projections,” a notion made precise below. We will introduce two types of fibrations
- the Hurewicz fibrations and Serre fibrations - which are both obtained by imposing certain homotopy
lifting properties. Prominent examples of fibrations are fiber covering spaces and fiber bundles, which are
introduced in the nextsection. These fibrations provide powerful tools for understanding the relationships
between the base and total spaces, and they allow us to analyze the homotopy type of complex spaces by
studying simpler ones.

.1 Definition & Examples.

Definition m.rx. Let X, F € Top. A continuous surjective map p : £ — X satisfies the homotopy
lifting for A € Top if for any homotopy H : A x I — X andmap f : A x {0} — E, there exists a

homotopy H : A x I — E such that the following diagram commutes:

Ax{O}L:E

Axf#X

(1) We say a continuous surjective map p : 2 — X is a Hurewicz fibration if it satisfies the homo-
topy lifting property for any A € Top.

(2) We say a continuous surjective map p : £ — X is a Serre fibration if it satisfies the homotopy
liftting property for any I"™ € Top for eachn > 0.

198
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Remark w.x.2. Clearly, a Hurewicz fibration is a Serre fibration. It is clear that a fibration is a general-
izgation of the notion of a covering space since covering spaces satisfy the homotopy lifting property.

Remark 1.1.3. A continunous surjectivemapp : E — X satisfies the homotopy lifting property for A € Top
if and only if the following diagram commautes:

E—2 X
Here Evy is the evaluation at 0 map and X' denotes Maps(I, X).
Remark 1r4. Ifp: E — X isa fibration and v € X, then Fy, := p~Y(x) C E is called the fiber of p

over x. We write
F,—F—X

Example m.xs. Let’s look at some examples of fibrations:

(1) Forany X € Top, the unique map X — * is a Hurewicz fibration. This is clear.
(2) Any projectionp : X X Y — X isa Hurewicz fibration. For A € Top,let H : A x I — X

be 2 homotopy such that Hy lifts toamap A — X X Y. We can define H by
H:AxI— XxY,
(a,t) — (H(a,1), H(a, 0)).

It is clear that H satisfies the definition.

(3) Ahomeomorphism f : X — Y isa Hurewicz fibration since we can simply define H= fto
H.

(4) Consider the evaluation map
Evp1 : Maps([,X) - X x X
7 = (7(0),7(1))

We show that Evy 1 is a Hurewicz fibration. Consider the diagram:

A=A x {0} —2 5 Maps(I, X)

_ L
Jio H Evo,1J

AxT —T 5 xxX
Equivalently, we are given a continuous map
p: (Ax {0} xIH)UAxIx{0,1}) = X
which we wish to extend to A x I x I. But

({0} x U x {0,1}) :=J, C I?
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is a retract of 2. The argument is similar to Example 2.1.16. Hence sois A x Jy of A x I x 1.
Therefore, we can simply pre-compose ¢ with the retraction
r:AxIxI—AxJ;

to find the required extension.

Proposition 1r.1.6. The following statements are true:
(x) The composition of Hurewicz fibrations is a Hurewicz fibration.
(2) The product of Hurewicz fibrations is a Hurewicz fibration.
(3) The pullback of a Hurewicz fibration is a Hurewicz fibration.
(4) (Universal Test Space) Letp : E — X be a continuous surjective map and let Ny, be the following

pullback:
N, 2 X!
st Evo
E—2 X
Here

Np:=E xx X' ={(e.;7) € Ex X" | p(e) =~(0)}.
1f p satisfies the homotopy lifting property for Ny, € Top, thenp : E — X isa Hurewicz fibration.
Proo¥. The proof is given below:

(1) Letpr : B4 — X and po : 9 — E be fibrations and consider the following diagram:

Since py is a Hurewicz fibration, H exists to make the right-hand side of the diagram commute.

Since py is a Hurewicz fibration, H exists to make the left-hand side of the diagram commute.
The claim follows.

(2) This is clear. The same argument as in covering space theory applies here.
(3) Letp : E — X bea Hurewicz fibration and consider a pullback square:

E —— F
lq ”l
X — X

Consider the diagram below:

Ax {0y —L > B —
10

i
AxT —H  x

< b
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The unmarked dotted arrow from A X I to ¥ can be completed since p is a Hurewicz fibration.
The fact that the square is a pulback square then implies the existence of H.
(4) Consider the following diagram:

El —— X!
lEvo Evgl
E—to X
Suppose p satisfies the homotopy lifting property for IV,,. Then the map s exists as in the diagram.

By the universal property of pullbacks, there exists a map g : ¥ — N, such that the diagram
commutes. Then s o ¢ :— E' solves the problem.

This completes the proof. O

Remark 1w.r.7. We give N, the subspace topology with respect to the compact open topology. We say that N,
is a universal test spacep : ' — X.

m.1.2. Mapping Path Space. N, is an instance of the construction of a mapping path space which
we now describe.

Definition m.1.8. Let f : X — Y be a continuous map. The mapping math space is the topological
space

Nj =X xy Y1 = {(z,7) € X x Y1 | f(z) = 5(0)}.
We give IV the subspace topology with respect to the compact open topology.

Note that N is defined as a pullback:

I

b

x 1,y

We can now use the mapping path space construction in Proposition 11.1.6(4) to argue that any continuous
map f : X — Y can be decomposed as a composition of a homotopy equivalence and a Hurewicz
fibration.

Proposition 1r.1.9. Let f : X — Y be a continnons map. Then f can be decomposed as

/f\
X5 Ny —>Y

where i is a homotopy equivalence and p is a Hurewicz fibration.

Proor. We have X C Ny via mapping & + (Z, Cf(y)), where cf(y) is the constant path based at the
image of  under f. Call this map 7 as in the diagram above. Define

p: Ny =Y
(z,7) = (1)
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Clearly, f = p o i. We first show that ¢ is a homotopy equivalence. Let 1 : Ny — X be the projection
onto X. Then 71 0 4 = Id x and we have a homotopy

H:Nf XI*)Nf
((2,7),8) = (z, 5 = y((1 = 1)s))

from i o to Idy - We now check that p is a Hurewicz fibration. Consider the following diagram:

Ax {0} o Ny

o b

AxT —H 4y

First note that we have the following commutative diagram:

A= Ax {0y — s Ny Lt X
J}L’O \ ﬂ'loHo}\
AxI A A=A x {0}

If we write Hy(a) = (I(a), J(a)), thenmy o (mo Hy)(a,t) = I(a). Hence, we identify 74 o (71 0 Hp)
with 1. Moreover, using Example 11.1.5(4), we have the following commutative diagram:

Ax{o} —0 s Ny T2yl

J’L’O K JVEVO ’

AxT (fol,H) Y xY

Hence, we can define H(a,t) = (I(a,t), K (a,t)). The image of H isin Ny. This is because
F(I(@)) = Bvo(K (a, 1))
Moreover, the intended diagram commutes since
(po H)(a,t) = K(a,1) = Ev; K(a,t) = H(a,1),
H oig(a) = H(a,0) = Hy(a).
This completes the proof. O

Motivated by Proposition 11.1.9 we can make the following definition of the homotopy fiber of any
arbitrary continuous map f : X — Y.

Definition 1r.ryo. Let f : X — Y be a continuous map. Letp : Ny — Y denote the map as in
Proposition 11.1.9. The homotopy fiber of f over yg € Y is

hFiberf(y0) = p~ ' () = {(2,7) [7(0) = f(2),7(1) = yo}

Remark 1w.ru. Foreach yo € Y, note that there is a canonical map from the fiber of f over x to the
homotopy fiber of f over x:

S~ (o) — hFiber(yo)
x— (z, cf(m))
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Thus, the fiber sits in the homotopy fiber while the homotopy fiber can be thought of as a ‘relaxed’ version of
the fiber: a point of the homotopy fiber is a pair (x,7) consisting of x € X together with a path vy in'Y
‘witnessing’ that x ‘lies in the fiber up to homotopy.”

Remark 1w.xrx2. Let f : X — Y bea fibration. We check that the canonical map

£~ (yo) — hFibers(yo)

is a homotopy equivalence in this case. Define a homotopy
H:NyxI =Y
((z,7),1) = (1)

Note that Hy(z,y) = v(0) = f(x), and Hy lifis through f by Hy: Ny — X, Ho(z,7) = x. Thatis,
foHy= Ho. Because X — 'Y isa fibration, there is a full lift

H:NyxI—X
of H through f. In other words, Hy satisfies the following equation:
f(Hy(z,7)) = ~(t)
Now restrict everything to the fibers. Let
hy - hFiber¢(yo) — hFiber¢(yo)
(z,7) = (He(z, ), 1))

Then hq is the identity, whereas hy (x,7y) = (H1(z,7), ¢y, ) isintheimageofi = f~'(yo) — hFiberf(yo).
Now that hy is a homotopy between i o hy and the identity, while the restriction of hy is a homotopy between
hi o @ and the identity. This verifies the assertion.

m.1.3. Fiber Homotopy Equivalence. It is important to study fibrations over a given base space
X € Top, working in the category of spaces over X which we denote as Top x. An objectin Topy isa
continuous map p : I/ — X. Moreover, a morphism in Top y is a commutative diagram

E1—>E2

N

A homotopy in Topy is commutative diagram

Eix] —" L, F,

such that for all ¢ € I, we have the following commutative diagram:

Hlp, x {1}

E1 X {t}

plElm /
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Definition 1r.r.13. Let X € Topand F1, E» € Topy. Anobject f : Fy — E5 in Topy is homotopy
equivalent if there exists another object g : E2 — E7 in Top y such that

gofNIdE17 ngNIdEzv
in Topy. The maps f and g are called fibre homotopy equivalences.

The following result will be useful later on:

Proposition m.r14. Let X € Top. Letpy : By — X and py : Eo — X be fibrations in Topy. Let
f 1 B — Eg bea map such that py o f = p1. Suppose that f is a homotopy equivalence in Top. Then f is
a fiber homotopy equivalence in Top x.

Proo¥. The proof is skipped. O

1.1.4. Characterization of Fibrations. We end with a criterion that allows us to recognize Hurewicz
fibrations. The criterion will also allow us to deduce that covering spaces and fiber bundles over nice spaces
are Hurewicz fibrations.

Definition m.xrxs. Let U be an open cover of X € Top. We say that I/ is numerable if there are maps
A\v : X — I'foreach U € U such that \;;' ((0,1]) = U.

Proposition 1136, Letp : B — X be a continuous surjective map and let U be a locally finite numerable
open cover of X. Then p is a Hurewicz fibration if and only if ply : p~(U) — U is a Hurewicz fibration
SforeveryU € U.

Proo¥. The proof can be found in [May99]. We will see in Proposition 11.2.4 that fiber bundles are Serre
fibrations. This suffices for most purposes. 0

m.2. Fibre & Principal Bundles

In this section, we discuss fiber bundles providing the key definitions required to introduce some
important examples of interest. Our primary interest in fiber bundles arises from the fact that important
examples of Serre fibrations are given by fiber bundles.

1.2.1. Definitions.
Definition 1r.2.1. Let £, X, F' € Top. A continuous surjective map p : I/ — X is a F-fibre bundle if
it satisfies the following conditions:

(1) There isan open cover {Uq }q
(2) There are homeoomorphisms ¢, : p~1(Us) — U, X F such that the following diagram
commutes:

p(Uy) 225 Uy x F

N
pl /
pry
Ua
Remark 1.2.2. Ifp: E — X isa continuous surjective map, we will henceforth use the term fibre bundle
to refer to a F-fiber bundle when the fiber F is clear from context.

Example m.2.3. Here is a basic list of examples of fibre bundles:
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(1) A trivial fibre bundle is of the form F' x X with fibre X . Itis clear that this is a fibre bundle since
p: F' x X — X is a continuous surjective map and the following diagram commutes:

XxF -4, xxF
L
X

(2) Letp : E — X be a covering space with a discrete fibres, . Then p : 2 — X is a fibre bundle
with fibre F.

(3) Let K =R, C. Letp : F — X bearankn K-vectorbundle. Thenp : E — X isafibre bundle
with fibre K",

Why are we interested in fiber bundles in homotopy theory? We demonstrate that a fiber bundle is a
Serre fibration.

Proposition 11.2.4. Letp : E — X be a fibre bundle. Then p : E — X is a Serre fibration.

Proor. Consider the following diagram:

mx {0} 2

b
mx1 -1 . x

~

Since m : ¥ — B is a fiber bundle, there exists an open covering by subsets U, such that p! (Uy) =
Uq x F (over U,). We can cover I" ! by the open subsets H (U, ). Since I" ™! is compact, the Lebesgue
number lemma implies there exists a & € N such that, for any sequence (j1, ..., jn) of numbers 0 <
sy Jn < k — 1, the small cube
iy X P X -
Fir s R F

is mapped by H into an open set U, C X. We construct the lift / incrementally, one cube at a time.
Thus, we may assume that no further subdivision of 1™ is necessary and that H maps 1™ entirely
into some U,. Moreover, we are given Hy defined on I x {0} that can be extended onto 0I"™ X I.
Consequently, we can also assume that p is the trivial fiber bundle U, x F'. Thus, we can construct such
alift as

H: 1" 5 U, x F; (z1,...,2p41) — (H(xl,...,xn+1),f(x1,...,xn)),

where f is the composition I"*1 — 1™ x {0} UAI™ x I — I" x {0} — U, x F — F. Here the
first map is a deformation retraction. ]

Remark 11.2.5. Proposition 11.1.16 implies that fibre bundles with paracompact base spaces are Hurewicz
frbrations. Recall that a paracompact space is a topological space in which every open cover has an open refine-
ment that is locally finite. Moreover, every open cover on a paracompact space can be shown to be numerable
by working with the existence of bump functions guaranteed to exist by Urysobn’s lemma.

