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Preface

These notes on algebraic topology were compiled during my graduate studies while attending a year-
long course on the subject. They reflect my developing conviction that the language of category theory
should be introduced at the outset, and that spectral sequences merit early presentation, as they provide a
unified framework for deriving many fundamental homological results in algebraic topology. The notes
proceed systematically through core topics, including fundamental groups, homological algebra, homol-
ogy, cohomology, higher homotopy groups, and the Serre spectral sequence. Some sections remain in-
complete, and typographical errors may be present. Corrections and suggestions are welcome and can be
sent to junaid.aftab1994@gmail.com.
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CHAPTER 1

Introduction

1.1. What is Algebraic Topology?

Topology may be regarded as a “deformable” form of geometry—often informally described as the
study of “squishy” shapes. In contrast to classical geometry, which concerns itself with rigid structures
determined by distances and angles, topology focuses on properties of spaces that remain invariant under
continuous deformations such as stretching, bending, or compressing, but not tearing or gluing. This
viewpoint gives rise to a mathematical theory of shape that abstracts away geometric notions.

The foundational ideas of algebraic topology were introduced in Poincaré’s seminal work Analysis
Situs [Poi10], which laid the groundwork for themodern discipline. At its essence, algebraic topology em-
ploys tools from abstract algebra to investigate topological spaces, chiefly by associating to them algebraic
objects that encode essential topological features.

In contemporary terms, these conceptual foundations are elegantly articulated through the frame-
work of category theory. Within this framework, one seeks to construct functors from a “topological
category” (for instance, the category of topological spacesTop or the homotopy category hTop) to an “al-
gebraic category” (such as the category of abelian groupsAb or the category of commutative ringsCRing).
This process assigns topological invariants to spaces—quantities that remain unchanged under continu-
ous maps, homeomorphisms, and homotopies—thereby enabling their study via algebraic methods.

Among the most fundamental constructions in this paradigm are the fundamental group, homology
and cohomology theories, as well as the higher homotopy groups.

1.1.1. FundamentalGroup. Themostbasic topological invariant of a space is the fundamental group
(also called the first homotopy group). For a pointed topological space (X,x0), the fundamental group
is denoted by π1(X,x0) and encodes the structure of continuous maps γ : [0, 1] → X satisfying
γ(0) = γ(1) = x0, called loops based at x0, up to homotopy relative to their endpoints. Intuitively,
the fundamental group measures the “1-dimensional loop structure” of a space. For example, we shall see
that the circle S1 possesses nontrivial loops, whereas the sphere S2 does not. By assigning to each pointed
topological space its fundamental group, one obtains a covariant functor

π1 : Top∗ −→ Grp,
whereTop∗ denotes the categoryofpointed topological spaces andbasepoint-preserving continuousmaps.
The study of the fundamental group illustrates a central principle of algebraic topology: replacing geomet-
ric or topological data with algebraic structures in order to facilitate classification and computation.

1.1.2. Homology. Fix n ≥ 0. Homology gives rise to a family of covariant functors

Hn : Top −→ Ab,
each of which assigns to a topological spaceX an abelian group Hn(X) that, heuristically, encodes the
“n-dimensional hole structure” ofX . For example, consider the topological spaceX depicted in Figure 1.

The “1-dimensional hole structure” ofX can be computed using a combinatorial homology theory
known as simplicial homology. We now outline the argument. Intuitively, the boundary of an oriented
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v1

v2

v3

v4

e1 e2

e3e4

e5

A simplicial complex illustrating edges and a 2-simplex

edge in the diagram can be viewed as the formal difference between its “target” and “source” vertices. For
example, the boundary of e1 is given by

∂e1 = v2 − v1.

A chain of paths is defined as a formal sum of oriented edges. For instance, we have the 1-chains

c1 = e1 + e5 + e4,

c2 = e2 + e3 + e−1
5 ,

c3 = e1 + e2 + e3 + e4,

where e−1
5 denotes the edge e5 traversed in the opposite orientation. In this terminology, a cycle inX is a

1-chain whose boundary vanishes. For example, each of c1, c2, and c3 is a cycle. However, the loop c1 can
be contracted to a point: the path e4 + e1 may be continuously deformed to e5 within the interior of c1.
Algebraically, this is detected by the fact that c1 is the boundary of the 2-simplex with vertices v1, v2, v4.
By contrast, c2 cannot be contracted to a point, since the 2-simplex with vertices v2, v3, v4 is absent (the
corresponding triangular region is hollow). Hence, we anticipate the presence of a single 1-dimensional
hole inX . The first simplicial homology group will detect this hole.

Remark 1.1.1. The above intuition can be made precise by the Hurewicz theorem which states that

H
Simp
1 (X) ∼=

π1(X)

[π1(X), π1(X)]

That isHSimp
1 (X) is isomorphic to the abelianization of π1(X), the fundamental group ofX which quite

literally is a measure of holes in a topological space.

More generally, we shall see that the n-th simplicial homology group measures the existence of ‘n-
dimensional holes’ in a topological space,X .

Remark 1.1.2. The statement above is only meant for intuition and should be taken with a grain of salt. In
general, there is only a group homomorphism πn(X)→ H

Simp
n (X) for n ≥ 2 ifX is path-connected.

We shall encounter several homology theories, including simplicial homology, singular homology, and
cellular homology. Although these theories arise from distinct constructions, under appropriate condi-
tions they are naturally isomorphic, and hence yield the same topological invariants. Each theory possesses
its own computational strengths and conceptual advantages.
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1.1.3. Cohomology. Fix n ≥ 0. Cohomology gives rise to a family of contravariant functors

Hn : Top −→ Ab.
Cohomology provides a dual perspective to homology. While both theories assign graded abelian groups
to topological spaces, cohomology often captures more refined invariants and exhibits a richer algebraic
structure. In particular, cohomology groups admit a natural graded ring structure via the cup product,
yielding a contravariant functor

H∗ : Top −→ CRing,
whereCRing denotes the category of commutative graded rings. This additional structure enables deeper
connections with other areas of mathematics, including geometry, bundle theory, and differential topol-
ogy. For example, one can construct invariants of topological spaces from geometric objects such as dif-
ferential forms (de Rham cohomology) or vector bundles (topological K-theory). Such invariants are
typically contravariant by nature and are naturally encoded in cohomological data.

1.1.4. Homotopy. Homotopy groups form a class of fundamental invariants in algebraic topology
that classify continuous maps up to homotopy, thereby capturing intrinsic shape and deformation prop-
erties of topological spaces. The first homotopy group coincides with the fundamental group. Forn ≥ 2,
the higher homotopy groups πn(X,x0) generalize this notion to homotopy classes of based maps from
the n-sphere Sn intoX , thus detecting higher-dimensional analogues of holes and obstructions to con-
tractibility. While these groups encode richer and more subtle topological information than homology or
cohomology, they are typically far more difficult to compute.

1.2. Preliminaries

1.2.1. Notation. Here is a list of some standard notation used throughout the notes:
Rn Euclidean space
Dn = {x ∈ Rn | ‖x‖ ≤ 1} n-dimensional disk

Sn−1 = {x ∈ Dn | ‖x‖ = 1} (n− 1)-dimensional sphere

Bn = Dn \ Sn−1 n-dimensional unit open ball
In = {x ∈ Rn | 0 ≤ xi ≤ 1} n-dimensional unit cube
∂In = {x ∈ In | xi = 0 or 1 for some i} boundary of In

1.2.2. Category Theory. Throughout these notes, we assume familiarity with the language of cate-
gory theory1, and it is freely used throughout the notes. References include [Rie17; Lei14; Mac13]. Here is
a review of basic notions in category theory:

(1) A category C consists of
(a) a collection of objects Ob(C),
(b) for each pair of objectsX,Y ∈ C, a set of morphisms HomC(X,Y ),
(c) identity morphisms IdX for eachX ,
(d) a composition law ◦ satisfying associativity and unitality.

(2) A functor F : C→ D assigns to each objectX ∈ C an object F(X) ∈ D, and to eachmorphism
f : X → Y a morphism F(f) : F(X)→ F(Y ), such that:

F(IdX) = IdF(X)

F(g ◦ f) = F(g) ◦ F(f)

1This is covered in detail in my other notes.
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Theclass ofmorphismsbetweenX,Y ∈ C is denotedbyHomC(·, ·). WeusuallywiteHomC(·, ·)
as simply Hom(·, ·).

(3) A natural transformation η : F ⇒ G between functors F,G : C → D assigns to each objectX
inC a morphism ηX : F(X)→ G(X) inD such that for every morphism f : X → Y inC, the
following square commutes:

F(X) F(Y )

G(X) G(Y )

F (f)

ηX ηY

G(f)

(4) A functor F : C→ D is an equivalence of categories if there exists a functorG : D→ C
F ◦ G ∼= IdD
G ◦ F ∼= IdC

Equivalently, F : C→ D is an equivalence of categories if and only if:
(a) F is fully faithful, i.e., for all objectsX,Y ∈ C, the map

HomC(X,Y )
∼−→ HomD(F(X),F(Y ))

is a bijection; and
(b) F is essentially surjective, i.e., for every objectD ∈ D, there exists an objectC ∈ C such that

F(C) ∼= D inD.
(5) A diagram in a category C is a functor

D : J→ C
from an index category J. The limit (resp. colimit) of such a diagram is a universal cone (resp.
cocone) overD. Examples of limits include products and pullbacks; examples of colimits include
coproducts and pushouts.

(6) A functor F : C→ D is said to be left adjoint to G : D→ C if there is a natural isomorphism:

HomD(F(X), Y ) ∼= HomC(X,G(Y ))

for allX ∈ C, Y ∈ D. In this case, F a G andG is called a right adjoint.

Remark 1.2.1. The language of derived functors and resolutions is reviewed in the appendix (Chapter 15).

We will frequently make use of various “algebraic categories.” A few standard examples are listed
below:

(1) Grp : The objects of Grp are groups and Hom(G,H) consists of group homomorphisms from
G toH . Ab, the category of abelian groups, is defined similarly.

(2) GrGrp :The objects ofGrGrp are graded groups, that is, groupsG =
⊕

n∈ZGn equipped with
a direct sum decomposition indexed by integers. The morphisms HomGrGrp(G,H) are group
homomorphisms f : G→ H that respect the grading; explicitly, f(Gn) ⊆ Hn for each n ∈ Z.
GrAb, the category of graded abelian groups, is defined similarly.

(3) CRing: The objects of CRing are commutative rings, and Hom(R,S) consists of ring homo-
morphisms fromR toS. GrCring, the category of graded commutative rings, is defined similarly
as above.

(4) ModR: The objects ofModR aremodules over a fixed (commutative) ringR, andHomR(M,N)
consists ofR-linear homomorphisms from theR-moduleM to theR-moduleN . The category
of gradedR-modules,GrModR, is defined similarly as above.
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(5) Grpd : The objects of Grpd are groupoids, which are categories in which each morphism is an
isomorphism, and Hom(X,Y ) consists of functors between groupoids fromX to Y .

1.2.3. Topology. Basic notions in topology will be assumed throughout. We usually assume that
a fixed base point x0 ∈ X has been chosen, in which case X is called a pointed topological space. A
continuous function f : (X,x0) → (Y, y0) between pointed topological spaces is assumed to satisfy
f(x0) = y0. Such functions are called pointed continuousmaps. The following categories naturally arise
in algebraic topology:

(1) Top: The objects are topological spaces andHom(X,Y ) is the set of continuous functions from
X to Y .

(2) Top∗: The objects are pointed topological spaces, (X,x0) and Hom((X,x0), (Y, y0)) consists
of continuousmaps f : (X,x0)→ (Y, y0) such that f(x0) = y0. Suchmaps are called pointed
continuous maps.

(3) Top2: The objects are all pairs (X,A) whereX is a topological space andA ⊆ X is a subspace
and Hom((X,A), (Y,B)) is simply the set of continuous map f : X → Y such that f(A) ⊆
B.

(4) Top3: The objects are all triples (X,A,B)whereX is a topological space andB ⊆ A ⊆ X is a
subspace. ThenHom((X,A,C), (Y,B,D)) is simply the set of continuous maps f : X → Y
such that f(A) ⊆ B and f(C) ⊆ D.

Additional categories arising in algebraic topology will be introduced as needed later in the notes.
Below, we recall some basic universal properties that will be invoked frequently throughout.

(1) Top has products and co-products. The product ofX,Y is given by the Cartesian productX×
Y of topological spaces with the product topology. The product is an example of a categorical
pullback:

A

X × Y X

Y

g

f

πY

πX

The co-product ofX,Y is given by the disjoint unionX t Y with the disjoint union topology.
The disjoint union is an an example of a categorical pushout:

X

Y X
∐
Y

A

ιX
g

ιY

f

(2) The category Top∗ has products and co-products. The product of (X,x0), (Y, y0) is given by
the pointed Cartesian product (X ×Y, (x0, y0)). The pointed Cartesian product is an example
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of a categorical pullback:

A

X × Y X

Y {∗}

g

f

πY

πX

The coproduct of (X,x0), (Y, y0) is given by the wedg sum

X ∨ Y := (X × Y )/ ∼

where the quotient identifies the basepoints x0 and y0 to a single point. The wedge sum is an
instance of a categorical pushout:

{∗} X

Y X ∨ Y

A

ιX g

ιY

f

1.3. Topological Manifolds

One of the principal classes of spaces studied in algebraic topology via topological invariants is the
class of topological manifolds. These are spaces that locally resemble Euclidean space. Familiar examples
include plane curves such as circles and parabolas, as well as two-dimensional surfaces such as spheres and
tori. A comprehensive treatment of topological manifolds can be found in [Lee10].

Definition 1.3.1. A topological space,X , is a topological n-manifold ifX is a second-countable, Haus-
dorff space that is locally homemorphic toRn. That is, each point ofX is contained in a coordinate chart,
which is a pair (U, φ), where U is an open subset ofX and φ : U → φ(U) ⊆ Rn is a homeomorphism
fromU to an open subset φ(U) ofRn.

U

Rnφ(U)
φ

Remark 1.3.2. A collection of charts (Uα, φα) such that
⋃
α Uα =M is an atlas forX .

Remark 1.3.3. The numbern is attached to a single chart andmight apriori depend on the chart itself. This
turns out to be not the case. This result is called the invariance of dimension and will be proved later.
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Wediscuss the implications of the conditions imposed inDefinition 1.3.1. Since a topologicalmanifold
is locally Euclidean, it is easy to see that it inherits a number of properties of Euclidean space locally. For
instance, we have the following:

Proposition 1.3.4. LetX be a topological n-manifold. ThenX is locally compact, locally path-connected
and locally contractible.

Proof. Every point of X has a neighborhood homeomorphic to the open unit ball in Rn. Each open
ball inRn is locally compact, locally compact and locally path-connected, locally contractible. The claim
follows. □

The locally Euclidean condition does not impose any global topological restrictions. To address this,
the second-countability and Hausdorff conditions are imposed. Intuitively, Hausdorff spaces possess
“enough open sets,” ensuring that familiar properties hold; for instance, in a Hausdorff space, finite sub-
sets are closed, and limits of convergent sequences are unique. Moreover, this condition excludes certain
pathological examples, such as the “line with two origins.” On the other hand, second-countability re-
stricts the space fromhaving an excessively large collection of open sets necessary to cover it. The following
is a prototypical global topological property of a topological n-manifold.

Proposition 1.3.5. LetX be a topological n-manifold. X has a countable basis of precompact coordinate
balls.

Proof. First consider the special case in whichX can be covered by a single chart. Suppose ϕ : M →
U ⊆ Rn is a global coordinate chart. Let

B = {Br(x) : x ∈ Q, x ∈ Qn Br′(x) ⊆ U for some r′ < r}

EachBr(x) ∈ B is pre-compact inU , and it is easy to check thatB is a countable basis for the topology of
U . Because ϕ is a homeomorphism, it follows that ϕ−1(B) is a countable basis forX , consisting of pre-
compact coordinate balls. More generally, each p ∈ M is in the domain of a coordinate chart. SinceX
is second-countable,X is covered by countably many coordinate charts {(Ui, ϕi)}∞i=1. By the argument
in the preceding paragraph, each Ui has a countable basis of coordinate balls that are pre-compact in Ui.
If V ⊆ Ui is one of these balls, then the closure of V in Ui is compact, and becauseX is Hausdorff, it is
closed inX . It follows that the closure of V inX is the same as its closure inUi, so V is precompact inX
as well. Clearly, the union of all these countable bases is a countable basis forX . □

Example 1.3.6. The following is a list of examples of topological manifolds.
(1) Rn is a topological n-manifold. Rn is covered by a single chart (Rn, IdRn), where IdRn : Rn →

Rn is the identity map.
(2) (Spheres) The unit n-sphere, Sn, is Hausdorff and second-countable because it is a topological

subspace ofRn+1. For each 1 ≤ i ≤ n+ 1, consider the sets:

U+
i = {(u1, · · · , un+1) ∈ Rn+1 | ui > 0}

U−
i = {(u1, · · · , un+1) ∈ Rn+1 | ui < 0}

Let f : Bn → R be the continuous function defined by

f(x) =
√

1− ‖u‖2

For each 1 ≤ i ≤ n,U±
i ∩ Sn is the graph of the function

ui = ±f(u1, · · · , ûi, · · · , un+1),
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where the hat indicates that ui is omitted. Thus, each subset U±
i ∩ Sn is locally Euclidean of

dimension n, and the maps φi : U±
i ∩ Sn → Bn given by

φi(u
1, · · · , un+1) = (u1, · · · , ûi, · · · , un+1)

defines the desired homemorphism.
(3) (Real Projective Space)The real projective space,RPn, is defined as the quotient space,RPn =

(Rn+1 \ {0})/ ∼with the equivalence relation

x ∼ y inRn+1 \ {0} ⇐⇒ x = λy for some λ ∈ R×

It is made into a topological space by giving it the quotient topology via the map

π : Rn+1 \ {0} → RPn,

where [x] := π(x) = span{x}. It can be easily checked that

RPn ∼= Sn/ ∼

where∼ is the equivalence relation onSn such thatx ∼ −x (i.e., antipodal points are identified).
We check thatRPn is both second-countable and Hausdorff:
(a) Consider the quotient map: q : Sn → Sn/ ∼Note that q is an open map. Indeed for any

open subset V ⊆ Sn, we have:

q−1(q(V )) = V ∪ −V,

Since Sn is second-countable,RPn ∼= Sn/ ∼ is also second-countable as q is an open map.
(b) If [x], [y] ∈ Sn/ ∼, then one can choose ε > 0 small enough that

U = B(x, ε) ∩ Sn

V = B(y, ε) ∩ Sn

are open sets in Sn such that±U,±V are pairwise disjoint. Since,

q−1(q(U)) = U ∪ −U
q−1(q(V )) = V ∪ −V

q−1(q(U)) and q−1(q(V )) are open disjoint subsets of Sn/ ∼ containing [x] and [y].
Hence,RPn ∼= Sn/ ∼ is Hausdorff.

For each 1 ≤ i ≤ n+ 1, consider the sets:

Ũi = {(u1, · · · , un+1) ∈ Rn+1 | ui 6= 0}

Let Ui = π(Ũi). By properties of the quotient topology, Ui is an open subset ofRn. Consider
the map φi : Ui → Rn defined as:

φi ([u]) =

(
u1

ui
, · · · , u

i−1

ui
, 1,

ui+1

ui
, · · · , u

n+1

ui

)
.

This map is well-defined because its value is unchanged by multiplying x by a nonzero constant.
By properties of the quotient topology,φi is continuous. In fact,φi is a homeomorphismbecause
it has a continuous inverse given by

φ−1
i (u1, · · · , un) = [u1, · · · , ui−1, 1, ui, · · · , un];

This shows thatRPn is locally Euclidean of dimension n.
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(4) (Tori) For a positive integer n ≥ 2, the (n− 1)-torus is the product space

S1 × · · · × S1

It is clear that a product of topological manofolds is a topolopgical manifold. Hence, T is topo-
logical n-manifold since S1 is a 1-manifold.

Remark 1.3.7. For n ≥ 2, we usually abbreviate the n-torus as Tn.

Sets such as closed intervals inR and closed balls inRn fail to be both topological manifolds since they
‘have a boundary of sorts.’ We make precise the notion of a topological manifold with boundary.

Definition 1.3.8. LetX be a topological space. X is a topological n-manifold with boundary ifX is a
second countable, Hausdorff space such that each pointx ∈M is contained in a coordinate chart, (U, φ),
such that:

(1) (Interior Chart) Either φ : U → φ(U) ⊆ Rn is a homeomorphism fromU to an open subset
φ(U) ofRn.

(2) (Boundary Chart) Or φ : U → φ(U) ⊆ Hn is a homeomorphism from U to an open subset
φ(U) ofHn, the upper-half plane, such that φ(x) ∩ ∂Hn 6= ∅.

A point p ∈ M is called an interior point of X if it is in the domain of some interior chart or a
boundary chart (U, φ) such that φ(U) ∩ ∂Hn = ∅. It is a boundary point ofX if it is in the domain of
a boundary chart that sends p to ∂Hn. The boundary ofX (the set of all its boundary points) is denoted
by ∂M ; similarly, its interior, the set of all its interior points, is denoted by Int(M).

Remark 1.3.9. A point p ∈ M might apriori simultaneously be a boundary point and an interior point,
meaning that there is one interior chart whose domain contains p, and another boundary chart that sends p
to ∂Hn. This turns out not to be the case. This result is called the invariance of boundary and will be proved
later.

Example 1.3.10. (Sketch)The following is a list of basic examples of a topologicalmanifoldwith boundary.
(1) Bn is smooth n-manifold with boundary. One can prove this by definition. We skip details.
(2) IfX is a n-dimesnional manifold with boundary, then ∂M is a (n − 1)-dimensional manifold

without boundary. We skip details.

1.4. CW Complexes

Another important class of spaces studied via topological invariants in algebraic topology is the class
of CW complexes. These spaces are constructed combinatorially by successively attaching basic building
blocks, namelydisks of varyingdimensions, via continuous attachingmaps. For further details, see [Hat02;
Lee10].

1.4.1. Definitions. An arbitrary topological space X can be challenging to visualize and analyze.
Therefore, we shall primarily focus on the subcategory of topological spaces that can be constructed in-
ductively using open cells. This subcategory is known as the category of CW complexes. This approach
enables the meaningful study of a wide range of topological spaces.

Definition 1.4.1. An open n-cell is a topological space that is homeomorphic to the open unit ballBn. A
closed n-cell is a topological space homeomorphic toDn.

Remark 1.4.2. Wewill only use the phrase n-cell when the context is clear.
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New topological spaces can be constructed from old topological spaces by attaching an n-cell. LetX
be a topological space. Suppose there is a map φ : Sn−1 → X a map. One can form a new topological
space, X

∐
ϕDn, from the disjoint union X

∐
Dn by identifying each φ(x) ∈ Sn−1 with φ(x) ∈ X

for all x ∈ Sn−1, and equipping the resulting set with the quotient topology. The map φ is called the
characteristic map. We refer to the space X

∐
ϕDn as being obtained from X by ‘attaching an n-cell’,

and call φ : Sn−1 → X the attaching map. Using the the universal properties of the disjoint union and
quotient topology, we have the following commutative diagram.

Sn−1 X

Dn X
∐
ϕDn

Y

ϕ

ι
f1

f2

f

This shows that X
∐
ϕDn is a pushout in Top. One can also attach more than one n-cell. Let

{Dnα}α∈An be a collection of n-cells and let φnα : Sn−1
α → X be a collection of continuous maps. One

can form a new topological space,X
∐
ϕnα

Dnα, by attaching the aforementioned collection ofn-cells using
the rule prescribed above. Once again, we have a commutative diagram.

∐
ϕnα

Sn−1
α X

∐
ϕnα

Dnα X
∐
ϕnα

Dnα

f

ι

This shows thatX
∐
ϕnα

Dnα is a pushout inTop.

Definition 1.4.3. LetX be a topological space. A CW decomposition ofX is a sequence of subspaces

X0 ⊆ X1 ⊆ X2 ⊆ · · · ⊆ Xn ⊆ · · · ,
ofX such that the following three conditions are satisfied:

(1) The spaceX0 is discrete.
(2) The spaceXn is obtained fromXn−1 by attaching a (possibly) infinitenumberofn-cells{Dnα}α∈An

via attaching maps φnα : Sn−1
α → Xn−1.

(3) The topology ofX is compatible with quotient topology onX that makes the∐
n∈N

Xn → X

continuous. In other words,A ⊆ X is open if and only ifA ∩Xn is open for all n ≥ 0.

Remark 1.4.4. If X admits a CW decomposition, then it can be easily checked that X is a colimit of
{Xn}n∈N∪{0}. In particular,X is the colimit of the diagram

X0 j0−→ X1 → · · · → Xn jn−→ Xn+1 → · · ·
in Top. Here jn is the inclusion ofXn intoXn+1.

We can now define the category of CW complexes, CW. The objects of the category are topological
spaces that admit a CW structure (CW complexes), and morphisms between CW complexes are cellular
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continuous maps. That is, f(Xn) ⊆ Y n for each n ≥ 0where f is a continuous map. In other words, if
X and Y are CW complexes and we have a commutative diagram

X0 X1 · · · Xn Xn+1 · · ·

Y 0 Y 1 · · · Y n Y n+1 · · ·
then, on forming the colimits, we obtain an induced map f : X → Y which is a cellular map.

Remark 1.4.5. CW∗ is the category of pointedCWcomplexes defined analogously toTop∗. Similarly,CW2

is the category of pairs of CW complexes defined analogously to Top2.
Each cellDnα has its characteristicmapφnα, which is bydefinition the compositionof continuousmaps:

Dnα Xn−1
∐

Dnα Xn−1
∐
ϕDnα X

ϕnα

Proposition 1.4.6. LetX be a topological space with a CW decomposition. A ⊆ X is open if and only if
(φnα)

−1(Dnα) is continuous for eachα ∈ An and n ∈ N. In particular,X is a quotient space of
∐
α∈An

Dnα
Proof. The forward implication is clear. Conversely, suppose (φnα)−1(Dnα) is open in Dnα for each for
eachα ∈ An andn ∈ N. Suppose by induction onn thatA∩Xn−1 is open inXn−1. Since (φnα)−1(Dnα)
is open inDnα for all α ∈ An, thenA ∩Xn is open inXn by the definition of the quotient topology on
Xn. The last implication is clear by definition. □
Definition 1.4.7. LetX be a topological space. X is a CW complex ifX admits a CW decomposition
satisfying the following two properties:

(1) The closure of each open cell is contained in a union of finitely many cells.
(2) The topology ofX is coherent with {{Dnα}α∈An : n ∈ N}2.

Remark 1.4.8. IfX ∈ Top admits a CW decomposition, we say thatX belongs to the subcategory CW.

ACWcomplex is finite (orfinite-dimensional) if there are onlyfinitelymany cells involved. Everyfinite
CW decomposition is automatically a finite CW complex. In fact, every locally finite CW decomposition
is automatically a CW complex as we show below.

Proposition 1.4.9. Let X be a topological space endowed with a CW decomposition. If {Dnα | α ∈
An, n ∈ N} is a locally finite collection, thenX is a CW complex.

Proof. By assumption, every pointDnα has a neighborhood that intersects only finitely many cells. Since
Dnα is compact, it is covered by finitely many such neighborhoods. This readily implies (1) in Defini-
tion 1.4.7. Suppose A ⊆ X is a subset such that A ∩ Dnα is closed for each α ∈ An and n ∈ N. Given
x ∈ X \ A, letWx be a neighborhood of x that intersects the closures of only finitely many cells, say
Dn1
1 , . . . ,D

nk
k . SinceA \ Dnj

j is closed inDnj

j and thus inX , it follows that

W \A =W \ (A ∩ Dn1
1 ) ∪ . . . ∪

(
A ∩ Dnk

k

)
is a neighborhood of x contained inX \ A. ThusX \ A is open, soA is closed. This readily implies (2)
in Definition 1.4.7. □

2That is,A ⊆ X is open/closed if and only ifA ∩ Dn
α is open/closed for each α ∈ An and n ∈ N.
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1.4.2. Examples. In the examples that follows, we will not explicitly check that condition (3) in Def-
inition 1.4.3 is satisfied. It should be straightforward to do verify these claims, though.

Example 1.4.10. LetN = (0, . . . , 0, 1) in Sn. Consider the map σN : Sn \ {N} → Rn by 3

σN (u
1, . . . , un+1) =

(
u1

1− un+1
, . . . ,

un

1− un+1

)
Similarly, consider βN : Rn → Sn \ {N}

βN (u
1, . . . , un) =

(
2u1

|u|2 + 1
, · · · , 2un

|u|2 + 1
,
|u|2 − 1

|u|2 + 1

)
.

It is easy to check that σN , βN are inverses of each other. Hence,Rn ∼= Sn \ {N}. The map σN is called
the stereographic projection. Sn can now be given a CW structure with one 0-cell (D0) and one n-cell
(Dn). The attaching map for the n-cell is φ : Sn−1 = ∂Dn → {∗}.

Example 1.4.11. Sn can be given a different CW structure with two k-cells in each dimension for 0 ≤
k ≤ n. LetX0 = S0 = {D0

1,D0
2}. ThenX1 = S1 where the two 1-cells D1

1,D1
2 are attached to the

0-cells by homeomorphisms on their boundary. Similarly, two 2-cells can be attached to X1 = S1 by
homeomorphism on their boundary, givingX2 = S2. We can now proceed inductively to construct the
described CW complex structure on Sn.

Example 1.4.12. There are natural inclusions

S0 ⊆ S1 ⊆ · · · ⊆ Sn ⊆ · · · ⊆

We can then define S∞ = lim−→n∈N Sn. If Sn is given a CW structure as in Example 1.4.11 for each n ≥ 0,
then S∞ is a CW complex as well. Note that S∞ is a colimit of the Sn’s for n ≥ 0.

Example 1.4.13. ConsiderRPn as the quotient of Sn with anti-podal points identified. An easy observa-
tion shows thatRPn is a quotient ofDn by the relation x ∼ −x on the boundary Sn−14. Thus,RPn can
be obtained fromRPn−1 by attaching a one cell.

Sn−1 Dn

RPn−1 RPn

ThusRPn can be built as a CW complex with a single cell in each dimension≤ n.

Example 1.4.14. There are natural inclusions

RP0 ⊆ RP1 ⊆ · · · ⊆ RPn ⊆ · · · ⊆

We can then define RP∞ = lim−→n∈NRPn. Note that RP∞ is a colimit of the RPn’s for n ≥ 0. We can
defineCP∞ similarly toRP∞.

3Let x = (x1, . . . , xn+1) ∈ Sn \ {N}. The line throughN and x is parameterized by

u1 = x1t, . . . , un = xnt, un+1 = (xn+1 − 1)t+ 1

The intersection of this line with un+1 = 0 occurs when t = 1
1−xn+1 . Hence, the intersection point is (σN (x), 0), as desired.

Therefore, σN (x) is the intersection of the line throughN and xwith theRn plane.
4It is easy to check that these identifications are consistent with out discussion of the real projective plane, which isRP2.
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Example 1.4.15. The complex projective space, CPn, is defined as the quotient space CPn = (Cn+1 \
{0})/ ∼with the equivalence relation x ∼ y inCn+1 \ {0} if and only if x = λy for some λ 6= 0. Note
that there is a map

D2n → CPn

(z0, . . . , zn−1) 7→ [z0, . . . , zn−1,
√

1− ‖z‖]

The boundary of D2n (where
√
1− ‖z‖ = 0) is sent to CPn−1. In this way, CPn is obtained from

CPn−1 by attaching one 2n-cell. So CPn has a CW structure with one cell in each even dimension
0, 2, . . . , 2n.

Example 1.4.16. There are natural inclusions

CP0 ⊆ CP1 ⊆ · · · ⊆ CPn ⊆ · · · ⊆
We can then defineCP∞ = lim−→n∈NCPn as before.

Let’s discuss some 2-dimensional examples. It is well-known that compact, connected 2-dimensional
manifolds are classified into the following types:

(1) S2,
(2) A connected sum of g-tori T (or a g-hold torus) for g ≥ 2,
(3) A connected sum of g-projective spacesRP2, for g ≥ 2.

Example 1.4.17. ConsiderX = T2 = S1 × S1 (the 1-torus) or RP2 (the real projective plane). Both
spaces can be constructed as quotients of a rectangle by identifying edges according to specific rules. For
the torus, opposite edges are identified in the same orientation, whereas for RP2, one pair of opposite
edges is identified in the usual manner, and the other pair is identified with reversed orientation. These
identification diagrams provide a convenient means of visualizing the topology of each space. Each space
admits a natural CW complex structure with the following cells:

(1) a single 0-cell representing the vertex of the rectangle,
(2) two 1-cells corresponding to the edges of the rectangle,
(3) a single 2-cell which is attached via a continuous map from the boundary circle S1 into the 1-

skeleton.

b

a

b

a

v v

vv

X = T

b

a

b

a

v v

vv

X = RP2

Example 1.4.18. For g ≥ 1, amodel for a connected sumof g copies of the torusT2 = S1×S1 is denoted
byMg , and is known as an orientable surface of genus g. The surfaceMg can be constructed by taking a
polygonwith4g sides and identifying its edges inpairs according to theworda1b1a−1

1 b−1
1 · · · agbga−1

g b−1
g ,

which encodes the edge identifications that yield a closed orientable surface. Each pair ai, a−1
i and bi, b−1

i
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contributes a ‘handle,’ soMg can be visualized as a torus with g holes, or a g-holed doughnut. This con-
struction endowsMg with a natural CW complex structure consisting of:

(1) a single 0-cell where all loops based on the edges are attached;
(2) 2g 1-cells corresponding to the edges of the polygon;
(3) a single 2-cell attached along the loop described by the edge word above.

a b

a

a
c

d

c

d

Example 1.4.19. For g ≥ 2, a model for the connected sum of g copies of the real projective planeRP2 is
denoted byNg , and is known as a non-orientable surface of genus g. The surfaceNg can be constructed
from a polygon with g sides by identifying the edges according to the word

a1a1 · · · agag,

where each pair aiai represents an edge identification. This construction yields a closed surface that is
non-orientable and has genus g. The surfaceNg admits a CW complex structure consisting of:

(1) a single 0-cell to which all loops are attached;
(2) g 1-cells corresponding to the edges of the polygon;
(3) a single 2-cell attached via a loop following the word a1a1 · · · agag .

b
a

a

d
d

c

c

b

Remark 1.4.20. N2 is usually called a Klein bottle. Another model for the Klein bottle is given by the CW
structure shown below:

b

a

b

a

v v

vv

It can be checked that both models are homeomorphic.
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1.4.3. Properties. A sub-complex of X is a subspace Y ⊆ X that is a union of open cells of X ,
such that if Y contains a cell, it also contains its closure. It follows immediately that the union and the in-
tersection of any collection of sub-complexes are themselves sub-complexes. Examples of a sub-complexes
would be be the subspacesXn for n ≥ 0 in the definition of a CW complex.

Proposition 1.4.21. SupposeX is a CW complex and Y is a sub-complex of X. Then Y is closed in X, and
with the subspace topology and the cell decomposition that it inherits fromX , it is a CW complex.

Proof. Let Bn ⊆ Y denote such an open n-cell in Y . Since Bn ⊆ Y , the finitely many cells of X
that have nontrivial intersections with Bn must also be cells of Y . So condition (1) in Definition 1.4.7 is
automatically satisfied by Y . In addition, any characteristic map φ : Bn → X forDn inX also serves as
a characteristic map for Bn in Y . SupposeA ⊆ Y is a subset such thatA ∩ Dn is closed inDn for every
n-cell Dn contained in Y . Let Dn be a n-cell of X that is not contained in Y . We know that Dn \ Bn
is contained in the union of finitely many open cells of X ; some of these, say Bn1

1 , . . . ,B
nk
k , might be

contained in Y . Then Bn1
1 ∪ . . . ∪ Bnk

k ⊆ Y , and

A ∩ Dn = A ∩ (Bn1
1 ∪ . . . ∪ Bnk

k ) ∩ Dn = ((A ∩ Bn1
1 ) ∪ · · · ∪ (A ∩ Bnk

k )) ∩ Dn

which is closed in Dn. It follows that A is closed in X and therefore in Y . This implies (2) in Defini-
tion 1.4.7. Hence Y is a CW complex. TakingA = Y shows that Y is closed. □
Proposition 1.4.22. The following is a list of some categorical/topological properties of CW complexes.

(1) IfA is a sub-complex ofX , then the inclusion ι : A ↪→ X is a cellular map.
(2) IfA is a sub-complex ofX , thenX/A is a CW complex such that the quotient mapX → X/A is

a cellular map.
(3) IfX and Y are finiteCW complexes, thenX × Y is a CW complex.
(4) The closure of each cell in a CW complex is contained in a finite sub-complex.
(5) A subset of a CW complex is compact if and only if it is closed and contained in a finite sub-complex.

In particular, a CW complex is compact if and only if it is a finite complex.
(6) A CW complex is locally compact if and only if it is locally finite.
(7) A CW complex is locally path-connected.

Proof. The proof of some of the properties is given below:
(1) This is clear given the definition of a sub-complex.
(2) The cells of the quotient spaceX/A consist of the cells ofX that lie in the complementX \A,

together with a single new 0-cell corresponding to the image of the inclusion
A ↪→ X → X/A

This is well-defined because since A ⊆ X is a subcomplex, every cell of X is either contained
in A or inX \ A. Let φnα : Sn−1

α → Xn−1 be the attaching map of an n-cell inX \ A. The
corresponding n-cell in the quotientX/A is attached via the composite map

Sn−1
α

ϕnα−→ Xn−1 → Xn−1/An−1,

where An−1 ⊆ Xn−1 is the (n − 1)-skeleton of A, and this inclusion holds because A is a
subcomplex ofX . Moreover, the image of the cellular filtration satisfies q(Xn) ⊆ Xn/An =
(X/A)n, so the quotientX/A inherits a CW-complex structure and is therefore cellular.

(3) Skipped.
(4) Let Dn be an n-cell of a CW complex. We prove the claim by induction on n. If n = 0, then

D0 = D0 is itself a finite subcomplex. Assume the claim is true for every cell of dimension less
thann. By (1) inDefinition 1.4.7,Dn\Dn is contained in the union of finitelymany cells of lower



22 1. INTRODUCTION

dimension, each of which is contained in a finite subcomplex by the inductive hypothesis. The
claim now follows by taking a union of these these finite subcomplexes together withDn.

(5) Every finite subcomplex Y ⊆ X is compact because it is the union of finitely many closed cells.
Thus, ifK ⊆ X is closed and contained in a finite subcomplex, it is also compact. Conversely,
supposeK ⊆ X is compact. IfK intersects infinitely many cells, by choosing one point ofK
in each such cell, we obtain an infinite discrete subset ofK , which is impossible. Therefore,K is
contained in the union of finitely many cells, and thus in a finite subcomplex by (1).

(6) This follows from (4).
(7) Consider the spacesXn ⊆ X 5. We induct on n ∈ N. X0 is obviously locally path-connected.

IfXn−1 is locally path-connected thenXn is also locally path-connected since it is the the quo-
tient of the disjoint union of Xn−1 and a bunch of n-cells which are locally path-connected.
Therefore,

∐
n∈NXn is locally path-connected. Since∐

n∈N
Xn → X

is a quotient map,X is locally-path connected.
This completes the proof. □
Remark 1.4.23. Every topological space is not a CW complex. Consider the Hawaiian earring,X :

The easiest way to see theHawaiian earring has no CWdecomposition is using information about the first ho-
mology group. IfX were aCW-complex, then it would have to be a finite CW-complex by Proposition 1.4.22(6)
since it is compact. Since every finite CW-complex has finitely generated homology, it suffices to show that the
homology ofX is not finitely generated. Observe that for any n ∈ N,X has a retract which is a wedge of n
circles - namely, the union of n of the circles that make upX (the retraction just maps all the other circles to
the origin). The first homology group of a wedge of n circles is Zn, which cannot be generated by fewer than
n elements. It follows thatH1(X) cannot be generated by fewer than n elements for any n ∈ N, and thus
cannot be finitely generated. We have

CW ⊊ Top
as inclusion of categories.

5We will use the following facts from general topology. A disjoint union of locally path-connected spaces is locally path-
connected. Moreover, a quotient of a locally path-connected space is locally path-connected.
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CHAPTER 2

Fundamental Group

The fundamental group is a central concept in algebraic topology, encapsulating essential information
about the shape and structure of a topological space via the study of loops and their homotopy classes. It
serves as a powerful algebraic invariant that aids in distinguishing between topologically distinct spaces
and forms the foundation for many profound results in topology. For further details, see [Hat02; Lee10;
May99].

2.1. Paths & Homotopy

2.1.1. Paths and π0. We first consider paths in a topological space and the notion of path-connected
components. The set of path-connected components of a spaceX is captured by the zeroth homotopy
group, denoted π0(X).

Definition 2.1.1. LetX ∈ Top. A path inX from x to y is a continuous map f : [0, a]→ X such that
f(0) = x and f(a) = y for some a ≥ 0.

Proposition 2.1.2. LetX ∈ Top. Paths inX form a category, called the path category, PathsX .

Proof. The objects of this category are points ofX and a morphism between two points, x, y, is simply
a path. Composition of paths is defined as: if f1, : [0, a1] and f2, : [0, a2] such that f1(a1) = f2(0) are
two paths, then the product path is defined as follows:

f2 · f1 : [0, a1 + a2]→ X

t 7→

{
f1(t) if t ∈ [0, a1]

f2(t− a1) if t ∈ [a1, a1 + a2]

For each x ∈ X , the identity path Idx is simply the path Idx : [0, 0]→ X such that Idx(t) = x for each
t ∈ [0, 0]. Associativity and the identity axiom can be easily checked. □

Being connected by paths is an equivalence relation on X : each x ∈ X is connected to x via the
identity path. if x is connected to y by a path f : [0, a]→ X such that f(0) = x and f(a) = y, then y
is connected to x via the reverse path:

fr : [0, a]→ X

t 7→ f(a− t)

If x is connected to y by a path f and y is connected to z via a path g, then x is connected to z via the path
f2 · f1.

Definition 2.1.3. LetX ∈ Top. An equivalence relation onX under the equivalence relation of being
connected by a path is a path-component.

24
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We denote by π0(X) the set of path components, and by π0(x) the path component of the point x.
π0 then defines a functor

π0 : Top→ Sets
X 7→ π0(X)

Indeed, a map f : X → Y induces π0(f) : π0(X) → π0(Y ) given by π0(x) 7→ π0(f(x)) for each
x ∈ X . π0 assigns an invariant to a topological space in the sense that if X and Y are homeomorphic
topological space via a map f : X → Y , then

π0(X) ∼= π0(Y )

as sets. This can be easily checked. See Proposition 2.1.12 for a more general argument. Hence, the cardi-
nality of π0(X) can be used to distinguish some simple topological spaces.

Example 2.1.4. R is not homeomorphic toRn for n > 1. Suppose f : R → Rn is a homeomorphism.
Then R ∼= Rn. WLOG let f(0) = 0. Hence, R \ 0 ∼= Rn \ 0. R \ 0 has two path-components and
Rn \ 0 has a single path-component, a contradiction.
Example 2.1.5. Let

X = {(x, y) ∈ R2 : x = 0 or y = 0}
be the union of the x and y axes in R2. X is not homeomorphic to R sinceX \ {(0, 0)} has four path-
components andR \ {0} has two path-components.
Example 2.1.6. Assume thatR ∼= X × Y . ThenX × Y and henceX,Y are path-connected. Assume
|X|, |Y | ≥ 2. Let (x0, y0) ∈ X × Y . ThenX × Y \ (x0, y0) is path-connected 1. However,R \ {∗} is
not path-connected. Hence, either |X| = 1 or |Y | = 1.

2.1.2. Homotopy. Topology can at best be thought of as ‘squishy geometry.’ Perhaps it is possible
to continuously deform a path while still retaining its underlying topological properties. More generally,
perhaps two functions f, g : X → Y can be ‘deformed into each other’ This leads to the notion of
homotopy.

Definition 2.1.7. LetX,Y ∈ Top and let f, g : X → Y be continuous maps. A homotopy from f to
g is a continuous map

H : X × [0, 1]→ Y

such that f(x) = H(x, 0) and g(x) = H(x, 1) for x ∈ X . In this case, we write f ∼ g. H is said to be
relative toA ⊆ X if the restrictionH|A is constant onA. In this case, we write f ∼A g.
Example 2.1.8. A homotopy between paths fi : [0, ai]→ X from x to y is a continuous map

H : I × I → X

such that
h(s, 0) = f1(s)

h(s, 1) = f2(s)

h(0, t) = x

h(1, t) = y

1Let (a, b), (c, d) ∈ X × Y . If a = c ̸= x0 or b = d ̸= y0, then exists a path between (a, b) & (c, d) in either {a}× Y
or X × {b} resp. avoiding (x0, y0). If a = c = x0, then b, d ̸= y0. Choose a point x ̸= x0 ∈ X . Consider the path
(a, b) → (x, b) → (x, d) → (c, d) which avoids (x0, y0). A similar argument works if b = d = y0. If a ̸= c and b ̸= d,
consider two paths: (a, b) → (c, b) → (c, d) and (a, b) → (a, d) → (c, d). (x0, y0) cannot be on both paths. This covers
all cases.
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for all s, t ∈ I . In other words, we have a homotopy relative to the set {x, y}.

Proposition 2.1.9. The homotopy operation satisfies the following properties:
(1) ∼ is an equivalence relation.
(2) ∼ is compatible with composition of maps.
(3) If f : X → Y is a continuous function, then f ◦ IdX ∼ IdY ◦f

Proof. The proof is as follows:
(1) Any map f : X → Y is homotopic to itself via the constant homotopy

H(x, t) : X × [0, 1]→ Y

(x, t) 7→ f(x)

Hence, f ∼ f . GivenH : f ∼ g, the inverse homotopy

H(x, t) : X × [0, 1]→ Y

(x, t) 7→ H(x, 1− t)

shows g ∼ f . LetK : f ∼ g andL : g ∼ h be given. The product homotopyK ∗L is defined
by

(K ∗ L)(x, t) =

{
K(x, 2t) 0 ≤ t ≤ 1

2

L(x, 2t− 1) 1
2 ≤ t ≤ 1

and shows f ∼ h.
(2) Consider continuous functions

fi : X → Y

gi : Y → Z

for i = 1, 2. Assume f1 ∼ f2 via a homotopy F and g1 ∼ g2 via a homotopy G. Define a
homotopy:

G ◦ F : X × I → Z

(x, t) 7→ G(F (x, t), t)

This shows that f2 ◦ f1 ∼ g2 ◦ g1.
(3) This is clear.

This completes the proof. □

We now consider a new category hTop, whose objects coincide with those of Top, but whose mor-
phisms are given by homotopy classes of continuousmaps. Proposition 2.1.9 establishes that hTop is well-
defined. ForX,Y ∈ hTop, the set of homotopy classes of continuous maps fromX to Y is denoted by
[X,Y ].

Remark 2.1.10. We can also define hTop∗ corresponding to Top∗. For instance, if (X,x0), (Y, y0) ∈
hTop∗, then a pointed homotopy in hTop∗ is a continuous function such that

H : (X,x0)× I → (Y, y0)

such thatH|(X,x0)×{t} for each t ∈ I is a pointed map. The set of pointed homotopy classes fromX to Y is
denoted as [X,Y ]∗. Note that [X,Y ]∗ is itself a pointed set with the basepoint given by the homotopy class of
the constant mapX → y0.
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Remark 2.1.11. If A = {•}, then Definition 2.1.7 is a statement about the homotopy of maps considered
as morphisms in Top∗. We can also define a notion of homotopy for morphisms in Top2. If there are two
maps f, g : (X,A)→ (Y,B) in Top2, a homotopy of pairs from f to g is a homotopyH : f ' g that, in
addition, satisfiesH(a, t) ∈ B for all t ∈ [0, 1] and a ∈ A. This defines a new category, hTop2.