Let us consider some examples. We construct examples of fiber bundles (and hence Serre fibrations)
via group actions. In fact, the examples we construct will be principal bundles, which are specific instances
of fiber bundles. To proceed, we first define the notion of a principal bundle.

Definition 11.2.6. Letp : & — X be a fibre bundle with a topological group, G, as its fibre. Then
p: ' — X isaprincipal G-bundle if the following hold:
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(1) There is a continuous, free group action &' x G — FE,

(2) Foreachz € X, the action of G preserves the fibre £, and the orbit map G' — E, is a homeo-
morphism,

(3) The locally trivalizing cover {Uy, ©q } o is such that each ¢ is G-equivariant. That s,

vale-g) =pale) g
The group G is called the structure group of the principal G-bundle.

The examples of principal G-bundles we construct will be derived from the category of smooth man-
ifolds. Consequently, the remainder of this section is adapted for the category of smooth manifolds. We
will use the following important result:

Proposition 11.2.7. Let G be a Lie group and M be a smooth manifold. A smooth, free, properly disctont-
nuous action of G on M induces a smooth manifold structure on M |G such that the map M — M /G is
principle G-bundle.

Proo¥. The proofis skipped. ]

Example 11.2.8. (Hopf Fibrations) We discuss the all important example of Hopf fibrations over k =
R,C, H.
(1) LetS™ C R™"*!. Let Zg acts on S™ via
S x Zy — ST (w, 1) — tw.

The action is free. Since Zg is compact, the action is proper as well. Proposition 11.2.7 implies
that the S™ /Zs is principal Zg-bundle. In fact, we have

Zy — S™ — S" |7y = RP"
is a principal Zo-bundle called the real Hopf bundle. By letting n — oo, we get:
Zy — S — RP™®
(2) Let S?"*1 C C™*! be a sphere of odd dimension. Let S & U(1) C C acts on S*** via
St st 5 2L (w, 2) = wa.

The action is free. Since S! is compact, the action is proper as well. Proposition 11.2.7 implies that
the S***1/U(1) is principal S'-bundle. Hence,

St — §¥H - §7 1/ u(1) = CP”
is a principal S!-bundle called the complex Hopf bundle. By letting n — oo, we get:
S' — §* — CP*>
(3) LetS? C H. and S*+3 C H**!. An argument as in (2) shows that
§? - I+ _y §int3 53 o pn
is a principal S3-bundle called the quarternionic Hopf bundle. By letting n — oo, we get:
S? — §%° — HP>®
Remark 11.2.9. Forn = 1, the Hopf fibrations reduce to:
sY —» st - st
St > s = §?%,

S+ 87— st
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There is also an octonionic fibration:
S
but there are no bigher octonionic versions of the Hopf fibrations.

Let G be a Lie group and H C G is a closed Lie subgroup. The natural of H on G' by right multipli-
cation is smooth, free and proper. Hence, Proposition 11.2.7 implies that G/ H is a H-principal bundle.

Example 11.2.10. (Homoegenous Spaces) The following is a list of examples of homogenous space which
are principal bundles.

(1) Consider O(n — 1) a closed subgroup acting naturally on O(n). Note that
O(n)/O(n —1) = s

This follows from the standard transitive action of O(n) on S"~1, the orbit-stabilizer theorem
and the characteristic property of smooth submersions. Hence,

O(n—1) = O(n) — S"!

is a principal O(n — 1)-bundle.
(2) Consider SO(n — 1) a closed subgroup acting naturally on SO(n). Note that

O(n)/SO(n — 1) = s !

This follows from the standard transitive acton of SO(n) on S™~1, the orbit-stabilizer theorem
and the characteristic property of smooth submersions. Hence,

SO(n —1) = SO(n) — S 1

is a principal SO(n — 1)-bundle.
(3) Consider U(n — 1) a closed subgroup acting naturally on U(n). Note that

U(n)/Un—1) = g2n—1

This follows from the standard transitive acton of U(n) on S?" 1, the orbit-stabilizer theorem
and the characteristic property of smooth submersions. Hence,

U(n —1) = U(n) — $?n71
is a principal U(n — 1)-bundle.
We can generalize the above examples by introducing the notion of Stiefel manifolds.

Definition mr.2.11. Let K = R, C, H. A k-frame in K™ isan ordered orthonormal set of vectors {v1, . .., v} C
K™ The set of all k-frames, Vi (K"™), is called the Stiefel manifold.

Remark 1.2.02. It can be verified that Vi,(K") is a compact smooth manifold. Note that we have the fol-
lowing identifications:

() Vi(R") ="t

2)‘/1( ) Sin
(3) Va(R") = 0O(n)
(4) Va(C") =U(n)

"Here we take the standard inner product.
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Example 11.2.13. Consider O(n — k) a closed subgroup acting naturally on O(n). Note that
O(n)/ O(n — k) = Vi(R")
The group O(n) acts on the set Vi (R™) via
A (v, 05) = (Avy, ..., Avg).

Since the vectors v1, . . ., v, can be completed to form an orthonormal basis of R™, and O(n) acts transi-
tively on orthonormal bases, it follows that the action of O(n) on Vi (R™) is also transitive. The isotropy

group of the point
p= (61, RN ek) (S Vk(Rn)

E, 0

o, ={ (% §)

The characteristic property of smooth submersions now implies that
Vi(R") = O(n)/O(n — k).

as smooth manifolds. The discussion of homogenous spaces implies that

O(n—k) — O(n) — Vi(R"™)

is given by

Ae O(n—k:)} = O(n — k).

is a principal O(n — k)-bundle.
Remark 1x.2.14. Similarly, it can be shown that
Ve(C") =U(n)/ U(n — k),
Vie(H") = Sp(n)/ Sp(n — k).
Hence, we have additional examples:
U(n — k) = U(n) — Vi(C"),
Sp(n — k) — Sp(n) — Vi(H").

We can also define the notion of a Grassmannian that can be used to generated additional principal

G-bundles.
Example 11.2.15. Let K = R, C, H. The set of all k-dimensional subspaces of K", G, (K™), is called the

Grassmannian.

There is a natural surjection
p: Vi(K") — Gr(K")
{v1,..., 00} = span{vy, ..., v, }.
The fact that p is onto follows from the Gram-Schmidt procedure. Thus, G, (K™) is a topological space

endowed with the quotient topology via p.

Example 11.2.16. (Sketch) Note that O(k) acts on Vj,(R™) smoothly, freely and properly discontinuously.
We have that
Ve(R")/O(k) = Gi(R")
Hence,
O(k) = Vi(R") = Gr(R")
is a principal O(k)-bundle. If we let n — o0, we get:

O(k) — Vi(R>) — Gx(R>)
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Here G, (R*) is the infinite Grassmannian.
Remark 1x.2.x7. Similarly, it can be shown that we bave the following examples:
U(k) = Vi(C") = Gr(C")
If we let n — oo, we get:
U(k) = Vi (C*) = G(C™)
1..3. Based Fibrations
Fibrations discussed above are called unbased fibrations. We can now define pointed fibrations.

Definition m.3.1. Let (E, ep), (X, zo) € Top,. Apointedinp : (E, eg) — (X, zg) isabased fibration
if all the relevant maps in Definition 1r.1.1 are pointed maps.

Remark m.3.2. F = p~Y(x) is called the pointed fiber of p over x. We have a sequence
FLELX
Remark 11.3.3. Ler (X, z0), (Y, y0) € Top,. If f = (X,z0) = (Y, yo) is a pointed map, we redefine
Ny tobe
Np=Xxp Vi {(x,y) € X x V1| f(a) = (D)}
The proof in Proposition 11.1.9 goes through and f can be decomposed as:

f

/\

(Xa .’L'()) i Nf P (Y? yO)

Here i is a homotopy equivalence as defined in Proposition 11.1.9 and p is a (Hurewicz) fibration such that

p: Ny =Y
(z,7) = ~(0)

Example 11.3.4. Let (X, 2g) € Top, andlet f : {z¢} < X denote the inclusion of a singleton. In this
case, Ny = P(X, x0). Here Ny is as redefined in Remark 11.3.3. We have

f

T

{zo} — P(X,20) —— (X, 20)

Here p is a fibration called the path space fibration. Note that we have p~*(z¢) = Q(X, x0). Hence, we
have the following sequence

QX z0) = P(X, m0) = (X, z0).
Remark 11.3.5. We shall only use the phrase fibration when working with a based fibration.

We would to generate a long exact sequence of homotopy groups associated to a continuous map.
Here is the strategy. Let f : X — Y be a pointed continuous map of pointed topological spaces. Using
Remark 11.3.3, we can decomopose f as:
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Consider the homotopy fiber:

hFiberf(yo) == (p') ™' (v) = {(z,7) € X x P(Y,30) | ¥(1) = f(2),7(0) = yo}
For brevity, we write hFiber ¢(y0) and hFib ¢. Note that hFib is a pullback:

hFib; —— P(Y,yo)

|

x—71 Ly

Therefore, Proposition 11.1.6 implies that the projection p : hFiby — X is a fibration. We get a sequence

hFib; & X L v

We would like to iterate this construction. Since x € X is the basepoint of X, note that the fiber of the
fibration p is
p~H(wo) = {0} x {v € P(Y,0) | 7(1) = F(x0) = 40,7(0) = v} = (Y, yo)

Hence, the usual fiber of p over x can be identified with (Y, o). As before, we have an inclusion of
p~(z0) into the homotopy fiber hFib,. Since p is a fibration, this inclusion is a homotopy equivalence
by Remark 11.1.12. Hence, we have a sequence

QY yo) —— hFib ¢ rux Ty

I |,

hFib, —"2 hFib, —2 X —L 5 v

Here 4 is the inclusion mapping v — (20, y). The left most square commutes by construction. Hence,
the diagram above commutes in Top,,. How shall we extend the sequence? The answer is given by the
following result:

Lemma 113.6. Ler (E,ep), (X,z0) € Top, andler f : (E,eq) — (X, x0) be a pointed map. Let
F =p~Yxg) and

FLEL X
be the associated fiber sequence. The homotopy fibre hFiber, of g is homotopy equivalent to Q( X, x).

Proor. Using Remark 11.3.3, decompose f as:

~

Xl‘[)

(Ea 60

Since 7 is a homotopy equivalence and f, p are fibrations, Proposition 11.1.14 implies that 7 is in fact a fiber
homotopy equivalence. It follows that

Z’F F— hFibCrf

is a homotopy equivalence. From the discussion above hFiber s is defined as a pullback and the projection
hFiber; — E'is a fibration. We can furthermore decompose g as:

F— Ny,—FE
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We know that N is also defined as a pullback, the map ' — N, is a homotopy equivalenceand Ny — E
is a fibration. The fiber of the fibration N, — E is hFiber, and the fiber of the fibration hFibery — E'is
Q(X, z0). Allin all, we have the following diagram:

hFiber, —— N,

e,

F—2% 5 F

AUX,z9) —— hFiberf

Since the map from N, — hFibery, Proposition 11.1.14 implies that the map is in fact a fiber homo-
topy equivalence over F. In particular, the map restricts to a homotopy equivalnce between hFiber, and

Q(X, xo). ]

We can now use Lemma 11.3.6 to continue to construction of the sequence.

(X, 70) —L5 Q(Y, yo) — hFiby —2» X —Ls vy

oo ] | ]
-

hFib; — 2 hFib, — 2 hFib; — X —L >y

Here j is the homotopy equivalence discussed above and j' that exists by Lemma 11.3.6. Moreover, inv is
the map
inv: Q(X, zo) = QX, x0),
vyt

Since hFib, = Q(Y, yo), we identify proj to be simply the projection onto (Y, yo). We claim that the
diagram above commutes in in hTop,. The first and second squares are clearly commutative. The third
square commutes as discussed above. It suffices to consider the left most square. Let

k = proj o(j' o inv)
We claim that & ~ j o £ f. Note that we have
k[v] = (cyos [771])
jotf = ([f o7l eao)
The desired homotopy is given by
H((],t) = (fOrlpu))s b o))

Iterating the above construction, we get the following sequence in hTop,:

. —— Q(hFiby) 2% Q(X, 20) —Ls Q(Y,yo) — hFib; —25 X —L sy

EE ]

. —— hFibg; —— hFib; ——— hFib, —— hFib; —— X —— Y’

For each pair of adjacent maps, the first is the inclusion of the homotopy fibre of the next, up to homotopy
equivalence. What now? Forafixed Y, w can take the homotopy classes of maps [Y, —|., where - is a space
in the sequence above. We need the following lemma and a definition.
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Definition 11.3.7. A sequence of functions of pointed sets
(A,a) L (B.b) % (C.o)

is exactif f(A) = g~ 1(c).

Lemma 11.3.8. Let (E, ep), (X, z0), (Z, 20) € Top,. Letp : (E,eq) — (X, x0) be a fibration and let
F = p~Y(xg). The sequence

FLELX
induces an exact sequence of sets*:
2, Fl. = [Z, Bl * [Z,X].

Proor. Let[g] € [Z, F.. Then

proix(lgl) 1 Z = X

Y=o
and so
i2(1Z, F]+) € vy " ([ex0))

where ¢, is the constant map E — xq. Now, let [f] € p; *([cap])- So f : Z — E is such that

ps([f]) = [po f] = [exo]

Thatis p o f is homotopic to ¢z,. Let G : Z x I — X be the corresponding homotopy. Now define
H : Z x I — FE via the homotopy lifting property as in the following commutative diagram.

Z:<{0}4441241_E
Lo H \L?

Zx] ——— X
Then
poH(z,1)=G(z,1) =c,
Hence H(Z,1) C F.So z — H(z,1) can be restricted toamap f': Z — F. But H(z,0) = f(z),so0

we have
~jof
Thatis, [f] = i4([f']) and so [f] € i4([Y, F]). This completes the proof. O

Let’s now use Lemma 11.3.8 to get the following result:

Proposition 11.3.9. (Exact Puppe Sequence) Let (X, xo), (Y,yo) € Top, and ler f : (X, x0) —
(Y, yo) be a pointed continnons map. The sequence

- —— Q(hFiby) —2% Q(X, 7o) —L Q(Y,y9) — hFiby —2» X —L 5 ¥

s exact.

%A sequence of functions of pointed sets (A4, a) EN (B,b) % (C, ¢)is exactif f(A) = g~ (c).



1.3. BASED FIBRATIONS 213

PrOOF. Let (Z, zp) € Top,. First consider
hEib & X £ v
Instead consider the sequence
hEiby 5 Ny 25y
Here the map p/ isan honest fibration and hFib f is the fibre of p'. For Y € Top,, we can apply Lemma11.3.6
to get an exact sequence of sets:

[Z,hFib¢l, — [Z, Nfl — [Z,Y ],
However, note that [Z, N¢], 22 [Z, X], since P(Y, yo) is contractible. Hence, we find that the sequence
hFib % X Ly
is exact. Moreover,
QF (hFib) & QF(X, 20) L QF (Y, yo)
is exact for each k > 1. This is because the sequence
2, 9" (hEib)]. — [Z,9%(X, 20)] — [Z, Q(Y, o)]

can be written as
[2FZ, hFib], — [S5Z, (X, 20)] — [2FZ, (Y, 10)]+

which is know to be exact. Hence, the given long exact sequence is an exact sequence. OJ
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CHAPTER 13

Higher Homotopy Groups

While the fundamental group captures information about loops in a space, higher homotopy groups
generalize this idea to spheres of higher dimensions. These groups provide deeper insight into the global
topological structure of a space and are crucial in distinguishing spaces that share the same fundamental
group but differ in higher-dimensional features. As before, we adopt the following conventions from now
on:

(1) We will assume that we work in the category CGWH.
(2) Abusing notation, we will write CGWH as Top.
(3) We will write X' X, Y simplyas X x Y.

References include [Hato2; May99)].

13.1. Definitions

In this section, we generalize the definition of the first homotopy group.

Definition 13..1. Let (X, zo) € Top, be a path-connected pointed topological space. The n-th homo-
topy group of (X, (), denoted as 7, (X, (), is defined as

™ (X, 20) = [(8", %), (X, 20)] == [S", X].
X is or n-connected if 71 (X, zg) for 1 < k < n. We say that X is weakly contractible or co-connected
ifﬂ'k(X, .%'0) =Oforallk € N.
Remark 13.1.2. Note that
(I"joIr", 01" /oI™) = (S", )

Hence, we have the following commutative diagram:

(I",0I") —L—— (X, z0)

L /

(Im/oIm, 0I™ ) OI™)

Eguivalently, ., (X, xo) consists of homotopy classes of maps f : I"™ — X for which OI" is mapped onto
xo. This is because the properties of the quotient topology imply that every f in the diagram above uniquely
factors through a g in the same diagram.

Remark 13.1.3. Ifn = 0, then mo(X, x¢) is the set of connected components of X. Indeed, we have I® = {x}
and O1° = . Hence,
mo(X,z0) = {[y] | y € X}

Moreover, [y] ~ [y'] if and only if there is a path between y and y'. Hence, wo(X, x0) consists of homotaopy
classes of maps from a point into the space X.

215
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Proposition 13.1.4. Let (X, x0) € Top,. Then there is a bijection of pointed sets:
Tn—1 (X, 20), cz) = T (X, 20)
foreachn > 1. Here cy, is the constant loop at .
Proor. We have:
a1 (X, 20), €)= mo(Maps((8™1, ), X, 20)))
mo(Maps(2(S"71, %), (X, 20)))

12

12
3
o

=
o
e}

2
(2
. 3
*
ol
s
8

=)

=

foreachn > 1. O

Remark 13.1.5. We can also make the following computation:

T (X, 20) = mo(Maps((S", ), (X, x0)))
mo(Maps((S', ) A (871, %), (X, 20))
mo(Maps((S%, #), 24~ (X, 20))
= m (P HX, z0)).

1%

12

foreachn > 1. Here we denote
QX 20) == [(S"7L, %), (X, x0)]s

Note that we have
(Qn_l(Xﬂ xo), Clo)

Il

[(8%, ), 2" H(X, o))
= [2"7H(S%, %), (X, 20)]
[(S"7H,%), (X, z0)]
= QX xg).

1%

This identification follows since Q"1 (X, x¢) is a pointed topological space with the constant loop as the base
point. Hence, we have

(X, z0) = Wl(Q”_l(X, x0), Czo)
forn > 1.

Proposition 13.1.6. Let (X, zo) € Top,. Theser mp (X, xo) forms a group forn > 2.

Proor. This follows immediately from the fact that , (X, z¢) = m1 (2" 1(X, 2¢), ¢z ) and 71 (+) is a
group. We can also give a more direct argument. Consider the following map:

f(2s1,892,...,8n) if0 < 51
9(281_17827"'7871) lf%ésl

(f +9)(51,52,...,80) = {

Note that since only the first coordinate is involved in this operation, the same argument used to prove that
m1(X, o) is a group is valid here as well. In particular, the identity element is the constant map taking all
of I" to xp and the inverse element is given by

7f(51a527"'55n):f(17817827"-’8n)-

This completes the proof. U
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The additive notation for the group operation is used because 7, (X, ) is abelian for n > 2.

Lemma3.1.7. (Eckmann—Hilton Argument) Let X be a set equipped with two binary operations, o and
R, such that:

o oand & are both unital. That is, there are identity elements 1, and 1g such that
looa=a=aol,
lg®a=a=a®1g

foralla € X.
o e have,

(a®b)o(c®d)=(aocc)® (bod),
foralla,b,c,d € X.

Then o and @ are the same and in fact commutative and associative.
Proor. Observe that the units of the two operations coincide:
lo=1loolo=(1lg®1,)0o(lo®1g) = (lgoly) ®(loolg) =1 ® 1g = 1.

We denote the common identity as 1. Now, leta, b € X. Then
aocb=(1®a)o(b®1l)=(lob)®(acl)=b®a=(bol)®(loa)=(b®1)o(1®a)=boa.
This establishes that the two operations coincide and are commutative. For associativity,

(@) @ec=(a)R(1®c)=(a®1)®(bRc)=a® (bR c).
This completes the proof. l
Proposition 13.1.8. Let (X, z0) € Top,. Ifn > 2, m,(X, x¢) is an abelian group.

Proor. Weuse Lemmai3.1.7. Touse Lemmai3.1.7, we define an alternative binary operation. Let [ f], [¢] €

n (X, o). Then define [f] x [g] to be the homotopy class of the map f x g defined by
t1, 2, tgs -t ifts € [0,1/2],

(fXg)(tla"'vtn): f(l 2 ) . 2 [ /]
g(t1,2t2—1,t3,...,tn) ifty € [1/2,1]

It is clear that X is a well-defined operation on ,, (X, z(). Moreover, X is a unital operation with the
identity element given by the constant map taking all of I" to z. To make use of Lemma 13.1.7, it remains

to prove that for any [f], [¢], [h], [k] € m,(X, z0),

([F1 > [g]) + ((h] < [K]) = ([F] + [A]) x (lg] + [K]).
The left-hand side is defined to be the homotopy class of

f(2t1,2t,t3,. .. ty) ift; < 3,82 < 3,
g(2t172t2 - ]-7t3)' .. 7tn) 1{:tl < %7 ty > %7

X + ([h] x [ED))(t1,...,tn) =
(L) + WX ED e ta) = 300 " 0 s hned
k(2t1 — 1,2ty — L, t3,...,t,) ifty > 3, t5 > 1.

The right-hand side is the homotopy class of

f(2t1,2to, 3, ty) ifty < 3,12 < 3,

h(2t1 — 1,2t,t3,...,ty) ifty > 2L <1

+ [h]) x ([g] + [KD))(t1, ... tn) = BB =2 2=7
<([f] [ ]) ([g] [ ]))( ' n) g(2t172t2 - 17t37~~-7tn) Iftl S %7 t2 2 %7
k(2t1 — 1,2ty — Ltg, ..., t,) ifty > 3, t5 > 1
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Both these maps are exactly the same map. By Lemma 13.1.7, 4 is commutative, so 7, (X, o) is abelian
forn > 2. O

Remark 13.1.9. The proof of Proposition 13.1.8 makes it clear why w1 (X, xo) need not be abelian. We simply
do not bave “enough space”in [0, 1] to carry out the same argument.

We end this section is devoted to discussing various properties of higher homotopy groups that are
analogous to those of the fundamental group.

Proposition 13.1.10. Let (X, x0) € Top,. The following are some properties of m, (X, xo) forn > 1.
(1) Foreachx(y € X, such that x(, € mo(x), we have
(X, o) = T, (X, ')
(2) Forn > 2, my, is a functor from Top, to Ab, the category abelian of groups.
(3) Foreachn > 1, my, preserves products. If (Y, y) € Top, then
Wn(X XY, (an yO)) = Wn(Xa :EO) = Wﬂ(}/a y0)

That is, Ty, preserves products forn > 1.

(4) If f - (X,20) — (Y,y0) is a pointed homotopy equivalence, then the induced homomorphism
Js : (X, x0) = mn (Y, yo) is an isomorphism.

(s) [f()A(/, 7o) € Topandp: X — X isa covering map, then py (X, Z0) — mn (X, p(Z0)) is
an isomorphism for all n > 2.

Proo¥. The proof is given below:
(1) This follows because

Wn(Xv .%'0) = Wl(Qn_l(X7 l’o), Cl"o) = Wl(Qn_l(X7 x{))v C:ch) = W”(Xv .%'6)

Here we have used the fact that Q"1 (X, z) and Q" 1(X, z{,) are homeomorphic topological
spaces.

(2) Let¢ : (X, 20) — (Y, yo) beacontinuous map. If f ~ g, thenpo f ~ pogasbefore. Hence,
the induced map ¢, : 7, (X, x9) — 7, (Y, y) is well-defined. Moreover, from the definition of
the group operation on 7y, it is clear that we have

po(f+g)=(pof)+(poyg)
Thus, o ([f + g]) = e«([f]) + ¢«([g]). Hence, ¢, is a group homomorphism.
(3) The proofin the case of 71 goes through as before.
(4) Letg : (Y,y0) — (X, o) be an inverse pointed homotopy equivalence so that we have:
go f~Idxrelxg and fog~ Idy relyg.

Homotopy invariance gives' g« 0 fi = (g0 f)« = Idr, (x u0)> and similarly fiog. = Idz, (v y0)-
(s) First, we show that py is surjective. Let 29 = p(Zo) and consider f : (S", %) — (X, zg). Since
n > 2, we have 1 (S", x) = 0, so
Fe(mi(8", %)) = {0} € pu(m (X, 7).
By the path lifting criterion, f admitsalift to (X, &p). Thatis thereexists f : (S™, ¥) — (X, o)
suchthatpo f = f. Then [f] = [po f] = p«([f]). Next, we show that p, is injective. Suppose

[f] € kerpy. So[po f] =0.Letpo f = f. Then f ~ ¢y, via some homotopy
H;: (S",%) = (X, x0)

is easy to see that homotopic maps induce identical homotopic maps and hence identical maps on homoto roups.
Tt y to see that homotop ps induce identical homotop psand h dentical maps on homotopy group
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with o1 = fand g = cz,. By the homotopy lifting criterion, there is a unique ﬁt D (ST %) —
(X,:f:g) with po H; = H;. Then we havepo H; = Hy = fandpo Hy = Hy = Czg> 50 by
the uniqueness of lifts, we must have H, = ]F and ﬁo = ¢z,. Then Hy is a homotopy between
fand ¢z. So [f] = 0. Thus, p, is injective.

This completes the proof. O]

Remark 13.x.1x. Proposition 13.1.10(5) can be interpreted as mentioning that covering spaces cannot be used
to compute higher homotopy groups!

How does one compute higher homotopy groups? In general, this is a difficult problem. But we can
at the very least state some trivial calculations for definition and basic properties:

Proposition 13.1.12. The following are calculations of some bigher homotopy groups:

(1) If X = { o} isa one-point space, then 7, (X ) = {0}, is the trivial abelian group forn > 2.
(2) If (X, o) is contractible, then n (X, xo) = {0} is the trivial abelian group forn > 2.

(3) We have
m(s) =4 TP
0, i#n>2
(4) We bave
m(Sl X oo x SL (kp, - ,*k)) = {0}
k -times
forn > 2.

(s) We bave T, (RP* %) 2 7, (SF, %) forn > 2.
(6) We bave mp,(RP™>, %) =0 forn > 2.

Proor. The proof is given below:

(1) A one-point space has only the constant loop. Hence, each higher homotopy group is trivial.
(2) This follows from the Proposition 13.1.10(5) and (1) above.
(3) Consider S* with its universal covering map p : R — S. Ifn > 2, we have

ﬂn(Sl, x) = m,(R,0) =0

We already know the result forn = 0, 1.

(4) This follows from (3) and Proposition 13.1.10(3). We can also apply a covering space argument as
in (3).

(5) Thisis because S™ — RIP" is a covering map.

(6) This is because S — RIP* is a covering map and S°° is contractible.