We now show that π0 is a topological invariant in hTop.

Proposition 2.1.12. LetX,Y ∈ Top. IfX and Y are homotopy equivalent, then

π0(X) ∼= π0(Y )

as sets.

Proof. Let f : X → Y and g : Y → X be the homotopy equivalent maps. We have a function

f∗ : π0(X)→ π0(Y ),

that sends the path component [x] inX to the path component [f(x)] in Y . Clearly, this is well-defined.
We similarly have a function

g∗ : π0(Y )→ π0(X),

that sends the path component [y] in Y to the path component [g(y)] inX . Moreover, homotopic maps
give the same function, since I × I is path-connected. Since g ◦ f ∼= IdX and f ◦ g ∼= IdY , we must have
that π0(X) ∼= π0(Y ). □

We discuss a few basic but useful results:

Proposition 2.1.13. The following statements are true:
(1) LetA,X, Y ∈ Top. If f0 ∼ f1 : A→ X and g0 ∼ g1 : A→ Y , then

(f0, g0) ∼ (f1, g1) : A→ X × Y.
That is,

[A,X]× [A, Y ] ∼= [A,X × Y ]

(2) LetX,Y,B ∈ Top∗. If f0 ∼ f1 : X → B and g0 ∼ g1 : Y → B, then

{f0, g0} ∼ {f1, g1} : X ∨ Y → B.

That is,
[X,B]∗ × [Y,B]∗ ∼= [X ∨ Y,B]∗.

Proof. For (1), let Ht be the homotopy between f0 and f1 and Gt the homotopy between g0 and g1.
Then (Ht, Gt) : A→ X × Y is a homotopy between (f0, g0) and (f1, g1). The proof of (2) is similar,
and hence omitted. □

An important example of a homotopy arises from the question of whether a topological space can be
continuously deformed into a “smaller” subspace. This motivates the notion of a deformation retraction,
which is a particular type of homotopy exhibiting such a deformation.

Definition 2.1.14. LetX ∈ Top. A deformation retraction ofX onto a subspaceA is a homotopy

H : X × [0, 1]→ X

such thatH(·, 0) = IdX ,H(·, 1) = A, andH(·, t)|A = IdA for all t ∈ [0, 1].X is said tobe contractible
if deformation retracts to a pointA = {∗}.

Example 2.1.15. The following are examples of some deformation retractions:
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(1) Rn is contracible. More genrally, any star-shaped region is contractible. Indeed, if X is star-
shaped with respect to some point a ∈ X , thenH(x, t) = (1 − t)x + ta defines a homotopy
between the constant map and the identity map. Hence star-shaped sets are contractible.

(2) Rn \ 0 deformation retracts to Sn−1. Simply consider the straight-line homotopy:

H(x, t) = (1− t)x+
tx

‖x‖
.

(3) S∞ is contractible. LetH1 be given by

H1 : R∞ × I → R∞,

(x, t) 7→ (1− t)(x1, x2, x3, . . .) + t(0, x1, x2, . . .).

Note thatH1(−, 1) is the right shiftmap. For anyx ∈ S∞, the vectorH1(x,−) is not amultiple
of x, so the line segment between them does not pass through the origin. Thus, we can define a
homotopy from the identity on S∞ by settingH1/‖H1‖. The idea is now to contract the image
ofH1(−, 1), which is a codimension-1 sphere, to a point not on it-say, (1, 0, 0, 0, 0, . . . ). Let

H2 : R∞ × I → R∞

(x, t) = (1− t)(0, x1, x2, . . .) + t(1, 0, 0, . . .).

Clearly,H2 = H2/‖H2‖ is a homotopy fromthemapH1(−, 1) to the constantmapat (1, 0, 0, . . .)
on S∞. The composition is the desired homotopy that shows that S∞ is contractible.

(4) Let Y be the topological space obtained by identifying opposite sides [−1, 1] × [−1, 1]. Let
X = Y \ {(0, 0)}. See the diagram below:

b

a

b

a

Consider the homotopyH : X × I → X defined by the formula

H((x, y), t) =

{
(t x|y| + (1− t)x, t y|y| + (1− t)y) |y| > |x|
(t x|x| + (1− t)x, t y|x| + (1− t)y) |x| > |y|

If (x, y) ∈ X and |y| > |x|, the homotopyH linearly slides (x, y) onto a point such that the
x-coordinate ofH((x, y), 1) is sgn(x). See the diagram below:

b

a

b

a
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The image ofH(·, 1) is clearly the identified edges ofX , which is, geometrically, a figure eight: a
graph consisting of two circles intersecting in a point.

(5) Consider the Mobius strip,M , obtained as the quotient space of the square [0, 1] × [0, 1] by
identifying

(x, 0) ∼ (1− x, 1) for all 0 ≤ x ≤ 1.

The line {(x, 12) : x ∈ [0, 1]} ⊆ S1 is S1 as a subspace ofM . Then the map

H :M × [0, 1]→M

((x, y), t) 7→
(
x, (1− t)y + t

2

)
gives a well-defined strong deformation retract ofM to S1 (as can be checked).

The following example is quite important:

Example 2.1.16. Dn × I deformation retracts ontoDn × {0} ∪ Sn−1 × I . Define

r(x, t) =

{
( 2x
2−t , 0) ‖x‖ ≤ 2−t

2

( x
‖x‖ , 2−

2−t
‖x‖ ) ‖x‖ ≥ 2−t

2

It is easy to check that this is a well-defined continuousmap. For t = 0we get 2−t2 = 1 and thus r(x, 0) =
(x, 0) for all x ∈ Dn. For x ∈ Sn−1 we have r(x, t) = (x, t). Thus r is a retraction.

Remark 2.1.17. There is a geometric interpretation of r in Example 2.1.16. For each (x, t) consider the line
Lx,t through (0, 2) and (x, t). This line intersectsDn × {0} ∪ Sn−1 × I in a single point r(x, t).

Example 2.1.18. LetX = {•1, •2} be a two-point topological space. IfX is given the discrete topology,
thenX is not contractible. Indeed, contractible spaces are path-connected andX is not path connected
with the discrete topology. If X is given the Sierpinski topology, {∅, X, {•1}}, then X is contractible.
Define

H : X × [0, 1]→ X

so thatH(x, 0) = x for all x ∈ X , andH(x, t) = •1 for all x ∈ X and t ∈ (0, 1]. It is easy to see that
H is continuous and hence defines a homotopy.

Definition 2.1.19. Amap f : X → Y defines a homotopy equivalence if there exists g : Y → X such
that g ◦ f and f ◦ g are both homotopic to the identity. X and Y are homotopy equivalent if there exists
a homotopy equivalence. In this case, we writeX ∼ Y .

Example 2.1.20. For anyX ∈ Top,X × I is homotopy equivalent toX . Consider the maps
p1 : X × I → X,

(x, t) 7→ x.
i0 : X → X × I,

x 7→ (x, 0).

Note that π1 ◦ i0 = IdX . Moreover, i0 ◦ π1 ∼ IdX×I via the homotopy:

H : (X × I)× I → X × I,
((x, t), s) 7→ (x, (1− s)t).

Remark 2.1.21. Example 2.1.20 can generalized to prove that ifX is a topological space andY is a contractible
topological space, then the projection

p1 : X × Y → X

is a homotopy equivalence.
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Proposition 2.1.22. LetX,Y be topological space. The following are some properties of the homotopy and
homotopy equivalence concept.

(1) X is contractible if and only if every map f : X → Y , for arbitrary Y , is homotopic to a constant
map. Similarly,X is contractible if and only if every map f : Y → X is homotopic to a constant
map.

(2) Let f : X → Y be a continuous map. Suppose there exist g, h : Y → X , possibly different, such
that f ◦ g ' IdY and h ◦ f ' IdX . Then f is a homotopy equivalence.

Proof. The proof is given below:
(1) SupposeX is contractible. LetH : X × I → X be a homotopy such thatH(·, 0) = IdX and

H(·, 1) is the constant map with value x0.
(a) If f : X → Y is a continuous map for any topological space Y , then f ◦G : X × I → Y

is a homotopy from f to the constant map with value f(x0). Thus, f is homotopic to a
constant map. Conversely, letting Y = X and f = IdX shows thatX is contractible.

(b) If f : Y → X is a continuous map for any topological space Y , then the map
H : Y × I → X H(y, t) 7→ H(f(y), t)

is a homotopy fromf to the constantmapwith valuex0. Thus, f is homotopic to a constant
map. Conversely, letting Y = X and f = IdX shows thatX is contractible.

(2) If h ◦ f ∼ IdX and f ◦ g ∼ IdY , then
g ∼ IdX ◦ g ∼ (h ◦ f) ◦ g ∼ h ◦ (f ◦ g) ∼ h ◦ IdY ∼ h

Thus, g ◦ f ∼ h ◦ f ∼ IdX , and since f ◦ g ∼ IdY , g is a homotopy equivalent to f .
This completes the proof. □

2.2. Fundamental Group

2.2.1. π1. Recall the definition of homotopy from the previous section. In this section, we focus
on homotopy of paths relative to the boundary of I = [0, 1], denoted as ∂I . We have the following
observations:

Lemma 2.2.1. The product of paths (read left to right) has the following properties:
(1) Let α : I → I be continuous and α(0) = 0, α(1) = 1. Then f ∼ f ◦ α.
(2) f · (g · h) ∼ (f · g) · h2
(3) f ∼ f ′ and g ∼ g′ implies f · g ∼ f ′ · g′.
(4) If cx denotes the constant path at x ∈ X , then cf(0) · f ∼ f ∼ f · cf(1)
(5) f · fr ∼ cf(1) and fr · f ∼ cf(0) where fr is the reverse of f

Proof. The proof is given below:
(1) α defines a reparamterization of the identity map from I to I . LetH : I × I → I denote the

straight-line homotopy from IdI to α. Then f ◦H is a path homotopy from f to f ◦ α
(2) We provide a proof in words. We need to show that

(f · g) · h ∼ f · (g · h)
for any three paths inX such that the left-hand side is well-defined. The first path follows f and
then g at quadruple speed for s ∈ [0, 12 ], and then follows h at double speed for s ∈ [12 , 1], while
the second follows f at double speed and then g and h at quadruple speed. The two paths are
therefore reparametrizations of each other and thus homotopic.

2This assumes that at least one side of the equation is well-defined.
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(3) We show that cf(0) · f ∼ f . The other homotopy follows similarly. DefineH : I × I → X as

H(s, t) =

{
f(0), t ≥ 2s,

f
(
2s−t
2−t)

)
, t ≤ 2s.

Geometrically, this maps the portion of the square on the left of the line t = 2s to the point
f(0), and it maps the portion on the right along the path f at increasing speeds as t goes from
0 to 1. This map is continuous by the gluing lemma, and we have that H(s, 0) = f(s) and
H(s, 1) = cf(0) ∗ f(s). The claim follows.

(4) We just show that f · fr ' cf(1). Define a homotopy by the following recipe: at any time t, the
pathHt follows f as far as f(t) at double speed while the parameter s is in the interval [0, t/2];
then for s ∈ [t/2, 1− t/2], it stays at f(t); then it retraces f at double speed back to p. Formally,

H(s, t) =


f(2s), 0 ≤ s ≤ t/2,
f(t), t/2 ≤ s ≤ 1− t/2,
f(2− 2s), 1− t/2 ≤ s ≤ 1.

It is easy to check thatH is a homotopy from cf(1) to f · fr.
This completes the proof. □

ForX ∈ Top, Lemma 2.2.1 implies that one can consider a categoryΠ(X) whose objects are points
ofX and morphisms are homotopy classes of paths between points ofX relative to ∂I . Π(X) is called
the fundamental groupoid ofX because each element in HomΠ(X)(·, ·) has an inverse path. In particlar,
HomΠ(X)(X,x0) is a group for each x ∈ X .

Definition 2.2.2. LetX ∈ Top and x0 ∈ X . The fundamental group ofX at x is
π1(X,x0) = AutΠ(X)(x0)

X is simply connected (or 1-connected) if it is path connected and its fundamental group is trivial.

Remark 2.2.3. A loop based at x0 ∈ X is a map f : I → X such that f(0) = f(1) = x. Since
I/∂I ∼= S1 where the homemorphism is given by the exponential function, ε(t) = exp(2πit), f descends to
a continuous map from S1 toX .

I

S1 X

ε
f

f̃

Therefore, we have
π1(X,x0) ∼= [(S1, ∗), (X,x0)]

where [(S1, ∗), (X,x0)] denotes the set of homotopy classes of maps from (S1, ∗) to (X,x0) such that ∗ 7→
x0.

We next state an important lemma:

Lemma 2.2.4. (Square Lemma) LetF :W → I ×X be a continuous map, and let f , g, h, and k be the
paths inX defined by:

f(s) = F (s, 0) g(s) = F (1, s) h(s) = F (0, s) k(s) = F (s, 1)

Then f · g ∼ h · k.

Proof. (Sketch) Consider an appropriate straight-line homotopy from the corners of the square I ×
I . □



32 2. FUNDAMENTAL GROUP

Proposition 2.2.5. Let (X,x0) ∈ Top∗. The following are some properties of the fundamental group of
X at x0.

(1) For each x′0 ∈ X, such that x′0 ∈ π0(x0), we have

π1(X,x0) ∼= π1(X,x
′
0)

More generally, ifX0 is a path component ofX that contains x0, and i : X0 ↪→ X is the inclusion
map, then

i∗ : π1(X0, x0)→ π1(X,x0)

is an isomorphism.
(2) Π(·) is a functor from Top to Grpd, the category of groupoids.
(3) π1 is a functor from Top∗ to Grp, the category of groups.
(4) If (X,x0) and (Y, y0) are pointed topological spaces, then

π1(X × Y, (x0, y0)) ∼= π1(X,x0) ∼= π1(Y, y0)

That is, π1 preserves products.
(5) If f, g : X → Y are homotopic with a homotopyH : X × I → Y and h is the path h(t) =

H(x, ·), then the following diagram commutes:

π1(X, f(x0))

π1(X,x0)

π1(X, g(x0))

Φg

f∗

g∗

(6) If f : X → Y is a homotopy equivalence, then the induced homomorphism

f∗ : π1(X,x0)→ π1(Y, f(x0))

is an isomorphism.

Proof. The proof is given below:
(1) Let α be a path from x to x′. Consider the map

Φα : π(X,x0)→ π(X,x′0)

β 7→ α · β · αr
Note thatΦα is a homomorphim:

Φα[β2 · β1] = [α · β2 · β1 · αr]
= [α · β2 · αr · α · β1 · αr]
= [α · β2 · αr] · [α · β1 · αr]
= Φα[β2] · Φα[β1]

It is clear thatΦα is bijective with inverse

Φαr : π(X,x′0)→ π(X,x0)

β 7→ αr · β · α
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More generally, any loop inX based at xmust in fact be a loop inX0, so it is necessary only to
check that two homotopic loops inX are homotopic inX0. But this is immediate since if

F : I × I → X

is a homotopy whose image contains x0, its image must lie entirely inX0, because I × I is path-
connected.

(2) A continuous map f : X → Y induces a homomorphism

f∗ : Π(X)→ Π(Y )

defined by f∗([α]) = [f ◦ α]. We have

f∗([β] · [α]) = f∗([β · α])
= [f ◦ (β · α)]
= [(f ◦ β) · (f ◦ α)]
= f∗[β] ◦ f∗[α]

The rest of the axioms can be checked in a straightforward way.
(3) This is similar to (2).
(4) Consider the map

Φ : π1(X × Y, (x0, y0))→ π1(X,x0)× π1(Y, y0)
[α] 7→ ([αX ], [αY ])

It is clear thatΦ is well-defined since f ∼ g implies that

αX = π ◦ α ∼ π ◦ α = αX

Similarly,αY ∼ αY . The universal property of the product topology shows thatΦ is a surjective.
Moreover, if [αX ] = [cx] and [αY ] = [cy] we can choose we choose homotopiesHx andHy .
Then the mapH : I × I → X × Y given by

H(s, t) = (Hx(s, t),Hy(s, t))

is a homotopy from f to the constant loop c(x0,y0). Checking thatΦ is a homomorphism is easy.

I

X × Y

X Y

f

fX fY

πX πY

(5) Let α be any loop inX based at x. What we need to show is

g∗[α] = Φg ◦ f∗[α]
⇐⇒ g ◦ α ∼ h · (f ◦ α) · hr
⇐⇒ (f ◦ α) · h ∼ h · (g ◦ α)

This readily follows from the square lemma applied to the map F : I × I → Y defined by
F (s, t) = H(α(s), t).
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(6) Let g : Y → X be a homotopy inverse for g, so that f ◦ g ' 1Y and g ◦ f ' 1X . Consider the
maps:

π1(X,x0)
f∗−→ π1(Y, f(x0))

g∗−→ π1(X, g(f(x0)))
f∗−→ π1(Y, f(g(f(x0))))

The composition of the first two maps is an isomorphism by (4). In particular, f∗ is injective.
The same reasoning with the second and third maps shows that g∗ is injective. Thus the first two
of the three maps are injections and their composition is an isomorphism, so g∗must be injective
and surjective.

This completes the proof. □

Remark 2.2.6. Note that the homomorphismΦα in Proposition 2.2.5(a) depends only on the homotopy class
of α. Indeed, assume that α ∼= α′ where α and α′ are continuous path joining x and x′. Then:

Φα[β] = [α · β · αr] = [α] · [β] · [αr] = [α′] · [β] · [α′
r] = Φα′ [β].

Hence we haveΦα = Φα′ .

Remark 2.2.7. Proposition 2.2.5 implies that ifX is a path-connected space, then

π1(X,x0) ∼= π1(X,x
′
0)

for each x, x′ ∈ X . We shall mostly be concerned with path-connected spaces. Therefore, we shall not write
the basepoint from now on.

How does one compute fundamental groups? This might be a difficult problem. But we can at the
very least state some trivial calculations:

Proposition 2.2.8. The following are calculations of some fundamental groups:
(1) IfX = {•} is a one-point space, then π1(X) = {1}, is the trivial group.
(2) IfX is contractible, then π1(X,x0) = {1} is the trivial group.

Proof. The proof is given below:
(1) A one-point space has only the constant loop. Hence, its fundamental group is trivial.
(2) This follows from the Proposition 2.2.5(5) and (1) above.

This completes the proof. □

Remark 2.2.9. A topological space,X , is simply connected if its fundamental group is the trivial group. One
can easily check thatX is simply connected if and only if there is a unique homotopy class of paths connecting
any two points inX . For the forward direction, let x, y ∈ X , and f, g : I → X are paths from x to y.
Then we have the following sequence of homotopies:

f ∼ f ∗ cy ∼ f ∗ ḡ ∗ g ∼ cx ∗ g ∼ g,
where we use the fact that ḡ ∗ g and f ∗ ḡ are loops at y and x, respectively, and hence are homotopic to the
respective constant paths. For the reverse direction, take x = y. By hypothesis, any loop γ at x ∈ X is in the
homotopy class of the constant loop cx.

As we shall see by way of examples, fundamental groups are rarely abelian. However, there is an im-
portant class of groups for which the fundamental groups are abelian. Before identifying this class, we
identify when a fundamental group is abelian.

Lemma 2.2.10. LetX be a path-connected topological spaceX . For any x ∈ X , π1(X,x0) is abelian if
and only if all basepoint-change homomorphismsΦα depend only on the endpoints of the path α.
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Proof. Assume π1(X,x0) is abelian and consider two paths α, α′ with same endpoints x and x′. Since
π1(X,x0) is abelian, π1(X,x′0) is also abelian since π1(X,x0) ∼= π1(X,x

′
0). We have:

Φα[β] = [α] · [β] · [αr]
= [α] · [β] · [cx] · [αr]
= [α] · [β] · [α′

r · α′] · [αr]
= ([α] · [β] · [α′

r]) · ([α′ · αr])
= ([α′ · αr]) · ([α] · [β] · [α′

r])

Φα[β] = [α′] · [β] · [α′
r] = Φα′(β).

Hence Φα = Φα′ . Conversely, assume all basepoint-change homomorphisms Φα depend depend only
on the endpoints of the path α. Consider x′ = x and loops cx (constant loop) and [β] ∈ π1(X,x0).
ThenΦβ = Φcx . We can easily see that this is implies

[β] · [β′] = [β′] · [β]
for each [β′] ∈ π1(X,x0). Hence π1(X,x0) is abelian. □
Example 2.2.11. We argue that the fundamental group of a topological group, G, is abelian. Let eG be
the identity element chosen as the base point. Let [α], [β] ∈ π1(G, eG). Define a map

F : I × I → G

(t, s) 7→ α(t) · β(s)
In I × I , let

(0, 0)
ϵ1−→ (1, 0), (1, 0)

ϵ2−→ (1, 1), (0, 0)
ϵ3−→ (0, 1), (1, 0)

ϵ4−→ (1, 1), (0, 0)
ϵ5−→ (1, 1)

be the straight line paths. Applying F ε5 yields a path

α ∗ β(t) = α(t) · β(t)
Since I × I is convex, we have ε2 · ε1 ' ε5 ' ε4 · ε3 since all three are paths from (0, 0) → (1, 1).
Applying F to this gives

β · α ∼ α ∗ β ∼ α · β
Hence [β · α] = [α · β]. Hence, π1(G, eG) is abelian.

Remark 2.2.12. We remark that t ifX be a path-connected space, for each point x0 ∈ X , the inclusion

Bπ1(X,x0) ↪→ Π(X)

is an equivalence of categories. Here Bπ1(X,x0) is the 1-object category defined by π1(X,x0).

2.3. Seifert-Van Kampen Theorems

The Seifert Van Kampen (SVK) theorems gives a method for computing the fundamental groups of
spaces that can be decomposed into simpler spaces whose fundamental groups are already known.

Proposition 2.3.1. (SVK for Groupoids) LetX ∈ Top, and let {Ui}i∈I be an open cover ofX such that
that the intersection of finitely many open sets again belongs to the open cover. Then

Π(X) = lim−→
i∈I

Π(Ui)

in the category of groupoids.
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Remark 2.3.2. Note that Proposition 2.3.1 states thatΠ preserves colimits.

Proof. Weverify the universal property of colimits in the category of groupoids. LetGbe some groupoid
and letΓi : Π(Ui)→ Gbe groupoidmorphisms. We show that there exists a unique groupoidmorphism
Φ : Π(X)→ G such that the diagram

Π(
⋂
j∈J⊆I Uj) Π(Ui|J|)

Π(Ui1) Π(X)

G

Γi|J|

Γi1

Φ

for each subset J ⊆ I . Consider the following observations:
(1) An object of Π(X) is a point x ∈ X and so lies in one of Ui. If x ∈ Ui, we are forced to set

Γ(x) = Γi(x). If x is contained in the intersection of finitely manyUi’s, these definitions agree
by the commutative square above3.

(2) Amorphism inΠ(X) is a homotopy class of a pathα inX . Ifα is solely contained in someUi, we
would be forced to setΦ(α) = Γi(α). Since the open cover is closed under finite intersections,
this specification is independent of the choice ofUi ifα lies entirely inmore than oneUi. What if
a path intersects ∩j∈J⊆IUj for some subset J ⊆ I such that |J | ≥ 2? If α : I → X , then the
Lebesgue covering lemma implies that there is a decomposition

0 = t0 < t1 < · · · < tm−1 < tm = 1

such that α([ti, ti+1]) is contained in solely on ofUi. In this case, we are forced to set

Φ(α) = F1(α1) ◦ · · · ◦ Fm(αm)
where each Fk is one of the Γi’s as necessary.

The observations above pin down the mapΦ. However, in order forΦ to be well-defined, we must show
that it is independent of the choice of a path, α, in a homotopy class of paths. LetH : I × I → X be a
homotopy of paths from x to y. By the Lebesgue covering lemma, there exists n ∈ N such thatH sends
each sub-square [

i

n
,
i+ 1

n

]
×
[
j

n
,
j + 1

n

]
into one of Ui. Consider edge-paths in the subdivided square I × I which differ by a sub-square, as
indicated in the following figure.

3We implicitly use here the fact that the open cover is closed under finite intersections.
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WeapplyH andobtain twopaths inX . They yield the same result since they differ by ahomotopyon some
subinterval which stays inside one of the setsUi. Changes of this type allow us to pass inductively fromH
on the lower toH on the upper boundary path from (0, 0) to (1, 1). Hence, Φ is well-defined. It is easy
to check thatΦ is indeed a functor betweenΠ(X) andG. By construction, the diagram commutes. □

Proposition 2.3.1 contains a lot of redundant information sinceweonlywant to knowhow to compute
π1(X,x0) for some x ∈ X .

Corollary 2.3.3. (SVK for Groups) Let (X,x0) ∈ Top be path-connected. Let {Ui}i∈I be an open cover
ofX by path-connected open subsets such that {Ui}i∈I is closed under taking finite intersections and such that
x0 ∈ Ui for each i ∈ I , then

π1(X,x0) = lim−→
i∈I

π(Ui, x0)

Proof. We will only prove the case where the open cover is finite. The proof for the general case can be
found in See [May99, Section 2.7]. We need to verify the universal property of colimits in the category of
groups. Let G be some group and let Γi : π(Ui, x0) → G be group homomorphisms. We show that
there exists a unique group homomorphismΦ : π1(X,x0)→ G such that the diagram

π1(
⋂
j∈J⊆I Uj , x0) π1(Ui|J| , x0)

π1(Ui1 , x0) π1(X,x0)

G

Γi|J|

Γi1

Φ

for each subset J ⊆ I . Recall that the inclusion of categories I : π1(X,x0) → Π(X) is actually an
equivalence of categories. An inverse equivalence F : Π(X) → π1(X,x0) is determined by a choice of
path classes x→ y for y ∈ X . We choose cx when y = x and so ensure that F ◦ I = Idπ1(X,x0). Because
the cover is finite and closed under finite intersections, we can choose our paths inductively so that the path
x→ y lies entirely in everyUi for all Ui such that y ∈ Ui4. This ensures that the chosen paths determine
compatible inverse equivalencesFUi : Π(Ui)→ π1(Ui, x0) to the inclusions IUi : π1(Ui, x0)→ Π(Ui).
Thus, the functors

Π(Ui)
FUi−−→ π1(Ui, x0)

ΓUi−−→ G

specify diagram of groupoids. By Corollary 2.3.3, there is a unique map of groupoids

Γ̃ : Π(X)→ G

that restricts to ΓUi ◦ FUi onΠ(Ui) for eachUi. The composite

Γ : π1(X,x0)
I−→ Π(X)

Γ̃−→ G

It restricts to Γi on π1(Ui, x0) by a diagram chase argument and the fact that FUi ◦ IUi = Idπ1(Ui,x0).
Indeed, we have that the following diagram commutes:

4We assume here that the open cover is finite
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π1(X,x0)

Π(X) Π(Ui) π1(Ui, x0)

G

I

Γ̃

IUi

Γ̃i◦IUi

Γi

It is unique because Γ̃ is unique. Indeed, if we are given Γ′ : π1(X,x0)→ G that restricts to Γi on each
π1(U, x0), thenΓ′ ◦F : Π(X)→ G restricts toΓi ◦FUi on eachΠ(Ui). Therefore Γ̃ = Γ′ ◦F and thus
Γ̃ ◦ I = Γ′. This completes the proof. □

Note that the Seifert-VanKampen theoremdoes not applywhen the open sets in the coverwe consider
do not have path-connected intersections. An important example is S1. If we cover it by two open semi-
circles, their intersection would be two disjoint open intervals which is not path-connected. This leads to
the idea of constructing a “fundamental group with multiple basepoints” and its corresponding Seifert-
Van Kampen theorem. We discuss this approach briefly.
Definition 2.3.4. Let X ∈ Top be path-connected. For a set A ⊆ X , let Π(X,A) denote the full
subcategory ofΠ(X) on the objects inA.

As before, our strategy for proving the Seifert-Van Kampen theorem for multiple basepoints will be
to deduce it from the version for the full fundamental groupoid.
Proposition 2.3.5. (SVK for Groupoids - Multiple Base-points) LetX ∈ Top be path-connected. Let
{Ui}i∈I be an open cover ofX of open subsets such that {Ui}i∈I is closed under taking finite intersections. Let
A ⊆ X (not necessarily a singleton) such thatA contains one point from each path-component ofUi. Then

Π(X,A) = lim−→
i∈I

Π(Ui, A)

Remark 2.3.6. We will need to invoke the notion of a retract of a diagram in a category, C. Recall that an
objectX ∈ C in a category is called a retract of an object Y ∈ C if there are morphisms

i : X → Y, r : Y → X

such that r ◦ i = IdX . In this case, r is called a retraction of Y ontoX . A commutative diagram, D1, in C
is a retract of another commutative diagram,D2, inC if each ‘corner’ ofD1 is a rectract of the corresponding
corner of D2 such that all of the inclusions and retractions are compatible with one another in the sense that
the diagram obtained by ‘pasting together’ D1 and D2 via the inclusions and retractions commutes. We will
use below the categorical fact that the retract of a colimit diagram in category is a colimit diagram.
Proof. (Sketch)Consider the diagramdetermined byΠ(Ui)’s and also consider the diagramdetermined
byΠ(Ui, A)’s. Denote the diagramsD1 andD2 respectively. We claim thatD2 is a retraction ofD1. The
inclusions at each ‘corner’ are the just inclusions

Π(Ui, A) ↪→ Π(Ui)

The retractions are built as follows. To retractΠ(Ui) ontoΠ(Ui, A), pick for every point x ∈ Ui, a path
αx from x to some point y ∈ A but do this in such a way that if x ∈ A, thenαx is the identity morphism
at x5. We define the retraction by sending each x ∈ Ui to the other endpoint of αx, and each morphism

5We can always pick these paths because the hypothesis includes thatA has at least one point in each component ofUi.
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β : x→ y to the morphismαy ◦β ◦α−1
x

6. The claim follows by noting thatD1 is a colimit diagram. See
[Bro06, Proposition 6.7.2] and [Die08, Theorem 2.6.2] for some relevant partial details. □

2.4. Computations

We calculate the fundamental group of some topological spaces. Our main working tool will be the
SVK theorems. Let’s first discuss a general example.

2.4.1. Fundamental Group of Circle. We cannot use Corollary 2.3.3 to compute the the funda-
mental group of S1. This is because if we cover S1 by two open semi-circles, their intersection would be
two disjoint open intervals which is not path-connected. Instead, we use Proposition 2.3.5. Let

U1 = S1 \ {(0, 1)}
U2 = S1 \ {(0,−1)}
A = {(−1, 0), (1, 0)}

ThenU1, U2 are simply connected (they are both homeomorphic toR) whileU1∩U2 is a homeomorphic
to a disjoint union of two copies ofR. What isΠ(U,A)? There are clearly morphisms

(1, 0)→ (−1, 0)
(−1, 0)→ (1, 0)

and they are inverses of eachother since anypath (1, 0)→ (−1, 0)→ (1, 0) canbe shrunk to (1, 0) alone.
SoΠ(U,A) is simply a categorywith twoobjects and a single isomorphismbetween them. Similar remarks
apply to Π(V,A). Similarly, Π(U ∩ V,A) is a category with two distinct objects and no morphisms
between the distinct objects. In other words, it is a two object discrete category. What isΠ(X,A)? It is a
groupoid with two objects and two isomorphisms between. One isomorphism comes fromΠ(U,A) and
the other fromΠ(V,A). Denote the isomorphisms as iU and iV . Beyond that it is free as possible. So, for
example, all the composites (i−1

V ◦ iU )n are distinct (because there is no reason for them not to be). We
get that

π1(S1, (1, 0)) ∼= {i−1
V ◦ iU )

n | n ∈ Z} ∼= Z

Remark 2.4.1. Usually, x0 is chosen to be the point (1, 0) if we consider S1 ⊆ C. We denote the basepoint
as ∗. We can also use the theory of covering spaces (which are special instances of fiber bundles) that

π1(S1, ∗) ∼= Z

We now derive a number of consequences of this result:

Proposition 2.4.2. The following statements are true:
(1) We have π1(R2 \ {0}, x0) ∼= Z
(2) We have

π1

(
S1 × · · · × S1︸ ︷︷ ︸

n−times

, (∗1, · · · , ∗n)
)
∼= π1(S1, ∗1)× · · · × π1(S1, ∗n)︸ ︷︷ ︸

n−times

∼= Zn

(3) R2 is not homeomorphic toRn for n ≥ 37.

6To ensure that the cube formed by the two van Kampen squares and the four retractions commutes, simply always pick
the same αx for x in all of the groupoids it appears in.

7Clearly,R2 is not homemorphic toR0. We have already checked above thatR2 is not homeomorphic toR1. Clearly,R2

is homeomorphic toR2.
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(4) (Brouwer’s Fixed Point Theorem) If f : D2 → D2 is a continuous function, then f has a fixed
point. That is, there is a x ∈ D2 such that f(x) = x.

(5) (Fundamental Theorem of Algebra) Any non-constant polynomial p ∈ C[x] has a root.
(6) There are no retractions r : X → A in the following cases:

(a) X = R3 withA any subspace homeomorphic to S1.
(b) X = S1 × D2 withA its boundary torus S1 × S1.
(c) X = D2 ∨ D2 withA its boundary S1 ∨ S1.

Proof. The proof is given below:
(1) This follows sinceR2 \ {0} deformation retracts to S1.
(2) This is a straightforward consequence of Proposition 2.2.5 and that π1(S1, ∗) ∼= Z.
(3) Suppose f : R2 → Rn is a homeomorphism. Without loss of generality, let f(0) = 0. Hence,

R2 \ {0} ∼= Rn \ {0}. R2 \ 0 deformation retracts to S1 andRn \ {0} deformation retracts to
Sn−1. Therefore,

Z ∼= π1(S1, ∗) ∼= π1(R2 \ 0) ∼= π1((Rn \ 0) ∼= π1(Sn−1, ∗) ∼= {1}.

a contradiction. Here we use the fact that π1(Sn−1, ∗) ∼= {1} = 0 for n ≥ 3. See [Lee10,
Lemma 7.19 & Theorem 7.20] for a proof of this fact. See also below.

(4) Assume that f(x) 6= x for all x ∈ D2. There is then a deformation retraction r : D2 → S1 that
carries a point x ∈ D2 to the intersection of the ray from f(x) to xwith the boundary circle S1.
Hence, we have the following diagram:

S1 D2 D2

IdS1

r

Applying π1, we have the following diagram:

Z ∼= π1(S1, ∗) {•} π1(S1, ∗) ∼= Z

IdZ

This is clearly a contradiction.
(5) We may assume that the polynomial p(z) is of the form

p(z) = zn + a1z
n−1 + · · ·+ an.

Suppose that p(z) has no roots. Fix aR > 0 such that

R > max
{
1,

n∑
i=1

|ai|
}

Then for |z| = R we have

|zn| > (|a1|+ · · ·+ |an|)|zn−1|
> |a1zn−1|+ · · ·+ |an|
≥ |a1zn−1 + · · ·+ an|.

From the inequality |zn| > |a1zn−1 + · · ·+ an|, it follows that the polynomial

pt(z) = zn + t(a1z
n−1 + · · ·+ an)
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has no roots on the circle |z| = R when 0 ≤ t ≤ 1. Note that pt defines a homotopy between
the polynomials zn and p(z). Consider the formula

ft(s) =
p(tRe2πis)/p(tR)

|p(tRe2πis)/p(tR)|

definedon [0, 1]×[0, 1]. For eachfixed t, Then eachft(s)defines a loop in the unit circleS1 ⊆ C
based at 1. Note that

f0(s) = 1, f1(s) =
p(Re2πis)/p(R)

|p(Re2πis)/p(R)|
Write p(z) = zn + q(z). Consider

Ht(s) =
[re2πis)n + tq(re2πis)/(rn + tq(r))

|[re2πis)n + tq(re2πis)/(rn + tq(r))|

This defines a homotopy between f1 and ωn = e2πins. Since f0 is homotopic to the constant
map and f0 is homotopic to f1, we have that ωn is homotopic to the constant map. Hence,
n = 0. This is a contradiction.

(6) We use the fact that if r : X → A is retraction, then the induced map on fundamental groups is
injective.
(a) This follows because there is no injection of the form 0→ Z.
(b) This follows because there is no injection of the form Z × Z to Z. Let h : Z × Z → Z

be any group homomorphism. Suppose h(1, 0) = a and h(0, 1) = b. It follows that
h(−b, a) = (0, 0), and hence ker(h) 6= (0, 0).

(c) This follows because there is no injection of the form 0→ Z ∗ Z.
This completes the proof. □

Remark 2.4.3. Here are two cute applications of Brouwer’s fixed point theorem:
(1) A 3 × 3 real invertible matrix with non-negative entries has a real positive eigenvalue. Let T :

R3 → R3 be the linear map corresponding to a matrixA. Define

B = S2 ∩
{
(x1, x2, x3) ∈ R3 | x1, x2, x3 ≥ 0

} ∼= D2.

If x ∈ B, then all coordinates of Tx = Ax are non-negative and not all zero since A is non-
singular and not all coordinates of x ∈ B can be zero. Therefore, the normalized vector Tx/‖Tx‖
lies inB. Now, consider the continuous map f : B → B defined by

f(x) =
Tx

‖Tx‖
.

By Brouwer’s Fixed Point Theorem, there exists a point x0 ∈ B such that f(x0) = x0, which
implies Tx0 = ‖Tx0‖x0. Setting λ = ‖Tx0‖, we conclude that λ is an eigenvalue of A, with
λ ∈ R and λ > 0.

(2) A 3× 3 real matrix with positive entries has a positive real eigenvalue. This follows as in (1).

2.4.2. Fundamental Group of Spheres. LetX = Sn for n ≥ 2. Let

U = S \ {N}, V = S \ {S}

Clearly,U, V ∼= Rn−1 via the stereographic projection. Hence,U and V are two open simply connected
subsets of Sn with path connected intersection. Hence, we have that Sn is simply connected for n ≥ 2,
since the colimit of two trivial groups is the trivial the group. Let’s consider a basic application:
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Example 2.4.4. ConsiderXm = Rn − {m points} for n ≥ 3. We compute the fundamental group of
Xn by induction on n. The casem = 1 is easy since

Rn − {a point} ∼= Sn−1 × R+

which is simply connected:

π1(Rn − {a point}) ∼= π1(Sn−1, ∗)× π1(R+, 1) ∼= {•}
Now assume thatm > 1. Divide the points in into two sets of smaller size, A and B. A and B can be
separated by the hyperplaneH , and thatN+ andN− are two open neighborhoods of the half-spaces that
result. For an arbitrary base-point x0 ∈ H , Van Kampen theorem applies, giving a surjection

π1(N
+ \A, x0) ∗ π1(N− \B, x0) ↠ π1(Rn − {m points}, x0)

By the induction hypothesis8, bothN+ \A andN− \B are simply connected. Hence,

π1(Rn − {m, points }, x0) ∼= 0.

Example 2.4.5. Let V be a finite-dimensional real vector space andW ⊆ V a (proper) linear subspace.
We compute the fundamental groupπ1(V \W ). Since every finite-dimensional real vector space is linearly
homeomorphic to someRn, we can assumeWLOG that V = Rn andW = Rm form < n. Projecting
first onto (Rm)⊥ and then unit sphere shows that Rn \ Rm is homotopically equivalent to Sn−m−1,
Therefore, we have:

π1(Rn \ Rm) =

{
Z, ifm = n− 2,

0, otherwise.

2.4.3. Fundamental Group of Wedge Sums. In order to use Van Kampen’s theorem to compute
the fundamental group of the wedge sum, we need to put a mild restriction on the type of base points we
consider. A point p in a topological spaceX is said to be a non-degenerate base point if p has a neighbor-
hood that admits a strong deformation retraction onto p.

Lemma 2.4.6. Suppose xi ∈ Xi is a non-degenerate base point for i = 1, . . . , n. Then
∨n
i=1 xi is a

non-degenerate base point inX1 ∨ · · · ∨Xn.

Proof. For each i, choose a neighborhoodWi of xi that admits a deformation retraction ri : Wi →
{xi}, and letHi :Wi × I →Wi be the associated homotopy. Define a map

H :

n∐
i=1

Wi × I →
n∐
i=1

Wi

by lettingH = Hi onWi × I . LetW be the image of
∐n
i=1Wi under the quotient map

q :
n∐
i=1

Xi →
n∨
i=1

Xi

Since
∐n
i=1Wi is a saturated open set,W is an open set ofX1 ∨ · · · ∨ Xn that is a neighbourhood of∨n

i=1 xi. We have that

q × IdI :
n∐
i=1

Wi × I →W × I

is a quotient map. Since q ◦ H respects the identifications made by q × IdI , it descends to the quotient
and yields a deformation retraction ofW onto ∨ni=1xi. □

8Here we use the observation that a open half space inRn is homeomorphic toRn.
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Proposition 2.4.7. LetX1, . . . , Xn be spaces with non-degenerate base points xi ∈ Xi. The map

Φ : π1(X1, x1) ∗ · · · ∗ π1(Xn, xn)→ π1

( n∨
i=1

Xi,
n∨
i=1

xi

)
induced by ιi : π1(Xi, xi)→ π1(

∨n
i=1Xi,

∨n
i=1 xi) is an isomorphism.

Proof. It suffices to consider the case n = 2. The general case follows by induction. Choose neighbor-
hoodsWi in which xi is a deformation retract, and let

U = q(X1

∐
W2), V = q(W1

∐
X2)

where q : X1
∐
X2 → X1 ∨X2 is the quotient map. SinceX1

∐
W2 andW1

∐
X2 are saturated open

sets inX1
∐
X2, the restriction of q to each of them is a quotient map onto its image, and U and V are

open in the wedge sum. The three maps

{∗} ↪→ U ∩ V,
X1 ↪→ U,

X2 ↪→ V

are all homotopy equivalences. BecauseU∩V is contractible, we have: U ↪→ X1∨X2 andV ↪→ X1∨X2

induce an isomorphism

π1(U) ∗ π1(V ) ∼= π1(X1 ∨X2).

Moreover, the injections φ1 : X1 ↪→ U and φ2 : X2 ↪→ V , which are homotopy equivalences, induce
isomorphisms

π1(X1, x1) ∼= π1(U)

π1(X2, x2) ∼= π1(V )

Hence,

π1(X1, x1) ∗ π1(X2, x2) ∼= π1(X1 ∨X2, x1 ∨ x2).

The general case follows by induction. □

Example 2.4.8. The following is a list of computations based on the information about the fundamental
group of wedge sums:

(1) ConsiderX =
∨n
i=1 S1. We have

π1(S1 ∨ · · · ∨ S1,
n∨
i=1

∗i) ∼= π1(S1, ∗1) ∗ · · · ∗ π1(S1, ∗n) ∼= Z ∗ · · · ∗ Z︸ ︷︷ ︸
n times

(2) LetX be the union of n lines through the origin in R3. Then R3 −X deformation retracts to
S2 minus 2n points, which is homeomorphic toR2 minus 2n− 1 points. This in turn admits a
deformation retraction to a wedge of 2n− 1 circles, so

π1(R3 −X,x0) ∼= Z ∗ · · · ∗ Z︸ ︷︷ ︸
2n−1 times
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2.4.4. Fundamental Group of Graphs.

Definition 2.4.9. A graph is a CW complex of dimension 0 or 1. The 0-cells of a graph are called its
vertices, and the 1-cells are called its edges.

It follows from the definition of a CW complex that for each edge e, the set e \ e consists of one or
two vertices. If a vertex v is contained in e, we say that v and e are incident. A subgraph is a subcomplex of
a graph. Thus, if a subgraph contains an edge, it also contains the vertex or vertices incident with it. Here
is some more important terminology:

• An edge path in a graph is a finite sequence (v0, e1, v1, . . . , vk−1, ek, vk) that starts and ends
with vertices and alternates between vertices and edges, such that for each i, {vi−1, vi} is the set
of vertices incident with the edge ei.
• An edge path is said to be closed if v0 = vk, and simple if no edge or vertex appears more than
once, except that v0 might be equal to vk.
• A cycle is a nontrivial simple closed edge path.
• A tree is a connected graph that contains no cycles.

Lemma 2.4.10. LetG be a finite graph.

(1) IfG is a tree, thenG is contractible and hence simply connected. In fact, if v0 is a vertex ofG, then
v0 is a deformation retract ofG.

(2) IfG is a connected graph, thenG contains a maximal tree - called a spanning tree.

Proof. The proof is given below:

(1) We induct on the number of edges,n. Ifn = 1, itG is homeomorphic to an interval I . The claim
is clearly true in this case. Assume the claim is true for n ∈ N and consider the case n+ 1 ∈ N.
Since G is simple, every edge of G is incident with exactly two vertices. If every vertex in G is
incidentwith at least two edges, then, we can construct sequences (vj)j∈Z of vertices and (ej)j∈Z
of edges such that for each j, vj−1 and vj are the two vertices incident with ej , and ej , ej+1

are two different edges incident with vj . Because T is finite, there must be some integers n and
n + k > n such that vn = vn+k. If n and k are chosen so that k is the minimum positive
integer with this property, this means that (vn, en+1, . . . , en+k, vn+k) is a cycle, contradicting
the assumption thatG is a tree. Hence, we can choose v1 ∈ G such that v1 is incident to only
one edge. Let v′1 denote the other vertex. Then e deformation retracts onto the vertex v′1. The
result is then a tree with n edges, which deformation retracts onto v0.

(2) Since the empty subgraph is a tree, an application of Zorn’s lemma shows thatG contains a max-
imal subtree - a subgraph that is a tree and is not properly contained in any larger tree inG.

This completes the proof. □

Remark 2.4.11. Lemma 2.4.10 can be extended to the case of infinite graphs.

Remark 2.4.12. A spanning tree T ⊆ G contains every vertex ofG. Indeed, suppose that there is a vertex
v ∈ G that is not contained in T . BecauseG is connected, there is an edge path from a vertex v0 ∈ T to v,
say (v0, e1, . . . , ek, vk = v). Let vi be the last vertex in the edge path that is contained in T . Then the edge
ei+1 is not contained in T , because if it were, vi+1 would also be in T since T is a subgraph. The subgraph
T ′ = T ∪ {ei+1} properly contains T , so it is not a tree, and therefore contains a cycle. This cycle must
include ei+1 or vi+1, because otherwise it would be a cycle in T . However, since ei+1 is the only edge of T ′

that is incident with vi+1, and vi+1 is the only vertex of T ′ incident with ei+1, there can be no such cycle.
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Proposition 2.4.13. LetG be a finite graph and letT ⊆ G be a spanning tree. LetnG\T denote the number
of edges inG \ T . If v0 ∈ G, then

π1(G, v0) ∼= Z ∗ · · · ∗ Z︸ ︷︷ ︸
nG\T times

Proof. The proof is by induction on the number of edges inG \ T . Let n = 1. Clearly,G/T ∼= S1.
Consider the map

q : G→ G/T ∼= S1.
We show q is a homotopy equivalence. We define a map

q′ : G/T ∼= S1 → G.