This completes the proof. O

13.2. Cellular Approximation

Homotopy theory of CW complexes is more tractable. For instance, a key results includes the cellular
approximation, which allows for approximating maps by cellular ones. We prove the cellular approxima-
tion theorem in this section. Since CW complexes are built inductively, the following strategy will not
come as a surprise. Givenamap f : X — Y of CW complexes, we will try to deform f cell by cell into a
cellular map. As an important building block for the proof of the theorem, there is the following case of a
single cell.
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Lemma 13.2.x. Let X, Y € Top such that we have a pushout diagram

sl v X

]

D" XY
Any map f = (D™, S™1) — (Y, X) withm < n is homotopic relative to S™ 1 to a map g satisfying
g(D™) € X.
Let us describe the strategy of the proof. The attaching map x : D" — Y restricts to a homeomor-

phism X1ne(pn). Hence, we identify Int(D") C Y. We show that we can construct a homotopy relative
to S™ ! such that f ~ hand 0 ¢ h(D™). Here 0 is the origin of Int(D™). To see that this is enough,

consider Y\ {0}. The inclusioni : X — Y \ {0} is the inclusion of a strong deformation retraction
r:Y \ {0} = X induced by collapsing Int(D") \ {0} onto S™~!. Hence, we have
Idy_joy ~ior
relative to X which induces the desired relative homotopy
h=1dy_jpyoh~ioroh=g

relative to S™ 1. Putting these two homotopies together, we conclude that f ~ g relative to Sm-t,

Proor. Weinductonn. Letn = 1,m = 0. In this case, S ! = fand D™ = {*}. A map

f({+1,0) = (v, X)
is essentially the same asa pointy € Y. For some x € X, thereisapathw : [ — Y withw(0) = yand

w(1) = = € X. This path defines the desired homotopy. Assume the claim has been prove forn — 1. We
list the following consequences of our inductive assumption:

(1) Any map Sk — S"lfork < n—1is homotopic to a constant map. Indeed, apply the inductive
hypothesis to for n — 1 to the standard map (DF, S¥71) — (D" [gu_2 *, *).
(2) Any map S¥ — S"~1 x (a,b) for k < n — 1 is homotopic to a constant map. This follows
from (1) and that (a, b) is contractible.
(3) Any map S¥ — S"~1 x (a,b) for k < n — 1 can be extended D¥. This follows from (2) and
Proposition 10.1.4.
We now construct a homotopy f =~ h : D™ — Y relative to S™ ! such that 0 ¢ h(D™).Consider the
subsets

Up = {z € D" [ =[] <2/3},

Vo={zeD"||=z] >1/3}.
and define two subsets of Y by setting U = x(Up) and V' = X [[gn—1 X (Vo). Note that

UnVv =smtx(1/3,2/3).
We constructahomotopy f =~ h such that the image of h entirely liesin V', and hence avoids the point 0 €
Y. WLOG replace (D™, S™~1) by (I, dI™). Note that {U, V' } is an open cover for Y. Pulling back
the open cover of Y along f induces an open cover f~1(U), f 1 (V) of of I"™. The Lebesgue number
lemma implies there exists a N > 0 such that the image of each m-cube

. [k:l k1+1} [km K + 1
X...X

klrn’km -

N N

N’ N

], 0<ki<N
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under f is contained in either U or V. We construct homotopies to modify f only on those I}
which are not entirely mapped to V. We define a filtration on I,

n

ormc zHV c zO c...c zm — m,

Let J~! be the index set for all I-dimensional sub-cubes, 0 < | < m, of all cubes I }g’m’ ko which are
already completely mapped to V' by f. Let us denote the [-dimensional sub-cube corresponding to such
anindex p € J 7! by Ifo. We then set

z= | L,

peJ 1

and it follows from our assumption on f that 9" C Z (=1) We now take care of the remaining sub-
cubes, and this will be done by induction over the dimension of these sub-cubes. Foreach0 < k < m,
let J;. be the index set for all k-dimensional sub-cubes, 1, ZZ for ¢ € Ji, of the cubes [ ,Zl‘ o which satisty

JFUIE) Z V. Se
k) _ k—1 k
zk) — 7( )H U Ik,
peJy
This defines a filtration for X. We now want to inductively construct maps hy, : Z k) 5y, k> -1,
such that:
e The map h_1 is obtained from f by restriction.
e The map hy, sends the cubes If; toUNVforallp € Jyand k > 0.
e The map hy, extends hy_1, i.e., we have hy| ;(k—1) = hy—1 forallk > 0.
For hg, note that Z(%) is obtained from Z(=1) by possibly adding some vertices which are mapped to U.
For each such vertex, choose a path to a pointin U N V. This defines hg. Inductively, assume that hj,_;
has already been constructed. For each ¢ € Jj, we have that hy,_1(9I}) C UNV. Since U NV =

S"~1x(1/3,2/3), theinduction hypothesis and (3) above implies that we can find extensions as indicated
in the following diagram:

ork L Uy
X

l hk:,tp

ko
15

These maps hy, , and hy_1 can be assembled together in order to define a map hy, : Z %) - Y with
the desired properties. If weset b = hy, @ I™ = X(™) — Y, then we have h(I™) C V. Hence,
it suffices to show that f = h relative to 9I™. We show that in fact we construct such a homotopy
relative to Z(~1). Both maps f and h coincide on Z(~1). Moreover, the restrictions of both maps to
I™ — Z(=1 can be considered as maps taking values in U. But, U is homeomorphic to an open n-disc,
hence convex, so that the two restrictions are homotopic via linear homotopies. This homotopy, together
with the constant homotopy on Z (=1 can be assembled together to give the desired homotopy f ~ h
relative to Z(—1). O

We now state and prove the cellular approximation theorem.

Proposition 13.2.2. Let (X, A) be a finite-dimensional CW pair, let Y bea CW complex. If f - X — Y
is a continuons map such that fla : A — Y is a cllular map, then f is homotopic to a cellular map
g : X — Y relative to A. In particular, any map of CW complexes is homotopic to a cellular map.
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Proor. We have a filtration

A=XEccxO®Ocx®c xm = x,
Similarly, we also have a filtration for Y. Let g_1 = f. We construct maps g,, : X — Y and homotopies
Jn—1 = gn such that

(1) The map gy, sends the relative n-cells to y ™),
(2) The homotopy gn—1 > gy is relative to X (=1,
We proceed by induction. Let J,, denoting the set of relative n-cells. We have a pushout diagram:

e, ODE — X (-1

! |

Uses, D —— X1,

For each such cell D? such that g,, 1 (D7) is not contained in Y ("1, there is a finite relative subcomplex
Y’ with
YW cy' cy

such that g,,—1(D%) C Y. Choose a cell of maximal dimension in Y which has a nontrivial intersection
with gp,—1 (D?). By Lemma 13.2.1, this cell can be avoided up to relative homotopy. Repeating this finitely
many times and gluing the relative homotopies together, we obtain a homotopy Hy, 5 : gn—1 =~ Gno :
D? — Y relative to ID? such that g, »(D?) C Y™, Recalling that X (™) x [0, 1] carries the quotient
topology with respect to the map

<X<n—1> L < | ] D:)) x [0,1] — X™ x [0, 1].

O'EJn

We can glue the homotopies H,, », the constant homotopies on g,—1 : D} — Y for all n-cells with
gn—1(e?) C€ Y, and the constant homotopy on g, 1|y (n—1) together in order to obtain a homotopy

H,: X™ x[0,1] =Y.
relative to X (™). Since X (™ — X is a cofibation, we obtain a homotopy
H,: X x[0,1] - Y.

which admits a solution since the inclusion X (™) — X is a cofibration. We set g,, = H,,(—, 1). Since
X (M) = X it suffices to compose the finitely many homotopies Hy, 0 < k < n, to obtain a homotopy
H : f ~ g = gy relative to A such that g : X — Y isa cellular map. O

Remark 13.2.3. Proposition 13.2.2 can be extended to the case where X is infinite-dimensional.

13.3. Relative Homotopy Groups

We define relative homotopy groups. We also state and prove the long exact sequence in homotopy
groups, which is a crucial tool for computations.

Definition 13.3.1. Let (X, A, 20) € Topj such that A contains the basepoint zg. Forn > 1, the n-th
relative homotopy group, denoted as 7, (X, A, x¢), is defined as

(X, A, z0) = [(D",S"71, %), (X, A, z)]
We say (X, A, x0) is n-connected if 71, (X, A, zg) for 0 < k < n.
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One can think about relative homotopy groups differently. Consider the relative path space
P(X, A, 20) = {7 € P(X,20) [ 7(1) € A}.
Note that P(X, A, x¢) is a based topological sapce with basepoint the constant path at I — x¢. Consider
Tn—1(P(X, A, 20), ¢z ) An element of 7,1 (P (X, A, 20), ¢z) isamap (S"71, %) — P(X, A, cy,)
up to homotopy that sends * to ¢;,. Equivalently, it is a map (S" ™1, %) x I — X up to homotopy that:
(1) Maps (S™1, %) x {0} to z, as every path starts at .
(2) Maps {*} x I to ¢y,
(3) Maps (S"71, %) x {1} into A as paths end in A.
This is nothing but the data of a map
(D", S" 1 %) — (X, A, x0)
defined up to homotopy. Hence,
Wn(Xa A> JIO) — ﬂ-nfl(P(Xa Aa :EO)a C:Eo)
This shows that 7, (X, A, x¢) is a group for n > 2 and an abelian group for n > 3. We have a long exact

sequence in relative homotopy groups:

Proposition 13.3.2. Ler (X, A, x) € Top?2 such that A is a closed subspace. Then there is an exact sequence
of homotopy groups:

o= (A, o) = (X, o) = (X, A, 20) = m—1(A, T0) = -
ProoF. Consider the inclusion map ¢ : A — X. The homotopy fiber of 7 is P(X, A, z¢). Note that
[(Sov *)7 Qn(P(X, Aa SL'()), CIO)] = [EH(SO? *)7 (P(Xa A7 l’o), Cmo)]

= [(Sn, *)7 (P(X7 Aa :L‘O)a Cxo)]

= WH(P(Xa A7 xO)a Cwo) = 7Tn+1(X7 A) :L'o)d
The claim now follows by letting (Z, 20) = (S, *) and applying [(S°, *), —] to the exact sequence in
Proposition 11.3.9. ]
Remark 13.3.3. Using Proposition 13.3.2 and some algebraic manipulations, one can show if (B C A C
X) € Topi’ such that B C A C A and B contains the base point x, then there is a long exact sequence:

e — ﬂ'n(A, B,Q?()) — Wn(X, B,Q?()) — 7Tn(X, A, xo) — 7Tn_1(A, B,.I'o) —

13.4. Freudenthal’s Suspension Theorem

The purpose of this section is to prove Freudenthal’s suspension theorem. We first state a notion
of the excision theorem for homotopy groups. Recall that a remarkable fact about homology groups is
that the relative homology groups satisty the excision property. However, this is not the case for relative
homotopy groups. However, there is a version of excision that holds for CW complexes that have rather
strong connectedness properties.

Proposition 13.4.x. Let X be a CW complex such that X = AU B and AN B is non-empty and connected.
If (A, AN B) is k-connected, (B, AN B) is l-connected, and i : (A, AN B) — (X, B) s the inclusion
map, then for any vo € A N B, the induced map

ix (A, AN B,xg) = (X, B, xp)
is an isomorphism when n < k + [ and is a surjection whenn = k + [.

Proor. The proof is lengthy and technical. See [May99; Hatoz]. ]
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We now state and prove Freudenthal’s Suspension Theorem:

Proposition 13.4.2. Let (X, x0) be an (k — 1)-connected pointed CW complex. For any map f : SF —
(X, x0), consider its suspension,

Nf:NS" = ST o B(X, z0).
The assignment
T (X, 20)) = M1 (B(X, 20))
1= [%1]
is a homomorphism which is an isomorphism forn < 2k — 1 and a surjection forn = 2k — 1.

ProoF. We can think of ¥X as two copies of C X, which we call C* X and C'~ X, identified along their
bases. Define j to be the composition of the following three maps drawn in the diagram below, each of
which is induced by the obvious inclusion maps.

(X, 0) = Tt (CTX, X, 20) = Tpi1 (X, C™ X, 20) = mng1 (X, 20)

For any n, the leftmost and rightmost maps are isomorphisms because of the long exact sequences of the
CW pairs (C* X, X) and (83X, C~X), respectively, since 7, (CFX) is always trivial. Also, when X
is (k — 1)-connected, the CW pair (CX, X) is k-connected by the long exact sequence of the pair
(C*X, X). This allows us to apply Proposition 13.4.1, so the middle map in the diagram above is an
isomorphism when n 4+ 1 < 2k and a surjection whenn + 1 = 2k. O

Remark 13.4.3. Let X be a k-connected CW complex. For anyn € N, consider the sequence of maps:
oo = (X, ) = Tt (BX, 20) = Mg (B2 X, 20) — ...
Since X is an k-connected CW complex, Proposition 13.4.2 implies that us thar m, (X, o) = mp41(2X, 20)
ifn < 2k + 1. We make the following observations:
(x) In particular,
(XX, 20) = mp-1(X, 20) =0
if0 < n < k+ L If X is o-connected (path-connected) then XX is also o-connected (path-
connected). Hence, we have that

X is k-connected = Y. X is (k + 1)-connected

More generally, we have that ¥ X is (k + n)-connected for anyn € N.

(2) Let N(k,n) = n — 1 — 2k, and observe that when i > N (k,n), we haven +1i < 2(k +1i) + 1.
Thus, the groups Tp+i (X' X)) are isomorphic forall i > N(k,n). Let N = N (n, k), and define
T N (SN X, 0) as the n-th stable homotopy group of X.

More generally, the n-th stable homotopy group of any X € Top,,
T (X) = lirgﬂ'n_i_i(EiX, xo).
1€EN
Observe that since X is always 0-connected, we do not actually need X to be O-connected, so every space X

has n-th stable homotopy groups for all n € N. Moreover, Proposition 13.4.2 proves this colimit is realized
after finitely many elements along the sequence. This is the start of the subject of stable homotopy theory.
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13.5. Some Computations

The purpose of this section is to compute the homotopy groups. Our main computational tool will
be the long exact sequence associated with a fibration, as proved below. We begin by considering a basic
example.

Example 13.5.1. (Spheres) Let & > 2. We compute 7, (SF, ).

(1) Let1 < n < k. Let S® — S* be a continuous map. WLOG, we can assume that f is a cellular
map by Proposition 13.2.2. If Sk is given the standard cellular structure with a o-cell and a k-cell,
then the n-th skeleton of S* forn < ks simply the o-cell. Therefore, f : S™ — Skis homotopic
to the constant map. Hence, 7, (S¥, *) = O for 1 < n < k.