Let e be the edge not contained in T . Pick paths α1 and α2 in T from v0 to v1 and v2, respectively.
Consider the loop α1 ◦ e ◦ α−1

2 . It is easily checked that q ◦ q′ and q′ ◦ q are homotopic to the identity
maps. If n > 1 and assume that the claim is true for n ∈ N. we can use Van Kampen’s theorem to prove
the case for n+ 1 ∈ N. Let e1, · · · , en+1 be edges inG \ T . For each i = 1, . . . , n+ 1, choose a point
xi ∈ ei Let

U = G \ {x1, . . . , xn}
V = G \ {xn+1}

BothU and V are open inG. Just as before, it is easy to construct deformation retractions to show that
U ∩ V ' T, U ' T ∪ en+1 V ' G \ en+1.

By the inductive hypothesis, we have π1(V, v0) ∼= Z and
π1(V, v0) = Z ∗ · · · ∗ Z︸ ︷︷ ︸

n times

The claim follows by Van Kampen’s theorem noting that SinceU ∩ V ∼= T is simply connected. □

2.4.5. Fundamental Group of CWComplexes. LetX be a connected CW complex. IfX = X0,
thenX is a point and the fundamental group ofX is the trivial. IfX = X1, thenX is a graph and we
have already covered that case.

Proposition 2.4.14. Let X be a path-connected CW complex such that X = X2. Let x0 ∈ X and let
ϕα : S1 → X be the attaching maps of the 2-cells Dα and let γα : I → X be a path from x0 to ϕα(1).
Then

π1(X,x0) ∼= π1(X
1, x0)/N,

whereN is the normal subgroup generated by the path {γα ◦ ϕα ◦ γα}.

Proof. The proof is given below:
(1) Let A be a subcomplex generated by the union of the 2-cells, D2

α and toegether with the ϕα’s.
ThenA is a contractible subcomplex. Hence,

π1(A, x0) ∼= {1}
(2) Choose points xα ∈ D2

α and define the subset B = X2 −
⋃
α{xα}. Then B retracts toX1.

Hence,
π1(B, x0) ∼= π1(X

1, x0)

(3) We haveX2 = A∪B andA∩B consists of precisely those edge-cycles starting at x0 that make
up loops homotopic to the boundaries of 2-cells, or in other words, the images of S1α under the
attaching maps. Therefore, each element of π1(A ∩B, x0) represents a an of {γα ◦ ϕα ◦ γα}.
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(4) By Van-Kampen’s theorem,

π1(X,x0) ∼= π1(X
2, x0) ∼=

π1(A, x0) ∗ π1(B, x0)
N

∼= π1(X
1, x0)/N

This completes the proof. □
In fact, we now show that the fundamental group of a CW complex only depends on its 2-skeleton

with basepoint x0.
Corollary 2.4.15. LetX be a path-connected CW complex. If x0 ∈ X , then

π1(X,x0) ∼= π1(X
2, x0).

Proof. This follows simply becauseA ∩ B as in Proposition 2.4.14 will comprised on boundaries of n-
cells for n ≥ 3. These are all contractible. Hence, an application of Van-Kampen’s theorem yields the
desired result. □
Example 2.4.16. We can use the discussion in the previous section to compute the fundamental groups
of topological spaces introduced Section 1.4.2.

(1) Let X = S1 × S1. We have already computed the fundamental group of X , but we can also
compute it using the discussion above. We have,

π1(X,x0) ∼=
Z ∗ Z

〈aba−1b−1〉
∼= 〈a, b | aba−1b−1〉 ∼= Z× Z

(2) LetX = RP2. We have,

π1(X,x0) =
Z
〈a2〉

∼= 〈a | a2〉 ∼= Z2

In general, ifX = RPn, we have
π1(RPn, x0) ∼= Z2

This follows at once from the computation above and that 2-skeleton ofRPn is justRP2.
(3) IfX = CPn thenX is simply-connected. This is because the 1-skeleton ofX consists of a single

0-cell.
(4) LetX be the g-holed surface in Example 1.4.18. We have

π1(X,x0) = 〈a1, b1, . . . , ag, bg | [a1, b1] · · · [ag, bg] = 1〉
This follows pretty much by the definition ofX and the fact that the 1-skeleton is a wedge sum
of 2g circles.

(5) LetX = K (Klein bottle). We have,

π1(X,x0) =
Z ∗ Z
〈abab−1〉

∼= 〈a, b | abab−1〉

LetAbe the subgroup generated bya andB be the subgroup generated by b. WehaveA,B ∼= Z.
Then since bab−1 = a−1, we have that B is a normal subgroup. Clearly, A and B generate
π1(X, v) and since every element has a unique representation in the form bnam, we have that
andA ∩B = {e}. Hence,

π1(X,x0) ∼= Z ⋊ Z
Remark 2.4.17. The fundamental group π1 is not a complete topological invariant. LetX = RPn and
Y = RPm for integersm,n ≥ 2 withm 6= n. Then π1(X) ∼= π1(Y ) ∼= Z/2Z. However, one can
compute their homology groups to confirm thatX andY are not homotopy equivalent (Example 6.3.8). Thus,
π1 does not fully distinguish topological or homotopy types.



CHAPTER 3

Covering Spaces

Covering spaces form a central concept in algebraic topology, closely linked to the study of the fun-
damental group. Intuitively, a covering space allows us to ‘lift’ paths and homotopies in a controlled way
to a space that often has simpler or more symmetric structure. By understanding covering spaces, we gain
deeper insight into the topological and algebraic structure of spaces, particularly through techniques such
as path lifting and covering maps. References include [Hat02; Lee10; May99].

3.1. Definitions & Examples

Covering spaces offer a powerful framework in topology by enabling the study of complex spaces
through simpler, well-behaved ones. One of their most compelling features is the ability to lift paths and
homotopies from the base space to the covering space. This lifting property allows us to analyze the behav-
ior of loops and paths in the base space by observing their images in the covering space, where the geometry
and topology are often easier to handle. Importantly, this process reveals rich information about the fun-
damental group of the base space.

3.1.1. Definitions.

Definition 3.1.1. LetX be a topological space. A covering space ofX is a topological space X̄ together
with a continuous surjective map p : X̄ → X called a covering map such that for every point x ∈ X ,
there exists an open neighborhoodUx ⊆ X and a discrete topological spaces,Dx, such that

p−1(Ux) =
∐
α∈Dx

Uα

where Vd is an open set of X̄ homeomrophic toUx.

Remark 3.1.2. Covering spaces are special examples of fiber bundles where the fiber is a discrete topological
space. In a covering space p : X̄ → X , the local triviality condition resembles that of fiber bundles: for each
x ∈ X , there exists an open neighborhoodUx ⊆ X such that p−1(Ux) ∼= Ux × F , where F is a discrete set
(the fiber).

Remark 3.1.3. If X is a connected topological space, the cardinality of Dx in Definition 3.1.1 is constant.
That is, |Dx| = |Dy| for each x, y ∈ X . Indeed, let x ∈ X and letUx be an open set as in Definition 3.1.1.
Then for each y ∈ Ux and α ∈ Dx, the intersection p−1({y}) ∩ Uα contains exactly one point, since the
restriction of p toUα is a homeomorphism ontoUx. Now fix a ∈ X , and define the set

A := {x ∈ X | |p−1({x})| = |p−1({a})|}.
By the above argument, the cardinality of the fiber is locally constant so both A and its complement Ac are
open sets inX . SinceX is connected, it follows thatX \A = ∅, and thusA = X . If the cardinality is n, we
say that p is a n-sheeted covering map.

Example 3.1.4. The following is a list of examples of covering spaces:
(1) Any homeomorphism is a covering map.

47
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(2) IfX is any topological space andD is a discrete topological spaces, then the projection p : X ×
D → X is a covering map.

(3) The map p : R→ S1 defined by

p(t) = (cos 2πt, sin 2πt).

Indeed, let x = (x1, x2) ∈ S1 be a point on the unit circle such that x1 > 0. Consider the open
set

U := {(x1, x2) ∈ S1 | x1 > 0},
which is an open neighborhood of x in S1. The pre-image ofU under p is the disjoint union

p−1(U) =
⊔
n∈Z

(
n− 1

4 , n+ 1
4

)
,

where each interval (n− 1/4, n+1/4) is mapped homeomorphically ontoU by p. Hence, p is
an∞-sheeted covering map. The fiber over the point 1 ∈ S1 is given byZ.

−5 −4 −3 −2 −1 0 1 2 3 4 5

The fiber over the point 1 ∈ S1 is given byZ.

(4) The map p : S1 → S1 defined by p(z) = zn for n ∈ N is an n-sheeted covering map. The fiber
of 1 are the n-th roots of unity.

The fiber of 1 are the 8-th roots of unity.

Let’s now prove some general properties bout covering spaces:

Proposition 3.1.5. The following are properties of covering spaces.
(1) A covering map is an open map.
(2) A covering map is a local homeomorphism.
(3) The restriction of a covering map is a convering map.
(4) A finite product of covering maps is a covering map.

Proof. The proof is given below:
(1) Let p : X̄ → X be a covering map. Let U be an open set in X̄ , and fix a point p(x) ∈ p(U).

Sincep is a coveringmap, letUp(x) ⊆ X be as inDefinition 3.1.1. LetUα be the slice ofp−1(Up(x))
containing x. Then pmaps Uα homeomorphically onto Up(x). So p(Uα ∩ U) ⊆ p(U) is open
inX . Hence, p is an open map.

(2) This is clear.
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(3) Let p : X̄ → X be a covering map. LetX0 ⊆ X and consider the restricted map p|p−1(X0) :

p−1(X0) → X0. The map is clearly continuous. Since p : X̄ → X is a covering space, for
each x ∈ X there exists an open set Ux such that p−1(Ux) satisfies Definition 3.1.1. The map
p|p−1(X0) satisfies Definition 3.1.1 if we choose the open set to beUx ∩X0.

(4) pi : X̄i → Xi be covering maps for i = 1, 2. Choose (x1, x2) ∈ X1 × X2. Then there is a
neighborhood Uxi of xi inXi such that p−1

i (Uxi) satisfies Definition 3.1.1. Then Ux1 × Ux2 is
an open set ofX1 ×X2 such that (p1 × p2)−1(Ux1 × Ux2) satisfies Definition 3.1.1.

This completes the proof. □
Howare two covering spaces of a topological space related? Canwedefine amapbetween two covering

spaces to identify them up to isomorphism? This question leads us to the definition of homomorphisms
between covering spaces.
Definition 3.1.6. Let (X̄1, p1) and (X̄2, p2) be covering spaces of a topological spaceX . Amorphism of
(X̄1, p1) into (X̄2, p2) is a continuous map φ : X̄1 → X̄2 such that the following diagram commutes:

X̄1 X̄2

X

p1

ϕ

p2

A homomorphism φ of (X̄1, p1) into (X̄2, p2) is an isomorphism if there exists a homomorphism ψ of
(X̄2, p2) into (X̄1, p1) such that ψ ◦ φ and φ ◦ ψ are the identity maps on X̄1 and X̄2.

The discussion above defines a category, Cov/X , the category of covering spaces overX . Its objects
are covering maps, and its morphisms are morphisms of covering maps.

3.1.2. Examples. Group actions on topological spaces provide a rich source of coveringmaps, which
have significant applications in various areas of mathematics, particularly in geometric topology and geo-
metric group theory. For instance, in geometric topology the quotient spaces formed by group actions
often inherit interesting topological properties, which can be studied via covering space theory. These
spaces provide insights into the structure of manifolds and their fundamental groups.
Proposition 3.1.7. LetG be a topological groupacting ona topological spaceX . Assume that for eachx ∈ X ,
there exists an open setUx ⊆ X containing x such that for each g ∈ G with g 6= e, we have gUx ∩Ux = ∅.
The quotient map p : X → X/G is a covering map.
Remark 3.1.8. A group action satisfying the condition in Proposition 3.1.7 is called a covering space action.
We use this terminology from now.
Proof. (Proposition 3.1.7) Since q−1(q(Ux)) =

⊔
g∈G gUx, the set q(Ux) = GUx is open inX/G and

satisfies Definition 3.1.1. Hence, p : X → X/G is a covering map. □
Example 3.1.9. The following is a list of examples of covering maps generated by group actions:

(1) Let Z act on R by translations: for each n ∈ Z, define the action n · x = x + n. This action
satisfies the assumptions in Proposition 3.1.7. Hence, the map R → R/Z ∼= S1 is a covering
map. This reproves Example 3.1.4(1).

(2) Let Z2 act on the n-sphere Sn by the antipodal map:
g · x = −x, for all x ∈ Sn.

where g 6= e ∈ Z2. This action satisfies Proposition 3.1.7. Hence, the projection map p : Sn →
Sn/Z2

∼= RPn is a covering space. In fact, it is a two-sheeted covering map since each point in
RPn corresponds to a pair of antipodal points on Sn.
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(3) We can generalize (2). Let Zp act on the odd-dimensional sphere S2n−1 ⊆ Cn by

ζ · (z1, z2, . . . , zn) = (ζq1z1, ζ
q2z2, . . . , ζ

qnzn),

where ζ ∈ Zp is a primitive p-th root of unity (i.e., ζ = e2πi/p) and q1, . . . , qn ∈ Z are integers
coprime to p. This action satisfies Proposition 3.1.7, so the quotient

S2n−1 → S2n−1/Zp
is a covering map. L(p; q1, . . . , qn) := S2n−1/Zp is called a lens space. The projection map is a
p-sheeted covering map.

Remark 3.1.10. Lens spaces generalize real projective spaces RP2n−1 ∼= L(2; 1, . . . , 1). and play an im-
portant role in low-dimensional topology and the study of 3-manifolds.

3.2. Lifting Properties

Studying the lifting properties of maps in covering spaces is fundamental because it allows us to trans-
fer complex topological problems to simpler, often more manageable spaces. Lifting of paths helps in
understanding how loops and homotopies in the base space relate to the structure of the covering space,
providing key insights into the fundamental group.

Proposition 3.2.1. Let p : X̄ → X be a covering map. Any path f : I → X with initial point x0 can be
uniquely lifted to a path f̄ : I → X̄ with an initial point in p−1(x0) such that p ◦ f̄ = f .

Proof. We first prove existence. First assume that f(I) ⊆ Ux0 , where Ux0 satisfies Definition 3.1.1. For
any x̄0 ∈ p−1(x0), let Ū be an open set containing x̄0 that is mapped homemorphically toUx0 . the path
component of p−1(U)which contains x̄0. Clearly, the path

f̄ = p−1|Ux0
◦ f : I → X̄

is a path such that such that p ◦ f̄ = f . Now assume that the image of f is not contained in Ux0 or
in a single open set. In this case, let {Ui}i be an open cover ofX by open sets satisfying Definition 3.1.1.
Then, {f−1(Ui)}i is an open covering of I . Let λ be the Lebesgue number of the covering. Now, choose
n ∈ N such that 1/n < λ. Divide the interval I into the closed sub-intervals of length 1/n. Since the
diameter of these intervals is less than λ, f maps each of these intervals inside someUi. We can now apply
the argument above. We now show uniqueness by proving that given any twomaps f̄0, f̄1 : I → X̄ with
same initial point such that p ◦ f̄0 = p ◦ f̄1, the set

A = {t ∈ I | f̄0(t) = f̄1(t)}

is either empty or all of I . It suffices to show thatA is cl-open. First we will see that it is a closed set. Let
t be in the closure ofA and let x = p ◦ f̄0(t) = p ◦ f̄1(t). Assume f̄0(t) 6= f̄1(t). We will see that this
leads to a contradiction. Let x ∈ Ux be an open satisfying Definition 3.1.1, and let Ū0 and Ū1 be open sets
of X̄ containing f̄0(t) and f̄1(t) respectively that are mapped homeomorphically to x. Since f̄0 and f̄1
are both continuous, we can find a neighborhood t ∈W ⊆ I such that f̄0(W ) ⊆ Ū0 and f̄1(W ) ⊆ Ū1.
But Ū0 ∩ Ū1 = ∅. This is a contradiction to the fact that every neighborhood of tmust intersect the set
A. This shows thatA is closed. Analogously, we can argue that every point inA is an interior point and
therefore the set is open. Since f̄0 and f̄1 agree on at least one point in I , i.e., f̄0(0) = f̄1(0), they have to
be equal. □

Proposition 3.2.2. Let p : X̄ → X be a covering map. Any homotopyH : Y × I → X can be uniquely
lifted to X̄ ifH0 : Y → X can be lifted to X̄ provide that H̄0 has been specified.
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Proof. A more general version of Proposition 3.2.2 will be proved in Proposition 11.2.4. For an alterna-
tive approach, see [Lee10], which demonstrates how Proposition 3.2.2 can be applied by generalizing the
argument in Proposition 3.2.1. □

Let us now use Proposition 3.2.1 and Proposition 3.2.2 to recompute the fundamental group of S1.

Example 3.2.3. (Homotopy Classification of Loops in S1) Consider the covering space p : R → S1.
We compute the fundamental group of S1 in the following steps:

(1) If f : I → S1, then any two lifts f̄1, f̄2(0) such that f̄1(0) = f̄2 differ by an integer. Indeed,

p(f̄1) = p(f̄2))⇒ f̄1(t)− f̄2(t) ∈ Z
for each t ∈ I . Since f̄1 − f̄2 is a continuous function from the connected space I into the
discrete space Z, it must be constant.

(2) Let f0, f1 : I → S1 be two paths in S1 with same initial and terminal points. If f̄0(0) = f̄1(0),
then

f0 ∼ f1 ⇐⇒ f̄0(1) = f̄1(1)

The forward direction is clear sinceR is simply-connected (Remark 2.2.9). For the reverse direc-
tion, suppose that f0 ∼ f1. LetH : I×I → S1 be a between f0 and f1. Then Proposition 3.2.2
implies thatH lifts to a homotopy

H̄ : I × I → R
such that H̄(·, 0) = f̄0. Now H̄1(·, 1) : I → R is a path of that is a lift of f1 starting at f̄1(0).
By uniqueness of lifts, itmust be equal to f̄1. Thus, f̄0 ∼ f̄1 and this implies that f̄0(1) = f̄1(1).

(3) (Winding Number) Suppose f : I → S1 is a loop based at a point x0 ∈ S1. If f̄ : I → R is
any lift of f , then f̄(1) and f̄(0) are both points in the fiber p−1(x0), so they differ by an integer.
Since any other lift differs from f̄ by an additive constant, the difference

f̄(1)− f̄(0)
is an integer that depends only on f , and not on the choice of lift. This integer is denoted by
N(f), and is called the winding number of f . (1) and (2) at once imply that two loops in S1
based at the same point are path-homotopic if and only if they have the same winding number.

(4) (Fundamental Group of S1)We can now show that π1(S1, 1) ∼= Z generated by [ω] where
ω : I → S1 such that ω(t) = e2πit. Define the maps

J : Z→ π1(S1, 1),
n 7→ [ωn]

K : π1(S1, 1)→ Z,
[f ] 7→ N(f)

It is clear that J,K are well-defined and that J,K are homomorphisms. We show that J,K are
two-sided inverses. To prove thatK ◦ J = IdZ, let n ∈ Z be arbitrary. Note that

K(J(n)) = K([ωn]) = K([αn]) = N(αn) = n,

where αn : I → S1 is the map αn(t) = e2πint. To prove that J ◦ K = Idπ1(S1,1), suppose
f is any element of π1(S1, 1), and let n be the winding number of f . Then f and αn are path-
homotopic because they are loops based at 1with the same winding number. Therefore,

J(K([f ])) = J(n) = [ω]n = [αn].

Let us now use Proposition 3.2.1 and Proposition 3.2.2 to determine how the fundamental groups of
the based space and covering space in a covering map relate to each other.

Proposition 3.2.4. Let p : (X̄, x̄0)→ (X,x0) be a covering map such that x0 = p(x̄0).
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(1) The induced homomorphism

p∗ : π1(X̄, x̄0)→ π1(X,x0)

is injective. Hence, π1(X̄, x̄0) can be identified with a subgroup of π1(X,x0).
(2) If X̄ is path-connected, the subgroups p∗(π1(X̄, x̄)) for x̄ ∈ p−1(x0) are exactly the conjugacy class

of subgroups of p∗(π1(X̄, x̄0)).
(3) If X̄ is path-connected, then

Number of sheets of p = |π1(X,x0) : π1(X̄, x̄0)|
(4) If X̄ is path-connected and simply connected, then

π1(X,x0) ∼= p−1(x0)

as sets.

Proof. The proof is given below:
(1) Let [α] and [β] be two homotopy classes of paths in X̄ and suppose that p∗[α] = p∗[β]. If

fα ∈ [α] and fβ ∈ [β], then p ◦ gα ∼ p ◦ gβ . It follows from Proposition 3.2.2 that gα ∼ gβ in
X̄ . So, [α] = [β]. Thus the map is injective.

(2) First suppose that x̄0, x̄1 ∈ p−1(x0). Letγ be apath from x̄0 to x̄1. This defines an isomorphism
(Proposition 2.2.5):

φ : π1(X̄, x̄0)→ π1(X̄, x̄1)

[α] 7→ [γ ◦ α ◦ γ−1]

We thus have the following commutative diagram:

π1(X̄, x̄0) π1(X,x0)

π1(X̄, x̄1) π1(X,x0)

p∗

ϕ ψ

p∗

Here, ψ is defined such that

ψ([β]) = [(p∗(γ))
−1 ◦ β ◦ (p∗(γ))]

We conclude that the images ofπ1(X̄, x̄0) andπ1(X̄, x̄1) are conjugate via [p∗(γ)]. Conversely,
any subgroup in the conjugacy class of p∗(π1(X̄, x̄0)) is of the form

[α−1] p∗(π1(X̄, x̄0)) [α]

for some [α] ∈ π1(X,x0). Let f ∈ [α]. By Proposition 3.2.1 g : I → X̄ is a unique lift of f
initial point x̄0. Let x̄1 be the terminal point of the lifted path. Then

p∗(π1(X̄, x̄1)) = [α−1] p∗(π1(X̄, x̄0)) [α]

(3) LetH = p∗(π1(X̄, x̄0). Define a map

φ :
π1(X,x0)

H
→ p−1(x0)

[f ] +H 7→ f̄(1)

Here f̄ is a lift of the path f . We claim that φ is well-defined. Given [f ] ∈ π1(X,x0) and
[h] ∈ H , let h̄ be a loop in X̄ based at x̄0. Thus, (h̄ · f̄)(1) = f̄(1). This shows that φ is
well-defined. We claim that φ is a bijection. Since X̄ is path-connected, for any x̄ ∈ p−1(x0),
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there exists a path ḡ from x̄0 to x̄, and it must project to a loop g inX based at x0. Thus, φ is
surjective. Now suppose

φ([f ] +H) = φ([f ′] +H)

Then f̄(1) = f̄ ′(1), and so thepathf ·(f ′)−1 lifts to a loop in X̄ based at x̄0, i.e., [f ][f ′]−1 ∈ H .
This shows that φ is connected.

(4) This follows from (3).
This completes the proof. □
Example 3.2.5. Consider the covering p : Sn → RPn. For n ≥ 2, Sn is path-connected and simply-
connected. Hence, Proposition 3.2.4 implies that

π1(RPn, x0)→ p−1(x0)

as sets. Since |p−1(x0)| = 2 and there is a unique group of order 2, it follows that

π1(RPn, x0) ∼= Z/2Z

for n ≥ 2. For n = 1, we have thatRP1 ∼= S1. Hence, π1(RP1, x0) ∼= Z.

Previously, we considered a path in the unit interval I withinX and lifted it to a corresponding path in
the covering space X̄ . We now extend this concept by studying the lifting of paths inX from an arbitrary
connected space Y . Let p : (X̄, x̄0) → (X,x0) be a covering space. Let (Y, y0) be a topological space
and let f : (Y, y0) → (X,x0) be a pointed continuous map. We seek to determine conditions under
which there exists a map φ : (Y, y0)→ (X, x̄0) such that the following diagram commutes:

(X̄, x̄0)

(Y, y0) (X, x̄0)

p

ϕ

ϕ̄

If φ exists, we say that φ can be lifted to X̄ . We refer to φ as a lifting of φ. Note that if φ exists, then the
following commutative diagram of group homomorphisms holds:

π1(X̄, x̄0)

π1(Y, y0)

π1(X,x0)

p∗

ϕ̄∗

ϕ∗

Since p∗ is injective, for the diagram to commute it is necessary that

φ∗(π1(Y, y0)) ⊆ p∗(π1(X̄, x̄0))
This condition is also sufficient.

Proposition 3.2.6. Let p : (X̄, x̄0)→ (X,x0) be a covering map. Let (Y, y0) be a connected and locally
path-connected space. Given a pointed continuous map φ : (Y, y0) → (X,x0), there exists a lifting φ :
(Y, y0)→ (X̄, x̄0) if and only if

φ∗(π1(Y, y0)) ⊆ p∗(π1(X̄, x̄0))

Proof. Skipped. □
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3.2.1. Covering Space Automorphisms. An automorphism of a covering map is an isomorphism
from a covering space to itself. An automorphism of a coveringmap interchanges points in the fiber point
in the base space. The set of all automorphisms of forms a groupunder composition and canbe interpreted
as the symmetries of the covering space.

Remark 3.2.7. Automorphisms of a covering map are also called deck transformations.

Using Proposition 3.2.1 and Proposition 3.2.6, we first establish various properties of the morphisms
of a covering map.

Corollary 3.2.8. Let (X̄1, p1) and (X̄2, p2) be covering spaces of a topological space (X,x0) such that
p1(x̄1) = p2(x̄2) = x0

(1) Let φ0 and φ1 be homomorphisms of (X̄1, p1) into (X̄2, p2). If there exists a point x ∈ X̄1 such
that φ0(x) = φ1(x), then φ0 = φ1.

(2) There exists a morphism φ of (X̄1, p1) into (X̄2, p2) such that φ(x̄1) = x̄2 if and only if
p1∗(π1(X̄1, x̄1)) ⊆ p2∗(π1(X̄2, x̄2))

(3) The morphism in (2) is an isomorphism if and only if
p1∗(π1(X̄1, x̄1)) = p2∗(π1(X̄2, x̄2))

(4) (X̄1, p1)and (X̄2, p2)are isomorphic if and only if the subgroupsp1∗(π1(X̄1, x̄1))andp2∗(π1(X̄2, x̄2))
of π1(X,x0) belong to the same conjugacy class.

Proof. The proof is given below:
(1) This follows from Proposition 3.2.1.
(2) This is a special case of Proposition 3.2.6.
(3) This follows from (2).
(4) This follows (3) and Proposition 3.2.4(3).

This completes the proof. □
We can now specialize to the case of an automorphism of a covering map.

Corollary 3.2.9. Let p : (X̄, x̄0)→ (X,x0) be a covering map.
(1) If φ is an automorphism (X̄, x̄0) and φ is not the identity map then φ has no fixed points.
(2) Let x̄1, x̄2 ∈ p−1(x0). There exists an automorphism φ ∈ Aut(X̄, p) such that φ(x̄1) = x̄2 if

and only if
p∗(π1(X̄, x̄1)) = p∗(π1(X̄, x̄2))

Proof. The proof is given below:
(1) This follows from Corollary 3.2.8(1).
(2) This follows from Corollary 3.2.8(3).

This completes the proof. □

3.3. Action of Fundamental Group on Fibers

We have seen in Proposition 3.2.4 if p : (X̄, x̄0) → (X,x0) is a covering map, then if X̄ is path-
connected and simply-connected, then

π1(X,x0) ∼= p−1(x0)

as sets. We provide another perspective on this bijection of sets by observing that π1(X,x0) acts naturally
on p−1(x0). For any point x̄ ∈ p−1(x0) and any [α] ∈ π1(X,x0), define x̄ · [α] ∈ p−1(x) as follows:
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let ᾱ be the lift ofα to X̄ starting at x̄, so that p∗(ᾱ) = α. Then define x̄ · [α] to be the terminal point of
the path class ᾱ.

Remark 3.3.1. It can be verified that the action defined above is well-defined.

It follows from the definition that:
(1) x̄ · [cx0 ] = x̄
(2) (x̄ · α) · β = x̄ · (αβ)

Therefore, this defines a right group action of π1(X,x0) on the set p−1(x0).

Proposition 3.3.2. Let p : (X̄, x̄0) → (X,x0) be a covering map. If X̄ is path-connected, the action of
π1(X,x0) on p−1(x0) is transitive. As a right π1(X,x0)-space, we have

p−1(x0) ∼=
π1(X,x)

p∗(π1(X̄, x̄0))

Proof. Let x̄, ȳ ∈ p−1(x0). Since X̄ is path-connected, there exists a path ᾱ in X̄ with the initial point
x̄ and terminal point ȳ. Let [α] = [p∗(ᾱ)]. We have x̄ · [α] = ȳ. This shows that the action is transitive.
Note that the isotropy subgroup of any x̄0 is the set.

{[α] ∈ π1(X,x) | x̄0 · [α] = x̄0} ∼= p∗(π1(X, x̄0))

The desired isomorphism of π1(X,x0)-sets follows by the orbit-stabilizer theorem. □

In fact, the automorphismgroupof the covering space, denoted asAut(X̄, p), acts on thefiberp−1(x0)
as a right π1(X,x)-space. This action is compatible with the group action of π1(X,x0) on the fiber. In-
deed, letφ ∈ Aut(X̄, p), any point x̄ ∈ p−1(x0), and any [α] ∈ π1(X,x0). Liftα to a path ᾱ in X̄ with
initial point x̄, such that p∗(ᾱ) = α. Note that x̄ · [α] is the terminal point of ᾱ. Now consider the path
φ ◦ ᾱ in X̄ . Its initial point is φ(x̄) and the terminal point is φ(x̄ · [α]). Observe that:

p(φ ◦ ᾱ) = (p ◦ φ)(ᾱ) = p(ᾱ) = α.

This implies that φ ◦ ᾱ is also a lifting of α. By definition, (φ(x̄)) · [α] is the terminal point of φ ◦ ᾱ.
Therefore, we have

φ(x̄ · [α]) = φ(x̄) · [α]
We now state an important result relating automorphisms of covering spaces to automorphisms of

the fiber.

Proposition 3.3.3. Let p : (X̄, x̄0)→ (X,x0) be a covering map.
(1) Aut(X̄, p) is naturally isomorphic to the group of automorphisms of the set p−1(x0) considered as

a right π1(X,x)-set.
(2) The automorphism groupAut(X̄, p) is isomorphic to the quotient group

N(p∗(π1(X̄, x̄0))

p∗(π1(X̄, x̄0))
,

whereN(p∗(π1(X̄, x̄0)) denotes the normalizer of π1(X̄, x̄0)) in π1(X,x0).

Proof. The proof is given below:
(1) Note that ifφ is an automorphism of X̄ , thenφ|p−1(x) is an automorphism of the fiber p−1(x0).

We will prove that the map
φ 7→ φ|p−1(x0)
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is bijective. Suppose φ|p−1(x0) = ψ|p−1(x0). This implies that (φ ◦ ψ−1)|p−1(x) = Idp−1(x0).
Since automorphisms of covering spaces have no fixed points unless they are the identity (Corol-
lary 3.2.8)(1)), it follows thatφ◦ψ−1 = Id(X̄,p), and thusφ = ψ. This shows themap is injective.
Ifφ is an automorphismof the fiberp−1(x0) such thatφ(x̄0) = x̄1, where x̄1 ∈ p−1(x0). Then

p∗(π1(X̄, x̄0)) = p∗(π1(X̄, x̄1))

By Corollary 3.2.9(2), there exists an automorphism ψ ∈ Aut(X, p̄) such that ψ(x̄0) = x̄1.
This shows the map is surjective.

(2) This follows from (1) and the group-theoretic fact that if Z is a transtive G-set and H is the
isotropy subgroup of some z ∈ Z . Then the automorphism group Aut(Z) is isomorphic to
the quotient group

Aut(Z) ∼=
N(H)

H
This completes the proof. □

We now state two important corollaries of the previous result:

Corollary 3.3.4. Let p : (X̄, x̄0)→ (X,x0) be a covering map.
(1) If p∗(π1(X̄, x̄0)) is a normal subgroup of π1(X,x0), then

Aut(X̄, p) ∼=
π1(X,x0)

p∗(π1(X̄, x̄0))

(2) If X̄ is simply-connected then
Aut(X̄, p) ∼= π1(X,x0)

Proof. (1) follows at once from Proposition 3.3.3. (2) also follows from (1) sinceN({cx0} = π1(X,x0).
□

Corollary 3.3.4 provides key insights into the structure of the automorphismgroupof a covering space.
(1) Thefirst part shows thatwhen the imageof the inducedmapon the fundamental groupp∗(π1(X̄, x̄0))

is a normal subgroup ofπ1(X,x0), the automorphism group of the covering space is isomorphic
to the quotient of the fundamental group of the base space by this normal subgroup. Moreover,
for any x̄ ∈ p−1(x0), we have

p∗(π1(X, x̄0)) ∼= p∗(π1(X, x̄))

since there is only one conjugacy class of p∗(π1(X, x̄)). Covering spaces that satisfy this property
are called regular/normal covering spaces.

(2) The second part of the corollary, which applies when X̄ is simply-connected, shows that the au-
tomorphism group of such a covering space is isomorphic to the fundamental group of the base
space. Covering spaces that are simply connected are called universal covering spaces

3.4. Classification of Covering Spaces

If p : (X̄, x̄0) → (X,x0) is a covering map, we have proven that a covering space (X̄, p) is deter-
mined up to isomorphism by the conjugacy class of the subgroup p∗(π1(X, x̄0)) of π1(X,x0) (Corol-
lary 3.2.9). Now, we address the inverse question:

Suppose (X,x0) is a topological space and we are given a conjugacy class of subgroups of π1(X,x).
Does there exist a topological space (X̄, x̄0) and a covering map p : (X̄, x̄0)→ (X,x0) such that

p∗(π1(X̄, x̄)) belongs to the given conjugacy class?
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Wewill see that the properties of regular and universal covering spaces are closely related to this ques-
tion.

Proposition 3.4.1. Let (X,x0) be a topological space that is connected, locally path-connected, and semi-
locally simply connected. Then, given any conjugacy class of subgroups of π1(X,x0), there exists a topological
space (X̄, x̄0) and a covering map p : (X̄, x̄0) → (X,x0) such that p∗(π1(X̄, x̄)) belongs to the given
conjugacy class.

Remark 3.4.2. A topological space (X,x0) is semi-locally simply connected if every x ∈ X has a neighbor-
hoodUx such that the homomorphism

π1(Ux, x)→ π1(X,x)

is trivial. That is, every loop inUx can be contracted toxwithinX . Note thatU need not be simply connected
since every loop in U may not be contractible within U . For this reason, a space can be semi-locally simply
connected without being locally simply connected. The definition of the latter is obvious. It turns out that
(X,x0) has a universal cover if and only if (X,x0) is connected, locally path-connected, and semi-locally
simply connected. See [Lee10; Hat02] for details. Universal covering spaces are called universal because they
satisfy the following property: let q : (Ȳ , ȳ0)→ (X,x0) be a covering map such that (Ȳ , ȳ0) is a universal
covering space. Then for any other covering space p : (X̄, x̄0)→ (X,x0), there exists a unique coveringmap

φ : (Y, y0)→ (X̄, x̄0)

such that the following diagram commutes:

(Y, y0) (X̄, x̄0)

(X,x0)

q

ϕ

p

This follow at once from Corollary 3.2.8(2).

Proof. (Proposition 3.4.1) The assumptions on (X,x0) imply that there exists a universal covering space,
(Y, y0), for (X,x0). Let q : (Y, y0)→ (X,x0) denote the corresponding (universal) covering map. We
know the following facts:

(1) π1(X,x0) acts freely and transitively on the set q−1(x0).
(2) Aut(Y, q) ∼= π1(X,x0).

Choose a subgroup G ⊆ π1(X,x0) that lies in the given conjugacy class. Consider the following sub-
group:

H := {φ : Aut(Y, q) | there exists αϕ ∈ G such that φ(y) = y · [α] ∈ p−1(x0)}
Note thatG ∼= H under the correspondence φ 7→ αϕ. SinceH is a subgroup of Aut(Y, q), it is a satisfies
the hypothesis of Proposition 3.1.7. Hence, the quotient map r : Y → Y /G := X̄ is a covering map.
The universal property of universal covering spaces (Remark 3.4.2) implies that we have a commutative
diagram:

(Y, y0)

(X̄, x̄0)

(Y, x0)

q

r

p
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Here p : X̄ → X is a map induced by q and x̄0 = r(y0) ∈ p−1(x0). It is not hard to verify that
p : X̄ → X is a covering map. Thus, the group π1(X,x0) acts transitively on the right of the set
p−1(x0). Since Y is simply-connected, we have Aut(Y, r) ∼= π1(X̄, x̄0). We claim that Aut(Y, r) = H .
Clearly, H ⊆ Aut(Y, r). Suppose y1, y2 ∈ Y , and let φ ∈ G be such that φ(y1) = y2. Since φ is
a covering transformation, we can choose an automorphism ψ ∈ Aut(Y, p) such that ψ(y1) = y2. It
follows that φ = ψ. Hence, Aut(Y, p) ⊆ G, and thereforeG = Aut(Y, p)1. Hence, we have

Aut(Y, r) ∼= H ∼= G.

So p∗ maps π1(X̄, x̄0) ontoG. This completes the proof. □
Remark 3.4.3. Proposition 3.4.1 proves the additional fact that if a group acts on a simply-connected spaceX
such that the group action satisfies the hypotheses in Proposition 3.1.7, then the quotient map p : X → X/G
is a regular covering map, and

Aut(X/G, p) ∼= π1(X/G, x0) ∼= G

Example 3.4.4. Consider theLens spaceL(p; q1, . . . , qn) ∼= S2n−1/Zp. SinceS2n−1 is simply-connected
and the action of Zp on S2n−1 satisfies Proposition 3.1.7, Remark 3.4.3 implies that

π1(S2n−1/Zp, x0) ∼= Zp
We have shown that there is a one-to-one correspondence:

{Conjugacy classes of π1(X,x0)} ←→ {Covering maps p : (X̄, x̄0)→ (X,x0)}
provided that (X,x0) is connected, locally path-connected, and semi-locally simply connected. Since the
universal covering space is connected, we in fact have a one-to-one correspondence for connected covering
maps. Let us now consider some examples to illustrate this correspondence.

Example 3.4.5. (Coverings of S1) SiceR is simply connected, the covering map

p : R→ S1

is a universal covering map. We know that π1(S1, x0) ∼= Z. Every connected covering space of S1 corre-
sponds to a subgroup of Z. Every non-trivial subgroup of Z is of the form nZ for some integer n ≥ 1.
Note that the index of nZ is n. For each n ≥ 1, Proposition 3.4.1 implies that there exists a unique (up to
isomorphism) connectedn-fold covering space ofS1, which can be described as the quotientR/nZ ∼= S1.
The associated covering map is the n-th power map on S1.

p : S1 → S1

z 7→ zn

1This shows that r : Y → Y /G is a regular covering map.
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CHAPTER 4

Homological Algebra

Homological algebraprovides the foundational framework and tools essential for systematically study-
ing and computing algebraic invariants arising in topology, geometry, and algebra. Central to this frame-
work are exact sequences, (co)chain complexes, and spectral sequences, which play a fundamental role
in algebraic topology. The theory is developed within the category Ab, with all definitions and results
extending naturally to any abelian category. Standard references for this material include [Wei94; Rot09].

4.1. Motivation via Simplicial Homology

To keep the discussion grounded and to motivate the forthcoming material, we present a detailed
treatment of simplicial homology in this section. This serves to illustrate the application of homological
algebra techniques to topological contexts. Simplicial homology is particularly advantageous due to its
computational tractability, as it applies to topological spaces that admit triangulations. In particular, we
will define simplicial homology in terms of ∆-complexes, which will serve as the fundamental building
blocks for our triangulations.

Definition 4.1.1. Let [v0, v1, . . . , vn] be an ordered tuple inRm.
(1) [v0, v1, . . . , vn] ⊆ Rm is said to be affinely independent if the set

{v1 − v0, v2 − v0, . . . , vn − v0}
is linearly independent1.

(2) Given an affinely independent ordered tuple [v0, v1, . . . , vn] ⊆ Rm, then-simplex generated by
[v0, v1, . . . , vn] is the convex span inRm of the n+ 1 points v0, . . . , vn:

conv[v0, v1, . . . , vn] =

{
x =

n∑
i=0

tivi ∈ Rm | ti ≥ 0,
∑
i

ti = 1

}
,

We call the points vi the vertices of the n-simplex [v0, v1, . . . , vn].
(3) Given an n-simplex conv[v0, v1, . . . , vn], the face opposite to vi is the (n− 1)-simplex:

conv[v0, . . . , v̂i, . . . , vn] := {x ∈ conv[v0, v1, . . . , vn] | ti = 0}.
The boundary of an n-simplex is the union of its faces.

Geometrically, an n-simplex can be understood as the smallest convex subset containing the vertices
{v0, . . . , vn}, where these points do not lie within any hyperplane of dimension less than n. As an exam-
ple, consider the standard n-simplex:

Definition 4.1.2. The standard simplex,∆n ⊆ Rn+1, is

∆n =

{
(t0, . . . , tn) ∈ Rn+1 | ti ≥ 0,

∑
i

ti = 1

}
.

1Thus necessarily n ≤ m

60
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Remark 4.1.3. The standard simplex allows one to induce coordinates on alln-simplices by sending ei 7→ vi
inducing a map of simplicies:

(t0, . . . , tn) 7→
n∑
i=0

tivi

(t0, . . . , tn) are are called barycentric coordinates.

Definition 4.1.4. A∆-complex structure on a topological spaceX is a collection of maps {σnj : ∆n →
X}j∈Jnn≥0 such that:

(1) The restriction σnj |Int(∆n) is injective, and each point of X is in the image of exactly one such
σnj |Int(∆n).

(2) Restriction of each σnj to a face of∆n is one of the maps σn−1
k : ∆n−1 → X .

(3) A setA ⊆ X is open if and only if (σnj )−1(A) is open inX for each σnj .

Remark 4.1.5. In what follows, we shall identify a σnj : ∆n → X with a n-simplex [v0, · · · , vn].

Our goal is to define the simplicial homology groups of a∆-complex structure on a topological space
X . Let ∆n(X) denote the free abelian group generated by the open n-simplices of X . Elements of
∆n(X) are called n-chains. These can be expressed as finite formal sums∑

j∈Jn

njσ
n
j , nj ∈ Z.

Definition 4.1.6. LetX be a topological space with a∆-complex structure. The boundary operator

∂∆n : ∆n(X)→ ∆n−1(X)

is defined on each basis element of∆n(X) as:

∂∆n [v0, . . . , vn] =

n∑
i=0

(−1)i[v0, . . . , v̂i, . . . , vn]

We say that

∂∆n

( ∑
j∈Jn

njσ
n
j

)
∈ ∆n−1(X)

is the boundary of
∑

j∈Jn niσ
n
j inX .

Remark 4.1.7. Note that the boundary of an n-simplex inX is a Z-linear combination (with coefficients
±1) of n − 1-simplices. This provides one motivation as to why we consider Z-linear combinations of n-
simplices. Moreover, heuristically the signs are inserted to take orientations into account, so that all the faces
of a simplex are coherently oriented. See Example 4.1.8.

Example 4.1.8. The following are examples of boundaries some standard simplexes.
(1) ConsiderX = ∆1. Then ∂∆1 [v0, v1] = [v1]− [v0]

v0 v1
e1
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(2) ConsiderX = ∆2. Then ∂∆2 [v0, v1, v2] = [v1, v2]− [v0, v2] + [v0, v1]

v0 v1

v2

e1

e2e3

Lemma 4.1.9. LetX be a topological space with a∆-complex structure. The map,

∂∆n−1 ◦ ∂∆n : ∆n(X)
∂∆n−−→ ∆n−1(X)

∂∆n−1−−−→ ∆n−2(X)

is zero for each n ≥ 0.

Proof. Note that:∑
0≤j<i≤n

(−1)i(−1)j [v0, · · · , v̂j , · · · , v̂i, · · · , vn] +
∑

0≤i<j≤n
(−1)i(−1)j−1[v0, · · · , v̂i, · · · , v̂j , · · · , vn] = 0

The latter two summations cancel since after switching i and j in the second sum, it becomes the negative
of the first. □
Remark 4.1.10. Note that∆1 ∈ ker ∂∆1 if and only if v0 = v1. In this case,∆1 can be thought of as a circle
or a 1-loop. Indeed, this observation motivates the the observation that n-loops inX correspond to elements of
ker ∂∆n for each n ≥ 1. Moreover, the condition ∂∆n ◦ ∂∆n+1 = 0 is the observation that the boundary of a
Z-linear combination of (n+ 1)-simplicies is a n-loop.

LetC∆
n (X) = ∆n(X) for each n ≥ 0. Purely algebraically, we have a sequence of homomorphisms

of abelian groups:

· · ·
∂∆n+1−−−→ C∆

n (X)
∂∆n−−→ C∆

n−1(X)
∂∆n−1−−−→ C∆

n−2(X)
∂∆n−2−−−→ · · ·

The boundary map ∂∆n : C∆
n (X) −→ C∆

n−1(X) is such that

∂∆n−1 ◦ ∂∆n = 0

That is,
im(∂∆n+1) ⊆ ker(∂∆n )

Elements of ker(∂∆n ) are called n-cycles (or n-loops) and elements of im(∂∆n+1) are called n-boundaries.

Definition 4.1.11. LetX be a topological space with a∆-complex structure. The n-th simplicial homol-
ogy group ofX with Z-coefficients of the associated chain complex (C∆

n (X), ∂∆n )n∈N is

H∆
n (X;Z) =

ker(∂∆n )
im(∂∆n+1)

H∆
n (X;Z) is called the n-th simplicial homology group ofX .

Remark 4.1.12. In what follows, we will not explicitly verify Definition 4.1.4(3). For instance, we will not
explicitly verify that the ∆-complex structure on the circle, S1, in Example 4.1.13(1) is compatible with the
topology on S1. Similarly, Example 4.1.13(2)-(8) we will not explicitly verify that the ∆-complex structure
is compatible with the underlying quotient topology. It should be straightforward to do verify these claims,
though.

Example 4.1.13. We compute simplicial homology groups of various topological spaces below.
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(1) (Circle) Consider X = S1 with a ∆-complex structure with a single 1-simplex and a single 0-
simplex.

v v
a

We have a chain complex of the following form:

· · · −→ 0
∂∆2−−→ Z

∂∆1−−→ Z
∂∆0−−→ 0.

Here ∂∆1 is the zero map. Therefore, we have:

H∆
n (S1;Z) =

{
Z if n = 0, 1

0 otherwise

(2) (Mobius Band) ConsiderX =M , theMobius band. A∆-complex structure onM is pictured
below.

v w

vw

b

d

b

a c

U

L

We have a complex of the following form:

· · · 0
∂∆3−−→ Z⊕2 ∂∆2−−→ Z⊕4 ∂∆1−−→ Z⊕2 ∂∆0−−→ 0.

We have

∂∆1 a = ∂∆1 b = ∂∆1 d = w − v
∂∆1 c = 0

Hence Im ∂∆1
∼= Z, implying thatH∆

0 (X) ∼= Z⊕2/Z ∼= Z. Also

∂∆2 U = a− b− c
∂∆2 L = b− d− c

This implies ∂∆2 is injective. Hence H∆
2 (X) ∼= 0. A basis for ker ∂∆1 is {x = a − d, y =

b − d, z = c}. Hence ker ∂∆1 ∼= Z ⊕ Z ⊕ Z. A basis for Im ∂∆2 is {x − y − z, y − z}. An
equivalent basis is {x, y − z}. HenceH∆

1 (X) ∼= Z.