(2) Letn = k. Since S™ is (n — 1)-connected by (1), Proposition 13.4.2 implies that 7;(S", ) —
Tj+1(S™1, %) is an isomorphism for j < 2n — 1. Therefore,

T (S, %) — 7Tn+1(S"+1, *)

forn > 2. Moreover, Proposition 13.4.2 implies that Z = (S, %) — mo(S?, %) is surjective.

~

We will show that in Example 13.5.6 that in fact this map is an isomorphism since 72 (S?, *) & Z.
Therefore, we have
Z
That s, 7, (S™, %) = Z.
Hence, for k& > 2 we have

12

(S, %) = ma(S7, %) 2 my (8%, %) =

0, ifl<n<ek,
m(8") = {Z, ifn = k.

Remark 13.5.2. Example 13.5.1 implies that it remains to compute Ty, (S¥) forn > k. This turns out to be a
very difficult problem.

Remark 13.5.3. We can now also argue that homotopy groups are not a perfect topological invariant. Con-
sider

X =S2xRP?, Y =RP?xS>.
By Example 13.5.1, we bave:
71(X) =2 m(S?) x 7 (RP?) 22 0 X Zy = Zy
(V) 2 71 (RP?) x 71 (S?) 2 Zy x 0 2 Zy
The universal cover of both X and'Y is homeomorphic to S®. Hence,
T (X) 2 mp(Y)

forn > 2. Hence, X andY have same homotopy groups. However, X and'Y are not homotopy equivalent.
Indeed,

H5(X)=7, Hs(Y)=0

since X is compact and orientable, andY is compact and non-orientable.

Example 13.5.4. Since Sk is (k — 1)-connected, Proposition 13.4.2 implies we have
Tk (S*) & T ppgr (S5

whenever n 4+ k < 2k — 1. It follows that the groups 7,1 (S*) stabilize when k > n + 1.
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We now establish the long exact sequence associated with a fibration. Notably, we can leverage the
properties of fibrations along with the exact Puppe sequence (Proposition 11.3.9) to derive a long exact
sequence of homotopy groups.

Proposition 13.5.5. Ler (E,eq), (X, x0) € Top, andletp : (E,eq) — (X, x0) be a based fibration.
Let F = p~Y(wg). Then we have an exact sequence of homotopy groups:

s — ﬂ'n(F, 60) — ﬂ'n(E, 60) — 7Tn(X, xo) — ﬂn_l(F, 60) — 7Tn_1(E, 60) — 7Tn_1(X, 60) —

Proo¥. Sincepisa fibration, we have that the homotopy fiber of p is homotopy equivalent to F'. Observe
that

[(807 *)a Qn(Xv $0)]* = [En(SOa *)’ (Xa :EU)]*
= [(Sn7*)v (X’ xo)]*
= 7 (X, x0)

The claim now follows by letting (Z, 29) = (S, *) and applying [(S°, *), —] to the exact sequence in

Proposition 11.3.9. ]

We can perform further computations by exploiting the long exact sequence of homotopy groups
associated to fibrations.

Example 13.5.6. (Hopf Fibration) Consider the Hopf Fibration:
S' - §* — §?
Barring 7o, the long exact sequence reads:
2 0= m(S?) o m(SH 2020 m(S?) 2 Z =00

Hence,

In particular,

Remark 13.5.7. The computation in Example 13.5.6 is independent of the computation in Example 13.5.1.
This shows that the claim 0, (S", %) =2 Z made in Example 13.5.1 is correct.

Example 13.5.8. Consider the fibration
S' — §* — CP>
Barring 7, the long exact sequence reads:
-0 = m3(CP>®) - 0 = m(CP*®) = Z —-0—-m(CP*) - Z—>Z—17Z

Hence,
Z k=0,2

0 otherwise

7 (CP™) =2 {
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Example 13.5.9. (Special Orhthogonal Group) Consider the fibration:
SO(k —1) — SO(k) — Sk1
We have a long exact sequence of homotopy groups:
oo = T (SO(k—1)) = T (SO(k)) = 7 (SF7Y) = 11 (SO(k—1)) = mp_1(SO(k)) — Tp_1(SF1) — - -
Forn < k — 3, we have
oo = mp(SO(k — 1)) = mp(SO(k)) = 0 — - --

This implies that
Tn(SO(k)) = mp,(SO(k — 1))
for k > n 4 3. This isomorphism doesn’t hold for k = n 4 2 (n = k — 2). Indeed, if k = 3andn = 1,
we have
Zy = 11 (RP?) 2 71 (SO(3)) 2 m1(SO(2)) = 7y (SY) =2 Z
In any caseif k > n + 3, we have
T (SO(k)) = m,(SO(k — 1)) = 7,(SO(n + 2))

In particular, we have

0 k=

Y Y k =
mo(SO(k)) = Z, m1(SO(k)) = Zy k=3
Zo k>4

Example 13.5.10. (Unitary Group) Consider the fibration:
U(k —1) = U(k) — S?-1
We have a long exact sequence of homotopy groups:
o= (U(k—1)) = m (U(k)) — 7Tn(82k_1) — Tp—1(U(k—=1)) = mp—1(U(k)) — 7Tn_1(82k_1) —
Forn < 2k — 3, we have
o= (Uk—1)) = 1 (Uk) -0 — -+

This implies that
T (U(k)) = mp (U(k — 1))
forn < 2k — 3. This isomorphism doesn’t hold for n = 2k — 1. Indeed, if £ = 2 and n = 3, we have

Inany caseif k > [(n + 3)/2], we have
mn(U(k)) = mn (U(k — 1)) = mn (U([(n + 3)/2] = 1))
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In particular, we have

0 k=1 0
Ro(UR) 22, m(U(k) = {ﬁ T, mUm =0 k=2 m(Uk)={z
- 0 k>3 Z

13.6. Classification of Principal G-bundles

We can use homotopy theory to provide a homotopy-theoretic classification of principal G-bundles.
More precisely, we show that the functor taking a topological space to the set of principal G-bundles on it
is representable in the homotopy category. Recall that a principal G-bundle is defined as follows:

Definition 13.6.1. Let /, X € Topsuch thatp : £ — X be a fibre bundle with a topological group,
G, asits fibre. Then p : E — X is a principal G-bundle if the following hold:

(1) There is a continuous, free group action /' X G — F,

(2) Foreachz € X, the action of G preserves the fibre F;; and the orbit map G' — E is a homeo-
morphism,

(3) The locally trivalizing cover {Uy, ©q } o is such that each ¢ is G-equivariant. That s,

Pale-g) =pale) g
The group G is called the structure group of the principal G-bundle.
We now define the notion of morphisms of principal G-bundles.

Definition 13.6.2. Letp; : F; — X; be two principal G-bundles. A morphism of principal G-bundles
is given by a pair of smooth functions f : 4 — Esand g : X1 — Xosuch f is a G-equivariant map
and the diagram

E1 L> E2
l lm
X1 T> XQ

commutes. A morphism of principal G-bundles is an isomorphism of principal G-bundles if f, g are
diffeomorphisms.

Remark 13.6.3. If'p; : E; — X; be two principal G-bundles for i = 1,2, any G-equivariant map
[+ Ev — Eo defines a morphism of principal G-bundles. This is because

fler-g) =gle1) -9
implies that [ maps fibers of Ex to fibers of Fo. Hence, defining
g: X1 — Xo
x1 > p2(f(e1))
is well-defined for any choice of e1 € pl_l (21) and uniquely determines the base map g : X1 — Xo.
Remark 13.6.4. An important special case we will consider is when X1 = Xo = X. In this case, g = Idx.

Before stating the classification theorem, we need to introduce some constructions of principal G-
bundles, with the first important one being the pullback construction.

Example 13.6.5. The following are examples of constructions of principal G-bundles.



13.6. CLASSIFICATION OF PRINCIPAL G-BUNDLES 229

(1) Let X1, X2 € Topandletp; : E; — X be a principal G-bundles for i = 1, 2. Then
P1 Xp22E1XE2—>X1><X2
is a principal G-bundle. Indeed, p1 X pa is a fibre bundle. This is in my other notes. The group
action on IJ; X Fj is given by the diagonal action:
(61762) g = (61 *g,€2 g)
It is clear that Definition 13.6.1 is satisfied.
(2) Let X € Topandletp : E — X bea principal G-bundle. If X’ C X is a subspace of X, then

plx ip N (X)) = X!

is a principal G-bundle. Indeed, p|x- is a fibre bundle. This is in my other notes. Moreover,
Definition 13.6.1 is easily satisfied.

(3) (Pullback)Let X,Y € Topandletp : E — Y beaprincipal G-bundle. Consider a continuous
map f : X — Y. We construct a principal G-bundle f*p : f*E — X that fits into the

following commutative diagram:
f*E 2% E

S

XﬁY

Consider
[fE={(r,e) e X xE| f(z)=ple)} =X xy E

We endow f* E with the subspace topology of the product topology. Let f*p and 75 be projec-
tions onto first and second factors respectively. Consider the product principal G-bundle.

dy xp: X xE—> X xY
Consider the graph of f:
Fp={(z,y) e XxY |y=f(z)} CX xY
Note that we have
(z,¢) € (Idx xp) "' (Ty) <= f(z) =p(e).

Hence, theinverse image of 'y is f* /. This shows that f* Eisa principal G-bundle. Uniqueness
follows from categorical nonsense.

We now prove the important fact the pullbacks of principal G-bundles along homotopic maps are

isomorphic.

Proposition 13.6.6. Let X, Y € Top be paracompact Hausdor(f topological spaces. Letp : E — 'Y bea
principal G-bundle. If ho, h1 : X — Y are homotopic maps, then hij(E) = hi(E).

Remark 13.6.7. We will invoke the following facts on principal G-bundles in the proof of Proposition 13.6.6.

(1) Every morphism of principal G-bundles is an isomorphism.
(2) There is a bijection between morphisms of G-bundles 1 — Eo over a common base and global
sections of the associated bundle F X ¢ Eo* over X with fiber E.

These constructions and facts are covered in my other notes.

>Here Fy is endowed with the left action g - €2 1= ea - g+
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Proor. Consider a homotopy
H:XxI—=Y

such that Hy = hg and Hy = hy. Pullingbackp : E — Y along H, we get a principal G-bundle
H*E — X x I such that

H"E|xx {0y = ho(E)
H*E|xxqy = hi(E)

Hence, it suffices to sow that for any principal G-bundle g : F' — X x I, the restrictions | x x {0y and
q| Xx{1} are isomorphic. Denote the restrictions as

QQ:F0—>X><{0}§X
qltF1—>X><{1}§X

It suffices to prove that F' 22 Fyy x I as prinicpal G-bundles over X x I, since then restriction to X x {1}
gives the isomorphism

Flxwpy =1 = (Fo x )| xxq1y = Fo.
It suffices to find a global section of F' X (Fp X I) — X x I. Now, F' X (Fo x I) has a section over
X x {0}, since

Flx oy = Fo = Fy x I|x 0y
Since X is paracompact Hausdorff, X x I is paracompact Hausdorft. Hence,
Fxg(FoxI)—XxI

is a fibration by Remark 11.2.5. The claim now follows from the homotopy lifting property of fibrations.

X x{0} —— F xqg (Fo xI)

I

XxI —Y o xx71

This completes the proof. U
Let (X, G) denote the set of isomorphism classes of principal G-bundles over X, and let (G

denote the isomorphism classes of all principal G-bundles. The assignment
Top = Z(G)
X - 2(X,G)

is a contravariant (set-valued) functor. Indeed, this follows from the pullback construction. Proposi-
tion 13.6.6 states that the functor actually descends to the homotopy category:

Top — Z(G)

The homotopy theoretic classification of principal G-bundles argues that this functor is representable. We
restrict ourselves to the category CW complexes. The representability below can be generalized to other
categories. We need the following facts about CW complexes.

Lemma 13.6.8. Let (X,Y') bea CW pair and letp : E — X be a fiber bundle with fiber F. Assume that
pr(F') = 0 foreach k such that X \'Y has cells of dimension k + 1.

(1) Everymap f : Y — F extendstoamap f : X — F.

(2) Everysection s € I'(Y, E) can be extended to a global section s € I'(X, E). In particular (taking
Y =0)p: E — X admits global sections if F is k-connected where k = dim(X).
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Remark 13.6.9. Letp : E — X be fiber bundle with fiber F. We will invoke the following facts in the
proof of Lemma 13.6.8.

(1) There is a bijection between local sections defined over a locally trivial cover Uy, and smooth maps
Uop — F

This is proved in my other notes.

Proo¥. The proof is given below:

(1) We have a relative C'W -complex structure:
ycztDczOc...czm = x,

We induct on k. Assume that f has been extended to Z(¥). The base case k = —1 follows by
assumption. Foreach k+1-cell Dkt C X with attachingmap ¢ : Sk 5 7 (k), the composition

fogo:Sk—>F

is nullhomotopic by assumption. Hence f o ¢ can be extended to D! and hence to Z(*) Uy
Dk+L, Extending f in this way for each k + 1-cell completes the induction.

(2) It B = X x F, the claim follows from (1) and Remark 13.6.9. Generally, we proceed as above by
induction on k. Assume a section has been extended to Z*),s0 s € T'(Z*) | E). Givena k + 1
cell Dy 1 of X, we can subdivide Dy =2 I**1into sufficiently small cubes and reduce to the
case D41 C Uy, where Uy, is alocally trivial open set. The claim follows as above.

This completes the proof. U
We now state and prove the main result regarding classification of principal G-bundles.
Proposition 13.6.10. Let X be a CW-complex. For a topological group, G, p : EG — BG be a principal
G-bundle such that EG is weakly contractible. There is a bijective correspondence
¢ : [X,BG] - Z2(X,G)
[f] = 1Pl
BG is called the dassifying space for principal G-bundles.