H∆
n (M ;Z) ∼=

{
Z for n = 0, 1

0 for n ≥ 2
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(3) (Torus) Consider theX = T, the torus, with the∆-complex structure is pictured below having
one vertex, three edges a, b, and c, and two 2-simplicesU andL.

v v

vv

b

a

b

a c

U

L

We have a complex of the following form:

· · · 0
∂∆3−−→ Z⊕2 ∂∆2−−→ Z⊕3 ∂∆1−−→ Z

∂∆0−−→ 0.

As in the previous example, ∂∆1 = 0. Also ∂∆2 U = a + b − c = ∂∆2 L. Since ∂∆1 = 0,
H∆

0 (T ) ∼= Z. Since {a, b, a+ b− c} is a valid basis forZ⊕3, it follows thatH∆
1 (T ) ∼= Z2 with

basis the homology classes [a] and [b]. Since there are no 3-simplices,H∆
2 (T ) is equal to ker ∂∆2 ,

which is infinite cyclic generated byU − L. Thus,

H∆
n (T ;Z) ∼=


Z⊕ Z for n = 1

Z for n = 0, 2

0 for n ≥ 3

(4) (Real Projective Plane) ConsiderX = RP2. The delta complex structure is pictured below.

v w

vw

b

a

b

a c

U

L

We have a complex of the following form:

· · · 0
∂∆3−−→ Z⊕2 ∂∆2−−→ Z⊕3 ∂∆1−−→ Z⊕2 ∂∆0−−→ 0.

We have
∂∆1 b = ∂∆1 a = w − v ∂∆c = 0.

Hence Im ∂∆1
∼= Z, implying thatH∆

0 (X) = Z⊕2/Z ∼= Z. Also

∂∆2 U = a− b− c ∂∆2 L = b− a− c

This implies ∂∆2 is injective. HenceH∆
2 (X) ∼= 0. A basis for ker ∂∆1 is {x = a − b, y = c}.

Hence ker ∂∆1 ∼= Z⊕Z. A basis for Im∂∆2 is {x−y,−x−y}. An equivalent basis is {x−y, 2y}.
HenceH∆

1 (X) ∼= Z2.
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H∆
n (RP2;Z) ∼=


Z for n = 0

Z2 for n = 1

0 for n ≥ 2

(5) (Klein Bottle) Consider X = K , the Klein bottle, with the ∆-complex structure is pictured
below having one vertex, three edges a, b and c, and two 2-simplicesU andL.:

v v

vv

b

a

b

a c

U

L

We have a complex of the following form:

· · · 0
∂∆3−−→ Z⊕2 ∂∆2−−→ Z⊕3 ∂∆1−−→ Z

∂∆0−−→ 0.

Clearly, ∂∆1 = 0. ∂∆2 U = a+ b− c and ∂∆2 L = a− b+ c. Since ∂∆1 = 0,H∆
0 (K) ∼= Z. We

have Im(∂∆2 ) = span{2a, a+ b− c}. Since {a, a+ b− c, c} is a valid basis forZ⊕3, it follows
that H∆

1 (K) ∼= Z ⊕ Z2. Since there are no 3-simplices, H∆
2 (K) is equal to ker ∂∆2 , which is

easily seen to be trivial. Thus,

H∆
n (K;Z) ∼=


Z⊕ Z2 for n = 1

Z for n = 0

0 for n ≥ 2

(6) (Triangular Parachute) LetX be a triangular parachute obtained from∆2 by identifying its
three vertices to a single point.

v v

v

b

ac
X

We have 1 face, 3 edges, and 1 vertex so that∆2(X),∆0(X) ∼= Z,∆1(X) ∼= Z3. Note that

∂∆2 (X) = b+ a− c
∂∆1 (a) = ∂∆1 (b) = ∂∆1 (c) = ∂∆0 (v) = 0

Hence ker ∂∆2 = 0, ker ∂∆1 = Z3, ker ∂∆0 = Z. On the other hand, Im ∂∆2 = Z as the
subgroup 〈b+ a− c〉 is free on one generator. Hence we have,

H∆
n (X;Z) ∼=


Z for n = 0

Z⊕2 for n = 1

0 for n ≥ 2
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(7) LetX be the topological space obtained obtained from n+ 1 2-simplices∆2
0, . . . ,∆

2
n by iden-

tifying all three edges of ∆2
0 to a single edge, and for i > 0 identifying the edges [v0, v1] and

[v1, v2] of∆2
i to a single edge and the edge [v0, v2] to the edge [v0, v1] of∆2

i−1.

v v

v

e0

e0e0
X0

v v

v

e1

e1e0
X1

v v

v

e2

e2e1
X2

· · ·

v v

v

en

enen−1
Xn

We have 1 vertex, n + 1 edges, and n + 1 faces so that∆0(X) ∼= Z,∆1(X),∆2(X) ∼= Zn+1.
We have a complex of the following form:

· · · 0
∂∆3−−→ Z⊕n+1 ∂∆2−−→ Z⊕n+1 ∂∆1−−→ Z⊕1 ∂∆0−−→ 0.

Clearly, ∂∆0 = 0 and Im ∂∆1 = 0. HenceH∆
0 (X) ∼= Z. Let’s compute Im ∂2. Note that:

∂2Xi =

{
e0 if i = 0

2ei − ei−1 if i > 1

It is clear that a basis for Im ∂2 = {e0} ∪ {2ei − ei−1 : 1 ≤ i ≤ n}. Note that inH∆
1 (X) =

ker ∂1/Im ∂2, we set e0 = 0 and 2ei − ei−1 = 0 so that e0 = 0, 2ei = ei−1. This implies that

2e1 = e0 = 0 22e2 = e0 = 0 · · · 2kek = e0 = 0

so that Therefore:

H∆
1 (X) ∼= Zn+1/(Z× 2Z× · · · × 2nZ) ∼= Z2 × Z4 × · · · × Z2n

It is easy to see that ker ∂∆2 = 0. HenceH∆
2 (X) = 0. Therefore, we have:

H∆
n (X;Z) ∼=


Z for n = 0

Z2 × Z4 × · · · × Z2n for n = 1

0 for n ≥ 2

(8) LetXn be obtained from ann-simplex by identifying all faces of the same dimension. Since there
is only one k-simplex for each k ≤ n, we see that∆k(Xn) ∼= Z for k ≤ n. Choose a generator
σk for each of these. Note that the restriction of σk to a (k − 1)-dimensional face will just be
σk−1. Thus,

∂∆k σk =
k∑
i=0

(−1)iσk−1 =


0 if k = 0,

0 if k ≤ n, and k is odd,
σk−1 if k ≤ n, and k is even,
0 if k > n.

Therefore:

ker(∂∆k ) =


Z if k = 0,

Z if k ≤ n, and k is odd,
0 if k ≤ n, and k is even,
0 if k > n.

Im(∂k) =


0 if k = 0,

0 if k ≤ n, and k is odd,
Z if k ≤ n, and k is even,
0 if k > n.
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Hence:

H∆
k (Xn;Z) =


Z if k = 0,

Z if k = n, and n is odd,
0 else.

4.2. (Co)-Chain Complexes & (Co)homology

We now turn to the formal study of homological algebra. In particular, we will discuss (co)chain
complexes and their associated (co)homology theories. These algebraic structures provide a systematic
framework for investigating topological and algebraic invariants. Our aim is to develop the foundational
tools essential for the study of algebraic topology.

4.2.1. Exact Sequences. Before defining (co)chain complexes and their associated (co)homology,
it is necessary to first discuss exact sequences. Exact sequences are a central tool in homological algebra,
encoding themanner inwhich one algebraic objectmaps into another. They play a crucial role in detecting
kernels and images of homomorphisms, which are fundamental in the definition and computation of
homology and cohomology groups.

Definition 4.2.1. A sequence

A
f−→ B

g−→ C

of two homomorphisms of abelian groups is said to be exact at B if im f = ker g. More generally, a
sequence

. . . −→ An+1
fn+1−−−→ An

fn−→ An−1 −→ . . .

is said to be exact if it is exact at An for each n ∈ Z. Such a sequence is called a long exact sequence of
abelian groups.

The following is an important special case:

Definition 4.2.2. A short exact sequence of abelian groups is an exact sequence of the form

0 −→ A
f−→ B

g−→ C −→ 0.

that is exact in each degree.

Example 4.2.3. Using the notion of exactness, we can rephrase familiar definitions from basic algebra.
Suppose f : A→ B is a homomorphism of abelian groups.

(1) f is injective if and only if 0→ A
f−→ B is exact. Indeed, the sequence is exact atA if and only if

ker f = 0 if and only if f is injective.
(2) f is surjective if and only ifA f−→ B → 0 is exact. Indeed, the sequence is exact atB if and only

if im f = B if and only if f is surjective.
(3) f is an isomorphism if and only if 0 → A

f−→ B → 0 is exact. This follows from the two
statements above.

Remark 4.2.4. Functors in AbR (or in any abelian category) can preserve algebraic structure in different
ways. A functor F is said to be left exact if it sends exact sequences of the form

0→ A→ B → C

to exact sequences
0→ F(A)→ F(B)→ F(C).
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Similarly, a functor is said to be right exact if it sends exact sequences of the form

A→ B → C → 0

to exact sequences
F(A)→ F(B)→ F(C)→ 0.

A functor is called exact if it is both left exact and right exact. The notion of exact functors will be used later
and is discussed in greater detail in the appendix (Chapter 15).

4.2.2. Co-(chain)Complexes. Wenowdefine thenotionsof (co)chain complexes and the (co)homology
of these complexes. (Co)chain complexes provide the algebraic framework for computing (co)homology,
encoding sequences of abelian groups connected by boundarymaps. First, recall that in the categoryGrX,
where X = Grp,Ab,ModR, a morphism f : C → D is said to be of degree k if for each n ∈ Z, the
component map satisfies f : Cn → Dn+k.

Definition 4.2.5. A chain complex of abelian groups is a graded abelian group along with a homomor-
phism ∂ of degree−1 such that ∂◦∂ = 0. In other words, a chain complex is a sequence of abelian groups
and homomorphisms

· · · ∂n+2−−−→ Cn+1
∂n+1−−−→ Cn

∂n−→ Cn−1
∂n−1−−−→ · · ·

for n ∈ Zwhich satisfies ∂n ◦ ∂n+1 = 0, for each n ∈ Z. That is,

im ∂n+1 ⊆ ker ∂n ⇐⇒ ∂n ◦ ∂n+1 = 0

We refer to the entire complex as (C•, ∂•) or sometimes just C•. The maps ∂n are called the boundary
operators of the chain complex. Elements of ker ∂n are called n-chains and elements of im ∂n+1 are called
n-boundaries.

Example 4.2.6. LetX be a topological space. The chain complex

(C∆
n (X), ∂∆n )n∈N

encountered in Section 4.1 is a chain complex of abelian groups. We call this the simplicial chain complex.
Note that in this example the abelian groups are all zero for negative subscripts; this, however, is not part
of the definition in general.

Remark 4.2.7. There is a dual notion called a cochain complex of abelian groups, which is a graded abelian
group along with a homomorphism ∂ of degree+1 such that ∂ ◦ ∂ = 0. In other words, a co-chain complex
is a sequence of abelian groups and homomorphisms

· · · ∂
n−1

−−−→ Cn
∂n−→ Cn+1 ∂n+1

−−−→ Cn+2 ∂n+2

−−−→ · · ·

for n ∈ Z, satisfying the condition

∂n+1 ◦ ∂n = 0, for each n ∈ Z.

Equivalently,
im ∂n ⊆ ker ∂n+1.

We denote the co-chain complex by (C•, ∂•) or simply C•, and the maps ∂n are called the coboundary
operators. Elements of ker ∂n are called n co-chains and elements of im ∂n+1 are called n-co-boundaries.

The distinction between chain and co-chain complexes is purely formal. We will invoke either notion
as needed throughout the text, depending on context and convenience. We now define the notion of a
chain map between chain complexes.
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Definition 4.2.8. Let (C•, ∂•) and (C ′
•, ∂

′
•)be chain complexes of abelian groups. A chainmapbetween

(C•, ∂•) and (C ′
•, ∂

′
•) is a sequence of abelian groups homomorphisms fn : Cn → C ′

n for n ∈ Z such
that the diagram commutes:

· · · Cn+1 Cn Cn−1 · · ·

· · · C ′
n+1 C ′

n C ′
n−1 · · ·

∂n+1

fn+1

∂n

fn fn−1

∂
′
n+1 ∂

′
n

Remark 4.2.9. The definition of a co-chain map between co-chain complexes is similar.

Proposition 4.2.10. Chain complexes of abelian groups form a category, denoted as ChainAb. Similarly,
co-hain complexes of abelian groups form a category, denoted as CoChainAb.

Proof. It suffices to prove the first claim. Objects inChainAb are chain complexes of abelian groups and a
morphism between chain complexes of abelian groups is a chainmap. If (C•, ∂•), (C

′
•, ∂

′
•) and (C ′′

• , ∂
′′
• )

are chain complexes such that f• : C• → C ′
• and g• : C ′

• → C ′′
• are two chain maps. Then

(g ◦ f)• : C• → C ′′
•

is the chain map given by (g ◦ f)n = gn ◦ fn. This is indeed a valid chain map as the diagram

· · · Cn+1 Cn Cn−1 · · ·

· · · C ′
n+1 C ′

n C ′
n−1 · · ·

· · · C ′′
n+1 C ′′

n C ′′
n−1 · · ·

∂n+1

fn+1

∂n

fn fn−1

∂
′
n+1

gn+1

∂
′
n

gn gn−1

∂
′′
n+1 ∂

′′
n+1 ∂

′′
n+1

commutes essentially by construction as can be easily checked. This defines the composition of two chain
maps. Moreover, the identity chain map Id : C• → C• is the chain map given by Idn = IdCn where
IdCn is the identity homomorphism fromCn toCn.

· · · Cn+1 Cn Cn−1 · · ·

· · · Cn+1 Cn Cn−1 · · ·

∂n+1

Idn+1

∂n

Idn Idn−1

∂
′
n+1 ∂

′
n

All that is required is check that composition of chain maps satisfies the associativity property and the
compositionof a chainmapwith the identity chainmap yields the original chainmap. All these are routine
checks. □

Remark 4.2.11. We can also define the category of short exact sequence of chain complexes, ChainExact
Ab . Ob-

jects in ChainExact
Ab are short exact sequences of chain complexes. A morphism between short exact sequence of
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chain complexes is a diagram

0• A• B• C• 0•

0• A′
• B′

• C ′
• 0•

i•

f•

j•

g• h•

i′• j′•

such that f•, g•, h• are chain maps. We will not go through the pain of writing the diagram out explicitly.
The category CoChainExact

Ab is defined similarly.

4.2.3. Co(homology). Given a chain complex (C•, ∂•), where eachCn is a abelian group and ∂n :
Cn → Cn−1 is a boundary map, the defining condition of a chain complex is that the composition of
consecutive boundary maps is zero; that is, ∂n ◦ ∂n+1 = 0 for all n ∈ Z. This condition ensures that

im ∂n+1 ⊆ ker ∂n.

This containment motivates the introduction of homology which serves to measure the failure of this
inclusion to be an equality.

Definition 4.2.12. Let (C•, ∂•) be a chain complex. The n-th homology group is defined as

Hn(C•) :=
ker ∂n
im ∂n+1

.

Remark 4.2.13. There is a dual notion of cohomology of co-chain complexes. Given a co-chain complex
(C•, d•), where each Cn is an abelian group and ∂n : Cn → Cn+1 is a co-boundary map satisfying
∂n+1 ◦ ∂n = 0, we define cohomology to measure the failure of exactness:

Hn(C•) :=
ker ∂n

im ∂n−1
.

Once again, the distinction between homology and cohomology is purely formal. We will invoke
either notion as needed throughout the text, depending on context and convenience.

Example 4.2.14. Let’s compute the homology of some simple chain complexes:
(1) Consider the chain complex

C• : · · · → 0→ Z⊕ Z ∂2−→ Z ∂1−→ 0→ · · · ,

where the chain groups are given by

C1 = Z,
C2 = Z⊕ Z,
Cn = 0 for n 6= 1, 2.

The homomorphism ∂2 is defined by ∂2(x, y) = 3x+ 3y. Note that we have the following

ker ∂n ∼=

{
Z, if n = 1 or n = 2,

0, if n 6= 1, 2.

Similarly, we have

im ∂n ∼=

{
3Z, if n = 2,

0, if n 6= 2.
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Therefore, the homology of the chain complex is given as:

Hn(C•) ∼=


Z3, if n = 1,

Z, if n = 2,

0, if n 6= 1, 2.

(2) Consider the chain complex:

· · · ∂−→ Z/8Z ∂−→ Z/8Z ∂−→ Z/8Z ∂−→ Z/8Z→ 0→ 0→ · · ·
where Cn = Z/8Z for n ≤ 0 and Cn = 0 for n > 0 and the map ∂ is given by xmod 8 7→
4xmod 8. It is easy to see that

ker ∂ = {0, 2, 4, 6} ∼= Z/4Z
im ∂ = {0, 4} ∼= Z/2Z

for n < 0. Hence,

Hn(C•) ∼=
Z/4Z
Z/2Z

∼= Z/2Z

Trivially,Hn(C•) ∼= 0 for n > 0 andH0(C•) ∼= Z/4Z.

We now discuss an important observation that (co)homology defines a functor from the category of
(co)-chain complexes to the category of abelian groups. This is formalized in the following proposition.

Proposition 4.2.15. For each n ∈ Z, there is a functor
Hn : ChainAb → Ab

that associates to a chain complex over abelian groups itsn-th homology group Similarly, for eachn ∈ Z there
is a functor

Hn : CoChainAb → Ab
that associates to a co-chain complex over abelian groups is n-th cohomology group.

Proof. It suffices to prove the first claim. Consider a chain map between chain complexes given by the
following diagram:

· · · Cn+1 Cn Cn−1 · · ·

· · · C ′
n+1 C ′

n C ′
n−1 · · ·

∂n+1

fn+1

∂n

fn fn−1

∂
′
n+1 ∂

′
n

The relation fn∂n+1 = ∂
′
n+1fn+1 implies that fn takes n-cycles to takes n-cycles for each n ∈ N. This

is because if ∂nc = 0, then
∂

′
n(fn(c)) = fn−1(∂nc) = 0

Also, fn takes n boundaries to n-boundaries since

fn(∂n+1c) = ∂
′
n+1(fn+1c)

Hence fn descends to a homomorphism

Hn(f) : Hn(C•)→ Hn(C
′
•)

It remains to check thatHn(g ◦ f) = Hn(g) ◦Hn(f) and thatHn(IdX) = IdHn(X). Both of these are
immediate from the definitions. □
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4.2.4. (Co)-chain homotopy. Weconclude this section by introducing the notion of a chain homo-
topy between chain complexes. Chain homotopy allows us to compare chain maps up to a ‘deformation,’
playing a crucial role in establishing when two chain complexes have the same homological properties. As
expected, there exists an analogous notion of a co-chain homotopy between co-chain complexes. We will
not repeat the definitions in this case.

Definition 4.2.16. Suppose (C•, ∂) and (C ′
•, ∂

′) are two chain complexes with chain maps f•, g•. A
chain homotopy between f•, g• is a series of maps Tn : Cn andCn+1 such that

fn − gn = ∂′n+1Tn + Tn−1∂n n ≥ 1

T0 ◦ ∂1 = f0 − g0 n = 0

That is, the following diagram commutes

· · · Cn+1 Cn Cn−1 · · ·

· · · C ′
n+1 C ′

n C ′
n−1 · · ·

Tn+1

∂n+1

fn+1 gn+1
Tn

∂n

fn gn
Tn−1

fn−1 gn−1
Tn−2

∂′n+1 ∂′n

Remark 4.2.17. It can be verified that (co)chain homotopy is an equivalence relation. Consequently, Defini-
tion 4.2.16 defines a new category, hChainAb, whose objects are chain complexes over abelian groups and whose
morphisms are chain maps modulo the chain homotopy equivalence relation. The category hCoChainAb is
defined analogously, with cochain complexes and cochain maps modulo cochain homotopy.
Remark 4.2.18. We will provide a geometric intuition behind the definition of a chain homotopy in Sec-
tion 5.2.
Proposition 4.2.19. Let (C, ∂•), (C ′, ∂′•) be chain complexes and let f•, g• be chain maps between the
chain complexes. If there is a chain homotopy f• and g•, then the induced maps in homology are equal, i.e.,
we have:

Hn(f) = Hn(g) : Hn(C•)→ Hn(C
′
•)

Proof. Let (Tn)n≥1 be the sequence of maps defining a chain homotopy. Let [c] ∈ Hn(C). If n = 0,
we have

H0(f)([c]) = [f0(c)] = [g0(c) + ∂1T0(c)] = [g0(c)] = H0(g)([c])

For n ≥ 1, we have:
Hn(f)([c]) = [fn(c)]

= [gn(c) + ∂′n+1Tn(c) + Tn−1∂n(c)]

= [gn(c)]

= Hn(g)([c])

The third equality uses that c is an-cycle and that a homology class is not changed if we add an-boundary.
The claim follows. □

Proposition 4.2.19 shows that for each n ≥ 0, the homology functor defined in Proposition 4.2.15
factors through the homotopy category hChainAb.

ChainAb hChainAb

Ab
Hn

γ

Hn
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Of course, a similar statement holds for the cohomology functors and the category hCoChainAb.

4.3. Motivation for Spectral Sequences

In algebra, one often seeks to compute a graded objectM∗, which may be, for instance, any of the
following:

(1) a gradedR-module for a ringR,
(2) a gradedK-vector space for a fieldK,
(3) a gradedK-algebra for a fieldK.

The computation of M∗ is frequently nontrivial. Significant progress can often be made through an
approximation argument, especially whenM∗ is equipped with additional structure that facilitates such
methods. A common scenario arises whenM∗ is endowed with a filtration by a (possibly unbounded)
descending sequence of subobjects:

· · · ⊇Mn ⊇Mn+1 ⊇ · · · , (1)
satisfying

⋃∞
n=0Mn = M∗ and

⋂∞
n=0Mn = 0. Alternatively, one may consider filtrations given by

possibly unbounded increasing sequences of subobjects. In general, these sequences need not be bounded.
We illustrate this with the following example:

Example 4.3.1. LetM∗ be a possibly infinite-dimensionalK-vector space. For instance, considerM∗ =
K∞, the countably infinite-dimensionalK-vector space with basis {e0, e1, . . . }. Define

Mn := span{ep | p ≥ n}
Then {Mn}n∈N defines a filtration as described in Equation (1).

In fact, Example 4.3.1 possesses additional structure, in the sense that K∞ can be recovered from its
filtration as follows. The filtration ofK∞ gives rise to a new gradedK-vector space known as the associated
gradedK-vector space defined byMn/Mn+1. One can recoverK∞ up to isomorphism from its associated
K-vector space by taking direct sums:

K∞ ∼=
∞⊕
n=0

Mn/Mn+1
∼=

∞⊕
n=0

span{ep | p ≥ n}
span{ep | p ≥ n+ 1}

∼=
∞⊕
n=0

span{en}

In general, it may not be possible to fully compute an arbitrary graded objectM∗ via such filtrations.
For example, ifM∗ is an arbitrary graded R-module, extension problems may arise that obstruct the re-
construction ofM∗ solely from its associated gradedR-module. Nevertheless, the associated gradedmod-
ule of a filtration onM∗ serves as a natural first approximation toM∗, which can potentially be refined
through a limiting process. This principle underlies the theory of spectral sequences:

A spectral sequence is an algorithm for computing a graded object by taking successive approximations.
Spectral sequences arise as a natural computational and conceptual framework in the study of filtered

complexes within homological algebra and algebraic topology. They prove especially useful in contexts
where direct computation of homology is intractable, yet a filtration endows the problem with a more
accessible structure. To illustrate this informally, we now consider an example that will naturally motivate
the formal definition of a spectral sequence.

Example 4.3.2. (FilteredCo-ChainComplexes)LetC• be a co-chain complexof abelian groups equipped
with a decreasing filtration2 by sub-complexes:

· · · ⊇ FpC• ⊇ Fp+1C
• ⊇ · · ·

2Wecould also consider an increasing filtration; however, to remain consistentwith the filtration introduced earlier in Equa-
tion (1), we choose to work with a decreasing filtration. Later on, we will work with both decreasing and increasing filtrations.
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Snapshots of first three pages of a homological spectral sequence

Such a filtration provides a decomposition of the complex into progressively more refined components.
The central question is how the cohomology ofC• can be reconstructed from the data of the filtration. A
natural first step is to consider the associated graded complex:

GpC• := FpC
•/Fp+1C

•. (2)

For each p ∈ Z, one may compute the cohomology of GpC•, yielding an approximation to the coho-
mology of the co-chain complex. However, this information may be insufficient to fully determine the
cohomology of C•. To overcome this limitation, one introduces a spectral sequence: for r ∈ N, a se-
quence of pages {Ep,qr }(p,q)∈Z2 such that Ep,qr is a bi-graded group. The first page is derived from the
cohomology of the associated graded complex in Equation (2). Subsequent pages refine this approxima-
tion as each subsequent page is defined as the cohomology of the preceding page.

Remark 4.3.3. Under appropriate convergence conditions, the spectral sequence is expected to stabilize at a
terminal page which captures the associated graded components of the homology of the co-chain complex. We
will see how the exact definition of convergence of a spectral sequence naturally arises in explicit constructions.

4.4. Definition of a Spectral Sequence

Based on the discussion in Section4.3, we introduce the definition of a spectral sequence in this section
and comment on some details surrounding the definition.

Definition 4.4.1. Let r0 ∈ N. A homological spectral sequence, E, of abelian groups consists of the
following data:

(1) A collection of abelian groups,Erp,q , with integers p, q ≥ 0 and r ≥ r0,
(2) A collection of differentials

drp,q : E
r
p,q → Erp−r,q+r−1

such that drp−r,q+r−1 ◦ drp,q = 0 andEr+1
p,q is the homology atErp,q , i.e.

Er+1
p,q
∼=

ker drp,q
im drp+r,q−r+1

The collectionEr = {(Erp,q, drp,q) : p, q ∈ Z} for a fixed r is called the r-th page.

One way to look at a homological spectral sequence is to imagine an infinite book, where each page
is a Cartesian plane with the integral lattice points (p, q) consisting of objects in the category of abelian
groups and differentials between the objects forming a chain complex. The homology groups of these
chain complexes are precisely the groups which appear on the next page. The customary picture is shown
in Figure 1.
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The intuition behind the definition of the differential maps can be understood as follows. Since the
differentials drp,q are designed to compute homology, we anticipate that the total degree of the map de-
creases byone. Consequently, if thedomain isErp,q , it is natural for the codomainofdrp,q tobeErp−r, q+r−1.
The particular choice of shifts by r will be justified later, when we explicitly construct spectral sequences.
We also recall the analogous definition in the cohomological setting:

Definition 4.4.2. Let r0 ∈ N. A cohomological spectral sequence, E, of abelian groups consists of the
following data:

(1) A collection of abelian groups,Ep,qr , with integers p, q ≥ 0 and r ≥ r0,
(2) A collection of differentials

dp,qr : Ep,qr → Ep+r,q−r+1
r

such that dp+r,q−r+1
r ◦ dp,qr = 0 andEp,qr+1 is the homology atE

p,q
r , i.e.

Ep,qr+1
∼=

ker dp,qr
im dp−r,q+r−1

r

The collectionEr = {(Ep,qr , dp,qr ) : p, q ≥ 0} for a fixed r is called the r-th page.

E−1,1
0 E0,1

0 E1,1
0

E−1,0
0 E0,0

0 E1,0
0

E−1,−1
0 E0,−1

0 E1,−1
0

(a) Zeroth page

E−1,1
1 E0,1

1 E1,1
1

E−1,0
1 E0,0

1 E1,0
1

E−1,−1
1 E0,−1

1 E1,−1
1

(b) First page

E−1,1
2 E0,1

2 E1,1
2

E−1,0
2 E0,0

2 E1,0
2

E−1,−1
2 E0,−1

2 E1,−1
2

(c) Second page

Snapshots of first three pages of a cohomological spectral sequence

Remark 4.4.3. Spectral sequences refine the process of calculating homology in the sense that the computa-
tion of homology at the r-th page not only yields the homology at the (r + 1)-st page, but also determines the
differential maps between the homology on the (r + 1)-st page. Hence, a spectral sequence encodes a signifi-
cant amount of additional information. However, the differentials can be difficult to compute explicitly. In
practice, educated guesswork and ad-hoc techniques are often required to determine the differential maps.

Since homology is defined as a sub-quotient (i.e., the quotient of an abelian group), we expect the
modules appearing on the (r + 1)-th page to be, in some sense, “smaller” or more refined than those on
the r-th page. Fixing a position (p, q) ∈ Z2, we consider the sequence of abelian groupsErp,q as r →∞.
This motivates the definition of the limiting page of the spectral sequence, referred to as theE∞ page, as
well as the notion of convergence of spectral sequences. The definition will be provided in a later section.
Thebestway tounderstandhowthis definition arises is by examining a concrete constructionwherewe can
explicitly determine the ingredients that determine the definition of convergence of a spectral sequence.
For the time being, we consider a formal construction in which issues of convergence do not arise.

Example 4.4.4. (First Quadrant Spectral Sequence) First-quadrant homological spectral sequences
are significantly more tractable than general homological spectral sequences, both computationally and
conceptually. A homological spectral sequence is a first quadrant homological spectral sequence ifErp,q =
0 for p < 0 or q < 0. Fix (p, q) ∈ (N∪{0})2. In a first quadrant homological spectral sequence, for r (as
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a function of (p, q)) large enough, the differential with co-domainErp,q has domain 0 and the differential
with domainErp,q has co-domain 0. Therefore, we get

Er+1
p,q
∼=

ker drp,q
im drp+r,q−r+1

∼=
Erp,q
0
∼= Erp,q.

The stable value Erp,q = Ekp,q for k ≥ r(p, q) is named E∞
p,q . In this case, we can determine the entries

on the E∞ page in a finite number of steps, and there are no issues of convergence. A first-quadrant
cohomological spectral sequence is defined similarly.

The distinction between homological and cohomological indexing is purely a matter of convention.
We will use both notations as appropriate and convenient in the discussions that follow.

4.5. Spectral Sequence of a Filtered Complex

Remark 4.5.1. In this section, we work with cohomological spectral sequences. The constructions are largely
formal and have analogous counterparts for homological spectral sequences, which we will freely use later on.

Definition 4.5.2. LetC• = {Cn, ∂n}n∈Z be a co-chain complex of abelian groups. A decreasing filtra-
tion ofC• is a sequence

· · · ⊇ FpC• ⊇ Fp+1C
• ⊇ · · ·

such that each FpC• is a sub-complex ofC• and the differential ∂n restricts to a map

FpC
n → FpC

n+1

for all n ∈ Z that is compatible with the filtration.

Remark 4.5.3. Increasing filtrations for chain complexes are defined similarly.

Remark 4.5.4. We write the j-th entry of FiC• as Cji for i, j ∈ Z. Note that we have ∂ji (C
j
i ) ⊆ Cj+1

i
for each i, j ∈ Z. We can visualize the filtered co-chain complex as follows:

...
...

...

· · · C−1
−1 C0

−1 C1
−1 · · ·

· · · C−1
0 C0

0 C1
0 · · ·

· · · C−1
1 C0

1 C1
1 · · ·

...
...

...

⊆

∂−1
−1

⊆

∂0−1

⊆

∂−1
0

⊆ ⊆

∂00

⊆

∂−1
1

⊆ ⊆

∂01

⊆

⊆ ⊆ ⊆

We say that the filtration is exhaustive and separated if for each j ∈ Z, we have⋂
i∈Z

Cji = 0 and
⋃
i∈Z

Cji = Cj .

The first condition is the exhaustive condition, and the second condition is the separated condition. In other
words, the filtration must eventually become arbitrarily small and arbitrarily large at each degree.
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From the data of a filtration on a co-chain complex, one constructs a spectral sequence that approx-
imates the cohomology of C• through successive approximations. Let’s first discussion the motivation
behind the construction. We let the E0 page of the spectral sequence be the associated graded co-chain
complex. That is3,

Ep,q0
∼= GpC

p+q ∼= FpC
p+q/Fp+1C

p+q

with induced differential

dp,q0 :
FpC

p+q

Fp+1Cp+q
∼= Ep,q0 → Ep,q+1

0
∼=

FpC
p+q+1

Fp+1Cp+q+1

inducedby themap∂p+qp : FpC
p+q → FpC

p+q+1. Themap iswell-definedbecause∂p+qp (Fp+1C
p+q) ⊆

Fp+1C
p+q+1. It is clear that thesemaps compose to zero. We then let theE1 page denote the cohomology

of the associated graded co-chain complex. That is,

Ep,q1
∼= Hp+q(GpC

•)

=
ker
(
dp,q0 : Ep,q0 → Ep,q+1

0

)
im
(
dp,q−1
0 : Ep,q−1

0 → Ep,q0

) =
ker
(
dp,q0 : GpC

p+q → GpC
p+q+1

)
im
(
dp,q−1
0 : GpCp+q−1 → GpCp+q

) .
We think of Ep,q1 as a ‘first-order approximation’ toHp+q(C•). The question now is how to construct
the differential dp,q1 ? Let’s construct dp,q1 . Note that a cohomology class [α] ∈ Ep,q1 represents a chain
c ∈ FpCp+q with differential ∂p+qp c ∈ Fp+1C

p+q+1. With this in mind, we define

dp,q1 : Ep,q1 → Ep+1,q
1

[α] 7→ [∂p+qp c].

One easily sees that dp+1,q
1 ◦ dp,q1 = 0. So we are justified in defining

Ep,q2 :=
ker(dp,q1 : Ep,q1 → Ep+1,q

1 )

im(dp−1,q
1 : Ep−1,q

1 → Ep,q1 )
.

We can continue to construct higher-order approximations. Note that a cohomology class [α] ∈ Ep,q2 can
be represented by some [x] ∈ Ep,q1 with differential dp,q1 [x] = 0 ∈ Ep+1,q

1 . Since dp,q1 [x] = [∂p+qp c],
where c ∈ FpCp+q is any chain representing c, we can choose∂p+qp c to be the zero element in ker(dp+1,q

0 ),
meaning that ∂p+qp c ∈ Fp+2C

p+q+1. This suggests that we can define a map

dp,q2 : Ep,q2 → Ep+2,q−1
2 .

Based on what we’ve seen so far, it seems that elements of an rth-order approximation Ep,qr should ul-
timately be represented by co-cycles x ∈ FpC

p+q such that dx ∈ Fp+rC
p+q+1. This turns out to be

exactly the case. For each n ∈ Z, we have a filtration
· · · ⊇ Fp−1C

n ⊇ FpCn ⊇ Fp+1C
n ⊇ · · ·

of the object Cn. We think of elements of Cn further down the filtration as being “closer to zero.” The
idea of a cohomological spectral sequence of a filtered co-chain complex is to asymptotically approximate
the cohomology ofC• by refining co-cycles and co-boundaries through their r-approximations.

(1) Specifically, an r-almost co-cycle is a co-chain whose differential vanishes modulo terms that are
r steps lower in the filtration.

3Although the choice of Cp+q instead of Cq may initially appear unusual, for fixed p the index p + q is merely a shift of
q by a constant, and thus poses no problem. The necessity of this choice will become apparent when the spectral sequence is
constructed in detail.
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(2) An r-almost co-boundary in filtration degree p is a co-cycle that is the differential of a co-chain
which may be up to r steps higher in filtration degree.

We now state and prove the desired result.

Proposition 4.5.5. Every decreasing filtration of a co-chain complexC• determines a cohomological spectral
sequence.

Remark 4.5.6. We will see in the proof that the zeroth page of the spectral sequence is the associated graded
co-chain complex

GpC
• = FpC

•/Fp+1C
•,

and that the first page is the cohomology of this co-chain complex. Hence, the construction is consistent with the
remarks made in Section 4.3.

Proof. Choose theE0 page of the spectral sequence such that

Ep,q0 = FpC
p+q/Fp+1C

p+q := GpC
p+q

For r ≥ 0, we define r-almost (p, q)-co-cycles and r-almost (p, q)-co-boundaries as the following abelian
groups:

(1) The abelian group of r-almost (p, q)-co-cycles is defined as

Zp,qr =
{
c ∈ FpCp+q | ∂p+qp (c) ∈ Fp+rCp+q+1

}
/Fp+1C

p+q

=
FpC

p+q ∩ (∂p+qp )−1(Fp+rC
p+q+1) + Fp+1C

p+q

Fp+1Cp+q
:=

Kp,q
r + Fp+1C

p+q

Fp+1Cp+q

In other words, Zp,qr consists of co-chains in FpCp+q whose co-boundaries lie in Fp+rCp+q+1

modulo Fp+1C
p+q .

(2) The abelian group of r-almost (p, q)-co-boundaries is defined as

Bp,q
r = ∂p+q−1

p−r+1(Fp−r+1C
p+q−1) ∩ FpCp+q

=
∂p+q−1
p−r+1(Fp−r+1C

p+q−1) ∩ FpCp+q + Fp+1C
p+q

Fp+1Cp+q

=
∂p+q−1
p−r+1(K

p−r+1,1+r−2
r−1 ) + Fp+1C

p+q

Fp+1Cp+q
:=

Ip,qr + Fp+1C
p+q

Fp+1Cp+q

In other words, Bp,q
r consists of co-chains in FpCp+q that are in the image of Fp−r+1C

p+q−1

modulo Fp+1C
p+q .

Note that the reason we quotient out byF p+1Cp+q in the definitions ofZp,qr andBp,q
r is that we want to

localize our attention to the p-th graded piece of the filtered complex, and avoid interference from deeper
levels of the filtration. This allows us to consider approximate co-cycles and approximate co-boundaries in
the associated graded co-chain complex. Since the differentials in the co-chain complex compose to zero,
note that we have,

Bp,q
r ⊆ Zp,qr

We can therefore define the r-almost (p, q)-cohomology by

Ep,qr =
Zp,qr
Bp,q
r

∼=
Kp,q
r + Fp+1C

p+q

Ip,qr + Fp+1Cp+q
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Note that we have a canonical surjective homomorphism:

ηp,qr : Kp,q
r −→ Kp,q

r + Fp+1C
p+q −→ Kp,q

r + Fp+1C
p+q

Ip,qr + Fp+1Cp+q
∼= Ep,qr .

mapping x ∈ Kp,q
r to [x+ 0]. Note that the kernel can be identified with Ip,qr ⊆ Kp,q

r . Moreover, note
that ∂p+qp restricts to a map fromKp,q

r toKp+r,q−r+1
r . Since ∂p+qp (Ip,qr ) = 0, we have a commutative

diagram:

Kp,q
r Kp+r,q−r+1

r

Ep,qr Ep+r,q−r+1
r

∂p+q
p

ηp,qr ηp+r,q−r+q
r

dp,qr

It is clear by construction that dp+r,q−r+1
r ◦ dp,qr = 0. We now show that

Ep,qr+1
∼=

ker
(
dp,qr : Ep,qr → Ep+r,q−r+1

r

)
im
(
dp−r,q+r−1
r : Ep−r,q+r−1

r → Ep,qr
) .

A quick computation shows that

ker(dp,qr ) ∼=
Kp,q
r+1 + F p+1Cp+q

Ip,qr + F p+1Cp+q
,

im(dp−r,q+r−1
r ) ∼=

Ip,qr+1 + F p+1Cp+q

Ip,qr + F p+1Cp+q
.

Therefore, we have
ker(dp,qr )

im(dp−r,q+r−1
r )

∼=
(Kp,q

r+1 + F p+1Cp+q)/(Ip,qr + F p+1Cp+q)

(Ip,qr+1 + F p+1Cp+q/(Ip,qr + F p+1Cp+q)
∼=
Kp,q
r+1 + Fp+1C

p+q

Ip,qr+1 + Fp+1Cp+q
∼= Ep,qr+1

It is clear from the definitions that

Zp,q1 = ker
(
GpC

p+q → GpC
p+q+1

)
,

Bp,q
1 = im

(
GpC

p+q−1 → GpC
p+q
)
.

Hence,Ep,q1 = Hp+q(GpC
•). This completes the proof. □

Remark 4.5.7. A homological spectral sequence associated to an increasing filtration of a chain complex is
constructed similarly.

4.5.1. Bounded Convergence. We discuss the notion of convergence of spectral sequences infor-
mally in this section, focusing on the special case of bounded filtrations, where convergence issues do not
essentially arise. The idea behind the construction of the spectral sequence is that as r becomes large, the
approximate co-cycles and co-boundaries of degree r approach the actual co-cycles and co-boundaries.
Therefore, we expect Ep,qr to approach something related to the cohomology of the co-chain complex.
There are subtle issues of convergence involved, but we can attempt to identify the ‘limiting page’ in the
special case where the filtration is bounded. For a bounded, exhaustive and separated filtration, for each
l ∈ Z there existm(l) > n(l) ∈ Z such that

FnC
l = C l,

FmC
l = 0.
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Fix any p, q ∈ Z, and choose any r > max{m(p+ q + 1)− p, p− n(p+ q + 1) + 1, 0}. Then,

Fp+rC
p+q+1 ⊆ FmCp+q+1 = 0,

Fp−r+1C
p+q−1 ⊇ FnCp+q−1 = Cp+q−1.

Therefore, we have

Zp,qr =
FpC

p+q ∩ ker ∂p+q + Fp+1C
p+q

Fp+1Cp+q
, Bp,q

r =
FpC

p+q ∩ im ∂p+q−1 + Fp+1C
p+q

Fp+1Cp+q
.

With these descriptions stated, we obviously have a surjective map

FpH
p+q(C•) ↠ Ep,qr .

The kernel of this map will be the cohomology classes α ∈ FpH
p+q(C•) represented by a cycle x ∈

Fp+1C
p+q . That is, the kernel is exactlyFp+1C

p+q . Hence, for r > max{m(p+ q+1)− p, p−n(p+
q + 1) + 1, 0}we have the isomorphism

GpH
p+q(C•) ∼= Ep,qr .

Hence, we see that if the filtration is bounded, then for sufficiently large r, the r-almost (p, q) cohomol-
ogy coincides with the associated graded cohomology abelian groups. Hence, for the case of a bounded
filtration, we say that the “limiting page” of a cohomological spectral sequence, denotedEp,q∞ , satisfies

Ep,q∞
∼= GpH

p+q(C•).

We write Ep,qr ⇒ Gp(H
p+q) = Ep,q∞ and say that the spectral sequence converges weakly. The general

case is dealt with by definition through the notion of a convergence of spectral sequences.

Remark 4.5.8. A similar remark regarding convergence applies to homological spectral sequences associated
to an increasing bounded filtration of a chain complex.

4.5.2. Spectral Sequence of a Double Complex. We now discuss the construction of a cohomo-
logical spectral sequence arising from a double complex. Our focus will be on first-quadrant cohomolog-
ical double complexes, where convergence issues do not arise. The construction of a homological spectral
sequence arising from a first-quadrant homological double complex is similar.

Definition 4.5.9. A first quadrant cohomological double complex, C•,•, of abelian groups consists of a
collection of abelian groups {Cp,q}(p,q)∈N2 arranged in a bi-graded grid, together with two differentials:

dHp,q : C
p,q → Cp+1,q, dVp,q : C

p,q → Cp,q+1

such that the following conditions hold:

dHp+1,q ◦ dHp,q = 0,

dVp,q+1 ◦ dVp,q = 0,

dHp,q+1 ◦ dVp,q + dVp+1,q ◦ dHp,q = 0,

for all p, q ∈ N.

A first quadrant cohomological double complex can be visualized as a grid of abelian groups arranged
in the first quadrant, with horizontal and vertical differentials.
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...
...

...
...

C0,2 C1,2 C2,2 C3,2 · · ·

C0,1 C1,1 C2,1 C3,1 · · ·

C0,0 C1,0 C2,0 C3,0 · · ·

dV0,2

dH0,2

dV1,2

dH1,2

dV2,2

dH2,2

dV3,2

dH3,2

dV0,1

dH0,1

dV1,1

dH1,1

dV2,1

dH2,1

dV3,1

dH3,1

dV0,0

dH0,0

dV1,0

dH1,0

dV2,0

dH2,0

dV3,0

dH3,0

The total differentiald = dV+dH on the associated total complexTot•(C•,•), definedbyTotn(C•) =⊕
p+q=nC

p,q satisfies d ◦ d = 0, making Tot(C•) a co-chain complex. Each element in Cp,q ⊆
Totn (C•) is mapped, via both the horizontal and vertical differentials of the double complex to the cor-
responding summands in (TotC)p+q+1.

Remark 4.5.10. A first quadrant homological double complexC•,• of abelian groups can be defined simi-
larly. It consists of a collection of abelian groups {Cp,q}(p,q)∈N2 arranged in a bi-graded grid, together with
two differentials:

dp,qH : Cp,q → Cp−1,q, dp,qV : Cp,q → Cp,q−1

satisfying the following conditions for all p, q ∈ N:

dp−1,q
H ◦ dp,qH = 0,

dp,q−1
V ◦ dp,qV = 0,

dp,q−1
H ◦ dVp,q + dp−1,q

V ◦ dp,qH = 0.

A first quadrant homological double complex can be visualized as a grid of abelian groups arranged in the
first quadrant, with horizontal and vertical differentials.

...
...

...
...

C0,2 C1,2 C2,2 C3,2 · · ·

C0,1 C1,1 C2,1 C3,1 · · ·

C0,0 C1,0 C2,0 C3,0 · · ·

d0,2V

d1,2H

d1,2V

d2,2H

d2,2V

d3,2H

d3,2V

d0,1V

d1,1H

d1,1V

d2,1H

d2,1V

d3,1H

d3,1V

d1,0H d2,0H d3,0H

Given a cohomological double complex, we construct a cohomological spectral sequence by filtering
our double complex in two different ways. We first consider the following filtration:

(Ci,jI )p =

{
0 if i < p,

Ci,j if i ≥ p.
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Note that we have a decreasing filtration by columns. The total complexes of these truncations of C•,•

give rise to a decreasing, exhaustive, seperated and bounded filtration on the total complex ofC•,•.

Fp TotIn(C
•,•) =

⊕
i≥p

Ci,n−i

Using Proposition 4.5.5 and Section 4.5.1, we have the following result:

Proposition 4.5.11. Consider a first quadrant cohomological double complex,C•,•, of abelian groups. There
exists a cohomological spectral sequenceEp,qr for r ≥ 0 such that:

(1) The zeroth page is given by the original double complex:

Ep,q0 =
Fp TotIp+q(C•,•)

Fp+1 TotIp+q(C•,•)
= Cp,q

and the differentials dp,q0 : Ep,q0 → Ep,q+1
0 are the vertical differentials dV of the double complex

(2) Thefirst page is givenby the cohomology computed from the zeroth page and thedifferentialsdp,q1 : Ep,q1 →
Ep+1,q

1 are naturally induced by the horizontal differentials dH .
Moreover, for each (p, q) ∈ N2 there exists aR(p, q) such that for r > R(p, q) we have

Ep,qr = Ep,q∞ = GpH
p+q(TotC•,•).

We could easily have used the vertical truncations of the double complex.

(Ci,jI )p =

{
0 if j < p,

Ci,j if j ≥ p.

Note that we have a decreasing filtration by rows. The total complexes of these truncations of C•,• give
rise to a decreasing, exhaustive, seperated and bounded filtration on the total complex ofC•,•.

Fp TotIIn (C•,•) =
⊕
j≥p

Cn−j,j

Using Proposition 4.5.5 and Section 4.5.1, we have the following result:

Proposition 4.5.12. Consider afirst quadrant cohomological double complex,C•,•, of abelian groups. There
exists a cohomological spectral sequenceEp,qr for r ≥ 0 such that:

(1) The zeroth page is given by the ‘transposed’ original double complex:

Ep,q0 =
Fp TotIIp+q(C•,•)

Fp+1 TotIIp+q(C•,•)
= Cq,p

and the differentials dp,q0 : Ep,q0 → Ep,q+1
0 are the induced by the horizontal differentials dH of

the double complex
(2) Thefirst page is givenby the cohomology computed from the zeroth page and thedifferentialsdp,q1 : Ep,q1 →

Ep+1,q
1 are naturally induced by the vertical differentials dV of the double complex.

Moreover, for each (p, q) ∈ N2 there exists aR(p, q) such that for r > R(p, q) we have

Ep,qr = Ep,q∞ = GpH
p+q(TotC•,•).

Remark 4.5.13. Of course, we could have derived a homological spectral sequence associated to first-quadrant
homological double complexes. We obtain two types of spectral sequences, which we described in words:
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(1) Thefirst spectral sequence is obtainedbyfiltering columns. The zeroth page is the double complex, and
the differentials are the vertical (downward facing) maps from the double complex. The first page
is the homology of the first page and the maps are the horizontal (rightward facing) maps induced
from the double complex.

(2) The first spectral sequence is obtained by filtering rows. The zeroth page is the ‘transposed’ double
complex, and the differentials induced by the horizontal differentials from the double complex. The
first page is the homology of the first page and the differentials are the vertical maps induced from
the double complex.

We will freely use the analogous results below.

4.6. Applications

Why all the fuss about homological algebra, and in particular spectral sequences? Their significance
stems from the ability to systematically decompose complex computations into more tractable, stepwise
analyses. Let us now apply the machinery we have developed.

4.6.1. Diagram Chasing Lemmas. We first establish several diagram-chasing lemmas that play a
foundational role in homological algebra.

Proposition 4.6.1. (Five Lemma) Consider the following diagram ofR-modules:

A B C D E

A′ B′ C ′ D′ E′

f

α β γ

g

δ ϵ

f ′ g′

be a commutative diagram with exact rows ofR-modules. We have the following:
(1) If α is a surjective homomorphism and β, δ are injective homomorphisms, then γ is an injective

homomorphism.
(2) If ε is an injective homomorphism and β, δ are surjective homomorphisms, then γ is a surjective

homomorphism.

Remark 4.6.2. Weuse the homological spectral sequence associatedwith afirst-quadrant homological double
complex in the argument below.

Proof. We only prove (1), noting that the proof of (2) proceeds analogously. To construct the desired
double complex, we begin with the given diagram, reflect it appropriately, and adjoin the necessary kernels
and cokernels on the left and right. By assigning zero objects to all remaining entries, we obtain a first
quadrant homological double complex.

...
...

...
...

...
...

...
...

0 0 0 0 0 0 0 0

coker g′ E D C B A ker f 0

coker g′′ E′ D′ C ′ B′ A′ ker f ′ 0

If we consider the homological spectral sequence arising from filtering the double complex by rows, the
E1-page is computed by taking homology in the horizontal direction. Since the double complex is exact
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along rows, it follows that all entries on theE1-page vanish. Consequently, the spectral sequence converges
weakly to zero. Similarly, the homological spectral sequence obtained by filtering the double complex by
columns also converges weakly to zero. In this case, the E1 page is obtained by taking the the homology
of the double complex in the horizontal direction:

∗ ker ε ker δ ker γ kerβ kerα ∗

∗ coker ε coker δ coker γ cokerβ cokerα ∗

By assumption ker δ = kerβ = cokerα = 0. By taking homology once more, we arrive at theE2 page:

∗ ∗ ∗ ker γ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ 0 ∗
As the spectral sequence converges weakly to 0, we know that on theE∞ page, no entry can remain. But
this means that ker γ must vanish, since otherwise it could never disappear on the subsequent pages. This
proves the claim. □

We now prove the Snake Lemma using homological spectral sequences. The Snake Lemma is a fun-
damental result in homological algebra, playing a crucial role in the construction of long exact sequences
that arise naturally from short exact sequences of chain complexes.

Proposition 4.6.3. (Snake Lemma) Consider the following diagram ofR-modules:

A B C 0

0 A′ B′ C ′

f

α

g

β γ

f ′ g′

Then there is an exact sequence ofR-modules:

kerα kerβ ker γ cokerα cokerβ coker γδ

The map δ is called the connecting homomorphism.

Proof. The proof proceeds analogously to that of Proposition 4.6.1. As in that case, we construct a
first quadrant homological double complex by adjoining kernels and cokernels to the given diagram and
assigning zero objects to the remaining entries.

...
...

...
...

...
...

...

0 0 0 0 0 0 0

0 0 C B A ker f 0

0 coker g′ C ′ B′ A′ 0 0

If we consider the homological spectral sequence obtained by filtering the double complex by rows, the
E1-page is computed by taking homology in the horizontal direction. Since the double complex is exact
along rows, all horizontal homologyR-modules should vanish, and thus theE1-page consists entirely of
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zero objects. Consequently, the spectral sequence converges weakly to zero. Similarly, the homological
spectral sequence obtained by filtering by columns also converges weakly to 0. For this spectral sequence,
theE1 page is obtained by taking the the homology of the double complex in the horizontal direction:

0 coker ḡ ker γ kerβ kerα

coker γ cokerβ cokerα ker f̄ ′ 0

ḡ f̄

ḡ′ f̄ ′

The maps shown above are induced by the morphisms in the original commutative diagram. We show
that we have exactness at kerβ and cokerβ.

(1) Note that we have ker ḡ = ker g ∩ kerβ. By exactness of the original diagram, we have ker g =
im f . Hence, we have

ker g ∩ kerβ = im f ∩ kerβ
= f(f−1(kerβ))
= f(ker(β ◦ f))
= f(ker(f ′ ◦ α))
= f(kerα)

The last equality follows since f ′ is injective. Hence, we have ker ḡ = im f̄ .
(2) By exactness of the original diagram, we have ker g′ = im f ′. Note that we have

(g′)−1(im γ)
imβ

=
(g′)−1(im(γ ◦ g))

imβ

=
(g′)−1(im(g′ ◦ β))

imβ

=
imβ + ker g′

imβ

=
imβ + im f ′

imβ
The first equality follows since g is surjective, and the third equality follows from exactness atB′.
Hence, ker ḡ′ = im f ′.

We take homology once more to examine theE2 page.

0 coker ḡ 0 0 0

0 0 0 ker f̄ ′ 0

Since all entriesmust vanish on theE∞ page, the one remainingmapmust necessarily be an isomorphism.
By inverting this isomorphism, we obtain a connecting homomorphism:

kerα kerβ ker γ cokerα cokerβ coker γ

coker ḡ ker f̄ ′

0 0

f̄ ḡ

π

δ f̄ ′ ḡ′

∼=
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Let’s show exactness at ker γ. Using the commutative square, we have that ker γ = kerπ. But we also
have that kerπ = im ḡ. Hence, ker γ = im ḡ. A similar argument shows that the sequence is exact at
cokerα. □

We now provide a proof of the Braid Lemma using a diagram chasing argument. While spectral se-
quences are powerful tools in homological algebra, I amnot aware of a standard proof of the Braid Lemma
that relies on them. As we shall see, the Braid Lemma plays a crucial role in constructing the long exact
sequence associated with triples of topological spaces.

Proposition 4.6.4. (Braid Lemma) Suppose three long exact sequences and a chain complex we have a
commutative diagram. Then the chain complex is also a long exact sequence

· · · A D G J

· · · O C F I · · ·

· · · B E H K

g1

f1 g2

h3

h4

j4

g0

j0

h2

f2 g3

j3 f5

h5

j1

h1 j2

f3

f4

g4

Proof. WLOG, assume that the f maps describe the chain complex. By symmetry, it suffices to show
exactness atC,E andH :

(1) ker(f2) ⊆ im(f1): Let x ∈ ker(f2). Then 0 = f2(x) = j2f2(x) = g2h2(x) by commuta-
tivity. It follows that h2(x) ∈ ker(g2) = im(g1). So ∃x1 ∈ A such that g1(x1) = h2(x). By
commutativity, g1(x1) = h2f1(x1). So we have that 0 = g1(x1)− h2(x) = h2(f1(x1)− x).
Let x2 := f1(x1) − x ∈ ker(h2) = im(h1). Then ∃x3 ∈ B such that h1(x3) = x2. Note
that

j1(x3) = f2h1(x3) = f2(x2) = f2(f1(x1)− x) = 0,

where the last equality follows from f2 ◦ f1 = 0 and f2(x) = 0. We therefore have that x3 ∈
ker(j1) = im(j0). So there exists x4 ∈ O such that j0(x4) = x3. Considerg0(x4). It satisfies

f1g0(x4) = h1j0(x4) = h1(x3) = x2 = f1(x1)− x

Therefore, we have x = f1(x1 − g0(x4)). This shows that x ∈ im(f1).

g0(x4), x1 h2(x)

x4 x2, x 0

x3 0

g1

f1 g2g0

j0

h2

f2

j1

h1 j2

(2) ker(f3) ⊆ im(f2): Let x ∈ E be such that f3(x) = 0. By commutativity, g3j2(x) = 0, so
j2(x) ∈ ker(g3) = im(g2). Then ∃x1 ∈ D such that g2(x1) = j2(x). It satisfies h3(x1) =
j3g2(x1) = j3j2(x) = 0, as (ji) is a chain complex. So x1 ∈ ker(h3) = im(h2). Therefore,
there exists x2 ∈ C such that h2(x2) = x1. This element is such that j2f2(x2) = g2h2(x2) =
g2(x1) = j2(x). We therefore have j2(f2(x2) − x) = 0. Let x3 := f2(x2) − x. Then
x3 ∈ ker(j2) = im(j1). Let x4 ∈ B be such that j1(x4) = x3. x4 is such that f2h1(x4) =
j1(x4) = x3 = f2(x2) − x. Finally, we see that x = f2(x2 − h1(x4)), so x ∈ im(f2) as
required.
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x1 0

h1(x4), x2 0, j2(x)

x4 x3, x 0

g2

h3

h2

f2 g3

j3

j1

j2

f3

(3) ker(f4) ⊆ im(f3): Let x ∈ H be such that f4(x) = 0. Then 0 = h5f4(x) = g4(x). So
x ∈ ker(g4) = im(g3). Let x1 ∈ F be such that g3(x1) = x. Then h4j3(x1) = f4g3(x1) =
f4(x) = 0. So j3(x1) ∈ ker(h4) = im(h3). Let x2 ∈ D be such that h3(x2) = j3(x1). Then
j3(x1) = j2g2(x2), such thatx3 := g2(x2)−x1 ∈ ker(j3) = im(j2). Letx4 ∈ E be such that
j2(x4) = x3. Then f3(x4) = g3j2(x4) = g3(x3) = g3(g2(x2) − x1) = −g3(x1) = −x.
Therefore, x = f3(−x4), and x ∈ im(f3) as required.

x2 j3(x1)

x3, x1 0

x4 −x, x 0

g2

h3

h4

g3

j3

h5j2

f3

f4

g4

This completes the proof. □
4.6.2. Short Exact Sequence via Spectral Sequences. Spectral sequences often encode a wealth

of homological information, organizing it across multiple pages of approximations. Even when the data
appears sparse, the structure of a spectral sequence can be leveraged to extract compact and meaningful
results. We show how they can also be employed to derive short exact sequences that are both non-trivial
and extremely useful in computations.

Proposition 4.6.5. (Two Column Sequence) Let {Ep,qr }r≥1 be a cohomological spectral sequence associ-
ated to a decreasing, exhaustive and separated filtration. Assume that Ep,q2 = 0 unless p = 0, 1. For each
n ∈ Z, we have a short exact sequence:

0 −→ E0,n
2 −→Mn −→ E−1,n+1

2 −→ 0.

Proof. TheE2 pages looks like the following:

0 0 E0,1
2 E1,1

2 0 0

0 0 E0,0
2 E1,0

2 0 0

0 0 E0,−1
2 E1,−1

2 0 0

Hence, we see that Ep,q2 = Ep,q∞ . Assume that the spectral sequence converges weakly to {Mn}n∈Z.
Hence, we have

Ep,q2 = Ep,q∞
∼=

FpMp+q

Fp+1Mp+q
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If p 6= 0, 1, we get

0 = Ep,q2 =
FpMp+q

Fp+1Mp+q
,

which tells us FpHp+q = Fp+1Hp+q for all q ∈ Z such that p 6= 0, 1. Therefore the filtration looks like

· · · = F−2Mn = F−1Mn ⊇ F0Mn ⊇ F1Mn = F2Mn = · · ·
Since the filtration is assumed to be exhaustive and separated, we have that

F−1Mn = F−2Mn = · · · =Mn,

F1Mn = F2Mn = · · · = 0.

For p = 0, we notice that

E0,n
2 = E0,n

∞
∼=
F0Mn

F1Mn
= F0Mn.

For p = 1, we get

E−1,n+1
2 = E1,n−1

∞
∼=
F−1Mn

F0Hn
=

Mn

F0Mn
.

For each n ∈ Z, the short exact sequence

0 −→ F0Mn −→Mn −→
Mn

F0Mn
−→ 0

turns into the short exact sequence

0 −→ E0,n
2 −→Mn −→ E−1,n+1

2 −→ 0.

□

Remark 4.6.6. If we had a homological spectral sequence, the analogous statement would be that for each
n ∈ Z there is a short exact sequence:

0 −→ E2
0,n −→Mn −→ E2

1,n−1 −→ 0

4.6.3. Long Exact Sequence in Homology. We now employ an argument analogous to that of
Proposition 4.6.3 to demonstrate that any short exact sequence of chain complexes gives rise to a long
exact sequence in homology. As this reasoning is entirely algebraic in nature, we carry out the proof in the
general algebraic setting.

Proposition 4.6.7. (Long Exact Sequence inHomology)Consider a short exact sequence inChainModR
:

0• → A•
i•−→ B•

j•−→ C• → 0•

For each n ≥ 1, there exist connecting morphisms δn : Hn(C•) → Hn−1(A•) such that there is a long
exact sequence in homology:

· · · Hn+1(B•) Hn+1(C•)

Hn(A•) Hn(B•) Hn(C•)

Hn−1(A•) Hn−1(B•) · · ·

δn+1

δn

In fact, the above construction defines a functor from ChainExact
ModR

to ChainLong
ModR

, the category of long exact
sequences of abelian groups.
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Proof. (Sketch) Note that a short exact sequence of chain complexes naturally gives rise to a first quad-
rant homological double complex: the chain complexes are arranged in rows, with horizontal maps given
by the differentials within each complex and verticalmaps given by themaps from the short exact sequence
at eachdegree. The resultingdouble complex lies in thefirst quadrant because the indices of theR-modules
in each chain complex are drawn from the natural numbers. The exactness at each degree ensures the re-
sulting diagram satisfies the conditions for forming a double complex. The short exact sequence of chain
complexes can be drawn more explicitly as:

0 0 0

· · · An−1 An An+1 · · ·

· · · Bn−1 Bn Bn+1 · · ·

· · · Cn−1 Cn Cn+1 · · ·

0 0 0

in+1

∂n
in

∂n+1

in−1

in+1

∂′n
in
∂′n+1

in−1

in+1

∂′′n
in
∂′′n+1

in−1

If we consider the homological spectral sequence obtained by filtering the double complex by rows, the
E1-page is computed by taking homology in the horizontal direction. Since the double complex is exact
along rows, all horizontal homologyR-modules should vanish, and thus theE1-page consists entirely of
zero objects. Consequently, the spectral sequence converges weakly to zero. Similarly, the homological
spectral sequence obtained by filtering by columns also converges weakly to 0. For this spectral sequence,
theE1 page is obtained by taking the the homology of the double complex in the horizontal direction:

0 0 0

· · · Hn−1(A) Hn(A) Hn+1(A) · · ·

· · · Hn−1(B) Hn(B) Hn+1(B) · · ·

· · · Hn−1(C) Hn(C) Hn+1(C) · · ·

0 0 0

∂̄n ∂̄n+1

∂̄′n ∂̄′n+1

∂̄′′n ∂̄′′n+1

Let us focus on the sub-diagram involving only the indices n− 1 and n. Upon rotating the sub-diagram,
the resulting sub-diagram is as follows.

0 Hn(A) Hn(B) Hn(C) 0

0 Hn−1(A) Hn−1(B) Hn−1(C) 0

∂n ∂′n ∂′′n

By applying Proposition 4.6.3, we obtain the following long exact sequence:

Hn(A)→ Hn(B)→ Hn(C)
δn−→ Hn−1(A)→ Hn−1(B)→ Hn−1(C)
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By assembling these short exact sequences via the connecting homomorphisms, we obtain the desired long
exact sequence in homology. In fact, we can explicitly describe the connecting morphism δn in this case,
and the construction given below can be shown to be compatible with the abstract existence of the con-
necting homomorphism in Proposition 4.6.3. The connecting morphisms δn are constructed as follows:
let c ∈ Cn be a cycle representative for [α] ∈ Hn(C). Then, since jn is surjective, there exists b ∈ Bn
such that c = jn(b). Therefore, we have that ∂′n(b) ∈ Bn−1. By the commutativity of the diagram, we
know that

jn−1(∂
′′
n(b)) = ∂′′n(jn−1(b)) = ∂′′n(c) = 0,

since c is a cycle. Therefore, ∂′n(b) ∈ ker jn−1 = im in−1. So, there exists a (unique, since in−1 is
injective) a ∈ An−1 with ∂′n(b) = in−1(a). We show that a is a cycle. Note that

in−2(∂n−1(a)) = ∂′n−1(in−1(a)) = ∂′n−1(∂
′
n(b)) = 0

Since in−2 is injective, this implies that ∂n−1(a) = 0. Finally, we define δn([α]) = [a] ∈ Hn−1(A). We
have to show that this assignment is independent of all choices.

(1) Suppose we choose b′ ∈ Bn such that jn(b′) = c. Then, b′ − b ∈ ker jn = im in. So, there
exists a′ ∈ An such that b′ − b = in(a

′). Therefore,

∂′n(b
′) = ∂′n(b) + ∂′n(in(a

′))

= ∂(b) + in−1(∂n(a
′))

= in−1(a) + in−1(∂n(a
′))

= in−1(a+ ∂n(a
′)).

So we see that changing b to b′ amounts to changing a by a homologous cycle a+ ∂n(a
′).

(2) If instead of c we use c + ∂′′n+1(c
′) for some c′ ∈ Cn+1. But then, c′ = jn+1(b

′) for some
b′ ∈ Bn+1. So,

c+ ∂′′n+1(c
′) = c+ ∂′′n+1(jn+1(b

′))

= c+ jn(∂
′
n+1(b

′))

= jn(b+ ∂′n+1(b
′))

Then bwill be replaced by b+ ∂′n+1(b
′), which leaves ∂′n(b) unchanged, hence a unchanged.

We now show that the above construction defines a functor fromChainExact
ModR

toModLong
R . Consider

the following diagram in ChainExact
ModR

:

0• A• B• C• 0•

0• A′
• B′

• C ′
• 0•

i•

f•

j•

g• h•
i′• j′•

We show that induces the following commutative diagram.

· · · Hn(A) Hn(B) Hn(C) Hn−1(A) Hn−1(B) · · ·

· · · Hn(A
′) Hn(B

′) Hn(C
′) Hn−1(A

′) Hn−1(B
′) · · ·

Hn(i)

Hn(fn)

Hn(j)

Hn(gn)

δn

Hn(hn)

Hn−1(in−1)

Hn−1(fn−1) Hn−1(gn−1)

Hn(i′n) Hn(j′n) δ′n Hn(i′n−1)
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The commutativity of the first two squares and the last square is obvious sincen-th homology is a functor.
It suffices to check that the the diagram

Hn(C) Hn−1(A)

Hn(C
′) Hn−1(A

′)

δn

Hn(hn) Hn−1(fn−1)

δ′n

is commutative. Recall that the map δn : Hn(C) → Hn−1(A) was defined by δn[c] = [a] where
c = jn(b) and in−1(a) = ∂′nb. Consider hn(c) ∈ C ′

n. Note that

hn(c) = hn(jn(b)) = j′n(gn(b))

i′n−1(fn−1(a)) = gn−1(in−1(a)) = gn−1(∂
′
n(b)) = d′n(gn(b)).

Here d′n is the map fromB′
n toB′

n−1. Hence,

[δ′nhn(c))] = [fn−1(a)] = [fn−1δn(c)]

This shows that the construction defines a functor from the ChainExact
ModR

toModLong
R . □

4.7. Convergence of a Spectral Sequence

We have seen in Section 4.5 that a bounded descending filtration naturally induces a convergent coho-
mological spectral sequence, in the sense that the entriesEp,qr stabilize for sufficiently large r, as a function
of (p, q), allowing us to define the limiting page of a spectral sequence. We now turn to the question of
convergence for a general spectral sequence. We first need to define the notion of the limiting page of a
general spectral sequence. If {Ep,qr , dp,qr }r∈N is a a cohomological spectral sequence, we have a tower of
R-submodules

Bp,q
0 ⊆ Bp,q

1 ⊆ Bp,q
2 ⊆ · · · ⊆ · · · ⊆ Zp,q2 ⊆ Zp,q1 ⊆ Zp,q0 (3)

HereZp,qr , Bp,q
r are defined as in Section 4.5. Define

Zp,q∞ =
∞⋂
r=1

Zp,qr , Bp,q
∞ =

∞⋃
r=1

Bp,q
r

Note thatBp,q
r ⊆ Zp,q∞ for each (p, q) ∈ Z2. Clearly, the construction generalizes to the case where we

have a cohomological spectral sequence starting on the r0-th page, for some r0 ∈ N. This allows us to
define a potential candidate for the limit of a cohomological spectral sequence.

Definition 4.7.1. Let r0 ∈ N, and let {Ep,qr , dp,qr }r≥r0 be a cohomological spectral sequence of R-
modules. TheE∞ page of {Ep,qr , dp,qr }r≥r0 is defined such that

E∞
p,q =

Z∞
p,q

B∞
p,q

In the specific instances examined in Section 4.5, the spectral sequence was shown to converge to the
associated graded cohomology of a co-chain complex. This observationmotivates the following definition.

Definition 4.7.2. Let r0 ∈ N. Let {Mn}n∈Z be a family of R-modules, and let {Ep,qr , dp,qr }r≥r0 be a
cohomological spectral sequence ofR-modules.

(1) We say that{Ep,qr , dp,qr }r≥r0 convergesweakly to{Mn}n∈Z if there exists a decreasing exhaustive
filtration

· · · ⊇ Fp−1Mn ⊇ FpMn ⊇ Fp+1Mn ⊇ · · ·
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for each n ∈ Z and furthermore, there exist isomorphisms

Ep,q∞
∼= Gp(Mp+q) :=

FpMp+q

Fp+1Mp+q
.

Wewrite
Ep,qr ⇒ Gp(Mp+q)

(2) We say that {Ep,qr , dp,qr }r≥r0 approaches {Mn}n∈Z if the filtration in (1) is exhaustive and sepa-
rated.

(3) We say that {Ep,qr , dp,qr }r≥r0 converges strongly to {Mn}n∈Z if it approaches {Mn}n∈Z and
Mn = lim←−

p∈Z
(Mn/FpMn) .



CHAPTER 5

Singular Homology

Singular homology is a powerful tool in algebraic topology that assigns a sequence of abelian groups
to a topological space by studying continuousmaps from standard simplices into the space. It enjoys wide
applicability due to its functorial properties and satisfies the Eilenberg–Steenrod axioms,making it a foun-
dational invariant in the subject. References include [Hat02; Lee10; May99].

5.1. Definitions

Singular homology is difficult to compute, but singular homology has nice theoretical properties
which allows us to prove a host of properties about a homology theory. It can be checked that simplicial
homology and singular homology is coincide as we will do later on. Hence, simplicial homology provides
a computational tool to compute homology, and singular homology provides a theoretical tool to study
homology theoretically.

Definition 5.1.1. LetX be a topological space. A singular n-simplex is a continuous map σ : ∆n → X .
The set of all such continuous maps is denoted as Hom(∆n, X).

Example 5.1.2. Since∆0 is a point, a 0-simplex inX is simply a point inX . Since∆1 is a closed interval,
a 1-simplex is a path inX . Since∆1 is a solid triangle, 2-simplex is the image of a solid triangle.

Remark 5.1.3. The phrase ‘singular’ is used here to express the idea that σ need not be an embedding or a
homeomorphism but can have ‘singularities’ where its image does not look at all like a simplex. All that is
required is that σ be continuous.

We can express our constructions categorically. Consider the category∆, whose objects are the finite
ordered sets

[n] = {0 < 1 < · · · < n}
for each integer n ≥ 0, and whose morphisms from [n] to [m] are given by strictly increasing functions.
The assignment of the n-simplex as a topological space defines a functor

∆• : ∆ −→ Top

that sends [n] to∆n. A morphism α : [n]→ [m] in∆ is sent to the continuous injection

∆n → ∆m

(t0, . . . , tn) 7→ (s0, . . . , sm),

where sα(i) = ti for each i = 0, . . . , n, and the remaining coordinates are set to zero. For example, the
inclusion [n− 1]→ [n]which skips the i-th entry induces the face inclusion

dni : ∆n−1 → ∆n,

(t0, . . . , tn−1) 7→ (t0, . . . , ti−1, 0, ti, . . . , tn−1),

93
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Note that we obtain the sets Hom(∆n, X) by considering continuous maps ∆n → X , and we have a
collection of functions

d
n
i : Hom(∆n, X)→ Hom(∆n−1, X),

f 7→ f ◦ dni .

The construction of the sets Hom(∆n, X) and the maps between them is given by the composition of
functors

Sing•(X) := Hom(∆•(−), X) : ∆ −→ Top −→ SetsOp.
Note that the second functor is a contravariant functor. Such functors are known as simplicial sets. In
words, a semi-simplicial set is a contravariant functor

X• : ∆→ SetOp

that consists of a collection of sets {Xn}n≥0, where eachXn is called the set of n-simplices. Each strictly
order-preserving injection [n]→ [m] in∆ induces a function fn,m : Xm → Xn.

Remark 5.1.4. Since every morphism in∆ can be written as a composition of elementary injections of the
form dni : [n− 1] → [n], it suffices to specify the effect of each such dni . The functorX• assigns to each such
injection a function dni : Xn → Xn−1.

The data of a semi-simplicial set can be encoded in a category.

Definition 5.1.5. Thecategory ssSet consists of semi-simplicial sets is the functor categoryFunc(∆, SetsOp),
the category of contravariant functors from∆ to Sets.

Explicitly, a semi-simplicial is a contravariant functorX• : ∆→ Set, and amorphism f• : X• → Y•
of semi-simplicial sets is a collection of functions fn : Xn → Yn for each n ≥ 0, such that for all n ≥ 1
and 0 ≤ i ≤ n, the following compatibility condition holds:

d
n
i ◦ fn = fn−1 ◦ d̄n−1

i .

The constructions can be summarized by noting that there exists a singular semi-simplicial set functor

Sing• : Top −→ ssSet,
X 7→ Sing•(X).

Sing• is defined as a composition of functors:

Top→ Func(Top, SetsOp)→ Func(∆, SetsOp)
X 7→ Hom(−, X) 7→ ∆∗

• ◦Hom(−, X)

Here∆∗
• ◦Hom(−, X) is the functor that maps n to Hom(∆n, X). Singular homology studies a topo-

logical space by probing it through Z-linear combination of singular simplices.

Definition 5.1.6. LetX be a topological space. The group of n-chains,Cn(X), is the free abelian group
with basis the set of singular n-simplices inX :

Cn(X) := Z[Hom(∆n, X)]

{
n∑
i=0

niσi : ni ∈ Z, σi : ∆n → X continuous

}
where each formal sum

∑n
i=0 niσi is finite, i.e., all but finitely many ni are zero. The n-th boundary map

∂n : Cn(X)→ Cn−1(X)
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is defined on the basis ofCn(X) by the formula

∂n(σ) =
n∑
i=0

(−1)iσ ◦ dni

Remark 5.1.7. What is the meaning of the expression σ ◦ dni ? Note that the image di(∆n−1) ⊆ ∆n

can be identified with the the i-th face of ∆n. Hence, if σ : ∆n → X is a singular n-simplex in X ,
then the composition σ ◦ dni restricts σ to its i-th face. For the most part, however, we shall use the notation
σ|[v0,...,v̂i,...,vn] to refer to the map σ ◦ dni .

Lemma 5.1.8. LetX be a topological space. The composition

∂n−1 ◦ ∂n : Cn(X)
∂n−→ Cn−1(X)

∂n−1−−−→ Cn−2(X)

is the zero map.

Proof. The crucial observation about the maps di’s we need is that for every n ≥ 2 and every 0 ≤ j <
i ≤ n, we have:

dni ◦ dn−1
j = dnj ◦ dn−1

i−1 : ∆n−2 → ∆n

Indeed, it is easy to verify that both maps are given by

(t0, t1, . . . , tn−2) 7→ (t0, . . . , tj−1, 0, tj , . . . , ti−1, 0, ti, . . . , tn−2)

Note that

∂n−1 ◦ ∂n(σ) =
n−1∑
j=0

n∑
i=0

(−1)i+jσ ◦ dni ◦ dn−1
j

=
n−1∑
j=0

j∑
i=0

(−1)i+jdni ◦ dn−1
j +

n−1∑
j=0

n∑
i=j+1

(−1)i+jdni ◦ dn−1
j

=
n−1∑
j=0

j∑
i=0

(−1)i+jdni ◦ dn−1
j +

n−1∑
j=0

n∑
i=j+1

(−1)i+jdnj ◦ dn−1
i−1

=

n−1∑
j=0

j∑
i=0

(−1)i+jdni ◦ dn−1
j +

n−1∑
j=0

n−1∑
i=j

(−1)i+j+1dnj ◦ dn−1
i

=
n−1∑
j=0

j∑
i=0

(−1)i+jdni ◦ dn−1
j −

n−1∑
j=0

n−1∑
i=j

(−1)i+jdnj ◦ dn−1
i

The second last equality follows by a shift of the inner summation index in the second nested sum. If we
now interchange the roles of i and j in the second sum, the two nested sums cancel. □

Remark 5.1.9. In what follows, we shall write the boundary operator as

∂n(σ) =

n∑
i=0

(−1)iσ|[v0,...,v̂i,...,vn]

Note that the following computation:∑
j<i

(−1)i(−1)jσ |[v0,··· ,v̂j ,··· ,v̂i,··· ,vn] +
∑
j>i

(−1)i(−1)j−1σ |[v0,··· ,v̂i,··· ,v̂j ,··· ,vn]= 0.
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The latter two summations cancel since after switching i and j in the second sum, it becomes the negative of
the first.

Thediscussion above canbe summarized as extracting a chain complexC•(X) fromthe semi-simplicial
set Sing•(X). Therefore, the procedure described above can be viewed as being defined as a functor:

Top→ ssSet→ ChainAb.

We will discuss the second functor in more detail in Proposition 5.1.11. Purely algebraically, we have a
sequence of homomorphisms of abelian groups:

· · · Cn(X) Cn−1(X) Cn−2(X) · · ·∂n+1 ∂n ∂n−1 ∂n−2

The boundary map ∂n : Cn(X) −→ C(X)n−1 is such that

∂n ◦ ∂n+1 = 0

That is:
im(∂n+1) ⊆ ker(∂n)

A sequence (Cn(X), ∂n)n∈N satisfying these properties is is called a singular chain complex. Elements of
ker(∂n) are called (singular) n-cycles and elements of im(∂n+1) are called (singular) n-boundaries.

Definition 5.1.10. LetX be a topological space. Then-thhomologyof the chain complex (Cn(X), ∂n)n∈N
is

Hn(X;Z) =
ker(∂n)
im(∂n+1)

Hn(X) is called the n-th singular homology group ofX with Z coefficients.

Wenowverify that tht singular homologydefines a functor fromTop toAb. Thus, singular homology
yields an invariant that can distinguish spaces. More importantly, it provides a systematic and general way
to study topological spaces using algebraic methods. Unlike simplicial homology, which require specific
decompositions, singular homology applies to all topological spaces, making it a powerful and flexible
theoretical tool in algebraic topology.

Proposition 5.1.11. For each n ≥ 0,
Hn : Top→ Ab

is a covariant functor for each n ≥ 0.

Proof. Hn can be described as the composite functor:

Top ssSet ChainAb Ab

Hn

Sing• Z(−)

We already know that Sing• is a covariant functor. The last functor is the homology functor which com-
putes the n-th homology of a chain complex of abelian groups. We already know from Proposition 4.2.15
that this functor is covariant. Hence, it suffices to prove that the middle functor is also covariant. Our
construction of the chain complex C•(X) from Sing•(X) can be understood as arising from this mid-
dle functor. This functor extends naturally to any semi-simplicial set. Given a semi-simplicial setX•, we
define

Z(X•)n := Z[Xn],
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the free abelian group generated by the set Xn. We equip this graded group with a differential given in
terms of the face maps by the formula

d : Z[Xn] −→ Z[Xn−1]

defined on a generator x ∈ Xn by

d(x) =
n∑
i=0

(−1)if in−1,n.

Here, f in−1,n denotes the map Xn → Xn−1 induced by the standard injection [n − 1] → [n]. For a
morphism f• : X• → Y• of semi-simplicial sets, the induced chain map

Z(f•)n : Z[Xn]→ Z[Yn]
is defined on generators by sending x ∈ Xn to fn(x) ∈ Yn, extended linearly. It can be verified that this
is a chain map and that Z preserves identities and composition 1. This proves that the middle map

Z(−) : ssSet −→ ChainAb,

X• 7→ Z(X•)

is a functor. This proves the claim. □
Remark 5.1.12. We can collect all the functors in Proposition 5.1.11 to define a single homology functor

H• : Top→ GrAb,
whereGrAb is the category of graded abelian groups. This functor takes a topological spaceX andmaps it to
the graded abelian group

H•(X) =
⊕
n≥0

Hn(X).

Calculation with singular homology is difficult because each Cn is generally a free abelian group on
uncountably many generators! Eventually, however, we will show that simplicial homology and singular
homology are isomorphic.

Remark 5.1.13. We will also introduce cellular homology which is isomorphic to singular homology and is
amenable to computation.

Here is a trivial computation:

Example 5.1.14. (Singular Homology of a Point) IfX is a single point, then there is exactly one map
σn : ∆n → X , and it is continuous, soCn(X) = Z for all n. Moreover,

∂n(σn) =

n−1∑
i=0

(−1)iσn−1 =

{
0 for n odd
σn−1 for n even

We end up with:
· · ·

∼=−→ Z 0−→ Z
∼=−→ Z 0−→ Z→ 0

Thus, we can quotient out to get the homology:

Hn(X;Z) ∼=

{
Z for n = 0

0 for n ≥ 1

1This construction is the same construction we have used to defined chain mapsC•(X) → C•(Y ) if there is a morphism
X → Y .
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On the other hand, singular homology is much nicer theoretically, because we don’t have to worry
about choosing a∆-complex structure, so it provides a convenient tool to prove various properties about
a homology theory. For instance:

Proposition 5.1.15. LetX be a topological space.
(1) Let (Xα)α∈A are the path-connected components ofX . Then,

Hn(X;Z) ∼=
⊕
α∈A

Hn(Xα;Z)

(2) (0-th Singular Homology Groups) IfX is non-empty and path-connected, thenH0(X) ∼= Z.
Hence, for any spaceX ,H0(X;Z) is a direct sum of Z’s, one for each path-component ofX .

Proof. The proof is given below:
(1) Since∆n is path-connected, and an n-simplex σ : ∆n → X is a continuous map, we have that

im(σ) ⊆ Xα for some α. Therefore, we get a decomposition:

Cn(X) ∼=
⊕
α

Cn(Xα).

The boundary maps preserve this decomposition, i.e., ∂n(Cn(Xα)) ⊆ Cn−1(Xα). Hence
ker(∂n) and im(∂n+1) split similarly as direct sums, and the result follows.

(2) By definition,H0(X;Z) = C0(X)/ im ∂1. Define a homomorphism

ε : C0(X)→ Z
n∑
i=0

niσi 7→
n∑
i=0

ni

This is obviously surjective ifX is non-empty. Weclaim that ker ε = im ∂1 ifX is path-connected.
Observe first that im ∂1 ⊆ ker ε since for a singular 1-simplex σ : ∆1 → X , we have

ε ◦ ∂1(σ) = ε(σ
∣∣
[v1]
− σ

∣∣
[v0]

) = 1− 1 = 0

For the reverse inclusion, suppose ε (
∑n

i=0 niσi) = 0. Hence,
∑n

i=0 ni = 0. The σi’s are
singular 0-simplices which are simply points ofX . Choose a path τi : I → X from a basepoint,
x0, to σi(v0), and let σ0 be the singular 0-simplex with image x0. We can view τi as a singular
1-simplex, a map τi : [v0, v1]→ X , and then we have ∂1(τi) = σi − σ0. Hence,

∂1

(
n∑
i=0

niτi

)
=

n∑
i=0

niσi −
n∑
i=0

niσ0 =
n∑
i=0

niσi,

since
∑n

i=0 ni = 0. Thus,
∑n

i=0 niσi is a boundary. Hence, ker ε ⊆ im ∂1. Hence, ε induces
an isomorphismH0(X;Z) ∼= Z.

This completes the proof. □

It is often very convenient to have a slightly modified version of homology for which a point has triv-
ial homology groups in all dimensions, including zero. This is done by defining the reduced homology
groups, H̃n(X). Let {∗} ∈ X be a one-point space. There is a unique mapX → {∗}. Moreover, a map
{∗} → X assigns a basepoint, x0, toX . Since the composition

{∗} x0−→ X −→ {∗}
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is the identity, for each n ≥ 0 the induced maps on homology satisfy

Hn({∗}) Hn(X) Hn({∗})
Hn(x0)

also compose to the identity. Hence,Hn({∗}) is an abelian subgroup ofHn(X) for each x0 ∈ X . For
each n ≥ 0, we define the reduced homology to be

H̃n(X) =
Hn(X)

Hn({∗})
By Example 5.1.14, we have

H̃n(X) =

{
Hn(x)/Z n = 0

Hn(X) n > 0

Note that we haveH0(X) ∼= H̃0(X)⊕ Z becauseH0(X) is a freeZ-module.

5.2. Eilenberg–Steenrod Axioms

We have met two homology theories: simplicial homology and singular homology. Later on, we will
discuss cellular homology. In fact, there are many other homology theories in mathematics that satisfy
remarkably similar properties. Eilenberg and Steenrod unified these different homology theories by for-
mulating a set of axioms that all such theories satisfy.

Definition 5.2.1. (Eilenberg–Steenrod Axioms) A homology theory with Z coefficients consists of
(1) A family of functorsHn : Top2 → Ab for n ≥ 0, and
(2) A family of natural transformations

δn : Hn → Hn−1 ◦ p

where p is the functor sending (X,A) to (A,∅) and f : (X,A)→ (Y,B) to f |A : (A,∅)→
(B,∅).

such that the following axioms are satisfied:
(a) (Homotopy invariance) If f, g : (X,A)→ (Y,B) are homotopicmaps, then the inducedmaps

Hn(f),Hn(g) : Hn(X,A;Z)→ Hn(Y,B;Z)

are such thatHn(f) = Hn(g) for n ≥ 02.
(b) (Long exact sequence) The inclusions

(A, ∅) ↪→ (X, ∅) ↪→ (X,A)

give rise to a long exact sequence

· · · Hn+1(X;Z) Hn+1(X,A;Z) Hn(A;Z) Hn(X;Z) · · ·δn+1

(c) (Excision) If Z ⊆ A ⊆ X are topological spaces such that Z ⊆ Int(A), the inclusion of pairs
(X \ Z,A \ Z) ⊆ (X,A) induces isomorphisms

Hn(X \ Z,A \ Z;Z)→ Hn(X,A;Z)

for all n ≥ 0.

2In other words,Hn may be regarded as a functor from hTop toAb.
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(d) (Additivity) IfX =
∐
αXα is the disjoint union of a family of topological spacesXα, then

Hn(X;Z) =
⊕
α

Hn(Xα;Z)

for each n ∈ N.

If a homology theory satisfies the following additional dimension axiom, which states that for any
one-point spaceX = {∗},

Hn(X;Z) =

{
Z if n = 0,

0 otherwise,
then the homology theory is called an ordinary homology theory withZ-coefficients, and the correspond-
ing Eilenberg–Steenrod axioms are referred to as the ordinary Eilenberg–Steenrod axioms for homology.

Remark 5.2.2. Not all homology theories satisfy the dimension axiom. Such theories are known as extraor-
dinary/generalized homology theories. Although they still satisfy the other Eilenberg–Steenrod axioms, they
fail the dimension axiom. Examples of extraordinary/generalized homology theories include: Examples of
extraordinary homology theories include:

(1) Unoriented bordism homology,
(2) Oriented bordism homology,
(3) Homology theories represented by spectra in stable homotopy theory that do not satisfy the dimension

axiom.

5.2.1. Relative Homology. We introduce the notion of relative homology functors tomake sense of
the family of functors in Definition 5.2.1:

Hn : Top2 → Ab
Given (X,A) ∈ Top2, we have Cn(A) ⊆ Cn(X) such that ∂n restricts to a map from Cn(A) to
Cn−1(A). Therefore, we can consider a chain complex (C•(A), ∂•|A) which is a sub-complex 3 of the
chain complex (C•, ∂•) The chain complex (C•(A), ∂•|A) is usually drawn as:

· · · −→ C2(A)
∂2|A−−−→ C1(A)

∂1|A−−−→ C0(A)

Note thatCn(A) is an abelian subgroup ofCn(X). Hence, we e can consider quotient group

Cn(X,A) =
Cn(X)

Cn(A)

Since the boundary map
∂n : Cn(X)→ Cn−1(X)

takesCn(A) toCn−1(A), it induces a quotient boundary map

∂n : Cn(X,A)→ Cn−1(X,A)

Since ∂n+1 ◦ ∂n = 0 onCn(X), we have that ∂n+1 ◦ ∂n = 0 onCn(X,A). Therefore, we get a chain
complex (C•(X,A), ∂•) The chain complex is usually drawn as:

· · · −→ C2(X,A)
∂2−→ C1(X,A)

∂1−→ C0(X,A)

The above discussion implies that the construction of relative singular chain complexes defines a functor
fromTop2 to ChainAb.

3Given a chain complex (C•, ∂•), a subcomplex of (C•, ∂•) is given by a family of subgroups C′
n ⊆ Cn such that the

boundary operator ∂′
n : Cn → Cn−1 restricts to a homomorphismC′

n → C′
n−1 for all n.
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Definition 5.2.3. Let (X,A) ∈ Top2. Then-th relative homology groupwithZ coefficients,Hn(X,A),
is the n-th homology group of the chain complex (C•(X,A), ∂•). That is:

Hn(X,A;Z) =
Ker ∂n
Im ∂n+1

Remark 5.2.4. It is clear that the n-th relative homology group with Z coefficients defines a functor from
Top2 to Ab.

Remark 5.2.5. Since the homology of the empty set is trivial for all n ≥ 0, we have:

Hn(X, ∅;Z) = Hn(X;Z)

for each n ≥ 0. Similarly, we have
Hn(X,X;Z) = 0

for each n ≥ 0.

By considering the definition of the relative boundary map we see that:
(1) Elements ofHn(X,A;Z) are represented by relative n-cycles: n-chains α ∈ Cn(X) such that

∂n(α) ∈ Cn−1(A).
(2) A relative n-cycle, α, is trivial inHn(X,A;Z) iff it is a relative n-boundary: α = ∂n+1(β) + γ

for some β ∈ Cn+1(X) and γ ∈ Cn(A).

5.2.2. Long Exact Sequence in Singular Homology. We now prove that singular homology satis-
fies the long exact sequence axiom. The importance of the long exact sequence axiom is that is allows us
to compute homology groups of various spaces in using an ‘inductive’ and/or ‘bottom-up’ approach, as
we shall see in various examples later on. We have a short exact sequence of chain complexes:

0• −→ (C•(A), ∂•|A)
i•−→ (C•, ∂•)

j•−→ (C•(X,A), ∂•) −→ 0•

ByProposition4.6.7, wehave the following long exact sequence is homology associated to thepair of spaces
(X,A):

· · · → Hn+1(X;Z)→ Hn+1(X,A;Z)
δn+1−−−→ Hn(A)→ Hn(X;Z)→ · · ·

By Proposition 4.6.7, the boundary map δn : Hn(X,A;Z) → Hn−1(A;Z) has a very simple descrip-
tion: if a class [α] ∈ Hn(X,A;Z) is represented by a relative cycle α, then δn[α] is the class of the cycle
δnα inHn−1(A;Z).

Remark 5.2.6. An easy generalization of the long exact sequence of a pair (X,A) is the long exact sequence
of a triple (X,A,B) ∈ Top3. Indeed, we have (X,A), (X,B), (A,B) ∈ Top2. The three long exact
sequences assemble in the following diagram:

Hn+2(X;Z) Hn+2(X,A;Z) Hn+1(A,B;Z) Hn(B;Z)

Hn+2(X,B;Z) Hn+1(A;Z) Hn+1(X,B;Z)

Hn+2(A,B;Z) Hn+1(B;Z) Hn+1(X;Z) Hn+1(X,A;Z)

g1

f1 g2

j4

f2 g3

j3 f5

j1

j2

f3

f4

g4

The braid lemma (Proposition 4.6.4) implies that the chain complex labeledwith⇒arrows is a chain complex.
This is the desired long exact sequence in homology generated by (X,A,B).
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5.3. Homotopy Invariance of Singular Homology

We establish that singular homology groups satisfy the homotopy invariance axiom. To this end, we
beginwith the non-relative case. Recall fromProposition 5.1.11 that for eachn ≥ 0, the singular homology
group Hn defines a functor from the category Top of topological spaces to the category Ab of abelian
groups. The homotopy invariance axioms amounts to the claim thatHn factors as follows:

Top hTop

Ab
Hn

γ

Hn

Here, γ : Top → hTop is the canonical projection functor that identifies homotopic maps. We we will
make use of the notion of a chain homotopy between chain complexes.

Remark 5.3.1. What is the geometric interpretation of a chainhomotopy? Leth : X×I → Y be a homotopy
between two continuous maps f, g : X → Y . Consider a 1-chain a ∈ C1(X). Then f∗(a) and g∗(a) are
1-chains in Y . The homotopy h interpolates between f and g, and thus maps the endpoints of f∗(a) to those
of g∗(a). To understand this, consider the boundary of the image of a under h, as depicted in Figure 1.
Traversing the boundary of h∗(a) counterclockwise starting at the bottom right, we observe:

∂2h∗(a) = g∗(a)− δ+ − f∗(a) + δ−,

where δ+ and δ− correspond to the images under h of the endpoints of a. The difference δ+ − δ− precisely
equals h∗(∂1a). Therefore, we obtain:

∂2h∗(a) = g∗(a)− f∗(a)− h∗(∂1a).
This expression illustrates that a chain homotopy mirrors the notion of a homotopy between maps at the level
of chain complexes.

The image is taken from [Alu21].