Remark 13.6.1x. We will invoke the following facts on principal G-bundles in the proof of Proposition 13.6.10.

(1) Thereis a bijection between morphisms of G-bundles F1 — X1 and Eo — Xo and global sections
of the associated bundle Fr X ¢ Eo’ over X1 with fiber .

This is covered in my other notes.

Proor. @ is well-defined by Proposition 13.6.6. We first show ® is surjective. Supposep : ' — X isa
principal G-bundle. We need to find f : B — BG and a principal G-bunle morphism f : F — EG

such that the following diagram commutes:

E=~ f*(BEG) —— EG

b
X — BG

This is equivalent to the existence of a global section of the associated bundle £ xg FG — X with
fiber EG. Since EG is weakly contractible, such a section exists by Lemma 13.6.8(2). We now show @ is

3Here E is endowed with the leftaction g - €2 :=eg - g~ "
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injective. Suppose that fo, fi : B — BG are two maps such that £y := f§(EG) = f{(EG) := Ej.
Letpg : Fg — X and py : B4y — X. We show that fo ~ f1. We have a commutative diagram:

Eo x {0,1} Y2 pa

\Lpoxld PG
X x {0,1} L/ pg

We extend it to a commutative diagram:

Eyx I - EG

lpo xId Jp G

XxI -, Ba

This yields the desired homotopy H : X X I between fy and g1. This is equivalent to finding a section of
the associated bundle bundle (Ey x I) X EG — X x I with fiber EG. We have already have a section
of the associated bundle (Ey x {0,1}) xg EG — X x {0, 1}. Under the obvious inclusion

(Eo x{0,1}) x¢ EG C (Eyg x I) xg EG,
this section can be regarded as a section of (Ep x I) xg EG — X x I over X x {0, 1}. Since EG is

weakly contractible, the section can be extended via Lemma 13.6.8(2). O

The question remains: how does one construct the universal bundle EG — BG? We will not present
a general construction ; rather, we will explicitly find such universal bundles for specific examples. How-
ever, we can prove that such a universal bundle is defined uniquely up to homotopy.

Proposition 13.6.12. Let G be a topological group. Then a universal principal G-bundle pg : EG —
BG such that EG is weakly contractible exists. Moreover, the construction is functorial in the sense that a
continuous group homomorphism i : G — H induces a bundle map

EG -E' EH

lpc lpH
BG P BH

Furthermore, the dlassifying space BG is unique up to homotopy.

Proor. (Sketch) There is a general construction due to Milnor of BG associated to any locally compact
topological group G. We don’t discuss it here. We first show that BG is unique up to homotopy. Assume
we are given two universal principal G-bundles

pg : EG — BG
par - EG' — BG'

By regarding each as a universal principal G-bundle for the other principal G-bundle, we obtain the fol-
lowing commutative diagram:

56— Ber I BG

[T

BG — BG' —' BG
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By Proposition 13.6.10, f 0 g = Idpg and g o f = Idpg. This shows uniqueness up to homotopy.
Functoriality is clear. g

How does one construct the classifying space BG? Note thatif EG — BG is a principal G-bundle,
then G acts freely on EG such that BG = EG//G. Hence, it suffices to find a weakly contractible space
EG on which G acts freely.

Example 13.6.13. The following is a list of examples of some classifying spaces:
(1) Let G = Z. We can take EG = R since Z acts freely on R by translations. Hence, we have
BZ = EZ]Z
~R/Z =S
(2) Let G = Z". We can take EG = R" since Z" acts freely on R™ by translations. Hence, we have
B7" = E7"]7"
~R"/ZM =S x xS
n-times

(3) Let G = Zg. We can take EG = S™ since Zsg acts freely on S® and S* is contractible. Hence,
we have

By = EZ4/7s
>~ §% /74 = RP®

(4) Let G = S!. We can take EG = S since S! acts freely on S> and S* is contractible. Hence,
we have

BS' = gs!/s!
>~ §>/St = CP*>
(s) Let G = O(k). It can be checked that Vi (R*°) is contractible. Hence, we can take EG =
Vi.(R*®) since O(k) acts freely on Vi, (R*°). Hence, we have
BO(k) =2 EO(k)/ O(k)
= Vi(R%)/O(k) = Gr(R™)

(6) Let G = U(k). It can be checked that V4 (C>) is contractible. Hence, we can take EG =
Vi (C*) since U(k) acts freely on Vi (C°). Hence, we have

BU(k) = EU(k)/ U(k)
= Vi (C*)/U(k)
= Gi(C)

Remark 13.6.14. The following observation is quite useful. Since EG — BG is a principal G-bundle, the
long exact sequence in homotopy associated to a fibration reads:

w3 1 (BG) = m(G) = 1 (EG) = i (BG) = mp—1(G) — ...
As EG is weakly contractible, m,(EG) = 0 forn > 0. Hence, we see that
Tn+1(BG) = mp(G)

forn > 1.
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13.7. Eilenberg-Maclane Spaces

We can use homotopy theory to show that the singular cohomology functor is representable in the
homotopy category. If G is an abelian group, assume there exists a topological space Z,, such that

H"(X,G) =X, Z,]

for all topological spaces and all X € Top. If X = S*, note that

7T]€(Zn) = [Sk’ Zn] — HN(Sk7G> _ {G lfn = O7k

0 otherwise

Hence, we sce that 7(Z,,) is non-trivial for exactly one value of & € N. This motivates the following
definition.

Definition 13.7.1. Let X € Top, G € Grp If X has only one non-trivial homotopy group such that
™(X) =G
for some n € N, then X is called an Eilenberg-MacLane space.

A generic Eilenberg-Maclane space is denoted as K (G, n). The question remains: how does one
construct an Eilenberg-Maclane space K (G, n). We will not present a general existence and uniqueness
argument; rather, we will explicitly find K (G, n) for specific examples. We first discuss a link between
classifying spaces and Eilenberg-Maclane spaces for discrete groups:

Proposition 13.7.2. Let G be a discrete abelian group. Then BG = K (G, 1).

Prookr. Since G is discrete, we have

Wn(G’):{G ifn=0

0 otherwise

By Remark 13.6.14, we have 7,,(BG) = 0 for n > 2. Since EG — BG is a universal covering map with
discrete fibers G, covering space theory implies that 71 (BG) = G. This proves the claim. O

Example 13.7.3. The following is a list of Eilenberg-Maclane space:

(1) Stisamodel of K(Z,1). This follows from Proposition 13.7.2 and that BZ = S.

(2) RP* isa model of K (Zg, 1). This follows from Proposition 13.7.2 and that BZg = RP*.

(3) More generally, the cyclic group Z/m acts on S> when thought of as a direct limit of spheres in
complex vector spaces C™, where the action is by multiplication of each coordinate by e2™/™,

We have a principal Z/m-bundle:

Z]m — S* — S*/Z/m

The quotient S°° /Z/m is called the infinite-dimensional lens space, which is a K (Z/m, 1).
(4) CP* isamodel of K(Z,2). This follows from Example 13.5.8.
(5) The wedge sum of n-circles is a model space for K (F},, 1), where F, is the free group on n gen-

erators. Clearly, we have
n
T <\/ Sl> =~ [,
=1
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Moreover, the higher homotopy groups of a wedge sum of n-circles vanish since its universal
covering space, which is the Cayley graph on n generators, is contractible. By Proposition 13.7.2,
we also have .
BF,=\/s!
=1
The following is a basic list of properties of K (G, 1).

Proposition 13.7.4. Let G be a group.
(1) If G' is another group, we bave
K(G,n) x K(G',n) 2 K(G x G',n)
(2) K(G,1) exists for any finitely-generated abelian group.
(3) If X = K(G,n), then QX = K(G,n — 1).
Prookr. The proof is given below:

(1) This is clear ), is a functor that preserves products.

(2) We have constructed a K(Z, 1) and a K(Z/m, 1) for each m > 2. Thus, we can construct a
K (G, 1) for any finitely generated G by (1).

(3) This follows because 7, (2X) = 1,11 (X)

This completes the proof. U

Remark 13.7.5. If G is a finitely-generated abelian group, then if G has torsion, then the K (G, 1) contains
an infinite-dimensional lens space in the product. Since a K (G, 1) is unique up to homotopy equivalence
(assumed without proof), a finite-dimensional K (G, 1) cannot exist if G is finitely generated and has torsion.

We now use homotopy theory to show that the singular cohomology functor is representable in the
homotopy category in terms of Eilenberg-Maclane spaces. We will invoke the definition of reduced coho-
mology. We first prove the following lemma:

Lemma 13.7.6. Let h* be an unreduced cobomology theory with 7. coefficients defined as a collection of func-
tors

h": CW? — Ab
If " (%, ) =2 0 forn # 0, then there exists a natural isomorphism
(X, A) =2 H"(X, A;G)
forall CW-pairs (X, A) and for all n > 1, where G := h°(x; Z) € Ab.

Proo¥. (Sketch) The proof is similar to the proof for homology theories defined on CW2. (Proposi-
tion 6.4.1). See [Hatoz2] for the difference that needs to be accounted for. g

Remark 13.7.7. There is also a version of Lemma 13.7.6 for reduced cobomology.
We now prove the desired result:

Proposition 13.7.8. Let H* be an unreduced singular cobomology theory with 7 coefficients defined as a
collection of functors
H":CW? = Ab
There exists a natural isomorphism
T,: H"(X;G) — [X, K(G,n)]«
forall X € CW, and any abelian group G foralln > 1.
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Proo¥. Using Proposition 13.7.4 we have that QK (G, n) = K(G,n — 1). Define the functors
L": CW, — Ab
X — [X,K(G,n)]«
We claim that these functors define a reduced cohomology theory on CW,.
(1) (Homotopy invariance) A map f : X — Y induces a map
[ Y K(G )]s = [X, K(Gn)ls
which depends only on the basepoint-preserving homotopy class. It can be checked that f* is
indeed a homomorphism by replacing K (G, n) with QK (G, n + 1).
(2) (Wedge sum axiom) Let i, : X — \/ 4 Xq be the inclusion. We want to show that the
map

I [ \/ Xa. K(G, n)} = [[ [ Xa. K(G,n)l.
a€cA acA * acA
is an isomorphism for all nn. This follows from 22.
(3) (Suspension Axiom) We have
LX) = [2X,K(G,n+1)].
=X, QK(G,n+ 1)},
= [X,K(G,n)].
= L"(X)
for all n. Hence, the suspension axiom holds.

(4) (Long Exact Sequence) This follows from the coexact Puppe sequence (which is not included
in the notes for now).

Hence, we have an reduced cohomology theory. The reduced version of Lemma 13.7.6 shows that there
exists natural isomorphism

T, : H'(X;G) — [X,K(G,n)].
This completes the proof. U

Remark 13.7.9. In the proof Proposition 13.7.8 we used the fact that the family of spaces { K (G, n) }n>0 for
a fixed G € Ab is such that

K(G,n) = QK(G,n+1)
We say that { K(G,n)}n>0 is an Q-spectrum. This suggests that Q-spectrum can be used to defined cobo-
mology theories. This is the start of the study of spectra in stable homotopy theory.
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Serre Spectral Sequence

The Serre spectral sequence is a fundamental computational tool in algebraic topology, particularly
in the study of fibrations. It provides a systematic method for relating the homology or cohomology of
a total space with those of its base and fiber, facilitating calculations that would otherwise be intractable.
By organizing complex algebraic information into successive approximations, the spectral sequence reveals
deep connections between the topology of fiber bundles and their constituent spaces, playing a central role
in the analysis of fibered spaces and their invariants. References include [Hato4; McCor].

14.1. Construction

The Serre spectral sequence is a powerful computational tool in algebraic topology that arises in the
study of the homology and cohomology of fibrations. It allows one to relate the (co)homology of the total
space of a fibration to that of its base and fiber, often turning otherwise intractable computations into
manageable ones. We present the Serre spectral sequence and illustrate its use through examples and appli-
cations. We will treat the general theory of spectral sequences largely as a black box, relying on established
results without reproving them here.'

Remark 14.1.x. There is a version of the Serre spectral sequence for both homology and cobomology. In these
notes, we focus on the cobomological version, as it is the one most commonly used in practice. The homological

version is very similar in structure and can be invoked when needed. For further details, the reader is referred
to [Hatoy].

'Some of these general results are developed in more detail in my other notes.
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CHAPTER 15

Appendix

This appendix provides a concise overview of key categorical concepts fundamental to homological
algebra. It discusses the Hom functor and tensor product functor, highlighting their roles as bifunctors
and their adjoint relationships. The treatment extends to derived functors, explaining their construction
and significance in capturing higher-dimensional algebraic information. These categorical tools underpin
much of the algebraic topology developed in this document. Throughout, let A be a locally small abelian
category to ensure that the Hom functors are set-valued.

15.1. Hom Functors
We briefly review the Hom functors.
Definition 15.1.1. Let A € A. The Hom functor Hom(A, —) : A — Ab, is defined by
Hom(A, —)(B) = Hom(A, B),
forall B € A.
Let’s verify that Hom(A, —) is indeed a functor.
Lemma 15.1.2. For A € A, Hom(A, —) is a covariant functor.
Proor. If f : B — B’isamorphism A, then Hom(A4, —)(f) : Hom(A, B) — Hom(A, B') is given
by h — f o h. Note that the composite f o h makes sense:
Atl,ptup
foh

We call Hom(A, —)(f) the induced map, and we denote it by f. If f is the identity map 15 : B — B,
then

A—lt,pB2,B
h
Hence so that (15)« = 1yom(a,B)- Suppose now that g : B' — B”. We have the following diagram:
(gof)oh

T T

\_/! ~_ 7
go(foh)

Clearly,g o (f o h) = (g o f) o h Therefore, we have (g © f).« = g« 0 fi. O

Bl/

We now discuss the contravariant Hom functor.
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Definition 15.1.3. Let B € A. The contravariant Hom functor Hom(A, —) : A — Ab, is defined by
Hom(—, A)(B) = Hom(A, B),
forall A € A.