For each n ≥ 0, recall that the functorHn is given as the composite functor:

Top ssSet ChainAb Ab

Hn

S•

Sing• Z(−)
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It suffices to showthat the functorS• is homotopy invariant, sincewe alreadyknowfromProposition4.2.19
that the functor ChainAb → Ab descends to a well-defined functor

hChainAb → Ab.
In other words, it suffices to show that if f, g : X → Y are homotopic continuous maps, then the in-
duced chain maps f∗, g∗ : C•(X)→ C•(Y ) are chain homotopic; that is, there exists a chain homotopy
between them. A homotopyH : X × I → Y between maps f, g : X → Y determines the data given in
the following diagram:

X × {0}

X × I Y

X × {1}

i0

f

H

i1

g

Since S• : Top → ChainAb is a functor, applying it to the diagram yields the following equalities at the
level of chain complexes:

S•(f) = S•(H) ◦ S•(i0),
S•(g) = S•(H) ◦ S•(i1).

Since composing a chain homotopy with a chain map4 yields a chain homotopy it suffices to prove that
the maps

S•(i0), S•(i1) : C•(X)→ C•(X × I)
are chain homotopic since S•(H) is a chain map. Thus, we need to construct a chain homotopy whose
components

Cn(X)→ Cn+1(X × I)
are defined for each n ≥ 0. Given a generator σ : ∆n → X in Sn(X), it is natural to consider the map

σ × Id : ∆n × I → X × I.
Although∆n× I is not itself an (n+1)-simplex, we show that it can be expressed as a union of (n+1)-
simplices. This decomposition allows us to define the desired map by assembling it piecewise on these
simplices. Let’s provide an intuition foe the this construction. In∆n × I , let

∆n × 0 = [v0, . . . , vn]

∆n × 1 = [w0, . . . , wn]

where vi andwi have the same image under the projection∆n×I → ∆n. We can pass from [v0, . . . , vn]
to [w0, . . . , wn] by interpolating a sequence of n simplices, each obtained from the preceding one by
moving one vertex vi up towi, starting with vn and working backwards to v0. For instance,

[v0, . . . , vi, wi+1, . . . , wn]

moves up to
[v0, . . . , vi−1, wi, . . . , wn]

The region between these two n simplices is exactly the (n+ 1) simplex
[v0, . . . , vi, wi, . . . , wn]

Lemma 5.3.2. ∆n × I is the union of n+ 1 copies of∆n+1.
4This is clear.
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Proof. For i = −1, 0, . . . , n− 1, let gi : ∆n → I denote the map

gi(s0, s1, . . . , sn) =
∑
i<j

sj .

LetGi ⊆ ∆n×I denote the graph of gi. ThenGi is homeomorphic to∆n via the projection∆n×I →
∆n surjective the first factor. Let us now label the vertices at the bottom (i.e.,∆n × {0}) of∆n × I by
v0, v1, . . . , vn and those at the top (i.e.,∆n × {1}) byw0, w1, . . . , wn. ThenGi is the n-simplex

Gi = [v0, . . . , vi, wi+1, . . . , wn].

Since Gi lies below Gi−1 as gi ≤ gi−1, it follows that the region between Gi and Gi−1 is the (n + 1)-
simplex [v0, . . . , vi, wi, . . . , wn]; this is indeed an (n+1)-simplex aswi is not inGi and hence not in the
n-simplex [v0, . . . , vi, wi, . . . , wn]. Since

0 = gn ≤ gn−1 ≤ . . . ≤ g0 ≤ g−1 = 1,

we see that∆n × I is the union of the regions between theGi, and hence the union of n + 1 different
(n+ 1)-simplices [v0, . . . , vi, wi, . . . , wn], each intersecting the next in an n-simplex face. □

We can now prove the desired result.

Proposition 5.3.3. (Homotopy Invariance) For each n ≥ 0, the functorHn in Proposition 5.1.11 descends
to a functorHn : hTop→ Ab.

Top hTop

Ab
Hn

γ

Hn

In other words, ifX and Y are topological spaces and f, g : X → Y are homotopic maps, then
Hn(f) = Hn(g) : Hn(X;Z)→ Hn(Y ;Z)

for each n ≥ 0.

Proof. As noted above, it suffices to prove that
S•(i0), S•(i1) : C•(X)→ C•(X × I)

are chain homotopic. Given a σ : ∆n → X inCn(X), we can consider the map:
σ × Id : ∆n × I → X × I → Y

We can define prism operators Pn : Cn(X)→ Cn+1(X × I) by the following formula:

Pn(σ) =

n+1∑
i=0

(−1)i(σ × Id)|[v0,··· ,vi,wi,··· ,wn].

Note that Pn(σ) ∈ Cn+1(X × I) since Lemma 5.3.2 shows that [v0, . . . , vi, wi, . . . , wn] is an (n+ 1)-
simplex contained in∆n×I . Theprismoperator is our proposed chain homotopy. A simple computation
shows that we have

(i1)n − (i0)n = ∂′n+1Pn + Pn−1∂n
Indeed:

∂′n+1Pn(σ) =
∑
j≤i

(−1)i(−1)j(σ × Id)|[v0,...,v̂j ,...,vi,wi,...,wn]

+
∑
j≥i

(−1)i(−1)j+1(σ × Id)|[v0,...,vi,wi,...,ŵj ,...,wn]
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The terms with i = j in the two sums cancel except for

F ◦ (σ × Id)
∣∣
[v̂0,w0,...,wn]

= σ|[w0,...,wn] = (i1)n(σ),

−F ◦ (σ × Id)
∣∣
[v0,...,vn,ŵn]

= −σ|[v0,...,vn] = −(i0)n(σ)

The terms with i 6= j are exactly −Pn−1∂n(σ). Hence, the maps {Pn}n≥0 define the desired chain
homotopy. □

Corollary 5.3.4. If f : X → Y is a homotopy equivalence, thenHn(X;Z) ∼= Hn(Y ;Z) for each n ≥ 0.
In particular, ifX is contractible, thenHn(X;Z) = 0 for each n > 0.

Proof. Let g : Y → X be a homotopy inverse of f . Then g ◦ f ∼ IdX and f ◦ g ∼ IdY . By
Proposition 5.3.3, it follows that

Hn(f) ◦Hn(g) = IdHn(X;Z),

Hn(g) ◦Hn(f) = IdHn(Y ;Z) .

Hence, we conclude that
Hn(X;Z) ∼= Hn(Y ;Z).

for each n ≥ 0. The second statement follows immediately from the first statement together along with
the fact thatHn({∗};Z) = 0 for all n ≥ 1. □

Corollary 5.3.5. For each n ≥ 0, the functorHn : Top2 → Ab descends to a functorHn : hTop2 → Ab.

Top2 hTop2

Ab
Hn

γ

Hn

In other words, if (X,A), (Y,B) ∈ Top2, and f, g : (X,A)→ (Y,B) are homotopic maps, then

Hn(f) = Hn(g) : Hn(X,A;Z)→ Hn(Y,B;Z)

for each n ≥ 0.

Proof. It suffices to prove that

S•(i0), S•(i1) : C•((X,A))→ C•((X × I, (A× I)

are chain homotopic. Consider the chain homotopy constructed in Proposition 5.3.3. The prism operator
Pn : Cn(X) → Cn+1(X × I) sends Cn(A) into Cn+1(A × I). Consequently, it induces a chain
homotopy between the quotient chain maps

C•(X × {0})
C•(A× {0})

→ C•(X × I)
C•(A× I)

and
S•(X × {1})
S•(A× {1})

→ S•(X × I)
S•(A× I)

.

The claim follows. □

5.4. Acyclic Models

There are several theorems in algebraic topology whose proofs require significant computation. For
example, consider the argument used to prove Proposition 5.3.3. We used categorical arguments to predict
and provide that for eachX ∈ Top, there exists a chain homotopy

C•(X)→ C•(X × I).
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IfX = ∆n and∆n → ∆n is the identity map, we can consider∆n as an element ofCn(∆n). The argu-
ment in the proof of Proposition 5.3.3 relied on writing∆n × I as a union of∆n+1’s. This construction,
in turn, can be thought of as producing a map

Cn(∆
n)→ Cn+1(∆

n+1 × I).
The proof then bootstrapped this construction to apply to anyX ∈ Top. The method of acyclic models
is an abstraction of this strategy. It provides a powerful framework to prove various theorems in algebraic
topology by breaking complex problems down into manageable steps:

(1) Start with a simple “model”—an object or class of objects.
(2) Show that on these models the construction is straightforward or canonical.
(3) Extend the constructionuniquely andnaturally tomore complicatedobjects by inductively “build-

ing up” from the “model” cases.
Themethod of acyclicmodels goes a step further by also addressingwhen certain constructions are natural
in the categorical sense. Note that we did not prove that the chain map

C•(X)→ C•(X × I)
is natural in the categorical sense. That is, ifX → Y is a continuous map, then there is a commutative
diagram:

C•(X) C•(X × I)

C•(Y ) C•(Y × I)
In fact, this statement is more general than what we have done to prove Proposition 5.3.3, in the sense that
we constructed a chain homotopy

C•(∆
n)→ C•(∆

n × I)
and then extended it to a chain homotopy

C•(X)→ C•(X × I).
for anyX ∈ Top. Themethodof acyclicmodels allowsus toprovenaturality questions related to functors
within a categorical framework. Hence, the method of acyclic models can be applied to various “bottom-
up” constructions in algebraic topology that we expect to be natural in a categorical sense.

Definition 5.4.1. Let C be a category, and let M be a collection of (model) objects in C. Let F : C →
Chain≥0

ModR
, the category of non-negatively graded chain complexes ofR-modules.

(1) F is acyclic on M if, for eachM ∈ M, the complex F(M) is acyclic in positive degrees. That is,
F(M) has zero homology in all positive degrees.

(2) F is free on M if there exist objectsMα ∈ M (possibly with repetitions and not necessarily in-
cluding all objects inM) and elementsmα ∈ F(Mα) such that, for any objectX ∈ C, the set

{F(f)(mα) | for all α and f :Mα → X}
forms a basis of F(X).

Remark 5.4.2. Note that we do not require F to be acyclic in degree zero in Definition 5.4.1.

Let us try to motivate Definition 5.4.1. Let C = Top and D = Chain≥0
ModR

. We should think of the
collection M = {∆n}n≥0 as a collection of “model” objects in C = Top. We have two functors from
Top to Chain≥0

ModR
.
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(1) X 7→ C•(X)
(2) X 7→ C•(X × I)

We know that the first functor satisfies the acyclic condition on M. The freeness condition means that,
often, one only needs to define constructions on the objectsMα in order to define them everywhere. Note
that the functorX → C•(X) satisfies the freeness condition sinceHom(∆n, X) forms abasis forCn(X)
for eachX ∈ Top and n ≥ 0. We can state the main result:

Proposition 5.4.3. Let C be a category with a collection,M, of (model) objects. Let F : C→ Chain≥0
ModR

be
functors such that F is free on M and G is acylic on M.

(1) Given a natural transformationH0(F)⇒ H0(G), there exists a natural transformation F⇒ G
inducing the given natural transformation.

(2) Given two natural transformations F⇒ G inducing the same natural transformationH0(F)⇒
H0(G), there exists a natural chain homotopy between F(X) and G(X) for allX ∈ C.

Proof. The proof is given below:

(1) ForX ∈ C, we need to define a natural transformation τ : F =⇒ G such that τ(X) is a chain
map (∂G(X) ◦ τ(X) = τ(X) ◦ ∂F(X)) and for each g ∈ Hom(X,Y ), the following diagram
commutes in each degree q:

Fq(X) Gq(X)

Fq(Y ) Gq(Y )

τq(X)

Fq(g) Gq(g)

τq(Y )

Since F is free, for each q ≥ 0 there exist objects {M q
αj}j∈Jq inM and elementsmq

αj ∈ F(M q
αj )

such that for anyX ∈ C and

{Fq(f)(mq
αj
) | for all α and f :M q

αj
→ X}

forms a basis of Fq(X). Let xqαj ,f
:= Fq(f)(mq

αj ). The naturality condition reads that for each
f ∈ Hom(M q

α, X), we must have

τq(X)(xqαj ,f
) = Gq(f)(τq(M q

αj
)(mq

αj
)) (4)

By freeness of F, it suffices to ensure that the above equality holds. We define τq(X) inductively.
First let q = 0. Define τ0(M0

αj
)(m0

αj
) to be any element in G0(M

0
αj
) such that its homology

class satisfies

[τ0(M
0
αj
)(m0

αj
)] = φ(m0

αj ,) ∈ H0(G(Mαj )),

wherem0
αj
denotes the homology class ofm0

αj
in F(M0

αj ,f
). Here φ is the map fromH0(F) to

H0(G). Hence, we just need to pick a representative in the homology class of φ(m0
αj
). τ is then

defined such that Equation (4) holds. Hence, we get a map

τ(X) : F0(X)→ G0(X)
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such that it induces φ onH0. This is because the following diagram is commutative by construc-
tion:

H0(F(M0
αj
)) H0(G(M0

αj
))

F0(M
0
αj
) G0(M

0
αj
)

F0(X) G0(X)

ϕ(Mq
αj

)

τ0(M0
αj

)

F0(f) G0(f)

τ0(X)

Now assume that τi has been defined for i < q. Since τq must be a chainmap, it suffices to define
τq so that

∂G(Mq
αj

) τq(M
q
αj
)(mq

αj
) = τq−1(M

q−1
αj

)(∂F(Mq
αj

)m
q
αj
),

This is sufficient because naturality ensures that the appropriate square involving boundarymaps
commutes for any object. Note that the right hand side is a cycle. Since G is acylic on models,
we can choose τq(M q

αj )(m
q
αj ) to satisfy the compatibility condition with the boundary map.

Proceeding inductively defines a natural transformation
(2) Skipped.

This completes the proof. □

Remark 5.4.4. The closest analogy to Proposition 5.4.3 is the comparison theorem (Proposition 15.4.14) for
projective resolutions, which states that if we have a projective resolutionP• →M anda resolutionQ• → N ,
then any morphismM → N induces a chain map P• → Q• that is unique up to chain homotopy.

Remark 5.4.5. There is a more general version of the acyclic models theorem where the target category is
replaced by an abelian category. See [Bar02] for more details.

We conclude this section by showing how Definition 5.4.1 can be applied to prove Proposition 5.3.3.
The only remaining requirement is to verify that the functorX 7→ C•(X × I) is acyclic. In other words,
we must show thatHn(∆

k × I) = 0 for all k and all n > 0. This will follow from the observation that
Hn(X) = 0 for n > 0 ifX is star-shaped.

Remark 5.4.6. A star-shaped domain,X , is contractible. However, note that we cannot use Corollary 5.3.4 a
priori, since we would like to use Definition 5.4.1 to give an alternative proof of Proposition 5.3.3, which implies
Corollary 5.3.4!

IfX is star-shaped, then there is a chain map

ε : C•(X) −→ Z,

determined uniquely by sending each generator of C0(X) to 1. Here, we think of Z as a chain complex
that is nonzero in degree 0 and zero everywhere else. Define a chain map η : Z → S•(X) as follow. Let
x0 ∈ X be the point with respect to whichX is star-shaped. Then η is defined in degree 0 by sending
1 ∈ Z to the 0-simplex corresponding to x0, and zero in all other degrees.
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· · · C2(X) C1(X) C0(X)

· · · 0 0 Z

∂2

ϵ2

∂1

ϵ1 ϵ0η2 η1 η0

Clearly, ε ◦ η = IdZ. We show that η and ε are inverse up to chain homotopy by showing that η ◦ ε is
chain homotopic to IdC• . Let σ ∈ Cn(X). DefineHn(σ) : ∆

n+1 −→ X by

Hn(σ)(t0, . . . , tn+1) :=

t0x0 + (1− t0)σ
(
t1, . . . , tn+1

1− t0

)
if t0 6= 1,

x0 if t0 = 1,

A simple computation shows that

∂n+1

(
Hn(σ)

)
= σ +

n+1∑
i=1

(−1)i hn−1

(
∂i−1(σ)

)
As η ◦ ε vanishes in positive degrees, this can be rewritten as

∂n+1 ◦Hn + hn−1 ◦ ∂n = IdC•(X)−η ◦ ε
for n > 0. For n = 0, note that we have

∂1(H0(σ)) = σ − x0 = IdC•(X)(σ)− η ◦ ε(σ).
In any case, we have the formula

∂n+1 ◦Hn + hn−1 ◦ ∂n = IdC•(X)−η ◦ ε
This shows that η ◦ ε is chain homotopic to IdC•(X).

· · · C2(X) C1(X) C0(X)

· · · C2(X) C1(X) C0(X)

∂2

h2 η2◦ϵ2

∂1

h1 η1◦ϵ1
H0 η0◦ϵ0

∂2 ∂1

We can now provide an alternative argument proving Proposition 5.3.3. ForX ∈ Top, let i0,1 : X →
X × I denote the two inclusion maps. We have two mapsC•(X) → C•(X × I) induced by i0 and i1,
and these are natural transformations between the functors

X 7→ C•(X)

X 7→ C•(X × I)
They induce the same map on zeroth homology because the points (x, 0) and (x, 1) are connected by a
path inX×I , and thus the zero-singular simplices (x, 0) and (x, 1) differ by the boundary of a 1-simplex.
We can now invoke Proposition 5.4.3(2) to conclude that singular homology is homotopy invariant.
Remark 5.4.7. There si a version of Proposition 5.4.3 which states that ifC is a category withmodelsM, and
let F,G : C → ChainAugModR

be functors to the category of augmented chain complexes. If F and G are free
and acyclic on M. Then F and G are naturally chain equivalent as functors of augmented chain complexes.
We will freely invoke this variation of the result below as necessary.
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5.5. Excision in Singular Homology

We now establish that singular homology satisfies the excision axiom. Excision is a statement that
homology is “localizable.” Intuitively, it asserts that if A ⊆ X , and if the n-chains in question lie “suffi-
ciently deep” insideA, then removing a suitable subspace ofA does not alter the relative homology groups
Hn(X,A;Z). We now state the formal version of the excision property that we aim to prove:

Proposition 5.5.1. Suppose Z ⊆ A ⊆ X are topological spaces such that Z ⊆ Int(A). Then there is an
inclusion of the pair (X \ Z,A \ Z) ⊆ (X,A), and the induced map

Hn(X \ Z,A \ Z;Z)→ Hn(X,A;Z)

is an isomorphism for alln ≥ 0. Equivalently, for subspacesA,B ⊆ X whose interiors coverX , the inclusion
(B,A ∩B) ↪→ (X,A) induces isomorphisms

Hn(B,A ∩B;Z) ∼= Hn(X,A;Z)

Remark 5.5.2. To see that the two statements of theExcisionTheoremare equivalent, just takeB = X\Z (or
Z = X \B). ThenA∩B = A\Z , and the conditionZ ⊂ int(A) is equivalent toX = int(A)∪ int(B).

To build some intuition, suppose thatX = int(A) ∪ int(B). In this setting, we might expect that
the relative homology group Hn(X,A) remains unaffected when we excise A, i.e., remove it from con-
sideration. This expectation is valid when all singular chains lie entirely within eitherA orB. However,
complications arise when a chain does not lie completely within eitherA orB. To address this, we employ
the technique of barycentric subdivision, which systematically replaces “large” simplices with “smaller”
ones that are sufficiently localized to lie withinA orB. This technique is also called the locality principle.

Proposition 5.5.3. (Locality Principle) LetX be a topological space, and let U = {Uj} be a collection of
subspaces ofX whose interiors form an open cover ofX . LetCU

• (X) ⊆ C•(X) denote the chain sub-complex
of simplices whose image is contained entirely within one of the open sets of U . The functorsX 7→ C•(X)
andX 7→ CU

• (X) are naturally chain homotopic.

Proof. (Sketch) The proof invokes Proposition 5.4.3. We sketch the details of the argument that allow
us to invoke Proposition 5.4.3.

(1) Let C denote the category of spaces with open coverings, which has objects (X,U), where U is
an open cover of X , and whose morphisms respect these coverings in the natural way. Let the
model spaces be {In}n≥0, where In is the n-cube.

(2) One can showthat both functors acyclic and free. The argument involvesLebesguenumber/compactness
argument via Barycentric division.

(3) It can be verified thatH0(X
U ) ∼= H0(X) are isomorphic. HereH0(X

U ) is the homology with
respect to the chain complexCU

• (X). This essentially follows because U is an open cover ofX .
Therefore, these functors are naturally chain homotopic. □

Proof. (Proposition 5.5.1) Assume thatX = A ∪ B. WLOG, assume thatA andB are open sets. We
have

CU
n (X) = Cn(A) + Cn(B),

Cn(A ∩B) = Cn(A) ∩ Cn(B).

Therefore, we have
Cn(B)

Cn(A ∩B)
=

Cn(B)

Cn(A) ∩ Cn(B)
∼=
Cn(A) + Cn(B)

Cn(A)
∼=
CU
n (X)

Cn(A)
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Proposition 5.5.3 implies that the inclusion

CU
n (X)/Cn(A) ↪→ Cn(X)/Cn(A)

induces an isomorphism on homology. Since

CU
n (X)/Cn(A) =

Cn(B)

Cn(A ∩B)
,

we have that
Hn(B,A ∩B;Z) ∼= Hn(X,A;Z)

for each n ≥ 0. This completes the proof. □

The case of an open cover U = {A,B} consisting of two subsets gives rise to an alternative formu-
lation of the excision principle, known as the Mayer–Vietoris sequence. This is a long exact sequence in
homology that provides a powerful computational tool, especially in inductive arguments. Specifically,
if a homological property is known to hold for A, B, and their intersection A ∩ B, the Mayer–Vietoris
sequence can be used to deduce that the same property holds for the unionA ∪B.5

Proposition 5.5.4. (Mayer-Vietoris Sequence) LetA,B ⊆ X be open sets such thatX = A ∪B. Let

iA : A ↪→ X,

iB : B ↪→ X,

jA : A ∩B → A,

jB : A ∩B → B

denote inclusions maps. Then there is a long exact sequence

· · · → Hn(A ∩B;Z) αn−−→ Hn(A;Z)⊕Hn(B;Z) βn−→ Hn(X;Z) ∂n−→ Hn−1(A ∩B;Z)→ · · ·

where αn = (Hn(iA),Hn(iB)) and βn = Hn(jA)−Hn(jB).

Proof. Let U = {A,B}. Consider the long exact sequence associated to the short exact sequence of
chain complexes:

0→ C•(A ∩B)
α−→ C•(A)⊕ C•(B)

β−→ CU
• (X)→ 0,

The associated long exact sequence in homology yields the desired result by Proposition 5.5.3. □

Remark 5.5.5. Byusing augmented chain complexes, we also obtain a correspondingMayer-Vietoris sequence
for the reduced homology groups.

Example 5.5.6. (Homology of Spheres)We can use of theMayer–Vietoris sequence to carry out our first
non-trivial computation: computing homology groups of a sphere in arbitrary dimension. LetX = Sn,
A = Sn \{S}, andB = Sn \{N}, whereS andN are the south pole and north pole, respectively. Then

A ' Rn B ' Rn A ∩B ' Sn−1

From the Mayer-Vietoris sequence for reduced homology groups, we get H̃k(Sn) ' H̃k−1(Sn−1) for all
k. By induction, we find that the reduced homology groups of spheres are given as:

H̃k(Sn;Z) '

{
Z, k = n

0, k 6= n.

5TheMayer–Vietoris sequence can also be interpreted as an abelian analogue of the Seifert–van Kampen theorem.
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The computation above readily implies the following:

Hk(Sn;Z) ∼=


Z⊕ Z, if k = 0, n = 0

Z if k = 0, n > 1

Z if k = n > 0

0 otherwise

We end this section by proving the suspension theorem. This result provides a fundamental link be-
tween the homology of a space and the homology of its suspension, allowing us to relate different dimen-
sions of homology groups. It also plays a key role in the study of stable phenomena in algebraic topology.
Suspension and other categorical constructions will be discussed in more detail later on when we study
homotopy theory.

Proposition 5.5.7. (Suspension Theorem) LetX be a topological space and let SX be its suspension:

SX =
X × I

(X × {0}, X × {1})
We have

H̃n(X;Z) ∼= H̃n+1(SX;Z)
for n ≥ −1.

Proof. For n = −1, H̃−1(X;Z) is the trivial group. Since SX is path-connected, H̃0(SX;Z) is also
the trivial group. Let n ≥ 0. Let P,Q denote the collapsed spacesX × {0} andX × {1} respectively.
LetA = SX − {P} and letB = SX − {Q}. A andB are homeomorphic to the cone space

CX = (X × I)/(X × {0})
By the Mayer-Vietoris sequence for reduced homology, since A ∩ B = X × (0, 1), we obtain the exact
sequence

· · · → H̃n+1(A;Z)⊕H̃n+1(B;Z)→ H̃n+1(SX;Z)→ H̃n(A∩B;Z)→ H̃n(A;Z)⊕H̃n(B;Z)→ · · ·
for all n. Note thatCX is contractible6. Moreover,X × (0, 1) deformation retracts down toX . Hence,
the sequence simplifies to:

· · · → 0→ H̃n+1(SX;Z)→ H̃n(X;Z)→ 0→ · · ·
This proves the claim. □

5.6. Equivalence of Simplicial & Singular Homologies

Let X be a topological space that admits a ∆-complex structure. We say that a subspace A ⊆ X
admits a∆-sub-complex structure onX ifA is a union of simplicies ofX . Relative simplicial homology
group can be defined in the same way as relative (singular) homology groups. That is, the n-th relative
simplicial homology group,H∆

n (X,A;Z), is the n-th homology group of the chain complex:

· · · −→ ∆2(X)

∆2(A)

∂
∆
2−−→ ∆1(X)

∆1(A)

∂
∆
1−−→ ∆0(X;Z)

∆0(A)

That is:

H∆
n (X,A;Z) =

Ker ∂∆n
Im ∂∆n+1

6Indeed, the homotopyHt(x, s) = (x, (1− t)s) continuously shrinksCX down to its vertex point.
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As before, this yields a long exact sequence of simplicial homology groups for the pair (X,A;Z) by the
same algebraic argument as for singular homology. We now show that the simplicial homology groups of
X corresponding to any∆-complex structure onX coincides with its singular homology groups ofX .

Proposition 5.6.1. Let X be a topological space that admits a ∆-complex structure and let A be a ∆-
subcomplex ofX . The inclusion map

∆n(X,A) ↪→ Cn(X,A)

induces an isomorphism
H∆
n (X,A;Z) ∼= Hn(X,A;Z)

for each n ≥ 0. TakingA = ∅, we obtain the equivalence of absolute singular and simplicial homology.

Remark 5.6.2. A spectral sequence argument can be used to prove the equivalence of simplicial and singular
homologies. However, we choose to present a different argument here. Later on, we will prove that cellular
and singular homologies are equivalent via a spectral sequence argument.

Proof. Our strategy will be to proceed by induction on the skeleta X∆
k , consisting of all simplices of

dimension k or less. The proof proceeds in several steps:
(1) First suppose thatX is finite dimensional. That is,X∆

m = ∅ form ≥ n for somen ∈ N. Assume
thatA = ∅. Consider the following diagram:

H∆
n+1(X

∆
k , X

∆
k−1 Z) H∆

n (X∆
k−1 Z) H∆

n (X∆
k Z) H∆

n (X∆
k , X

∆
k−1 Z) H∆

n−1(X
∆
k−1 Z)

Hn+1(X
∆
k , X

∆
k−1 Z) Hn(X

∆
k−1 Z) Hn(X

∆
k Z) Hn(X

∆
k , X

∆
k−1 Z) Hn−1(X

∆
k−1 Z)

f1 f2 f3 f4 f5

Note that∆k(X
∆
k , X

∆
k−1) is a free abelian groupgeneratedbyk-simplices and∆n(X

∆
k , X

∆
k−1) =

∅ for n 6= k. Therefore, we have:

∆k(X
∆
k , X

∆
k−1) =

{
free abelian group generated by k-simplices if n = k

∅ if n 6= k

A simple calculation shows that:

H∆
n (X∆

k , X
∆
k−1 Z) =

{
Z#k−simplicies if n = k

0 if n 6= k

It is easy to check that (X∆
k , X

∆
k−1) is a good pair and

X∆
k /X∆

k−1 =

#k−simplicies∨
i=1

Sk

Therefore, Corollary 6.1.9 implies

Hn(X
∆
k , X

∆
k−1 Z) =

{
Z#k−simplicies if n = k

0 if n 6= k

Therefore, both f1 and f4 are isomorphisms. An induction argument shows that f2 and f5 are
isomorphisms. The five lemma (Proposition 4.6.1) then implies that f3 is an isomorphism.
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(2) Suppose thatX is possibly infinite-dimensional. Assume that A = ∅. Note that a compact set
C ⊆ X can meet only finitely many open simplices ofX . If not, C would contain an infinite
sequence of points xi, each lying in a different open simplex. Then the sets

Ui = X −
⋃
i 6=j
{xj}

which are open since their pre-images under the characteristic maps of all the simplices are clearly
open, form an open cover ofC with no finite sub-cover. This can be applied to show the map

H∆
n (X;Z)→ Hn(X;Z)

is bijective. For surjectivity, let [c] ∈ H∆
n (X;Z). Choose a representativen-cycle,α, of [c]. Now

α is a linear combination of finitely many singular simplices with compact images, meeting only
finitely many open simplices ofX . Hence, α inX∆

k for some k. We have shown that

Hn(X
∆
k Z) ∼= H∆

n (X∆
k Z)

So there exists a n-cycle v ∈ ∆n(X
∆
k ) such that [v] gets mapped to [c]. This proves surjectivity.

Injectivity is similar so we omit details.
(3) Now consider the general case whereA 6= ∅. Consider the following diagram:

H∆
n+1(X,A;Z) H∆

n (A;Z) H∆
n (X;Z) H∆

n (X,A;Z) H∆
n−1(A;Z)

Hn+1(X,A;Z) Hn(A;Z) Hn(X;Z) Hn(X,A;Z) Hn−1(A;Z)

f1 f2 f3 f4 f5

By (2), f2, f3, f5 are isomorphisms. The claim now follows by induction and the five-lemma.
This completes the proof. □
Example 5.6.3. LetX = S1×S1. Note thatX is homemorphic to the torus,T , considered in Section 4.1.
Hence, Proposition 5.6.1 implies that

Hn(X;Z) = H∆
n (T ;Z) =


Z⊕ Z for n = 1

Z for n = 0, 2

0 for n ≥ 3



CHAPTER 6

Computations & Applications

Building upon the foundations of singular homology, practical computations and significant applica-
tions arise through tools such as cellular homology, which provides an effective computational framework
for CW complexes. The Euler characteristic emerges as a fundamental invariant linking topological and
algebraic properties. Key theoretical results—including the Universal Coefficient Theorem (UCT), relat-
ing homology groups with different coefficients, and the Künneth theorem, describing the homology of
product spaces—further enhance computational methods. Together, these concepts illustrate the broad
applicability and strength of homology theory in both calculation and topological understanding. Refer-
ences include [Hat02; Lee10; May99].

6.1. Interpretation of Relative Homology

We first examine relative homology in greater depth in order to develop a clearer understanding of its
structure and significance. This deeper insight will provide us tools to better interpret relative homology
groups and their applications.

Lemma 6.1.1. LetA ⊆ X be topological spaces. Consider an exact sequence of abelian groups:

A→ B → C → D → E

(1) C = 0 if and only if the mapA→ B is surjective andD → E is injective.
(2) For a pair of spaces (X,A) ∈ Top2, the inclusionA ↪→ X induces isomorphisms on all homology

groups if and only ifHn(X,A;Z) = 0 for all n ≥ 0.

Proof. The proof is as follows:
(1) Let α, β, γ, δ be the corresponding maps. By exactness,

im(α) = ker(β), im(β) = ker(γ), im(γ) = ker(δ).

Note that α is surjective iff ker(β) = B iff im(β) = 0, and δ is injective iff im(γ) = 0 iff
ker(γ) = C . Putting both together, α is surjective and δ is injective iff C = 0, since im(β) =
ker(γ).

(2) Consider the following part of the the long exact sequence in homology:

· · · → Hn+1(X;Z)→ Hn+1(X,A;Z)→ Hn(A;Z)→ Hn(X;Z)→ · · ·
The mapsHn(A;Z) → Hn(X;Z) are isomorphisms for all n ≥ 0 if and only if they are both
injective and surjective for all n ≥ 0. By re-indexing, this is true if and only if the leftmost map
in our five-term exact sequence is surjective and the rightmost map is injective for all n ≥ 0. But
(1), this is true if and only if the middle group vanishes for all n ≥ 0.

This completes the proof. □
As per Lemma 6.1.1, we can think ofHn(X,A;Z) as measuring the failure of the induced morphism

Hn(A;Z)→ Hn(X;Z) to be an isomorphism for each n ≥ 0. Based on Lemma 6.1.1, we can character-
ize relative homology groups for n = 0, 1.

115
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Proposition 6.1.2. LetA ⊆ X be topological spaces.
(1) H0(X,A;Z) = 0 if and only ifAmeets each path-component ofX . In other words,

H0(X,A;Z) = Z[path-components ofX not intersectingA]
(2) H1(X,A;Z) = 0 if and only ifH1(A;Z) → H1(X;Z) is surjective and each path-component

ofX contains at most one path-component ofA.
(3) Let (X,x0) be a pointed topological space. Then

Hn(X,x0;Z) ∼= Hn(X;Z) ∼= H̃n(X;Z)
for each n ≥ 1.

Proof. The proof is given below:
(1) We first prove the special case that ifX is a non-empty path-connected space and A ⊆ X , then

H0(X,A;Z) = 0 if and only ifA is not-empty. Consider the end of the long exact sequence for
the pair (X,A;Z):

H0(A;Z)→ Z→ H0(X,A;Z)→ 0

IfA is empty, the sequence is,
0→ Z→ H0(X,A;Z)→ 0

Hence,Z ∼= H0(X,A;Z) andH0(X,A;Z)must be non-zero. IfA is non-empty, pick a point
a ∈ A and consider the homology class [a] ∈ H0(A;Z). The image of [a] under

H0(A;Z)→ Z
is the homology class of a point, which generates the co-domain. SoH0(A;Z)→ Z is surjective.
Hence

H0(A;Z)→ H0(X,A;Z)
is surjective aswell implying that andH0(X,A;Z) = 0. More generally, supposeX hasmultiple
connected components. Assume thatAmeets each path component ofX . IfXi is a component
ofX , thenH0(A ∩Xi;Z)→ H0(Xi;Z) is surjective. But then

H0(A;Z) =
⊕
i

H0(A ∩Xi;Z)→
⊕
i

H0(Xi;Z) = H0(X;Z)

is surjective. Therefore, So H0(X,A;Z) = 0. Conversely, if A does not meet a component
ofX , sayXj , thenH0(Xj , A;Z) 6= 0. But thenH0(Xj , A;Z) 6= 0 is a direct summand of
H0(X,A;Z). HenceH0(X,A;Z)must be non-zero.

(2) IfH1(X,A;Z) = 0, thenH1(A;Z) → H1(X;Z) is surjective andH0(A;Z) → H0(X;Z)
is injective by Lemma 6.1.1. This last statement can’t be true if some path componentXi ofX
contains multiple components of A because then H0(A ∩ Xi) ∼= Zn for some n ≥ 2 while
H0(Xi) = Z. So then

H0(A ∩Xi)→ H0(Xi)

can’t be one-to-one, and the same follows for
H0(A;Z)→ H0(X;Z)

IfH1(A;Z)→ H1(X;Z) is surjective, then the kernel of the mapH1(X;Z)→ H1(X,A;Z)
is H1(X;Z). So the map H1(X;Z) → H1(X,A;Z) is the 0 map. Similarly, if each com-
ponent of X contains at most one component of A, then H0(A;Z) → H0(X;Z) is injec-
tive. So its kernel is 0, so the image ofH1(X,A;Z) → H0(A;Z) is 0. But then by exactness,
0 = H1(X,A;Z).
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(3) Ifn ≥ 2, thenHn(X;Z) = 0 andHn−1(x;Z) = 0, and thuswe immediately seeHn(X,x0) ∼=
Hn(X;Z) by inspecting the long exact sequence in relative homology. For n = 1, consider the
following part of the long exact sequence in relative homology:

0→ H1(X;Z)→ H1(X,x0;Z)→ Z→ H0(X;Z)→ H0(X,x0;Z)→ 0

Proposition 6.1.2(1) readily implies that
0→ H1(X;Z)→ H1(X,x;Z)

is surjective if and only if Z → H0(X;Z) is injective if and only if it is not the zero map. The
last equivalence follows from the observation thatH0(X;Z) is a free abelian group. If it were the
zero map, the mapH0(X;Z) → H0(X,x0;Z) will be injective. However, this is not the case
since the point x0 ∈ X defines a generator 〈x0〉 ofH0(X;Z) that is is in the kernel of the map
H0(X;Z)→ H0(X,x0). Therefore, the claim is true for n = 1 as well.

This completes the proof. □
We now explore the relationship between reduced and relative homology.

Definition 6.1.3. Let (X,A) be in Top2. If A ⊆ X is a closed subspace such that there exists a neigh-
borhood V ofX such thatA is a strong deformation retract of V .

Remark 6.1.4. Colloquially, we say that a pair of topological spaces (X,A) satisfying Definition 6.1.3 is a
‘good’ of topological spaces.

The next proposition provides an alternative interpretation of relative homology in many cases of
interest. Intuitively, it asserts that for good pairs of topological spaces (X,A), the relative homology group
of (X,A) is isomorphic to the reduced homology of the quotient spaceX/A.

Proposition 6.1.5. Let (X,A) ∈ Top2 such that there existsB ⊆ X such that the following conditions are
satisfied:

(1) A ⊆ B ⊆ X ,
(2) A ⊆ Int(B),
(3) A is a strong deformation retract ofB.

For each n ≥ 0, we have
Hn(X,A;Z) ∼= Hn(X/A, ∗;Z) ∼= H̃n(X/A;Z)

Remark 6.1.6. A pair (X,A) satisfying the hypothesis in Proposition 6.1.5 is called a ‘good‘ pair. The as-
sociated triple (A,B,X) is called an excisive triple. Note that these conditions are satisfied is A is a closed
subspace and there exists an open neighbourhood ofA that retracts surjectiveA.

Proof. Consider the following diagram:

Hn(X,A;Z) Hn(X,B;Z) Hn(X \A,B \A;Z)

Hn(X/A, ∗;Z) Hn(X/A,B/A;Z) Hn(X/A \ ∗, B/A \ ∗;Z)

Wemake the following observations:
(1) The upper-left horizontal map is an isomorphism by virtue of the long exact sequence of the

triple (X,B,A) (see Remark 5.2.6) since the groupsHn(B,A) vanish for all n ≥ 0. This van-
ishing follows from the fact that a deformation retraction ofB surjectiveA induces a homotopy
equivalence of pairs (B,A) ' (A,A) ' (∗, ∗). Hence,Hn(B,A) ∼= Hn(∗, ∗) = 0.
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(2) The deformation retraction of B surjective A descends to a deformation retraction of the quo-
tient B/A surjective the point A/A1. Therefore, the same reasoning as above applies to show
that the lower-left horizontal map is also an isomorphism.

(3) The remaining two horizontal maps are isomorphisms by the excision property.
Since the right-hand vertical map is an isomorphism, it follows by the five lemma (Proposition 4.6.1) that
the left-hand vertical map must also be an isomorphism. This completes the proof. □

Corollary 6.1.7. If (X,A;Z) is a good pair, then there is an exact sequence:

· · · → H̃n(A;Z)→ H̃n(X;Z)→ H̃n(X/A;Z)→ H̃n−1(A;Z)→ H̃n−1(X;Z)→ · · ·

Proof. This is clear. □

Example 6.1.8. (Homology of Spheres) We first recompute the homology groups of spheres using the
long exact sequence in relative homology. The reduced homology groups of spheres are given as:

H̃k(Sn;Z) ∼=

{
Z, if k = n

0, if k 6= n

Since (Dn, Sn−1) is a good pair andDn/Sn−1 ∼= Sn, the long exact sequence in relative reduced homology
yields:

· · · → H̃k(Sn−1;Z)→ H̃k(Dn;Z)→ H̃k(Sn;Z)→ H̃k−1(Sn−1;Z)→ H̃k−1(Dn;Z)→ · · ·

SinceDn is contractible, H̃k(Dn;Z) = 0 for k ≥ 0. Therefore,

H̃k(Sn−1;Z)→ 0→ H̃k(Sn;Z)→ H̃k−1(Sn−1;Z)→ 0→ · · ·

Hence, we have:
H̃k(Sn;Z) ∼= H̃k−1(Sn;Z)

The result now follows via induction and the observation that

H̃0(S0;Z) ∼= Z H̃k(S0;Z) ∼= 0 k > 0

The computation above readily implies the following:

Hk(Sn;Z) ∼=


Z⊕ Z, if k = 0, n = 0

Z if k = 0, n > 1

Z if k = n > 0

0 otherwise

Corollary 6.1.9. Let (Xα, xα)α∈I be a collection of good pairs in Top∗. Let X =
∨
α∈I Xα with the

basepoint x = (xα)α∈I in Top∗. Then

H̃n(X;Z) ∼=
⊕
α∈I

H̃n(Xα;Z)

for n ≥ 1.

1This uses the fact that taking the product with I commutes with taking quotients, since I is a compact Hausdorff space.
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Proof. Since (Xα, xα)α∈I be a collection of good pairs, (X,x) is also a good pair. We have:

H̃n(X;Z) = H̃n

(∐
α∈I

Xα

/∐
α∈I
{xα};Z

)

∼= Hn

(∐
α∈I

Xα,
∐
α∈I
{xα};Z

)
∼=
⊕
α∈I

Hn(Xα, xα;Z)

∼=
⊕
α∈I

H̃n(Xα;Z).

The first and third equivalences follow by Proposition 6.1.2. The second equivalence follows by observing
that the additivity axiom holds inTop2 as can be checked. □
Remark 6.1.10. LetX = S1 × S1 and Y = S1 ∨ S1 ∨ S2. Using Corollary 6.1.9 we have that:

Hn(Y ) =


Z⊕ Z for n = 1

Z for n = 0, 2

0 for n ≥ 3

We see that
Hn(X;Z) = Hn(Y )

for n ≥ 0. It can be checked that the covering spaces ofX and Y have different homology groups. Hence,X
and Y are not homotopy equivalent. Therefore, singular homology is not a complete topological invariant, as
it may fail to distinguish between topological spaces that are not homotopy equivalent.

6.2. Local Homology

Using the homology groups of spheres, we can distinguish spheres from Euclidean spaces in any di-
mension. This distinction allows us to prove the invariance of dimension (Remark 1.3.3) and the invariance
of boundary (Remark 1.3.9) for topological manifolds. It also provides the foundation for introducing the
concept of local homology groups.

Corollary 6.2.1. Letm 6= n. The following statements are true:
(1) Rm andRn are not homeomorphic or even homotopy equivalent.
(2) IfU ⊆ Rm and V ⊆ Rn are non-empty homeomorphic open sets, thenm = n.

Proof. Note that Sm is not homotopy equivalence to Sn. This follows from Example 6.1.8 since the
homology groups are not isomorphic form 6= n.

(1) Ifm or n is zero, this is clear. So letm,n > 0. Assume we have a homeomorphism f : Rm →
Rn. WLOG assume that f(0) = 0. This restricts to a homeomorphism Rm \ {0} → Rn \
{f(0)}. But these spaces are homotopy equivalent to spheres of different dimension, yielding a
contradiction.

(2) For all x ∈ U and for all k ∈ Z, we have
Hk(U,U \ {x}) ∼= Hk(Rm,Rm \ {x})

by the Excision Theorem. Combining this with the long exact sequence for the reduced homol-
ogy of (Rm,Rm \ {x}) and the fact thatRm \ {x} is homotopy equivalent to Sm−1, we obtain
for all x ∈ U and all k ∈ Z:
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Hk(U,U \ {x}) ∼= Hk(Rm,Rm \ {x}) ∼= H̃k−1(Rm \ {x}) ∼=

{
Z, k = m

0, k 6= m.

Similarly,

Hk(V, V \ {x}) ∼= Hk(Rn,Rn \ {x}) ∼= H̃k−1(Rn \ {x}) ∼=

{
Z, k = n

0, k 6= n.

IfU, V are homeomorphic via f : U → V , then

Hk(U,U \ {x}) ∼= Hk(V, V \ {f(x)})

The claim follows by comparing homology groups.
This completes the proof. □

Remark 6.2.2. IfX is a topological space, x ∈ X , and U ⊆ X is an open neighborhood of x, then for all
n ∈ Z, the excision theorem yields that

Hn(X,X \ {x}) ∼= Hn(U,U \ {x}).

In particular, for all n ∈ Z, the groupHn(X,X \ {x}) depends only on the topology of a neighborhood of
x. Therefore, these homology groups are called the local homology groups ofX at x.

Using the discussion about the homology groups of spheres and Corollary 6.2.1, we can prove the
invariance of dimension (Remark 1.3.3) and the invariance of boundary (Remark 1.3.9) results about topo-
logical manifolds.

Proof. LetX be a topological n-manifold.
(1) Working in local coordinate charts, this follows from Corollary 6.2.1(2).
(2) This is skipped.

This completes the proof. □

6.3. Cellular Homology

We define the cellular homology of a CW complexX in terms of a given cell structure, then we show
that it coincides with the singular homology, so it is in fact independent on the cell structure. Cellular
homology is very useful for computations. Before discussing cellular homology, we compute the relative
homology groups of a topological space,X , that can be given the structure of a CW complex.

Lemma 6.3.1. LetX be a topological space that can be endowed with the structure of a CW complex. Then:
(1) The relative romologyHk(X

n, Xn−1;Z) is given by:

Hk(X
n, Xn−1;Z) =

{
0, if k 6= n

Z#n-cells, if k = n.

for k ≥ 1.
(2) Hk(X

n;Z) = 0 if k > n ≥ 1. In particular, ifX is finite dimensional, thenHk(X;Z) = 0 if
k > dim(X).

(3) The inclusion i : Xn ↪→ X induces an isomorphismHk(X
n;Z) ∼= Hk(X) if k < n.

Proof. The proof is given below:
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(1) Since (Xn, Xn−1) is a good pair, we have:

Hk(X
n, Xn−1;Z) ∼= H̃k(X

n/Xn−1;Z)
= Hk(X

n/Xn−1;Z)

∼=
#n-cells∨
i=1

Sn ∼=

{
0, if k 6= n,

Z#n-cells, if k = n.

(2) Since (Xn, Xn−1) is a good pair for each n ≥ 1, we can consider the following portion of the
long exact sequence:

Hk+1(X
n, Xn−1;Z)→ Hk(X

n−1;Z)→ Hk(X
n;Z)→ Hk(X

n, Xn−1;Z)

If k + 1 6= n and k 6= n, we have from (1) we have that Hk+1(X
n, Xn−1;Z) = 0 and

Hk(X
n, Xn−1) = 0. Thus

Hk(X
n−1;Z) ∼= Hk(X

n;Z)

Hence, if k > n (so in particular, n 6= k + 1 and n 6= k), we get by iteration that

Hk(X
n;Z) ∼= Hk(X

n−1;Z) ∼= · · · ∼= Hk(X
0;Z)

Note thatX0 is just a collection of points, soHk(X
0;Z) = 0. Thus, when k > n ≥ 1, we have

Hk(X
n;Z) = 0 as desired.

(3) We only prove the statement for finite-dimensional CW complexes. Let k < n, and consider the
following portion of the long exact sequence:

· · · → Hk+1(X
n+1, Xn;Z)→ Hk(X

n;Z)→ Hk(X
n+1;Z)→ · · ·

Sincek < n, wehavek+1 6= n+1 andk 6= n+1, sobypart (1), we get thatHk+1(X
n+1, Xn;Z) =

0 andHk(X
n+1, Xn;Z) = 0. Thus,Hk(X

n) ∼= Hk(X
n+1;Z). By repeated iteration, we ob-

tain:

Hk(X
n;Z) ∼= Hk(X

n+1;Z) ∼= · · · ∼= Hk(X
n+l;Z) = Hk(X;Z),

where l is such thatXn+l = X since we assumedX is finite dimensional. See [Hat02] for the
case whenX is infinite-dimensional.

This completes the proof. □

Inwhat followswedefine the cellular homologyof aCWcomplex,X , in termsof a given cell structure,
then we show that it coincides with the singular homology.

Definition 6.3.2. The cellular homologyHCW(X) of a CW complexX is the homology of the cellular
chain complex (C•(X), d∗) indexed by the cells ofX , i.e.,

Cn(X) := Hn(X
n, Xn−1;Z) = Z#n-cells,

and with differentials dn : Cn(X) → Cn−1(X) defined by the following diagram: dn etc. are defined
in the obvious way to make the diagram commute. It is easy to check that dn+1 ◦ dn = 0 since the
composition of these two maps induces two successive maps in one of the diagonal exact sequences.
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Hn(X
n+1, Xn;Z) = 0

0 = Hn(X
n−1;Z) Hn(X

n+1;Z) ∼= Hn(X;Z)

Hn(X
n;Z)

Hn+1(X
n+1, Xn;Z) Hn(X

n, Xn−1;Z) Hn−1(X
n−1, Xn−2;Z)

Hn−1(X
n−1;Z)

Hn−1(X
n−2;Z) = 0

in

jn∂n+1

dn+1

∂n

dn

jn−1

Proposition 6.3.3. LetX be a topological space that admits a CW-complex structure. We have:

HCW
n (X) ∼= Hn(X;Z)

for all n ≥ 0, whereHn(X;Z) is the singular homology ofX .

Proof. We present an argument based on spectral sequences. LetC•(X) denote its singular chain com-
plex. We filterC•(X) by setting

F pCn(X) = {σ ∈ Cn(X) | σ|Cn(Xp) = 0} = ker(Cn(Xp)→ Cn(X)),

where the map Cn(Xp) → Cn(X) is the natural restriction map. This defines an increasing filtration.
By the analog of Proposition 4.5.5, we get a homological spectral sequence such that

E0
p,q = GpCp+q(X)⇒ Hp+q(X).

We claim thatE0
p,q
∼= Cp+q(X

p+1, Xp). Note that we have a homomorphism of short exact sequences:

0 F p−1Cp+q(X) Cp+q(X) Cp+q(X
p+1) 0

0 F pCp+q(X) Cp+q(X) Cp+q(X
p) 0

IdCp+q(X)

Since the middle map is an isomorphism, the snake lemma (Proposition 4.6.3) tells us that the left map is
injective, and that its cokernel is isomorphic to ker(Cp+q(Xp+1)→ Cp+q(X

p)). Hence, we have

E0
p,q
∼=

F pCp+q(X)

F p−1Cp+q(X)
∼= ker(Cp+q(Xp+1)→ Cp+q(X

p)) = Cp+q(X
p+1, Xp)

Hence, theE1 page is defined such that:

E1
p,q = Hp+q(X

p+1, Xp)

Recall thatHp+q(X
p+1, Xp) = 0 if q 6= 1, so the only nontrivial differentials on theE1 page are

d1p,1 : Hp+q(X
p+1, Xp)→ Hp+2(X

p+2, Xp+1).

One easily checks that these agree with the differentials defining cellular homology, so theE2 page is given
by

Ep,q2 =

{
HCW
p+1(X) if q = 1,

0 otherwise.



6.3. CELLULAR HOMOLOGY 123

Since there are no further non-trivial differentials in the spectral sequence, we have E2
p,q = E∞

p,q . More-
over, because each diagonal p + q = n contains at most one nonzero term, it follows that the associated
graded pieces stabilize, and we obtain an isomorphism

Hp(X) ∼= E∞
p−1,1

∼= HCW
p (X).

Therefore, the singular and cellular cohomology groups ofX are isomorphic. □

Let’s make some observations which are immediate:
(1) IfX hasnon-cells, thenHn(X;Z) = 0. Indeed, in this casewehaveCn = Hn(X

n, Xn−1;Z) =
0. Therefore,HCW

n (X;Z) = 0.
(2) IfX is connected and has a single 0-cell, then d1 : C1 → C0 is the zero map. Indeed, sinceX

contains only a single 0-cell,C0 = Z. Also, sinceX is connected,H0(X) = Z. So, by the above
theorem, Z = H0(X;Z) = ker d0/ Im d1 = Z/ Im d1. This implies that Im d1 = 0, so d1 is
the zero map as desired.

If X has no cells in adjacent dimensions, then dn = 0 for all n, and Hn(X;Z) ∼= Z#n-cells for all
n. Indeed, in this case, all maps dn vanish. So for any n,HCW

n (X) ∼= Cn ∼= Z#n-cells. Let’s look at two
examples:

Example 6.3.4. When n > 1, Sn × Sn has one 0-cell, two n-cells, and one 2n-cell. Since n > 1, these
cells are not in adjacent dimensions. Hence:

Hk(Sn × Sn;Z) =


Z, if k = 0, 2n

Z2, if k = n

0, otherwise.

Example 6.3.5. Recall thatCPn has one cell in each even dimension 0, 2, 4, . . . , 2n. SoCPn has no two
cells in adjacent dimensions. Hence:

Hk(CPn;Z) =

{
Z, if k = 0, 2, 4, . . . , 2n

0, otherwise.

We next discuss how to compute, in general, the maps

dn : Cn(X) = Z#n-cells → Cn−1(X) = Z#(n−1)-cells

of the cellular chain complex. Let us consider then-cells{eαn}α as the basis forCn(X) and the (n−1)-cells
{eβn−1}β as the basis forCn−1(X). In particular, we can write:

dn(e
α
n) =

∑
β

dα,β · eβn−1 dα,β ∈ Z,

Proposition 6.3.6. (Cellular Boundary Formula) The coefficient dα,β is equal to the degree of the map
∆α,β : Sn−1

α → Sn−1
β defined by the composition:

Sn−1
α = ∂Dnα

φn
α−−→ Xn−1 = Xn−2 ∪γ Dn−1

γ

collapse
−−−−→ Xn−1/(Xn−2 ∪γ 6=β Dn−1

γ ) = Sn−1
β ,

where ϕnα is the attaching map ofDnα, and the collapsing map sendsXn−2 ∪γ 6=β Dn−1
γ to a point.
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Proof. We will proceed with the proof by chasing the following diagram:

Hn(Dnα, Sn−1
α ;Z) H̃n(Sn−1

α ;Z) H̃n(Sn−1
β ;Z)

Hn(X
n, Xn−1;Z) H̃n−1(X

n−1;Z) H̃n−1(X
n−1/Xn−2;Z)

Hn−1(X
n−1, Xn−2;Z) Hn−1(X

n−1/Xn−2, Xn−2/Xn−2;Z)

∼=

(Φn
α)∗

(∆α,β)∗

(ϕnα)∗

dn

∂n

jn−1

q∗

qβ,∗

∼=

∼=

The maps are as follows:
(1) Φnα is the characteristic map of the cell enα, and φnα is its attaching map.
(2) The map

q∗ : H̃n−1(X
n−1;Z)→ H̃n−1(X

n−1/Xn−2;Z) =
⊕
β

H̃n−1(Dn−1
β /∂Dn−1

β ;Z)

is induced by the quotient map q : Xn−1 → Xn−1/Xn−2.
(3) qβ : Xn−1/Xn−2 → Sn−1

β collapses the complement of the cell en−1
β to a point, the resulting

quotient sphere being identified with Sn−1
β = Dn−1

β /∂Dn−1
β via the characteristic mapΦn−1

β .
(4) ∆αβ : Sn−1

α → Sn−1
β is the composition qβ ◦ q ◦ φnα, i.e., the attaching map of enα followed by

the quotient mapXn−1 → Sn−1
β collapsing the complement ofDn−1

β inXn−1 to a point.
The top left-hand square commutes by naturality of the long-exact sequence in reduced homology.

The top right-hand square commutes by the definition of∆α,β . The bottom left-hand triangle commutes
by definition of dn . The bottom right-hand square commutes due to the relationship between reduced
and relative homology. The map (Φnα)∗ takes the generator [Dnα] ∈ Hn(Dnα, Sn−1

α ) to a generator of the
Z-summand ofHn(X

n, Xn−1) corresponding toDnα, i.e.,
(Φnα)∗([Dnα]) = Dnα

Since the top left square and the bottom left triangle both commute, this gives that∑
β

dα,βDn−1
β = dn(Dnα) = dn ◦ (Φαn)∗([Dnα]) = jn−1 ◦ (φnα)∗([Dnα]).

Here we have implicitly identifiedHn(Dnα, Sn−1
α ) withHn(Sn−1

α ). Looking to the bottom right square,
recall that sinceX is a CW complex, (Xn, Xn−1) is a good pair. This gives the isomorphism

Hn−1(X
n−1, Xn−2;Z) ∼= H̃n−1(X

n−1/Xn−2;Z)
∼= Hn−1(X

n−1/Xn−2, Xn−2/Xn−2;Z).

Notice that the map qβ , collapsing all the n − 1 cells of X to the n − 1 cell Sn−1
β , induces the map

qβ,∗, which projects linear combinations of {Dn−1
β′ } onto its summand of Dn−1

β . Therefore, the value
of dn(Dni ) is going to be the sum of the projections qβ′,∗ on the n − 1 dimensional cells en−1

β . In other
words: ∑

β

dα,βDββ = dn(Dαn) =
∑
β

qβ∗ ◦ q∗ ◦ (φαn)∗ ◦ [Dαn].

As noted before, we have defined (∆αβ)∗ = qβ∗ ◦ q∗ ◦ (φαn)∗. The result now follows. □
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Example 6.3.7. LetX = S2. We S2 withD2/ ∼ such that

(x, y) ∼ (x′, y′) = x′, y = |y′|
This induces a cell decomposition into one 2-cell, the image of the interior, one 1-cell, the image of S1 \
{(0, 1), (0,−1)}, and two 0-cells, the images of (0, 1) and (0, 1) which areN and S. LetA = {N,S}.
SinceA is a sub-complex,X/A inherits a CW complex structure with one one 2-cell, one 1-cell and one
0-cell. We have

0→ Z d2−→ Z d1−→ Z→ 0

SinceX/A is connected as has a single 0-cell, d1 ≡ 0. The attaching map of the two-cell in either case

N

S

X = S2

V

V

X = S2/{N,S}

can be identified with the map:

φ1,2(e
ϕi) =

{
eiϕ 0 ≤ φ ≤ π
e−iϕ π ≤ φ ≤ 2π

The map has degree 0. Hence, d2 ≡ 0. As a result, we have

Hn(S2/{N,S};Z) =

{
Z, if n = 0, 1, 2

0, otherwise.

Example 6.3.8. Recall thatRPn has a CW structure with one k-cellDk in each dimension 0 ≤ k ≤ n.
The attachingmap forDk is the standard 2-fold coveringmapφ : Sk−1 → RPk−1 identifying a point and
its antipodal point inSk−1. To compute the boundarymapdk, we compute the degree of the composition

f : Sk−1 −→ RPk−1 −→ RPk−1

RPk−2
= Sk−1

We consider a neighborhood V of y and the two neighborhoods U1 and U2 given to exist by the local
homeomorphism property of f . One of the homeomorphisms is the identity map and the other homem-
orphisms is the anti-podal map. Then by the local degree formula implies

dk = 1 + (−1)k

It follows that

dk =

{
0 if k is odd,
2 if k is even,

and therefore we obtain that

Hk(RPn;Z) =


Z2 if k is odd, 0 < k < n,

Z if k = 0, n is odd,
0 otherwise.
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Example 6.3.9. LetMg be the closed oriented surface of genus g, with its usual CW structure: one 0-
cell, 2g 1-cells {a1, b1, . . . , ag, bg}, and one 2-cell attached by the product of commutators [a1, b1] · . . . ·
[ag, bg]. The associated cellular chain complex ofMg is:

0
d3−→ Z d2−→ Z2g d1−→ Z d0−→ 0

SinceMg is connected and has only one 0-cell, we get that d1 = 0. We claim that d2 is also the zero
map. As the attaching map sends the generator to a1b1a−1

1 b−1
1 . . . agbga

−1
g b−1

g , when we collapse all 1-
cells (except ai) to a point, the word defining the attaching map a1b1a−1

1 b−1
1 . . . agbga−1

g b−1
g reduces to

aia
−1
i . Hence, the coefficientdeai = 1− 1 = 0. Altogether, d2(e) = 0. So the homology groups ofMg

are given by

Hn(Mg;Z) =


Z for n = 0, 2,

Z2g for n = 1,

0 otherwise.
For g = 3, refer to Figure 3 to visualize the 2g = 6 generators ofH1(M3):

M3 with three pairs of loops indicated generatingH1(M3).

6.4. Equivalence of Homology Theories

We have encountered various homology theories, including singular, simplicial, and cellular homol-
ogy, and have seen that they all coincide in specific cases. For instance, if a topological space admits a∆-
complex structure, the singular and simplicial homologies coincide. Similarly, if a topological space admits
a CW-complex structure, the singular and cellular homologies coincide. We now demonstrate that this is a
specific instance of a more general principle: homology theories are uniquely determined on well-behaved
topological spaces, particularly within the category of CW pairs.

Proposition 6.4.1. Let h∗ be a homology theory in the sense of Definition 5.2.1 withZ coefficients defined as
a collection of functors

hn : CW2 → Ab
If hn(∗;Z) ∼= 0 for n 6= 0, then there exists a natural isomorphism

hn(X,A) ∼= Hn(X,A;G)

for all CW-pairs (X,A) and for all n ≥ 1, whereG := h0(∗;Z) ∈ Ab.
Proof. Since (X,A) is a good pair, we have an isomorphism

hn(X,A;Z) ∼= h̃n(X/A;Z)
for alln ≥ 0. This is a formal consequence of Eilenberg-Steenrod axioms that we have verified for singular
homology. Hence, we only need to check the absolute case. Just as for singular homology, we have

hCWn (X;Z) ∼= hn(X;Z)
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The hypothesis that hn(∗;Z) = 0 for n 6= 0 is used here. The long exact sequences of h∗ homology
groups for the pairs (Xn, Xn−1) give rise to a cellular chain complex.

· · · → hCWn (Xn, Xn−1;Z)
dn−→ hCWn−1(Xn−1, Xn−2;Z)→ · · ·

We also have
· · · → HCW

n (Xn, Xn−1;G)
∂n−→ HCW

n−1(Xn−1, Xn−2;G)→ · · ·
The individual groups are isomorphic, since

hCWn (Xn, Xn−1;Z) ∼= G#n-cells ∼= HCW
n (Xn, Xn−1;G).

Thus, it remains to show that dn = ∂n for n ≥ 1. For n = 1, we can pass from X to S2X since
suspension is a natural isomorphism in any homology theory. S2X has no 1-cells, so immediately d1 =
0 = ∂1. Now let n > 1. The calculation of cellular boundary maps dn for n > 1 in terms of degrees of
certain maps between spheres works equally well for h∗, where degree now means degree with respect to
the h∗ theory. But a map

f : Sn → Sn

of degreem in the usual sense is simply multiplication bym on Hn(Sn;G) ∼= G ∼= hn(Sn;G). The
claim follows. □

6.5. Euler Characteristic

The Euler characteristic was first introduced by Leonhard Euler in the 18th century as a formula for
convex polyhedra:

χ = V − E + F,

where V ,E, and F represent the numbers of vertices, edges, and faces, respectively. Euler discovered that
for any convex polyhedron, this quantity is always equal to 2. This remarkable result was a precursor to the
development ofmodern topology. We can categorifyEuler’s formula by expressing it purely in terms of the
ranks of certain homology groups. This has the advantage that the Euler characteristic can be computed
for a large class of topological spaces. Moreover, it allows us to demonstrate that the Euler characteristic is
indeed a topological invariant, independent of any particular decomposition of a polyhedron into vertices,
edges, and faces, justifying that χ is always equal to 2 for a convex polyhedron, regardless of its decompo-
sition into vertices, edges, and faces, is a key step in showing that the Euler characteristic is a topological
invariant.

Definition 6.5.1. LetX be a n-dimensional CW complex. The Euler characteristic ofX is defined as:

χ(X) =
n∑
i=0

(−1)i · #n− cells :=
n∑
i=0

(−1)i · rank(CCW
i )

Here,CCW
i denotes the i-th abelian group in the chain complex that defines the cellular homology of

X . A priori, the Euler characteristic appears to depend on the chosen cell structure ofX . However, we
now show that the Euler characteristic is actually independent of this choice. To establish this, it suffices
to show that the Euler characteristic depends only on the cellular homology of the spaceX . Indeed, since
cellular homology is isomorphic to singular homology, and singular homology is independent of the cell
structure, the Euler characteristic is therefore a topological invariant.

Proposition 6.5.2. LetX be a n-dimensional CW complex. The Euler characteristic can be computed as:

χ(X) =
n∑
i=0

(−1)i · rank(HCW
i (X;Z))
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In particular, χ(X) is independent of the chosen cell structure onX .

Proof. Let Bi = im(di+1), Zi = ker(di), andHCW
i = Zi/Bi. From the definitions of the cellular

chain complex, we have two short exact sequences for each degree i:

0 −→ Zi −→ Ci −→ Bi−1 −→ 0,

0 −→ Bi −→ Zi −→ HCW
i −→ 0,

The additivity of rank yields that

rank(Ci) = rank(Zi) + rank(Bi−1)

rank(Zi) = rank(Bi) + rank(HCW
i )

We have
n∑
i=0

(−1)iai =
n∑
i=0

(−1)i rank(Ci)

=
n∑
i=0

(−1)i(rank(Zi) + rank(Bi−1))

=
n∑
i=0

(−1)i(rank(Bi) + rank(HCW
i ) + rank(Bi−1)).

The terms rank(Bi) + rank(Bi−1) cancel out due to the alternating sum, leaving

χ(X) =

n∑
i=0

(−1)i rank(HCW
i )

Since cellular homology is naturally isomorphic to singular homology, and singular homology is invariant
under homotopy equivalence, the result follows immediately. □

We conclude this section by discussing some basic properties and examples of the Euler characteristic.

Proposition 6.5.3. LetX,Y be finite-dimensional CW complexes and let

χ(X) =

n∑
i=0

(−1)iai, χ(Y ) =

m∑
j=0

(−1)jbj

Here ai is the number of i-cells in X . Similarly, bj is the number of j-cells in B The Euler characteristic
enjoys some nice properties:

(1) χ(X × Y ) = χ(X)× χ(Y )
(2) IfX = A ∪B such thatA,B are sub-complexes ofX . Then

χ(X) = χ(A) + χ(B)− χ(A ∩B)

(3) If p : X̃ → X is an n-sheeted covering space, then

χ(X̃) = nχ(X)

Proof. The proof is given below:
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(1) For any index k, k-cells inX × Y are created by considering products of r-cells and k − r cells
from X and Y respectively where 0 ≤ r ≤ k. Hence the number of k-cells is

k∑
r=0

arbk−r

Therefore,

χ(X)× χ(Y ) =

(
n∑
i=0

(−1)iai

)
×

 m∑
j=0

(−1)jbj


=

m+n∑
k=0

(−1)k
k∑
r=0

arbk−r = χ(X × Y ).

(2) LetaAi denote thenumber of i-cells inA. Similarly, letaBi be thenumber of i-cells inB. Similarly,
let aA∩Bi be the number of i-cells inA ∩B. We have

ai = aAi + aBi − aA∩Bi

for i = 1, · · · , n. Therefore, we have,

χ(X) =
n∑
i=0

(−1)iai

=
n∑
i=0

(−1)iaAi +
n∑
i=0

(−1)iaBi −
n∑
i=0

(−1)iaA∩Bi

= χ(A) + χ(B)− χ(A ∩B)

(3) Recall that ifDkα is a k-cell inX , then X̃ has n k-cells. Therefore, it is clear that

χ(X̃) = nχ(X)

This completes the proof. □

Example 6.5.4. LetMg be the oriented surface of genus g, and letNg be the oriented surface of genus g.
We have

χ(Mg) = 2− 2g

χ(Ng) = 2− g

Thus all theMg, Ng are distinguished from each other by their Euler characteristics. There are only the
relations

χ(Mg) = χ(N2g)

6.6. Tor Functor

We now discuss the Tor (derived) functor which will play an important role in the discussion of ho-
mologywith coefficients. Further details onderived functors and related topics canbe found inChapter 15.

Remark 6.6.1. We work with commutative rings below. Hence, we don’t make any distinction between the
categories of leftR-modules and rightR-modules. We use the generic phrase ‘R-module’ to refer to a left/right
R-module.
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Recall that the tensor product,⊗R, defines a functor from the category ofR-modules to itself such
that ifN is aR-module, then

−⊗RM(N) = N ⊗RM
Moreover, if f : N → N ′ is aR-module morphism, then

−⊗RM(f) : N ⊗RM
f⊗RIdM−−−−−→ N ′ ⊗RM

It can be checked that−⊗RM is a right exact functor. However,−⊗RM is not a left exact functor in
general.

Example 6.6.2. The functor−⊗RM need not be left exact functor. LetR = Z. Consider the sequence:

0→ Z ·n−→ Z

Here ·n is the multiplication by nmap. LetM = Z/nZwe obtain a map:

Z/nZ ∼= Z⊗Z Z/nZ
·n⊗ZIdZ/nZ−−−−−−−→ Z⊗Z Z/nZ ∼= Z/nZ

However, this is the zero map since we have

·n⊗Z IdZ/nZ(1⊗Z m) = n⊗Z m = 1⊗Z nm = 0.

The zero map is not injective.

Remark 6.6.3. AR-moduleM is calledflat if−⊗RM is a left exact functor. IfM is a projectiveR-module,
then− ⊗R M is a left exact functor. This follows because a projectiveR-module is a direct summand of a
freeR-module, a freeR-module is a flat module and that aR-module is flat if and only if each summad is
a flatR-module.

Since the−⊗RM functor is a right exact functor which in general is not a left exact functor, we can
consider its left derived functor.

Definition 6.6.4. LetR be a ring and letM be aR-module. The i-th Tor functor is the i-th left derived
functor of−⊗RM . It is denoted as

TorRi (−,M)

Bydefinition, TorRi (−,M) is computed as follows. IfN is aR-module, take anyprojective resolution

· · · → P 1 → P 0 → N → 0,

and form the chain complex:

· · · → P 2 ⊗RM → P 1 ⊗RM → P 0 ⊗RM

Then TorRi (N,M) is the homology of this complex at position i.

TorRi (N,M) = Hi((P
i ⊗RM)•)

Remark 6.6.5. General results about derived functors (Chapter 15) show that the homology is independent
of the choice of the projective resolution.

If R is a commutative ring andM is a R-module, we can define another functorM ⊗R −. The
definition is similar to that of the functor defined above. It can also be checked thatM ⊗R − is right
exact functor that is, in general, not left exact. Hence, we can attempt to construct a left-derived functor
associated toM⊗R− as above. We label that derived functor TorRi (M,−). We have the following result:
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Proposition 6.6.6. (Balanacing Tor) LetR be a ring,M,N beR-modules. Denote byTorR∗ (N,−) the
left-derived functors of the tensor product functorN ⊗R−, and byTorR∗ (−,M) the left-derived functors of
−⊗RM . We have that

TorR∗ (N,M) ∼= TorR∗ (M,N)

Proof. We provide an argument based on homological spectral sequences of double complexes. We
choose projective resolutions

· · · P2 P1 P0 N 0

· · · Q2 Q1 Q0 M 0

ofN andM , respectively. We define a first quadrant homological double complexC•,• byCp,q = Pp ⊗
Qq , where themaps are the induced ones coming from themaps in the projective resolutions. The double
complex can be visualized as follows:

...
...

...

P0 ⊗Q2 P1 ⊗Q2 P2 ⊗Q2 · · ·

P0 ⊗Q1 P1 ⊗Q1 P2 ⊗Q1 · · ·

P0 ⊗Q0 P1 ⊗Q0 P2 ⊗Q0 · · ·

Since projective modules are flat modules, the rows and columns of this double complex are indeed com-
plexes, and the squares in the double complex are commutative. We first filter this double complex by
columns. Note that the homology in the vertical direction determines theE1 page such that

E1
p,q = TorRq (Pp,M).

SincePp areprojective andhenceflatmodules, wehaveTorRq (Pp,M) = 0 forq > 0, andTorR0 (Pp,M) =

Pp ⊗M . Thus, theE1 page is:

...
...

...

0 0 0 · · ·

P0 ⊗M P1 ⊗M P2 ⊗M · · ·

Taking homology of theE1 page yields theE2 page:

0 0 0 0 0 0

TorR0 (N,M) TorR1 (N,M) TorR2 (N,M) TorR3 (N,M) TorR4 (N,M) TorR5 (N,M)
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In a similarmanner, we canfilter the double complexby rows, andweobtain a spectral sequencewhose
E2-page looks like:

0 0 0 0 0 0

TorR0 (M,N) TorR1 (M,N) TorR2 (M,N) TorR3 (M,N) TorR4 (M,N) TorR5 (M,N)

For both spectral sequences, we haveEp,q2 = Ep,q∞ . Since both spectral sequences converge to the associ-
ated graded object, we can conclude that

TorR∗ (N,M) ∼= TorR∗ (M,N).

This completes the proof. □

Remark 6.6.7. In light of Proposition 6.6.6, we can identify the two Tor functors. This allows us to compute
projective resolutions of eitherN orM to computeTorRi (N,M) for each i ≥ 0.

Proposition 6.6.8. LetR be a commutative ring and letM be aR-module. The Tor functor satisfies the
following properties:

(1) TorR0 (N,M) ∼= N ⊗RM for anyR-modulesM,N .
(2) IfN is a projectiveR-module, thenTorRi (N,M) = 0 for all i ≥ 1
(3) Any f : N1 → N2 R-module homomorphism induces a morphism

f i∗ : Tor
R
i (N1,M) −→ TorRi (N2,M)

for each i ≥ 0.
(4) Any short exact sequence 0→ N1

ϕ−→ N2
ψ−→ N3 → 0 ofR-modules induces a long exact sequence:

· · · −→ TorR1 (N1,M) −→ TorR1 (N2,M) −→ TorR1 (N3,M) −→ N1 ⊗RM −→ N2 ⊗RM −→ N3 ⊗RM −→ 0

Proof. (1) and (2) follow fromgeneral properties of derived functors (Corollary 15.4.15). For (3), letP •
1 be

a projective resolution ofN1 andP •
2 be a projective resolution ofN2. General properties about projective

resolutions imply that that f lifts to a chain map ϕ• : P •
1 −→ P •

2 . Then, ϕ• induces a morphism of
chain complexes P •

1 ⊗RM −→ P •
2 ⊗RM which, in turn, induces a morphism:

f i∗ : Tor
R
i (N1,M) −→ TorRi (N2,M)

for each i ≥ 0. For (4), let P • be a projective resolution ofM . Then there is an induced short exact
sequence of chain complexes:

0→ N1 ⊗R P • −→ N2 ⊗R P • −→ N3 ⊗R P • → 0

because each module P i is projective. Applying the long exact sequence in homology produces the re-
quired long exact sequence. □

Wenow specialize to the category ofZ-modules. In what follows, we fixG to be an abelian group. We
have the following result:

Lemma 6.6.9. For any abelian groupA, we haveTorZi (A,G) = 0 if i > 1.

Proof. Recall that any abelian group,A, admits a two-step free resolution.

0→ F1 → F0 → A→ 0

Thus, TorZi (A,G) = 0 if i > 1. □
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Remark 6.6.10. Only TorZ1 (−, G) encodes any interesting information. In what follows, we adopt the
notation: Tor(−, G) := TorZ1 (−, G).

Proposition 6.6.11. IfR = Z, the Tor functor satisfies the following properties:
(1) Tor (

⊕
iAi, G)

∼=
⊕

i Tor(Ai, G).
(2) IfA is a free abelian group, thenTor(A,G) = 0.
(3) Tor(Z/nZ, G) ∼= ker(G n−→ G).
(4) For a short exact sequence: 0 → B → C → D → 0 of abelian groups, there is a natural exact

sequence:

0→ Tor(B,G)→ Tor(C,G)→ Tor(D,G)→ B ⊗R G→ C ⊗R G→ D ⊗R G→ 0.

Proof. The proof is given below:
(1) This follows from the identity,(⊕

i

Ai

)
⊗Z G =

⊕
i

(Ai ⊗Z G)

and noting that taking direct sums of projective resolutions of Ai forms a projective resolution
for
⊕

iA
i, and that homology commutes with direct sums.

(2) IfA is free, then 0→ A→ A→ 0 is a projective resolution ofA, so Tor(A,G) = 0.
(3) The exact sequence 0→ Z ·n−→ Z→ Z/nZ→ 0 is a projective resolution of Z/nZ. Tensoring

withG and dropping the right-most term yields the complex:

G ∼= Z⊗R G
·n⊗R1G−−−−−→ G ∼= Z⊗R G→ 0,

Thus, Tor(Z/nZ, G) = ker(G n−→ G).
(4) This follows from Proposition 6.6.8(4).

This completes the proof. □

6.7. Universal Coefficient Theorem

Weextend our discussion of homology by introducing homologywith coefficients in an abelian group
,G. While homology with integer coefficients captures much of the essential topological information of a
space, consideringmore general coefficient groups allows for greater flexibility and reveals additional struc-
ture. In particular, it can clarify torsion phenomena and simplify computations in certain contexts. We
then turn to the Universal Coefficient Theorem (UCT) for homology, which provides a precise relation-
ship between homology with integer coefficients and homology with coefficients in an arbitrary abelian
group. This result plays a central role in understanding how the choice of coefficients affects the compu-
tation of homology groups of a topological space.

Definition 6.7.1. Let G be an abelian group and X a topological space. The homology of X with G-
coefficients, denotedHn(X;G) for n ∈ N, is the homology of the chain complex:

C•(X;G) = C•(X)⊗Z G

consisting of finite formal sums
∑

i ηi · σi with ηi ∈ G, and with boundary maps given by

∂Gn := ∂n ⊗Z IdG .

Remark 6.7.2. Since ∂n satisfies ∂n ◦ ∂n+1 = 0, it follows that ∂Gn ◦ ∂Gn+1 = 0. Hence, (C•(X);G, ∂G• )
is indeed a chain complex.
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We can construct versions of the usual modified homology groups (relative, reduced, etc.) in themost
natural way.

(1) (Relative homology with G-coefficients)Consider the augmented chain complex:
C1(X;G)→ C0(X;G)→ G→ 0

where ε(
∑

i ηiσi) =
∑

i ηi ∈ G. Reduced homology with G-coefficients is defined as the
homology of the augmented chain complex.

(2) (Relative chain Complex with G-coefficients)Define relative chains withG-coefficients by:
Cn(X,A;G) := Cn(X;G)/Cn(A;G),

Consider the chain complex:

C1(X,A;G)→ C0(X,A;G)→ 0

The relative homology with G-coefficients is defined as the homology of the augmeneted
chain complex.

(3) (Cellular homology with G-coefficients)We can build cellular homology withG-coefficients
by defining

CGn (X) = Hn(Xn, Xi−1;G) ∼= G(number of i-cells)

The cellular boundary maps are given by:

dGn (eαn) =
∑
β

dαβe
β
i−1,

where dαβ is as before the degree of a map∆αβ : Sn−1 → Sn−1. As it is the case for integers,
we get an isomorphism:

HCW
n (X;G) ∼= Hn(X;G)

Example 6.7.3. Let’s look at some examples:
(1) By considering the chain complex with coefficients in an abelian group G, we deduce that the

homology groups of a single-point space satisfy

Hn({∗};G) =

{
G if n = 0,

0 if n 6= 0.

(2) (Sketch) By induction and using the long exact sequence of the pair (Dn, Sn−1), the homology
of the sphere with coefficients in an abelian groupG is given by

Hi(Sn;G) =

{
G if i = 0 or i = n,

0 otherwise.

Remark 6.7.4. The computations in Example 6.7.3 will follow more easily from our discussion of the uni-
versal coefficient theorem below.

We now turn to the proof of the Universal Coefficient Theorem (UCT), which establishes a fun-
damental relationship between homology groups computed with different coefficient groups. Since the
choice of coefficients can significantly affect the structure of homology groups, it is crucial to understand
how these variations are interconnected. The UCT provides an explicit algebraic framework that allows
one to express homologywith arbitrary coefficients in terms of homologywith integer coefficients and cer-
tain algebraic constructions involving the chosen coefficient group. TheUCTnot only facilitates practical
computations of homology groups in diverse contexts but also offers deep theoretical insights into how
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algebraic and topological information is encoded within homological invariants. Since the result holds in
a general homological algebra framework, we state it here in its full generality.

Proposition 6.7.5. (Universal Coefficient Theorem)Consider a chain complex (C•, ∂•) of free abelian
groups. For each n ∈ N, the homology groupsHn(C•;Z) andHn(C•;G) are determined by the short exact
sequence:

0→ Hn(C•;Z)⊗Z G→ Hn(C•;G)
h−→ Tor(Hn−1(C•;Z), G)→ 0

Proof. Choose a projective resolution forG:

· · · → P2 → P1 → P0 → G→ 0.

We define a first quadrant homological double complexC•,• byCp,q = Pp⊗Cq , where the maps are the
induced ones coming from the maps in the projective resolutions. The double complex can be visualized
as follows:

...
...

...

P0 ⊗ C2 P1 ⊗ C2 P2 ⊗ C2 · · ·

P0 ⊗ C1 P1 ⊗ C1 P2 ⊗ C1 · · ·

P0 ⊗ C0 P1 ⊗ C0 P2 ⊗ C0 · · ·
We first filter this double complex by columns. Taking the homology in the vertical direction, we obtain
theE1 page:

...
...

...

P0 ⊗H2(C) P1 ⊗H2(C) P2 ⊗H2(C) · · ·

P0 ⊗H1(C) P1 ⊗H1(C) P2 ⊗H1(C) · · ·

P0 ⊗H0(C) P1 ⊗H0(C) P2 ⊗H0(C) · · ·

This follows because Pp ⊗ − is an exact functor. The rows here correspond to the complexes used to
calculate TorZ∗ (G,−), so the (p, q)-th entry on the E2 page is TorZq (G,Hp(C;Z)). Let’s examine this
more closely. ApplyingG⊗− to the short exact sequence of chain complexes

0→ im d• → ker d• → H•(C•)→ 0

and deriving gives a long exact sequence:

· · · → TorZ2 (G,Hn(C))→ TorZ1 (G, im dn−1)→ TorZ1 (G, ker dn)→ TorZ1 (G,Hn(C))→ TorZ0 (G, im dn−1)→ · · ·

But since im dn−1 and ker dn are subgroups of the free abelian groupCn, they are themselves free. There-
fore, the higher Tor groups vanish. By the long exact sequence, it follows that TorZq (G,Hp(C;Z)) = 0
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for all q ≥ 2. Hence, theE2 page looks as follows:

TorZ0 (G,H2(C•;Z)) TorZ1 (G,H2(C•;Z)) 0 0

TorZ0 (G,H1(C•;Z)) TorZ1 (G,H1(C•;Z)) 0 0

TorZ0 (G,H0(C•;Z)) TorZ1 (G,H0(C•;Z)) 0 0

By Remark 4.6.6, we have
0→ E2

0,n →Mn → E2
1,n−1 → 0

Note that E2
0,n = TorZ0 (G,Hn(C•;Z)) = G ⊗ Hn(C•;Z) and E2

1,n−1 = TorZ1 (G,Hn−1(C•;Z)).
Hence, the exact sequence becomes

0→ G⊗Hn(C•;Z)→Mn → TorZ1 (G,Hn−1(C•;Z))→ 0

To identifyMn, we now filter the double complex by rows. This amounts to considering a spectral se-
quence whoseE0 page is the transposed double complex:

...
...

...

P2 ⊗ C0 P2 ⊗ C1 P2 ⊗ C2 · · ·

P1 ⊗ C0 P1 ⊗ C1 P1 ⊗ C2 · · ·

P0 ⊗ C0 P0 ⊗ C1 P0 ⊗ C2 · · ·
Here the vertical maps are induced by the horizontal maps of the double complex. Hence, taking the
homology in the vertical direction of the transposed double complex is equivalent to taking the homology
of thedouble complex in thehorizontal direction. Thus, the (p, q)-th entry of theE1 page isTorp(G,Cq).
For p ≥ 1, this vanishes because each Cq is a free abelian group. Moreover, we have Tor0(G,Cq) =
G⊗ Cq . Hence, theE1 page is given by:

...
...

...

0 0 0 · · ·

G⊗ C0 G⊗ C1 G⊗ C2 · · ·
Here the horizontal differentials are induced by the vertical differentials of the double complex. Taking
homology, on theE2 page, everything except the bottom row is zero. In the bottom row, we have:

H0(G⊗ C•;Z) H1(G⊗ C•;Z) H2(G⊗ C•;Z) · · ·
This shows thatMn = Hn(G⊗ C•;Z). Therefore, we obtain the short exact sequence:

0 −→ G⊗Hn(C•;Z) −→ Hn(G⊗ C•;Z) −→ TorZ1 (G,Hn−1(C•;Z)) −→ 0
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This completes the proof. □
Remark 6.7.6. It can be checked that the sequence in Proposition 6.7.5 splits.

Remark 6.7.7. There is also a universal coefficient theorem for homology where Z is replaced by a PID,R
andG is aR-module. In this case, we have

0→ Hn(C•)⊗R G→ Hn(C•;G)
h−→ TorR1 (Hn−1(C•), G)→ 0

This comes from first establishing thatTorRi vanishes for i ≥ 2 for whenR is a PID, and then going through
a proof for universal coefficient theorem essentially as above.

Example 6.7.8. SupposeX = K is the Klein bottle, andG = Z/4. Recall thatH1(K;Z) = Z⊕Z/2,
andH2(K;Z) = 0, so:

H2(K;Z/4) = (H2(K;Z)⊗Z Z/4)⊕ Tor(H1(K),Z/4)
= Tor(Z,Z/4)⊕ Tor(Z/2,Z/4)
= 0⊕ Z/2
= Z/2.

Example 6.7.9. LetX = RPn andG = Z/2Z. Recall that we have

Hk(RPn;Z) =


Z/2Z if k is odd, 0 < k < n,

Z if k = 0, n is odd,
0 otherwise.

We computeHk(RPn;Z/2Z). We consider multiple cases. For k = 0, we have:

H0(RPn;Z/2Z) ∼= H0(RPn;Z)⊗Z Z/2Z = Z⊗Z Z/2Z ∼= Z/2Z.

For k = 1, we have:

H1(RPn;Z/2Z) ∼= H1(RPn;Z)⊗Z Z/2Z⊕ Tor(H0(RPn),Z/2Z)
= (Z/2Z⊗Z Z/2Z)⊕ Tor(Z,Z/2Z)
= Z/2Z⊕ 0 = Z/2Z.

For 1 < k < n, such that k is an odd integer, we have

Hk(RPn;Z/2Z) ∼= (Hk(RPn;Z)⊗Z Z/2Z)⊕ Tor(Hk−1(RPn;Z),Z/2Z)
= (Z/2Z⊗Z Z/2Z)⊕ Tor(0,Z/2Z)
= Z/2Z

For 1 < k < n, such that k is an even integer, we have

Hk(RPn;Z/2Z) ∼= (Hk(RPn;Z)⊗Z Z/2Z)⊕ Tor(Hk−1(RPn;Z),Z/2Z)
= (0⊗Z Z/2Z)⊕ Tor(Z/2Z,Z/2Z)
= Z/2Z

For k = n even, we have

Hk(RPn;Z/2Z) = (0⊗Z Z/2Z)⊕ Tor(Z/2Z,Z/2Z) ∼= Z/2Z

If k = n is odd, we have

Hk(RPn;Z/2Z) = (Z⊗Z Z/2Z)⊕ Tor(0,Z/2Z) ∼= Z/2Z
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All in all, we have

Hk(RPn;Z/2Z) =

{
Z/2Z if k = 0, · · · , n
0 otherwise.

6.8. Künneth Formula

The Künneth Formula is a fundamental result in algebraic topology that relates the homology of a
product spaceX × Y to the homology of the individual spacesX and Y . It provides a practical way to
computeHn(X × Y ;G), whereG is an abelian group, by expressing it in terms of the homology groups
H•(X;G) andH•(Y ;G). SupposeX and Y are finite CW complexes. Their productX × Y inherits a
CW structure where the n-cells are built from products of p-cells inX and q-cells in Y with p + q = n.
This suggests that the chain complex of the product,C•(X×Y ), should be related to the tensor product
of the chain complexes C•(X) ⊗ C•(Y ). We use the method of acyclic models to construct a natural
chain map

C•(X)⊗ C•(Y )→ C•(X × Y )

The proof uses acyclic models.

Proposition 6.8.1. LetX,Y ∈ Top. There is a natural (in bothX and Y ) chain equivalence
C•(X × Y ) ' C•(X)⊗ C•(Y ),

whereC•(X)⊗ C•(Y ) denotes the tensor product of chain complexes defined in degree n by

(C•(X)⊗ C•(Y ))n =
⊕
p+q=n

Cp(X)⊗ Cq(Y ),

Proof. Let C = Top2. Consider the functors
(X,Y ) 7−→ C•(X × Y ),

(X,Y ) 7−→ C•(X)⊗ C•(Y ).

Call these functors F and G. Let M = {(∆n,∆m)}n,m≥0. It is clear that F is acylic since∆n × ∆m is
contractible for each n,m ≥ 0. We show that G is free. Indeed,Gn is free on⊔

p+q=n

Hom(∆p, X)×Hom(∆q, Y ) ∼= Hom((∆p,∆q), (X,Y ))

Hence,G is free onM. The result follows by Proposition 5.4.3. □
Remark 6.8.2. Wehave used abstract arguments to establish the existence of such amap. In fact, it is possible
to construct a chain map

C•(X × Y )→ C•(X)⊗ C•(Y ),

by an inductive argument. By Proposition 5.4.3(2), any other natural chain map will be chain homotopic to
the one constructed by an inductive argument.

We have thus reduced the problem to computing the homology of the tensor product of chain com-
plexes. This can be done using the algebraic Künneth formula.

Proposition 6.8.3. LetG be an abelian group, and letC•,D• be chain complexes of abelian groups. Assume
that eachCn is a free abelian group. There is a short exact sequence

0→
⊕
p+q=n

Hp(C)⊗Hq(D)→ Hn(C• ⊗D•)→
⊕

p+q=n−1

Tor(Hp(C),Hq(D))→ 0,

The short exact sequence splits.



6.8. KÜNNETH FORMULA 139

Proof. The proof is similar to a spectral sequence argument used to prove Proposition 6.7.5. □

Example 6.8.4. LetX = Tk. Since the homology groups of S1 are free, all Tor terms will drop out. For
k ≥ 2, we have

Hn(Tk;Z) ∼=
⊕

i1+···+ik=n
Hi1(S1;Z)⊗ · · · ⊗Hik(S

1;Z)

=
⊕

i1+···+ik=n
ij∈{0,1}

Hi1(S1;Z)⊗ · · · ⊗Hik(S
1;Z) ∼= Z(

k
n
)
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Cohomology



CHAPTER 7

Singular Cohomology

Singular cohomology is a topological invariant of topological spaces analogous to singular homology,
which is a contravariant functor rather than a covariant functor. That is, a continuous map f : X → Y
between topological spaces induces a homomorphism

f∗ : H∗(Y )→ H∗(X).

of abelian groups. Wewill show that this functor actually factors through hTopOp. Hence, singular coho-
mology is a homotopy invariant. There are several reasons for caring about the fact singular cohomology
is a contravariatnt functor:

(1) Many geometric objects pull back along continuous maps f : X → Y . Examples include differ-
ential forms, covering spaces, or vector bundles. Topological invariants of such objects that are
compatible with pullback must take values in an abelian group which is contravariantly assigned
toX .

(2) For every topological space there is a diagonal map∆ : X → X × X . Cohomology will turn
this into a map

∆∗ : H∗(X ×X)→ H∗(X),

from which we can extract a product onH∗(X). This additional algebraic structure turns co-
homology groups into a ring structure, which makes cohomology a ring-valued invariant, unlike
singular homology.

(3) Categorically, cohomology is a better invariant than homology is that cohomology is a repre-
sentable functor.

References include [Hat02; Lee10; May99].

7.1. Definition

Formally, we can develop he theory of singular homology similarly to that of singular cohomology.
Let G be an abelian group and let X be a topological space with a singular chain complex (C•, ∂•) of
abelian groups:

· · · ∂n+1−−−→ Cn(X)
∂n−→ Cn−1(X)

∂n−1−−−→ Cn−2(X)
∂n−2−−−→ · · · .

ConsiderC∗
n(X) = Hom(Cn(X), G), the group of singular n co-chains ofX withG-coefficients. This

defines the dual chain complex:

∂∗n+1←−−− C∗
n(X)

∂∗n←− C∗
n−1(X)

∂∗n−1←−−− C∗
n−2(X)

∂∗n−2←−−− · · · .

Remark 7.1.1. We write (C•, ∂•) for the above diagram which is called a singular co-chain complex. We
often abbreviate (C•, ∂•) asC•. We writeCn forC∗

n = Hom(Cn, G). Moreover, we shall also write the
boundary map ∂∗n+1 as δn for the boundary map.

141
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The boundary maps are ∂∗n : C∗
n−1 → C∗

n defined as:
(∂∗nψ)(α) = (ψ ◦ ∂n)(α)

for ψ ∈ C∗
n−1, α ∈ Cn. Note that the boundary map are such that ∂∗n+1 ◦ ∂∗n = 0 for n ∈ Z. Indeed,

(∂∗n+1 ◦ ∂∗n)(ψ) = ψ(∂n+1 ◦ ∂n) = 0

for ψ ∈ C∗
n−1. Hence, we can nowmake the following definition:

Definition 7.1.2. LetG be an abelian group, and let (C•, ∂•) be a chain complex of free abelian groups.
The n-th cohomology group of (C•, ∂•)withG-coefficients is defined as

Hn((C•, ∂•);G) := Hn((C
•, ∂•);G)

Elements of ker ∂∗n+1 are calledn-cocycles, and elements of Im ∂∗n are calledn-coboundaries. We shall
writeZn(X) for ker ∂∗n+1 = ker δn andBn(X) for Im ∂∗n = ker δn−1.

Remark 7.1.3. Recall that chain complexes of abelian groups for a category, ChainAb. The dual category,
ChainOp

Ab , is called the category of co-chain complexes of abelian groups. Singular co-chain complexes are ele-
ments ofChainOp

Ab . It can be checked that bothChainAb andChainOp
Ab are abelian categories. Thus, all results

that hold for ChainAb, or singular chain complexes in particular continue to hold in ChainOp
Ab , or singular

co-chain co-chain complexes in particular. For instance, we have various diagram-chasing lemmas such as the
five lemma, the nine lemma, and the snake lemma. We shall not repeat these details in these notes. In any
case, the proofs are similar to those discussed in the context of homology.

Proposition 7.1.4. LetG be an abelian group. For each n ≥ 0,
Hn : Top→ Ab

is a contravariant functor. Moreover, functorHn descends to a contravariant functorHn
: hTop→ Ab.

Top hTop

Ab
Hn

γ

Hn

In other words, ifX and Y are topological spaces and f, g : X → Y are homotopic maps, then
Hn(f) = Hn(g) : Hn(X;G)→ Hn(Y ;G)

for each n ≥ 0.