Remark 15.1.4. 1t can be verified, similarly to Lemma 15.1.2, that the contravariant Hom functor is indeed
a well-defined contravariant functor.

We now show that the Hom functors are are also left and right exact depending on the choice of the
Hom functor.

Proposition 15.1.5. Ler A € A

(1) The functor Hom(A, —) : A — Ab is a left exact functor.
(2) The functor Hom(—, A) : A — Ab is a left exact funcor.

Proor. The proof is as follows:
(1) Let
0sxLyvSzoo0

be an exact sequence in A. Applying Hom(A, —), which we denote as h 4 in the rest of the proof,
we obtain homomorphisms

0 — Homa (4, X) "2 Homa(4, V) "9 Homa (4, 2)

of abelian groups. We claim that this sequence is exact. If ha(f)(a) = 0, then f o a = 0, but

f isa monomorphism, so & = 0.
A
N
f

00— X — Y

Since h 4 is a functor, we have h4(g) o ha(f) = 0. If 5 € kerha(g), thengo 8 = 0. The
universal property of the kernel implies that 3 factors through a morphism X — ker g.

A
0
, N

0 X
But we have canonical isomorphisms
X 5 coim f = im f = kerg
the first as f is a monomorphism, the second by the first isomorphism theorem in a small abelian

category and the third because the sequence is exact at Y. The composite of the composite of
these with the canonical morphism ker g — B is g.

A
>N
X%Y

Therefore, we obtain a morphism o : X — A satistying f o o = f3.
(2) The statement in (2) is the dual of the statement in (1).

This completes the proof. U
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In fact, as the next lemma shows, exactness of a sequence can be checked by studying all possible Hom
functors. More precisely:
Proposition 15.1.6. Let A be a small abelian category. A sequence
xLy%z
is exact if every sequence

Hom(A4, X) Y% Hom(4,Y) "9, Homa(4, 2)

is exact for each A € A.

Proor. For A = X, we get
gof=nhx(g)ohx(f)(ida) =0,

so we have a monomorphism s : im f — ker g.
X

e
f

x ‘tsy 2.7
0

For A =kergand( : kerg < Y, wehave hx(g)(¢t) = g o v = 0, so there exists v : ker g — X with
foa=u1

ker g
/ \[L
x—J,y_9.,7
Then ¢ factors as a morphism ¢ : ker g — im f which is the inverse to s. O

Corollary 1s.x.7. Let A be a small abelian category. A sequence

xLyvsy

is exact if every sequence

Hom(Z, A) "2 Hom(Y, 4) Y Homa(X, 2)

is exact for each A € A.
Proor. The statement is dual to the statement in Proposition 15.1.6. O

Example 15.1.8. The functor Hom(A, —) need not be right exact. To see this, let A = Ab be the category
of abelian groups and let A = Z /2Z. Consider the short exact sequence:

0522272 57/22 -0

Applying Hom(Z/27Z, —) and noting that
Hom(Z/2Z,Z) = 0
Hom(Z/2Z, Z,/2Z) = 7./ 2Z,

we obtain the sequence:

0-0—=>0—7Z/2Z -0

This sequence is not right exact since 0 — Z/27Z is not a surjective map.
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15.2. Tensor Product Functor

Let’s now introduce the tensor product functor. We assume the construction of the tensor product
functor is known. Note that the tensor product functor is only defined in Modg, the category of left
R-modules. In what follows, we assume that R is a commutative ring, so we do not need to distinguish
between left and right R-modules. Using a clever argument exploiting the adjunction between the Hom
and tensor product functors, we can show the following:

Proposition 15.2.1. Let R be a ring and let Modpr be the category of left R-modules. Let M be a right
R-module. The functor M Q@ g — is a right exact functor.

Proo¥F. Let0 -+ A — B — C' — 0 be an exact sequence in Mod . We show that
MrA—-MrB—-MrC —0
is an exact sequence. Proposition 15.1.5 and Corollary 15.1.7 imply that
MRrA—- M®rB—-MrC —0
is an exact sequence if and only if
0 - Hom(M ®r C, X) - Hom(M ®pr B, X) - Hom(M ®pr A, X)
is an exact sequence for each left R-module X. We have
Hom(M ®pr N, X) = Hom(N,Hom(M, X)),
for all R-modules N. Hence, the sequence above can be written as
0 — Hom(C, Hom(M, X)) — Hom(B, Hom(M, X)) — Hom(A, Hom(M, X))
which is indeed exact by Proposition 15.1.5. O

Example 15.2.2. The functor M ®pr — need not be left exact functor. To see this, take R = Z. Consider
the sequence:

0>Z—=Q
Letting M = Z and noting that,
Z®7Q=0
7 X7, 7, = Z,
we obtain the sequence:
0—-7Z—0

which is not left exact since the map Z — 0 is not a surjective map.

15.3. Projective & Injective Objects

We now introduce special objects that can rectify the failure of the exactness of the Hom and tensor
product functors.
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15.3.1. Projective Objects. We first define the notion of projective objects.
Definition 15.3.1. An object P € Ais called projective if the functor Hom (P, —) is an exact functor.

Remark 15.3.2. An object P is projective if and only if for every morphismY — Z — 0and P — Z,
there exists a morphism P —'Y such that the diagram

-
-
-
-
-
-
%4

Y — 7 ——0

commintes.

Example 15.3.3. The following are examples of projective objects:

(1) The zero object in a small abelian category is projective.
(2) In Modpg, the object R is projective: indeed, the functor

Hom(R,—) : Mod R — Ab
M — M

is just the forgetful functor, and hence clearly is exact.

Proposition 15.3.4. An object P in A is projective if and only if every exact sequence

0sxLyvyihpoo
in A splits.
Proor. Skipped. OJ

Proposition 15.3.5. A direct summand of a projective object is a projective object. Moreover, an arbitrary
direct sum of projective objects is a projective object

Proor. Let P, Py € A such that P; @ P, such that P; @ P, is a projective object. Consider an epi-
morphism f : Y — Z — 0and a morphism 3 : P; — Z. Along with the zero morphism from P, to
Z, the universal property of the co-product implies that there is a unique morphism~y : P ®& P — Z.
Since Py @ P is a projective object, there is a morphism v : P; & P, — Y such that the diagram

P

’
/
/
/
; L
/
’
/
/

LPy
/S Pe(s+————Q

’ . \
/
’ e I
/ -7 I
e v
A ! 0
s Yy |
\i/ N

A 0

commutes. The required morphism is then 7" 0 ¢ p, . A similar argument as above shows that a direct sum
of projective objects is a projective object. O

Projective objects in Mod g can be easily characterized in terms of free R-modules, which we now

define:
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Definition 15.3.6. A left R-module, F, is a free module if it is isomorphic to an arbitrary direct sum of
copies of R as aleft R-module. That is,

F=@Rr:=Fr
iel
Remark 15.3.7. Any free R-module I bas a basis B in bijection with its indexing set, and therefore a map
F — A for some left R-module A is prescribed uniquely by its (arbitrary) values on B.

HomModR(F, A) = Homsets(B, A)
Proposition 15.3.8. A free R-module, F), is a projective module.

Proor. Consider 3 : F' — Z and a surjective R-module homomorphism' f : Y — Z — 0. Let B be
a basis for F'.

Foreach b € B, the element 3(b) € Z has the form f(b) = p(ayp) for some a, € A, because f is
surjective. By the Axiom of Choice, there is a function u : B — Y with u(b) = a; forallb € B. By the
remark above, we have an R-homomorphism g : F' — Y with g(b) = ay, forallb € B. Cleatly, g is the
required morphism. U

Proposition 15.3.9. The following statements are equivalent:
(1) P is projective in Modg.
(2) Thereisa module Q such that P& Q = R forsomeset I. The module RY isa called a free module.

Proor. Assume that P is a projective object and let I be the set of generators of PP and let R! denote a
free module on the set of generators of P. Consider the natural map 7 : RY — P. Tt clearly is a surjective,
and, since P is projective, it splits. Therefore,

Pdkerm R!

The converse follows since a free module is projective and a direct summand of projective module is a
projective module by Proposition 15.3.5. O

Remark 15.3.10. Every projective module need not be free. For example, consider
R=7Z/6Z=7/37Z®1Z]2Z

L3 is a projective 7L/ 6Z-module since |61 is a projective 7| 6Z-module. However, 7|37 is not a free
L] 6Z-module: a (finitely generated) free 7|6 Z-module F is a direct sum of; say, n copies of ./ 67Z, and so
F has 6" elements. Therefore, L/ 3Z is not a free 7| 6 Z since it bas only three elements.

Example 15.3.11. Let A = Ab. The functor Hom(Z, —) is an exact functor. This is because Z is a free
objectin Ab.

Example 15.3.12. Let A = Ab. The functor Hom(Q, —) is not an exact functor. This is because Q is not
a projective object in Ab since Q cannot be a summand of a free Z-module because a free Z-module is not

divisible but Q is a divisible group.

"Epimorphisms and surjective R-module homomorphisms coincide in the category of R-modules.



244 15. APPENDIX

15.3.2. Injective Objects. We now define the notion of injective objects.

Definition 15.3.13. Let A be a small abelian category. An object I € A is called injective if the functor
Hom(—, I) is an exact functor.

Remark 15.3.14. Injective objects in A are just projective objects in A2,

Remark 15.3.155. An object I is injective if and only if for every morphisms 0 — X — Y and X —'Y,
there exists a unique morphism'Y — I such that the diagram

commutes.

Proposition 15.3.16. Let A be a small abelian category. An object I in A is injective if and only if every exact
sequence

015y L z50
in A splits.
Proor. Skipped. O

Proposition 15.3.17. A direct summand of an injective object is an injective object. Moreover, an arbitrary
product of injective objects is an injective object.

Proor. Let I1,®I> € Asuch that I; @ I5 is an injective object. Consider a monomorphism f : 0 —
X — Y and amorphism vy : X — I;. Note that ¢1 o 7y is a morphism from X to E1 @ FE», where ¢1
is the canonical inlcusion map. Since F'y @ Fj is injective, there is a morphism v Y — E; ® Eysuch
that the diagram
“
X
Ey Ei @ Ey
___— «
'YT 1 'y/}

f

0 X Y

commutes. Then 71 o 4/ is the required morphism, where 71 is the canonical projection map. A similar
argument as above shows that a product of injective objects is an injective object. O

We now characterize injective objects in Mod g.

Proposition 15.3.18. (Baer’s criterion) An R-module, 1, is injective if and only if for every left ideal
J C R and every R-module homomorphism g : J — I, there exists g' © R — I such that the following
diagram

commiutes.
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Proo¥. The forward implication is clear. For the reverse implication, consider the diagram:

0 ——J —R
I
1
Consider the set of all intermediate extensions:
S ={(C,h)|J CC C Rsubmodule, h € Hom(C,I) and h|; = g}

Set (C,h) < (C', 1) ifand onlyif C C C’"and h/|c = h. Note that S # () because we can choose C' =
J. Suppose {(Cy, hz) }zer is a chain for an index set I such that forany z,y € I, (Cy, hy) < (Cy, hy).

Let
C:U@

zel
and define b : C' — I by setting h(a) = hy(a)ifa € C, for some z € I. This is well-defined by
assumption, and h|c, = hy forany 2 € I. Hence (Cy, hy) < (C,h) forany x € I, showing that
(C, h) is an upper bound. By Zorn’s lemma, the chain has a maximal element, (C, h). If C = R, we are
done. Otherwise, let b € R\ C'. Consider the sequence:

05 J S ReOCEB RVGC -0 folre)=rb+c fi(r) = (r,—1D)

where J = {a € R|ab € C}. Letg : J — I, g(a) = h(ab) and hence there exists a ¢ such that the
diagram

commutes. Consider a morphism:

h:Rb®C — 1T
rb+c— h(c) +rg' (1)
We show that & is well-defined. If b + ¢ = /b + ¢/, then (r — /)b = ¢ — ¢ € C. It follows that
(r — 1) € J. Therefore, h((r — r')b) and g(r — r’) are defined. Moreover,
(e = &) = h{(r = D) = g7 =) = g (r =) = (r = ")g' (1),

Thus,

h(c') = h(c) = rg'(1) —1'g'(1),
which implies that

h(c') +1'g'(1) = h(c) +rg'(1)
Clearly, h(c) = h(c) so I extends h. With C' = Rb + ¢, we have that (C, h) < (C,h),s0 (C,h) =
(C’ ,h). Hence b € C, a contradiction. This completes the proof. 0
Example 15.3.19. The following are examples of injective objects as can be easily deduced from Proposi-
tion 15.3.18.

(1) Z/nZis an injective Z/nZ-module for any n > 1.

(2) Z/3Zis an injective Z /6Z-module, but not an injective Z/9Z-module.

(3) Q is an injective Z-module. A homomorphism f: nZ — Q extends to a homomorphism
g: Z — Q. Justtake y € Q such thatny = f(n) and define g(2) = zy.
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Corollary 15.3.20. Let A € Ab. A is an injective Z-module if and only if A is a divisible group.

Proo¥F. Assume that A is an injective Z-module. Leta € A andn € Z. Consider the group homomor-
phism

finZ -7

ne—a

By assumption, f extends to a group homomorphism

f:z =1
such that f(nk) = f(nk) for cach k € Z. Note that we have

@ = f(n) = f(nDot1) = nf(1)

Hence, A is a divisible group. Conversely, assume that A is a divisible group. We show that the criterion
in Proposition 15.3.18 is satisfied. Let J C Z be an abelian subgroup and let g : J — A be a group
homomorphism. Let {((K, ')} be the set of pairs (K, ¢') such that J C K C Zand ¢’ : K — Zisa
homomorphism with ¢'|; = g. The setis non-empty since as it contains (./, J), and it is partially ordered
by
(K1,91) < (Ka,93) & K1 C Kaandgslk, = gi-

It is clear that any ascending chain has an upper bound. By Zorn’s Lemma, the set contains a maximal
element (K, ¢'). We claim that K’ = Z. Suppose not. Letk € Z \ K. If

(k)ApK = {0},
the sum K + (k) is in fact a direct sum, and we can extend ¢’ to K + (k) by choosing an arbitrary image
of k in Z and extending linearly. This is a contradiction. Hence, assume that

nk € (k)ApK
for some n # 0. Choose ng such that ng is minimal. Since ng € K, and ¢’ is defined on K, ¢'(nk) is
well-defined. Since A is divisible, there exists @ € A such that

na = g'(nk).

Itis now easy to see that we can extend ¢’ to K + (k) by defining ¢’ (k) = a. This is also a contradiction.
O

Example 15.3.21. Let A = Ab and let k be a field of characteristic zero. The functor Hom(—, k) is an
exact functor. This is because k is a divisible group since for any g € kand n € Z, there existsan h € k
such that hn = ¢g.since Q C k.

15.4. Resolutions & Derived Functors

An arbitrary R-module, M, might be quite complicated to study; however, one can always find a
set of (possibly infinite) generator for M*. In other words, one can always find a surjective morphism
FO — M — 0, where F is a free R-module. Since M is not a free R-module, the morphism

FO 5 M =0

is in general not injective; indeed, the any non-trivial relationship between generators of M will force the
kernel to be non-zero. However, we can repeat the construction as above: if we take a generating set for the
kernel of the morphism F' 0 M — 0, one can always find a morphism F’ L FO which is surjective

*A fact we used in a proof in the previous section.
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onto the kernel of the morphism F’ 0 5 M — 0, and where F'! is a free R-module on the generating set
of the kernel of the morphism F’ 0 M — 0. We have the following sequence:

F' 5 F' 5 M =0

We can repeat the above process unless it terminates, which only happens when there is no non-trivial
relationship among elements generating the free module at the left end of the sequence

F's .o 5 F' 5 F 5 M—0
This motivates the idea of taking a resolution of an object in a category by special types of objects (free 12-
modules in the case considered above) in order to study the structure of the original object in the category.
15.4.1. Projective & Injective Resolutions. Fora object X € A, we will first discuss taking a reso-

lution of X in A by projective objects in A. An arbitrary category may not have projective objects, though.

Example 15.4.1. Let A = Abp;, be the category of finite abelian groups. A has no projective objects except
for the trivial abelian group. Indeed, the exact sequence

0—Z/2Z — Z/2nZ — Z/nZ — 0

is non-split, since Z/2nZ is not isomorphic to Z/nZ & Z/27. Hence, ZL/nZ is not projective. But every
other non-zero finite abelian group has a direct summand Z/n and the direct summand of a projective
object is a projective object.

This motivates the following definition:

Definition 15.4.2. A has enough projectives if for every X &€ A there exists an epimorphism f : P —
X — 0 where P is a projective object.

Example 15.4.3. Clearly, the category of R-modules has enough projective objects. Indeed, free modules
are projective objects and free module exist in abdundance in the category of R-modules.

Definition 15.4.4. A projective resolution of X € A is a nonnegative complex P® together with a mor-
phism € : P? — M such that

PP 5Pl PP S M0
is exact and the P¥’s are projective objects.
Example 15.4.5. In Ab, the abelian group Z/nZ has a projective resolution
0-Z% 27— Z/nZ — 0.

Proposition 15.4.6. If A has enough projectives, then every object has a projective resolution.

Proor. Takeany X € A. There is an epimorphism P -5 X - 0froma projective object. PY. Taking
the kernel K° — PY, we have a projective P! with an epimorphism P! — K9 — 0. We take its kernel
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K! — Pland again get a projective P?2 — K' —. This way, we get that the diagram:

O\Kl/(]
LN

PO
\ .
0 0
Continuing, this gives a projective resolution of X. O

We can similarly define injective resolutions.

Definition 15.4.7. A has enough injectives if for every X € A there exists a monomorphism f : 0 —
X — I where I is an injective object.

Proposition 15.4.8. The category of R-modules has enough injective objects.
ProOF. See [Rotog, Theorem 3.38]. O

Definition 15.4.9. An injective resolution of X € A is a non-negative complex I, together with a mor-
phisme : 0 — X — I such that

0>XSThy—I —---
is exact and the I;’s are injective objects.
Proposition 15.4.10. If A has enough injectives, then every object bas a injective resolution.
Proor. The statement is the dual of the statement in Proposition 15.4.6, so it is clearly true. O
Example 15.4.11. In Ab, an injective resolution of Z is
0-Z—-Q—-Q/Z—0
and an injective resolution of Z/nZ is

0—Z/nZ —QJZ — QJZ — 0

15.4.2. Derived functors. Derived functors provide us with a tool to quantitatively measure the
failure of a functor to be an exact functor. The philosophy behind derived functors is the following: if
F : A — Disaleft exact functor between two abelian categories, then any short exact sequence in A,

0—A—-B—C—0,
gets transformed to a left exact sequence in D:
0 — F(A) — F(B) — F(O),

A right derived functor is a a sequence of functors R'F : A — Dforalli > 0 and a functorial isomor-
phism ROF 2 F such that that for any short exact sequence,

0—+A—-B—~C—D0,
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in A there is a long exact sequence,

0 — R°F(A) — R°F(B) — R°F(C) — R'F(A) — R'F(B) — R'F(C) — R*F(A) — - -,
foralli > 0. We expect that R*F(A) to quantitatively measure the failure of F to be a right exact functor
since R'F(A) = 0 if and only if the sequence,

0— F(A) — F(B) — F(C),

isa right exact sequence.
On the other hand, if F : A — D is a right exact sequence, a left derived functor is a sequence of
functors L'F : A — D along with a functorial isomorphism LF 2 F yieldsing a long exact sequence

.-+ = L'F(A) —» L'F(B) — L'F(C) — L°F(A) — L°F(B) — L°F(C) — 0.

The theory of left and right derived functors is quite similar. Therefore, in what follows we shall only
focus on left derived functors of covariant functors. The theory of left derived functors of contravariant
functors is similar to the theory of left derived functors of covariant functors, which we now describe. Left
derived functors are constructed by means of projective resolutions.

Definition 15.4.12. Let A be a locally small abelian category with enough projectives, D be an abelian
category, and F : A — D be a right exact functor. Given X € A, choose a projective resolution of X:
s PP PP Pl PYS X 0.
Apply F to the above complex to obtain (the truncated) complex:
- = F(P%) — F(P*) — F(P') — F(P").

The i-th left derived functor of F is defined as:

L'(F(X)) = Hi(F(P*)).
Here H;(F(P*)) is the i-th homology (defined similarly to cohomology) of P*,

Remark 15.4.13. IfF is a right exact contravariant functor, then the left derived functor is defined by taking
an injective resolution.

The above definition naturally begs the question: is the definition of a left-derived functor well-
defined? If this is the case, the definition of a left-derived functor should be independent of the projective
resolution chosen. We show that this is indeed the case.

Proposition 15.4.14. (Comparison Theorem) Let A be a locally small abelian category with enough pro-
Jectives and let f : X —'Y be a morphism in A. Let

@, opr W, po Ky 0

and
dy

dy dy

Q' Q" Y 0
be projective resolutions for X and Y. Then there is a sequence of homomorphisms f* : Pt — Q' such that
the following diagram commutes:

¥ X X

. Pt Pl X 0
lfl f0 lf
dy 14 QO dy v 0

Furthermore, any two such extensions of f are chain homotopic.
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Proor. (Existence) We proceed by induction on ¢. For the base case, note that since POis projective, the
morphism f o di lifts to a unique morphism f such that the right most square in the diagram above
commutes. Assume that f? : P! — Q" has been constructed. Denote by ker dX and ker d” denote the
kernels of X and dY’, respectively. Since di)_ﬁ_l factors through imdffrl which is isomorphicm to ker d¥,
we can think of d;_; as mapping into ker dX. Moreover, f’ factors into kerd} since fi~'d;* = d f°.
Thus, consider the diagram:
i+1 dfil X
P —— kerd; —— 0

}f“’l \sz
z+1 dZY+1 Y
Qi T kerdY —— 0

The composition f*d;", | givesamap from P*™! toker d} , onto which d} ; surjects. Thus, the map f+*
is furnished by the defining property of the projective object P”‘l, completing the induction.

(Uniqueness) To show that two extensions { f%}and { g } are chain homotopic, we consider the dif-
ference h' := f — g% and construct a chain homotopy s’ — Q"1 such that

R =dY s+ s 1dZX
We proceed by induction. Observe that h™' = f— f=0,so0that h? maps PO ker dOY by the universal

property of kernels, and therefore lifts to a map s9: P% - Q' asin the following diagram:

POLA

T
k// I g

Ql T kerd%/ —_— 0
1

This gives the base case for the induction. Suppose that st . P* — Q"1 has been constructed such that
hi = dY,;s" + s~ 1dX. It follows that the map h™! — s'd:% | maps P*"! into ker dl}»;l since

dz—l—l(hH_l - Sldz—i—l) - hzdz—i—l (hz Z ldX)d'H-l - hzdz—&-l hzdz—l—l -

Pi+1
i+1 -7 . .
st // lhz-u_szdﬁl
X
i+2 Y
Q T kel’di+1 —_— 0
i+2

Thus we have the diagram above and projectivity furnishes the map st such that d?;zsiﬂ = pitl —
dz—i—l O

As a consequence of the comparison theorem, if P* is a projective resolution for X and Q)® is a pro-
jective resolution for Y such that there is a morphism f : X — Y, we get a well-defined map

H;(F(P*)) — H;(F(Q")),

which is an isomorphism by the chain homotopy conclusion in the comparison theorem. Similarly, we
have:

Corollary 15.4.35. Let A, D be abelian categories. The following are corollaries of Proposition 15.4.14:
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(1) Suppose that P® and Q°® are projective resolutionsof X € A. Then there is a canonical isomorphism
between H;(F(P*)) and H;(F(Q®)) for each i > 0.

(2) let F : A — D be a right exact functor. Forany X € A, LOF(X) = F(X).

(3) Let F : A — D be a functor. If P is a projective object in A, then L'F(P) = 0 fori > 1.

Proo¥F. The proof proceeds as follows:

(1) If P*® and Q* are two projective resolutions of X € A, thenIdx : X — X gives rise to unique
maps (up to homotopy) by the Proposition 15.4.14 such that the diagram

P! PO X
gl(‘ >f1 91(‘ >f0 Idx( )mx
1 QO

X

commutes. Hence, there are two chain homotopies

s Ho(F(P*)) — Ho(F(Q%))

q: Ho(F(Q%)) = Ho(F(P?))
such that both sq and gs compose to the identity (by uniqueness up to homotopy). Hence the
derived functor is well-defined: for two choices of projective resolutions of objects, the construc-

tion yields isomorphic derived functors.
(2) Choose a projective resolution of X:

s PP PPl PSS X 0.
Since F is right exact, the sequence
F(PY) % F(P%) % F(X) -0

is exact. Hence, 1) is an epimorphism and v is the cokernel of ¢. By the first isomorphism theo-
rem,

o~

F(P°) _ F(PY)
F(X) = = 2 cok
(X) ker ¢ imgp cokery

Hence, we have
L°F(X) = Ho(F(P*)) = cokerp = F(X).
(3) Consider the projective resolution:

00 PP

Hence, we consider the homology of the complex:
o= 0---—=>0—F(P)
and it is clear that .
L'F(P) =2 H;(F(P*)) =0
fori > 1.
O

We now prove the horseshoe lemma (Lemma 15.4.16). The horsehoe lemma allows us to construct a
short exact sequence of projective resolutions given a short exact sequence of objects in an abelian category.
In the statement and the proof of the horseshoe lemma, for ease of notation we use subscripts instead of
superscipts to label indices of all projective objects.
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Lemma 15.4.16. (Horseshoe Lemma) Let A be an abelian category and let
0—-A—-4—-A"=0

be a short exact sequence in A. Assume that there are projective resolutions P* and (P")® of A and A"
respectively. Then there is projective resolution (P')® of A’ such that the following diagram commautes.

0 0 0
! ! !
P Py A 0
! ! !
P P} A 0
1i ! !
Plll P(/)/ A/I 0
! ! l
0 0 0

Proo¥. Composition gives a map Py — A’, and a map P(;/ — A’ is furnished by projectivity. Using
the universal property of the co-product, these combine to give a map Py ® Py — A’, and we set P}, :=
Pys P(I]l. The sequence Py — Py @ Pé’ — Pé/ is obviously split exact, we will show that the morphism

Py & Py — A’isan epimorphism. This follows by applying the snake lemma to the two right most exact
columns, yielding a morphism ker £j — 0 — coker .

0 0 0
3 8 s
ker €0 PO =0 A 0

. ! ;4 .
€
keref — Py @ Pj —— A’ —— cokerg|,

’ i i :

ker /! Pl —0 5 A" 0
| | |
0 0 0

By the snake lemma (Proposition 4.6.3), the left most column is exact and the connecting morphism yields
a sequence which has a subsequence of the form

<+ — 0 — cokerefy = 0 — - - -

Hence, coker(, = 0 and the morphism Py & P] — A’ is an epimorphism. We then apply the same
procedure to the diagram with kernels to construct P; & P’ — kere(), where the product is projective
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and the map is an epimorphism onto the kernel.

0 0 0 0
{ l { {
P N > k€r60 Py =0 A 0
o 4 { p !
P @ P ker €} Poo P —2 A ——0
I
Lo Lo,
P{’ keref)’ PO” 0 A" 0
! ! ! !
0 0 0 0

e continue this way iteratively and construct P, = P, at the n-th step wi e desired properties.
We continue this way iteratively and construct P, = P, & P} at the n-th step with the desired propert

O
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