Proof. Fix n ≥ 0. The construction ofHn can be defined as the following composite functor:

Top ssSet ChainAb CoChainAb Ab

Hn

S•

Sing• Z(−) Hom(;G)

Since Hom(−;G) is a contravariant functor and all the other functors involved are covariant functors,
it follows that Hn is a contravariant functor. Moreover, note that dualizing a chain homotopy gives a
co-chain homotopy. Thus,Hn factors through hoTopOp. □

Similar to singular homology, singular cohomology canbe challenging to compute. Onemust develop
computational tools to calculate singular cohomology, such as long exact sequences, excision, and other
techniques. However, at the very least, we can explicitly computeH0 by invoking the construction ofH0.
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Example 7.1.5. H0(X;G) consists of those functions f : C0(X) → G such that f ◦ ∂1 = 0. This
means that f ◦ ∂1(σ) = 0 for every singular 1-simplex. Hence, f is constant on path components. We
conclude that

H0(X;G) = HomZ(Z|π0(X)|, G).

7.2. Ext Functor

We now discuss the Ext (derived) functor, which arises as a derived functor of Hom(−, G), and plays
a crucial role in the formulation of the universal coefficient theorem for singular cohomology.

Remark 7.2.1. We work with commutative rings below. Hence, we don’t make any distinction between the
categories of leftR-modules and rightR-modules. We use the generic phrase ‘R-module’ to refer to a left/right
R-module.

In the category of R-modules, recall that the Hom(X,−) functor defines a covariant functor from
the category ofR-modules to itself. IfM is anR-module, then

Hom(X,−)(M) = Hom(X,M).

Moreover, if f :M →M ′ is a morphism ofR-modules, then the functor acts on morphisms by
Hom(X,−)(f) : Hom(X,M) −→ Hom(X,M ′)

defined. It can be checked that Hom(X,−) is a left exact functor. However, Hom(X,−) is not a right
exact functor in general.

Example 7.2.2. The functor Hom(X,−) is not a right exact functor in general. LetR = Z. Consider
the short exact sequence of abelian groups:

0→ Z ·2−→ Z→ Z/2Z→ 0.

Apply the functor Hom(Z/2Z,−) to this sequence. We obtain:

0 −→ Hom(Z/2Z,Z) (·2)∗−−−→ Hom(Z/2Z,Z) −→ Hom(Z/2Z,Z/2Z)
The resulting sequence is:

0→ 0→ 0→ Z/2Z,
which is not an exact sinceZ/2Z→ 0 is not a surjective function.

Definition 7.2.3. LetR be a ring and letX be aR-module. The i-th Ext functor is the i-th left derived
functor of Hom(X,−) := hX . It is denoted as

ExtiI(X,−)

Remark 7.2.4. The subscript I denotes that we have taken an injective resolution.

By definition, ExtiI(X,−) is computed as follows: for anR-module Y take any injective resolution
0→ Y → I0 → I1 → · · ·

and form the co-chain complex:
Hom(X, I0)→ Hom(X, I1)→ · · · .

For each integer i, Exti(X,Y ) is the homology of this co-chain complex at position i:

ExtiI(X,Y ) = Hi(Hom(X, Ii)
•)

Similarly, we can consider the contravariantHom functor and consider its right derived functor. Since
it is a contravariant functor, we take projective resolutions now.
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Definition 7.2.5. LetR be a ring and let Y be aR-module. The i-th Ext functor is the i-th left derived
functor of Hom(−, Y ) := hY . It is denoted as

ExtiP (−, Y )

Remark 7.2.6. The subscript P denotes that we have taken a projective resolution.

By definition, ExtiP (−, Y ) is computed as follows: for anR-moduleX take any projective resolution

· · · → P 1 → P 0 → X → 0,

and form the co-chain complex:

Hom(P 0, Y )→ Hom(P 1, Y )→ · · · .

Then ExtiP (X,Y ) is the homology of this co-chain complex at position i:

ExtiP (X,Y ) = Hi(Hom(P i, Y )•)

The left exact Hom(−,−) functor can be thought of as a bifunctor which is covariant in the second
variable and contravariant in the first variable. The discussion above seemingly provides us with with two
different strategies to compute the Ext functor. Fortunately, it turns out that we can use either strategy as
formalized by the following proposition.

Proposition 7.2.7. (Balancing Ext) LetX,Y beR-modules. Then

ExtiP (X,Y ) ∼= ExtiI(X,Y )

for each i ≥ 0.

Proof. A spectral sequence argument analogous to that used in Proposition 6.6.6 can be employed to
establish this result. □

Therefore, one can work with either strategy mentioned above. Therefore, we can now unambigu-
ously write Exti(X,Y ).

Proposition 7.2.8. The Ext functor satisfies the following properties:
(1) Ext0(X,Y ) ∼= Hom(X,Y ) for allR-modulesX,Y ..
(2) IfX is a projectiveR-module, then Exti(X,Y ) = 0 for all i ≥ 1
(3) If Y is an injectiveR-module, then Exti(X,Y ) = 0 for all i ≥ 1
(4) Any f : X1 → X2 induces a morphism

f∗,i : Exti(X2, Y ) −→ Exti(X1, Y )

for each i ≥ 0.
(5) Any g : Y1 → Y2 induces a morphism

gi∗ : Ext
i(X,Y1) −→ Exti(X,Y2)

for each i ≥ 0.
(6) Any short exact sequence 0→ Y1

ϕ−→ Y2
ψ−→ Y3 → 0 induces a long exact sequence:

0→ Ext0(X,Y1) −→ Ext0(X,Y2) −→ Ext0(X,Y3) −→ Ext1(X,Y1) −→ Ext2(X,Y2) −→ · · ·

(7) Any short exact sequence 0→ X1
ϕ−→ X2

ψ−→ X3 → 0 induces a long exact sequence:

0→ Ext0(X3, Y ) −→ Ext0(X2, Y ) −→ Ext0(X1, Y ) −→ Ext1(X3, Y ) −→ Ext2(X2, Y ) −→ · · ·
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Proof. (1), (2) and (3) all follow from general properties of derived functors (Corollary 15.4.15). For (4)
LetP •

1 be a projective resolution ofX1 andP •
2 be a projective resolution ofX2. General properties about

resolutions implies that f lifts to a chain map ϕ• : P •
1 −→ P •

2 . Then, ϕ• induces a morphism of chain
complexes Hom(P •

2 , Y ) −→ Hom(P •
1 , Y )which, in turn, induces a morphism:

f∗,i : Exti(X2, Y ) −→ Exti(X1, Y )

for each i ≥ 0. For (5), let P • be a projective resolution of X . Then, there is a morphism of chain
complexes β• : Hom(P •, Y1) −→ Hom(P •, Y2) induced by g, which, in turn, induces a morphism:

gi∗ : Ext
i(X,Y1) −→ Exti(X,Y2)

for each i ≥ 0. For (6), let P • be a projective resolution of X . Then there is an induced short exact
sequence of chain complexes:

0→ Hom(P •, Y1) −→ Hom(P •, Y2) −→ Hom(P •, Y3)→ 0

because each module P i is projective. Indeed, at each degree i, P i this sequence is

0→ Hom(P i, Y1) −→ Hom(P i, Y2) −→ Hom(P i, Y3)→ 0

obtained by applying the functor Hom(P i,−), which is exact asP i is projective. It is then easily checked
that this gives a short exact sequence of chain complexes. Thus, applying the long exact sequence in ho-
mology produces the required long exact sequence. For (7), Let P • be a projective resolution ofX1 and
letQ• be a projective resolution ofX3. By the horseshoe lemma (Lemma 15.4.16), there exists a projective
resolutionR• ofX2 and a short exact sequence of chain complexes

0→ P • → R• → Q• → 0,

SinceQi is projective, applying Hom(−, Y ) yields

0→ Hom(Qi, Y )→ Hom(Ri, Y )→ Hom(P i, Y )→ 0

for each i ≥ 0. It follows that there is a s.e.s. of cochain complexes
0→ Hom(Q•, Y )→ Hom(R•, Y )→ Hom(P •, Y )→ 0.

The associated long exact sequence in cohomology is the required long exact sequence. □
The above proposition show that the Ext groups ‘measure’ and ‘repair’ the non-exactness of the func-

tors Hom(−, Y ) and Hom(X,−). Let us now specialize to R = Z. In what follows, let G be a fixed
abelian group.

Lemma 7.2.9. For any abelian groupA, we have that
Extn(A,G) = 0 if n > 1,

Proof. Any abelian group,A, admits a two-step free resolution.
0→ F1 → F0 → A→ 0

Thus, Extn(A,G) = 0 if n > 1. □
Remark 7.2.10. OnlyExt1(A,G) encodes interesting information for abeliangroups. WewriteExt(A,G) :=
Ext1(A,G).

Proposition 7.2.11. The Ext functor satisfies the following properties:
(1) Ext (

⊕
iAi, G)

∼=
∏
i Ext(Ai, G).

(2) IfA is free, then Ext(A,G) = 0.
(3) Ext(Z/nZ, G) = G/nG.
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(4) IfH is a finitely generated abelian group, then:

Ext(H,G) = Ext(Torsion(H), G) = Torsion(H)⊗Z G

(5) For a short exact sequence: 0 → A → A′ → A′′ → 0 of abelian groups, there is a natural exact
sequence:

0→ Hom(A′′, G)→ Hom(A′, G)→ Hom(A,G)→ Ext(A′′, G)→ Ext(A′, G)→ Ext(A,G)→ 0

Proof. The proof is given below:
(1) This follows from the identity,

Hom
(⊕

i

Ai, G
)
=
∏
i

Hom(Ai, G),

and noting that taking direct sums of projective resolutions of Ai forms a projective resolution
for
⊕

iA
i, and that homology commutes with arbitrary direct products.

(2) IfA is free, then
0→ A→ A→ 0

is a projective resolution ofA, so Ext(A,G) = 0.
(3) Consider the projective resolution of Z/nZ given by

0→ Z ·n−→ Z→ Z/nZ→ 0

dualize it and use the fact that Hom(Z, G) ∼= G to conclude that Ext(Z/nZ, G) = G/nG.
(4) This follows at once from the previous statement.
(5) This follows from Proposition 7.2.8.

This completes the proof. □
Remark 7.2.12. The discussion above implies has dealt with the case of Z-modules (abelian groups). The
general case can be more involved. For instance, consider Z2 as a Z4-module. Let Z4

q−→ Z2 denote the
quotient map. Let Z4

×2−−→ Z4 denote multiplication by 2. Z2 has the following free resolution over Z4:

· · · ×2−−→ Z4
×2−−→ Z4

×2−−→ Z4
×2−−→ Z4

q−→ Z2 → 0.

SinceHomZ4(Z4,Z2) ∼= Z2 (by mapping the generator of Z4 to either 0 or 1), the dual of×2 : Z4 → Z4

is simply the zero map. Hence, we have the dual sequence

0→ Z2 → Z2
0−→ Z2

0−→ Z2
0−→ Z2 → · · ·

Consider the truncated sequence
Z2

0−→ Z2
0−→ Z2

0−→ Z2 → · · ·
The homology of this complex is Z2 for every degree. Hence,

ExtnZ4
(Z2,Z2) ∼= Z2

is nonzero for all n ∈ N. This is stark contrast Remark 7.2.10.

Remark 7.2.13. The name Ext comes from the phrase extension. We sayX is an extension ofA byB if

0→ B → X → A→ 0

is exact. GivenA andB, there is always the trivial extensionX = A⊕B, corresponding to the isomorphism
class of the split exact sequence. It can be shown that isomorphism classes of extensions of A by B are in 1-1
correspondence with elements of Ext1(A,B), with the trivial extension corresponding to 0.



7.3. UNIVERSAL COEFFICIENT THEOREM 147

7.3. Universal Coefficient Theorem

Recall the construction of singular cohomology in Section 7.1. Since everything is determined in terms
of (C•, ∂•), canwe compute cohomology groups using information about homology groups? The answer
is a qualified yes. This is the universal coefficient theorem (UCT) for cohomology, which we now discuss.
We first motivate the statement of UCT. As a first guess, we might think that

Hn(C•;G) := Hn(C
•;G) ∼= Hom(Hn(C•), G)

This turns out to be almost true. We indeed have a natural map:
ϕ : Hn(C•, G) −→ Hom(Hn(C•), G).

Denote Zn = ker ∂n ⊆ Cn and Bn = Im ∂n+1 ⊆ Cn. We have Bn ⊆ Zn. A class inHn(C•;G) is
represented by a homomorphism φ : Cn → G such that ∂∗n+1φ = 0. That is, φ∂n+1 = 0, or in words,
φ vanishes onBn. The restriction φ0 = φ|Zn then induces a quotient homomorphism

φ̄0 : Zn/Bn → G,

an element of Hom(Hn(C•), G). If φ is in Im ∂∗n, say φ = ψ∂n for some ψ ∈ C∗
n−1, then φ is zero on

Zn since ∂n ◦ ∂n+1 = 0. So φ0 = 0 and hence also φ̄0 = 0.

· · · Cn+1 Cn Cn−1 · · ·

G

∂n+2

ϕ◦∂n+1

∂n+1

ϕ

∂n

ψ

∂n−1

Thus, there is a well-defined quotient map
h : Hn(C•, G)→ Hom(Hn(C), G)

sending the cohomology class of [φ] to φ̄0. Obviously h is a homomorphism.

Proposition 7.3.1. (Universal Coefficient Theorem) If a chain complex (C•, ∂•) of free abelian groups
has homology groupsHn(C•), then the cohomology groupsHn(C•;G) of the cochain complexHom(Cn, G)
are determined by the short exact sequence:

0 −→ Ext(Hn−1(C•), G) −→ Hn(C•;G)
h−→ Hom(Hn(C•), G) −→ 0

Proof. The proof is based on a spectral sequence argument and is analogous to that of Proposition 6.7.5.
Moreover, it can be verified that the sequence in Proposition 7.3.1 splits. □
Corollary 7.3.2. Let (C•, ∂•) be a chain complex so that its Z-homology groups are finitely generated. Let
Tn = Torsion(Hn). We have

0→ Tn−1 → Hn(C•;Z)→ Hn/Tn → 0

This sequence splits1, so:
Hn(C•;Z) ∼= Tn−1 ⊕Hn/Tn.

Proof. Clear. □
Example 7.3.3. Let us now derive some immediate consequences of Proposition 7.3.1.

(1) If n = 0, we have

H0(X;G) = HomZ(H0(X), G) ∼= HomZ(Z|π0(X)|, G)

This is consistent with Example 7.1.5.
1SinceHn/Tn is free and hence projective.
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(2) If n = 1, the Ext-term vanishes sinceH0(X) is free, so we get:

H1(X;G) = HomZ(H1(X), G)

Remark 7.3.4. There is also a universal coefficient theorem for cohomology whereZ is replaced by a PID,R
andG is aR-module. In this case, we have

0→ Ext1R(Hn−1(X;R), G)→ Hn(X;G)
h−→ HomR(Hn(X;R), G)→ 0.

This comes fromfirst establishing thatExtnR vanishes forn ≥ 2 for whenR is a PID, and then going through
a proof for universal coefficient theorem as above.

7.4. Eilenberg-Steenrod Axioms

Wehavedefined singular cohomology. There aremanyother cohomology theories: sheaf cohomology,
Čech cohomology, etc. All these cohomology theories satisfy the Eilenberg-Steenrod axioms. The purpose
of this section is to state these axioms and prove that singular cohomology satisfies these axioms.

Definition 7.4.1. (Eilenberg-SteenrodAxioms) LetGbe an abelian group. A (unreduced) cohomology
theory consists of

(1) A family of functorsHn : Top2 → Ab for n ≥ 0, and
(2) A family of natural transformations γn : Hn → Hn+1 ◦ p, where p is the functor sending

(X,A) to (A,∅) and f : (X,A)→ (Y,B) to f |B : (A,∅)→ (B,∅).
such that the following axioms are satisfied:
(a) (Homotopy invariance) If f, g : (X,A)→ (Y,B) are homotopicmaps, then the inducedmaps

Hn(f),Hn(g) : Hn(X,A)→ Hn(Y,B)

are such thatHn(f) = Hn(g) for n ≥ 0. In other words, Hn may be regarded as a functor
from hTop toAb.

(b) (Long exact sequence) For every pair (X,A), the inclusions

(A, ∅) i
↪→ (X, ∅)

j
↪→ (X,A)

give rise to a long exact sequence

· · · → Hn(X,A)
j∗n−→ Hn(X)

i∗n−→ Hn(A)
δn−→ Hn+1(X,A)→ · · ·

(c) (Excision) If Z ⊆ A ⊆ X are topological spaces such that Z ⊆ Int(A), the inclusion of pairs
(X \ Z,A \ Z) ⊆ (X,A) induces isomorphisms

Hn(X \ Z,A \ Z)→ Hn(X,A)

for all n ≥ 0.
(d) (Multiplicativity) IfX =

∐
αXα andA =

∐
αAα is the disjoint union of a family of topolog-

ical spacesXα, then
Hn(X,A) =

∏
α

Hn(Xα, Aα)

for each n ≥ 0.

If a cohomology theory satisfies the following additional dimension axiom, which states that for any
one-point spaceX = {∗},

Hn(X;G) =

{
G if n = 0,

0 otherwise,
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then the cohomology theory is called an ordinary cohomology theory withG-coefficients, and the corre-
sponding Eilenberg–Steenrod axioms are referred to as the ordinary Eilenberg–Steenrod axioms for coho-
mology.

Remark 7.4.2. Not all cohomology theories satisfy the dimension axiom. Such theories are known as extra-
ordinary/generalized cohomology theories. Although they still satisfy the other Eilenberg–Steenrod axioms,
they fail the dimension axiom. Examples of extraordinary/generalized cohomology theories include:

(1) Topological K-theory,
(2) Complex cobordism,
(3) Cobordism theories associated with structured manifolds, e.g., spin cobordism,
(4) Morava K-theories,
(5) Cohomology theories represented by spectra in stable homotopy theory that do not satisfy the dimen-

sion axiom.

We now verify that singular cohomology satisfies the Eilenberg–Steenrod axioms. This is largely a
formal exercise. This follows because singular homology satisfies the corresponding Eilenberg–Steenrod
axioms for homology, and singular cohomology and singular homology are related via the Universal Co-
efficient Theorem (Proposition 7.3.1). An alternative line of argument is that we can dualize all the proofs
showing that singular homology satisfies the Eilenberg–Steenrod axioms for homology and thereby con-
clude that singular cohomology satisfies the Eilenberg–Steenrod axioms for cohomology.

7.4.1. Relative cohomology groups. We first construct the relative cohomology group that shall
allow us to construct the appropriate functors fromTop toAb. We apply theHom(−, G) functor to the
the relative singular chain complex to get

Cn(X,A;G) := Hom(Cn(X,A), G).

The groupCn(X,A;G) canbe identifiedwith functions from the set ofn-simplices inX toG that vanish
on simplices inA, so we have a natural inclusion

Cn(X,A;G) ↪→ Cn(X;G)

The relative coboundary maps

δ
n
: Cn(X,A;G)→ Cn+1(X,A;G)

are obtained by restricting δn. We have a co-chain complex (C•(X,A), δ
•
).

Definition 7.4.3. Let A ⊆ X be a subspace of a topological space X . The n-th relative cohomology
group,Hn(X,A), is the n-th homology group of the chain complex (C•(X,A), δ

•
). That is:

Hn(X,A) =
Ker δn

Im δ
n+1

Similar to Proposition 7.1.4, it is easily checked that each Hn is a functor from Top2 to Ab. This
effectively checkes the first two conditons in the definition of the Eilenberg-Steenrod axioms.

Remark 7.4.4. Since the cohomology of the empty set is trivial for all n ≥ 0, we have:

Hn(X, ∅) = Hn(X), ∀n ≥ 0.

Remark 7.4.5. There is also a Universal Coefficient Theorem for relative cohomology. The argument is
identical to that in Proposition 7.3.1.
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We now prove that singular cohomology satisfies the long exact sequence axiom. The importance of
the long exact sequence axiom is that is allows us to compute cohomology groups of various spaces in
using an ‘inductive’ and/or ‘bottom-up’ approach. Applying by the Hom(−, G) functor to the short
exact sequence,

0→ Cn(A)
in−→ Cn(X)

jn−→ Cn(X,A)→ 0,

we get another short exact sequence2

0← Cn(A;G)
i∗←− Cn(X;G)

j∗←− Cn(X,A;G)← 0.

Since in and jn commute with the boundary maps, it follows that i∗n and j∗n commute with co-boundary
maps. So we obtain a short exact sequence of cochain complexes:

0← C•(A;G)
i∗←− C•(X;G)

j∗←− C•(X,A;G)← 0.

By taking the associated long exact sequence of homology groups, we get the long exact sequence for the
cohomology groups of the pair (X,A):

· · · −→ Hn(X,A;G)
j∗n−→ Hn(X;G)

i∗n−→ Hn(A;G)
γn−→ Hn+1(X,A;G)

j∗n+1−−−→ Hn+1(X;G)
i∗n+1−−−→ · · ·

This shows that the long exact sequence axiom is satisfied.

7.4.2. Homotopy Invariance. We now show that singular cohomology satisfies the homotopy in-
variance property. In fact, we have already formally established this in Proposition 7.1.4. Nonetheless, we
explicitly detail the proof below using a dualization argument.

Proposition 7.4.6. (Homotopy Invariance) LetX,Y be topological spaces, and letG be anabelian group.
If f ' g : X → Y are homotopic maps, then

Hn(f) = Hn(g) : Hn(Y,G)→ Hn(X,G).

Proof. Recall from the proof of the similar statement for homology that a chain homotopy between
C•(X,A;G) andC•(Y,B;G) is given by a prism operator

Tn : Cn(X,A;G)→ Cn+1(Y,B;G)

satisfying
fn − gn = Tn−1 ◦ ∂n + ∂′n+1 ◦ Tn

withfn andgn being the inducedmaps on singular chain complexes. The claimabout cohomology follows
by applying the Hom(−.G) functor to the prism operator to get

Tn : Cn+1(Y,B;G)→ Cn(X,A;G)

which satisfies
fn − gn = ∂∗n ◦ Tn−1 + Tn ◦ ∂∗′n+1.

Hence, we have a chain homotopy between C•(X,A;G) and C•(Y,B;G). It is now a standard fact
that a chain homotopy induces the same maps on homology groups. Hence,Hn(f) = Hn(g) for each
n ≥ 0. □
Corollary 7.4.7. IfX is contractible, thenHn(X) = 0 for all n ≥ 1.

Proof. This is immediate from thehomotopy invariance of singular cohomology and thatHn({∗}) = 0
for n ≥ 1. □

2Hom(−, G) is only a left exact functor in general. But it can be checked in this case that the resulting sequence is both left
exact and right exact.
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7.4.3. Excision. We now prove that singular cohomology satisfies the excision axiom. As in the case
of singular homology, the importance of the excision axiom is that if A ⊆ X and n-cochains are “suffi-
ciently inside”A, we can removeAwithout affecting the relative cohomology groupsHn(X,A). Here is
the formal statement, which parallels the corresponding statement for singular homology.

Proposition 7.4.8. (Excision) LetX be a topological space such that Z ⊆ A ⊆ X , with Z ⊆ int(A).
Then the inclusion of pairs i : (X \ Z,A \ Z) ↪→ (X,A) induces isomorphisms:

in : Hn(X,A;G)→ Hn(X \ Z,A \ Z;G)
for all n ≥. Equivalently, ifA andB are subsets ofX withX = int(A) ∪ int(B), then the inclusion map
(B,A ∩B) ↪→ (X,A) induces isomorphisms in cohomology.

Proof. Proposition 7.3.1 and Proposition 5.5.1 imply that the left and right maps in the diagram below
are isomorphisms.

0 Ext(Hn−1(X,A), G) Hn(X,A;G) Hom(Hn(X,A), G) 0

0 Ext(Hn−1(X \ Z,A \ Z), G) Hn(X \ Z,A \ Z;G) Hom(Hn(X \ Z,A \ Z), G) 0

The five-lemma (Proposition 4.6.1) then implies that the middle map is also an isomorphism. This com-
pletes the proof. □

7.4.4. Dimension Axiom. We now verify that singular cohomology satisfies the dimension axiom.
This follows formally as a consequence of Proposition 7.3.1. Let X = {∗} be a single point space. By
Proposition 7.3.1, we have:

Hn(X;G) = Hom(Hn(X), G)⊕ Ext(Hn−1(X), G).

Since Hn(X) satisfies the dimension axiom for singular homology and Ext(Hn−1(X), G) = 0 for all
n ≥ 0 since eachHn(X) is a free abelian group, we have the following consequence:

Hn(X;G) =

{
G, if n = 0

0, otherwise
.

7.4.5. Multiplicativity Axiom. Wenowprove themultiplicativity axiom. This is easily seen to hold
using a UCT in relative cohomology (Remark 7.4.5). LetX =

∐
αXα andA =

∐
αAα. We have:

Hn(X,A;G) = Ext(Hn−1(X,A);G)⊕Hom(Hn(X,A);G)

= Ext(Hn−1(
∐
α

Xα,
∐
α

Aα);G)⊕Hom(Hn(
∐
α

Xα,
∐
α

Aα);G)

= Ext(
⊕
α

Hn−1(Xα, Aα);G)⊕Hom(
⊕
α

Hn(Xα, Aα);G)

=
∏
α

Ext(Hn−1(Xα, Aα);G)⊕
∏
α

Hom(Hn(Xα, Aα);G)

=
∏
α

Ext(Hn−1(Xα, Aα);G)⊕Hom(Hn(Xα, Aα);G) =
∏
α

Hn(Xα, Aα;G)

Hence, we see that singular cohomology satisfies the Eilenberg-Steenrod axioms.
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Remark 7.4.9. Wehave previously seen that theMayer–Vietoris sequence for singular homology is a formal
consequence of the Eilenberg–Steenrod axioms for homology. Similarly, theMayer–Vietoris sequence for sin-
gular cohomology is a formal consequence of the Eilenberg–Steenrod axioms for cohomology. Mayer–Vietoris
sequence for singular cohomology states that ifX be a topological space, andA andB are open subsets ofX
such thatX = int(A) ∪ int(B), then there is a long exact sequence of cohomology groups:

· · · → Hn(X;G)
ψ−→ Hn(A;G)⊕Hn(B;G)

ϕ−→ Hn(A ∩B;G) −→ · · ·

We also note in passing that have aMayer-Vietoris sequence in relative cohomology groups.

Remark 7.4.10. We can also define reduced cohomology. Consider the augmented singular chain complex
forX :

· · · ∂3−→ C2
∂2−→ C1

∂1−→ C0
ε−→ Z −→ 0

where ε(
∑

i nixi) =
∑

i ni. After applying theHom(−, G) functor, we get the augmented co-chain com-
plex:

∂∗3←− C∗
2

∂∗2←− C∗
1

∂∗1←− C∗
0

ε∗←− Z←− 0

Note that since ε◦∂1 = 0, we get by by applying theHom(−, G) functor that∂∗1 ◦ε∗ = 0. The cohomology of
this augmented cochain complex is the reduced cohomology ofX withG-coefficients, denoted by H̃n(X;G).
It follows by definition that

H̃n(X;G) = Hn(X;G) n > 0

and by the universal coefficient theorem (applied to the augmented chain complex), we get

H̃0(X;G) = Hom(H̃0(X), G).

Remark 7.4.11. If (X,A) is a good pair, then the long exact sequence in reduced cohomology holds true. This
is because the analogous result is a formal consequence of the Eilenberg-Steenrod axioms.

· · · −→ Hn(X,A;G) −→ H̃n(X;G) −→ H̃n(A;G) −→ Hn+1(X,A;G) −→ · · ·

In particular, ifA = {∗} is a point inX , we get that

H̃n(X;G) ∼= Hn(X,x0;G)

for n ≥ 1. Moreover, we have
Hn(X,A;G) ∼= Hn(X/A;G)

for all n ∈ N. The proof is the same as in the homology case since it is a formal consequence of the Eilenberg-
Steenrod axioms and the hypothesis on the space. Also, if eachXα is path-connected, we have

H̃n(
∨
α

Xα) =
∏
α

H̃n(Xα)

for n ≥ 0. Once again, the proof is similar to the proof in the case of singular homology. We also have a
Mayer-Vietoris sequence in reduced cohomology.

Remark 7.4.12. We can define simplicial cohomology and cellular cohomology in exactly the same way as
expected. As expexted, simplicial cohomology and cellular cohomology are isomorphic to singular cohomology.
The proofs are identical in the homology case.
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7.5. First Computations

The purpose of this section is to compute cohomology groups of some topological spaces. We begin
by looking at some specific examples.

Example 7.5.1. (Contractible Spaces) LetX be a contractible topological space. We have:

Hn(X;G) =

{
G, if n = 0

0, otherwise
.

This follows immediately by the homotopy invariance of cohomology groups sinceX homotopy equiva-
lent to a point.

Example 7.5.2. (Spheres) LetX = Sn. Then we have

Hk(Sn Z) =


Z⊕ Z, if k = n = 0

Z, if k = n > 0, k = 0, n > 0

0, otherwise

Since,Z andZ⊕Z are free-abelian groups, the Ext term in the UCT for cohomology vanishes for each k.
Hence,

Hk(Sn, G) ∼= Hom(Hk(Sn, G),Z) ∼=


G⊕G, if k = n = 0

G, if k = n > 0, k = 0, n > 0

0, otherwise
.

for each k ≥ 0.

Remark 7.5.3. We can also compute the cohomology groups ofSn by using the aboveMayer-Vietoris sequence.
Cover Sn by two open sets A = Sn \ {N} andB = Sn \ {S}, whereN and S are the North and South
poles of Sn. Then we have

A ∩B ' Sn−1 A ' B ' Rn

Thus, by theMayer-Vietoris sequence for reduced cohomology, homotopy invariance, and induction, we get:

H̃k(Sn;G) ∼= H̃k−n(S0;G) ∼=

{
G, if k = n

0, otherwise

for each k ≥ 0.

Example 7.5.4. (Mobius Band) LetM denote theMobius band. SinceM is homotopic to S1. we have,

Hk(M,G) ∼=

{
G, if k = 0, 1

0, otherwise
.

for each k ≥ 0.

Example 7.5.5. (Torus) LetX = S1 × S1. Recall that we have,

Hn(S1 × S1,Z) ∼=


Z⊕ Z for n = 1

Z for n = 0, 2

0 for n ≥ 3
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Since,Z andZ⊕Z are free-abelian groups, the Ext term in the UCT for cohomology vanishes for each k.
Hence,

Hn(S1 × S1, G) ∼= HomZ(Hn(S1 × S1,Z), G) ∼=


G⊕G for n = 1

G for n = 0, 2

0 for n ≥ 3

Example 7.5.6. (Klein Bottle) LetX = K be the Klein bottle. Recall that we have,

Hn(K Z) ∼=


Z for n = 0

Z⊕ Z2 for n = 1

0 for n ≥ 2

Note that we have,
Ext(H0(K,Z), G) = 0,

Ext(H1(K,Z), G) ∼= Ext(Z2, G) ∼= G/2G

Therefore, we have

Hn(K,G) ∼= HomZ (Hn(K,Z), G)⊕ Ext (Hn−1(K,Z), G)

∼=


G, for n = 0,

G⊕G/2G, for n = 1,

G/2G, for n = 2,

0, for n ≥ 3.

The caseG = Z2 is important. Then,

Hn(K Z2) ∼=


Z2 for n = 0, 2,

Z2 ⊕ Z2 for n = 1

0 for n ≥ 3

Example 7.5.7. (Real Projective Space) LetX = RPn. Recall that we have,

Hk(RPn,Z) =


Z2 if k is odd, 0 < k < n,

Z if k = 0, n is odd,
0 otherwise.

Note that HomZ(Z2, G) ∼= G2 = {g ∈ G | 2g = 0} and Ext(Z2, G) ∼= G/2G. If n is odd, we have:

Hk(RPn, G) ∼=


G if k = 0, n,

G/2G if k is even, 0 < k < n,

G2 if k is odd, 0 < k < n,

0 otherwise.

If n is even, we have:

Hk(RPn, G) ∼=


G if k = 0,

G/2G if k is even, 0 < k ≤ n,
G2 if k is odd, 0 < k < n,

0 otherwise.
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Remark 7.5.8. The caseG = Z2 in Example 7.5.7 is important. We have

Hk(RPn Z2) ∼=

{
Z2 k = 0, · · · , n,
0 otherwise.

Example 7.5.9. (Complex Projective Space) LetX = CPn. Recall that we have,

Hk(CPn Z) =

{
Z, if k = 0, 2, 4, . . . , 2n

0, otherwise.

SinceZ is a free abelian group, all the Ext terms in the UCT for cohomology vanish. Hence,

Hk(CPn, G) ∼= HomZ(Hk(CPn,Z), G) ∼=

{
G, if k = 0, 2, 4, . . . , 2n

0, otherwise.



CHAPTER 8

de-Rham Cohomology

The transition from singular cohomology to de Rham cohomology focuses on a cohomology the-
ory intrinsically adapted to smooth manifolds. De Rham cohomology provides a geometric realization
of singular cohomology with real coefficients, establishing an isomorphism between these theories in the
smooth setting. Defined via differential forms and their exterior derivatives, de Rham cohomology cap-
tures topological invariants through differential-geometric structures. The kth de Rham cohomology
groupHk

dR(M) measures the extent to which closed k-forms fail to be exact on a smooth manifoldM ,
quantifying the obstruction to extending local primitives to global ones. This reflects a fundamental prin-
ciple across mathematics: cohomology theories serve to measure the failure of local data to assemble into
global structures.

8.1. Definition & Propeties

LetM be a smooth manifold. Since

d2 = d ◦ d : Ωk−1(M)
d−→ Ωk(M)

d−→ Ωk+1(M)

is the zero operator for every k ≥ 1, we have

im
(
d : Ωk−1(M)→ Ωk(M)

)
⊆ ker

(
d : Ωk(M)→ Ωk+1(M)

)
.

Thus, im d is a subspace of ker d for all k ≥ 1.

Remark 8.1.1. LetM be a smooth n-dimensional manifold. For convenience, we setΩk(M) = {0} for all
k < 0 and k > n. Moreover, we set

d = 0 : Ωk(M)→ Ωk+1(M)

for all k < 0 and k ≥ n. Then the inclusion above holds for all k ∈ Z.

Definition 8.1.2. LetM be a smooth manifold. The quotient vector space

Hk
dR(M) =

ker(d : Ωk(M)→ Ωk+1(M))

im(d : Ωk−1(M)→ Ωk(M))
=
{ω ∈ Ωk(M) : dω = 0}
{dω : ω ∈ Ωk−1(M)}

is the k-th de Rham cohomology group ofM .

LetM be a smooth manifold. A form ω ∈ Ωk(M) is closed if dω = 0 and exact if there exists a
(k − 1)-form τ ∈ Ωk−1(M) for which dτ = ω. Since d ◦ d = 0, every exact form is closed. hus,

Hk
dR(M) =

{closed k-forms inM}
{exact k-forms inM}

This suggests that Definition 8.1.2 measures the failure of closed forms to be exact forms. Indeed, every
closed form need not be exact:

156
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Example 8.1.3. Consider the 1-form onR2 \ {0} defined by:

ω =
x dy − y dx
x2 + y2

Then,

dω =
(dx ∧ dy − dy ∧ dx)(x2 + y2)− (2x dx+ 2y dy)(x dy − y dx)

(x2 + y2)2

=
2(x2 + y2) dx ∧ dy − (2x2 dx ∧ dy − 2y2 dy ∧ dx)

(x2 + y2)2
= 0

So,ω is closed. Butwritingω in polar coordinates and integrating around a circle centered at 0 inR2\{0}
gives ∫

S1
ω = 2π.

If ω = dη were exact, Stokes’ theorem would imply

0 =

∫
∅
η =

∫
∂S1

η =

∫
S1
dη =

∫
S1
ω = 2π.

Hence, ω is not exact.
Remark 8.1.4. Elements Hk(M) are equivalence classes of k-forms. Given ω ∈ ker(d : Ωk(M) →
Ωk+1(M)), we denote the equivalence class by

[ω] = {ω + dτ ∈ Ωk(M) : τ ∈ Ωk−1(M)}.
Therefore,Hk

dR(M) is a vector space that classifies the closed k-forms inM up to exact forms.
8.1.1. Properties of deRham cohomology. Wenowdiscuss several algebraic properties of deRham

cohomology, which are analogous to the properties of singular cohomology for general topological spaces.
We first show that the de Rham cohomology defines a contravariant functor from the category of smooth
manifolds,Man, to the category of abelian groups,Ab.
Proposition 8.1.5. LetM,N be smoothmanifolds and letF :M → N be a smoothmap. For each k ∈ Z,
let F ∗ : Ωk(N)→ Ωk(M) be the pullback map.

(1) For each k ∈ Z, F ∗ descends to a linear map F # : Hk
dR(N) → Hk

dR(M) between the de Rham
cohomology groups given by F #[ω] = [F ∗ω].

(2) (Functoriality) For each k ∈ Z,Hk
dR : Man→ Ab is a contravariant functor.

Proof. We shall use the fact that the exterior derivative commutes with pullbacks. The proof is given
below:

(1) Let ω is a closed form. Then
d(F ∗ω) = F ∗(dω) = 0

Hence, F ∗ω is also closed a form. This shows that F ∗ω restricts to a map
F ∗ : {closed k − forms onN} → {closed k − forms onM}

Now let ω = dη be an exact form. Then
F ∗ω = F ∗(dη) = d(F ∗η),

Hence, F ∗ω is also an exact form. This shows that F ∗ descends to a well-defined map map

F # : Hk
dR(N)→ Hk

dR(M)

given by F #[ω] = [F ∗ω].
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(2) This follows from (1).
This completes the proof. □

Proposition 8.1.6. (deRhamCohomolgy of Disjoint Unions) Let {Mj}j∈J be a countable collection of
smoothn-dimensional manifolds. LetM =

⊔
j∈JMj . For each k ∈ Z, the inclusionmaps ij :Mj ↪→M

induce an isomorphism

Hk
dR(M) ∼=

∏
j∈J

Hk
dR(Mj)

Proof. The pullback maps i∗j : Hk(M)→ Hk(Mj) induce an isomorphism from

i : Hk(M)→
∏
j∈J

Hk(Mj), i(ω) 7→
(
i∗j (ω)

)
j∈J =

(
ω|Mj

)
j∈J

This map is injective because any smooth k-form whose restriction to eachMj is zero must itself be zero,
and it is surjective because giving an arbitrary smooth k-form on eachMj defines one onM . □

Wenowdiscuss the homotopy invariance of deRham cohomology, allowing us to show that deRham
cohomology is a topological invariant. IfM and N are smooth manifolds, and F,G : M → N are
smoothmaps, we shall show homotopy invariance by constructing a co-chain homotopy betweenF # and
G# which are given by linear maps

hk : Ω
k(N)→ Ωk−1(M)

for each k ∈ Z such that
F #(ω)−G#(ω) = d(hkω)− hk+1(dω)

for each ω ∈ Ωk(N) and k ∈ Z.

· · · Ωk−1(N) Ωk(N) Ωk+1(N) · · ·

· · · Ωk−1(M) Ωk(M) Ωk+1(M) · · ·

d d

F #−G#

d

F #−G#hk

d

hk+1
F #−G#

d d d d

The key to our proof of homotopy invariance is to construct a homotopy operator first in the follow-
ing special case. LetM be a smooth manifold, and for each t ∈ I , let

it :M →M × I

be the map it(x) = (x, t). We first construct a co-chain homotopy between i#0 and i
#
1.

Lemma 8.1.7. LetM be a smooth n-dimensional manifold. There exists a co-chain homotopy between the
two maps i#0 and i

#
1.

Proof. For each k ∈ Z, we need to define a linear map

hk : Ω
k(M × I)→ Ωk−1(M)

such that
hk+1(dω) + d(hkω) = i#1(ω)− i

#
0(ω) (*)
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for each ω ∈ Ωk(M × I). Let S be the vector field onM × R given by S(p, s) = (0, ∂∂s
∣∣
s
). Given

ω ∈ Ωk(M × I), define hk(ω) ∈ Ωk−1(M) by

hk(ω) =

∫ 1

0
i#t(S⌟ω) dt.

We shall verify the formula in (∗) in local coordinates. For p ∈ M , let U = (x1, · · · , xn) denote a co-
ordinate chart containing then. ThenU ×R = (x1, · · · , xn, s) is a co-cordinate chart containing (p, s)
for each s ∈ R. In coordinates:

ω =
∑
I

ω1
I (x, s) ds ∧ dxi1 ∧ · · · ∧ dxik +

∑
J

ω2
I (x, s) dx

j1 ∧ · · · ∧ dxjk

where I, J range over all increasing k-multi-indices over {1, · · · , n}. We have,

S⌟ω =
∑
I

ω1
I (x, s) dx

i1 ∧ · · · ∧ dxik

i#t(S⌟ω) = i#t

(∑
I

ω1
I (x, s) dx

i1 ∧ · · · ∧ dxik
)

=
∑
I

ω1
I (x, s) dx

i1 ∧ · · · ∧ dxik

We have,

d(hkω) = d

∫ 1

0
i#t(S⌟ω) dt

= d

∫ 1

0

(∑
I

ω1
I (x, t) dx

i1 ∧ · · · ∧ dxik
)
dt =

∑
I

∫ 1

0

(
∂ω1

I (x, t)

∂xj
dxj ∧ dxi1 ∧ · · · ∧ dxik

)
dt.

We now compute hk+1(dω). Here d is the exterior derivative onM × I . First note that,

dω =
∑
I

∂ω1
I (x, s)

∂xj
dxj∧dt∧dxi1∧· · ·∧dxik+

∑
J

∂ω2
I (x, s)

∂xl
dxl∧dxj1∧· · ·∧dxjk+

∑
J

∂ω2
I (x, s)

∂s
ds∧dxj1∧· · ·∧dxjk

We now find hk+1(dω), which is given by the expression:

hk+1(dω) =

∫ 1

0
i#t(S⌟dω)dt

We have,

S⌟dω =
∑
J

∂ω2
I (x, s)

∂s
ds ∧ dxj1 ∧ · · · ∧ dxjk −

∑
I

∂ω1
I (x, s)

∂xj
dt ∧ dxj ∧ dxi1 ∧ · · · ∧ dxik

Therefore, we have,

hk+1(dω) =

∫ 1

0
i#t(S⌟dω)dt

=

∫ 1

0

(∑
J

∂ω2
I (x, t)

∂s
dxj1 ∧ · · · ∧ dxjk −

∑
I

∂ω1
I (x, t)

∂xj
dxj ∧ dxi1 ∧ · · · ∧ dxik

)
dt

We have,

d(hkω) + hk+1(dω) =

∫ 1

0

(∑
J

∂ω2
I (x, t)

∂s
dxj1 ∧ · · · ∧ dxjk

)
dt
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Noting that,

i#t(ω) =
∑
J

ω2
I (x, t) dx

j1 ∧ · · · ∧ dxjk ,

we have,

di#t(ω)

dt
=
∑
J

∂ω2
I (x, t)

∂t
dxj1 ∧ · · · ∧ dxjk

As a result, we have,

d(hkω) + hk+1(dω) =

∫ 1

0

di#t(ω)

dt
dt = i#1(ω)− i

#
0(ω)

Hence, (∗) holds in every co-ordinate chart. This proves the claim. □

Proposition 8.1.8. LetM andN be smoothmanifolds. IfF,G :M → N are smoothly homotopic smooth
maps, then the induced cohomology maps F ∗, G∗ : Hk

dR(N)→ Hk
dR(M) are equal for each k ∈ Z.

Proof. There exists a homotopyH : M × I → N from F toG such that F = H ◦ i0, G = H ◦ i1
We have,

F # = (H ◦ i0)# = i#0 ◦H
∗,

G# = (H ◦ i1)# = i#1 ◦H
∗.

By Lemma 8.1.7, we know the maps i#0 and i
#
1 are equal fromHk

dR(M × I) toHk
dR(M) for each k ∈ Z.

Therefore,

F # = (H ◦ i0)# = i#0 ◦H
∗ = i#1 ◦H

∗ = G#

This proves the claim. □

Corollary 8.1.9. (SmoothHomotopy Invariance)LetM andN be smoothly homotopy equivlaent smooth
manifolds. Then

Hk
dR(M) ∼= Hk

dR(N)

for each k ∈ Z.

Proof. Let F :M → N andG : N →M be smooth maps such that

G ◦ F ' IdM
F ◦G ' IdN

We have,

(G ◦ F )# = F # ◦G# = Id#M = IdHk(M),

(F ◦G)# = G# ◦ F # = Id#N = IdHk(N).

Since Id#M is a surjective map, thenF # is surjective. Moreover, since Id#N is an injective map, thenF # is an
injective map. Hence, F # is a linear map bijection, and hence an isomorphism. Hence, we have

Hk
dR(M) ∼= Hk

dR(N)

for each k ∈ Z. □
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It is clear that ifM = {∗}, thenHk
dR(M) = 0 for all k > 0. We will verify this explicitly later on. If

M is a star-like manifold, then by smooth homotopy invariance,Hk
dR(M) = 0 for all k > 0 sinceM is

contractible. This is immediately implies that the famous Poincaré lemmawhich states that ifU is an open
star-shaped subset of Rn, then every closed form on U is exact. A consequence of the Poincaré lemma is
that every closed form on a smooth manifold,M , is locally exact. This suggests that the the obstruction
of solving the equation

dη = ω,

is connected to a global problem. This hints that the de Rham cohomology group is not affected by the
differential structure that is of local nature. This is made precise below:

Corollary 8.1.10. (Topological Invariance of deRhamCohomology) IfM andN are homotopy equiv-
alent,

Hk
dR(M) ∼= Hk

dR(N)

for each k ∈ Z.

Proof. ByWhitney’s approximation theorem, every topological homotopy equivalence can be approxi-
mate is homotopic to a smooth homotopy equivalence. The result then follows fromCorollary 8.1.9. □

8.1.2. Mayer–Vietoris Sequence. SupposeM is a smoothmanifold, and letU andV be open sub-
sets ofM such that U ∪ V = M . The main goal of using the Mayer-Vietoris Sequence is to compute
Hk

dR(M) in terms ofHk
dR(U),Hk

dR(V ), andHk
dR(U ∩V )where {U, V } is an open cover ofM . We have

the following inclusions:

U

U ∩ V M

V

k

i

j l

For each k ∈ Z, these inclusion induce pullback maps on differential forms

Ωk(U)

Ωk(U ∩ V ) Ωk(M)

Ωk(V )

i∗

k∗

l∗j∗

Note that these pullbacks are in fact just restrictions. If we take some ω ∈ Ωk(M) and apply the map
k∗ ⊕ `∗, we get

k∗ ⊕ `∗(ω) : Ωk(M)→ Ωk(U)⊕ Ωk(V ), k∗ ⊕ `∗(ω) = (k∗ω, `∗ω) = (ω|U , ω|V )

Furthermore, if we take (ω, η) ∈ Ωp(U)⊕ Ωp(V ) and apply the map i∗ − j∗, we have

i∗ − j∗ : Ωk(U)⊕ Ωk(V )→ Ωk(U ∩ V ) (i∗ − j∗)(ω, η) = ω
∣∣
U∩V − η

∣∣
U∩V

In other words, we have the following diagram
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Ωk(U)

Ωk(U ∩ V ) Ωk(U)⊕ Ωk(V ) Ωk(M)

Ωk(V )

i∗

i∗−j∗

l∗

k∗

k∗⊕l∗

j∗

Proposition 8.1.11. (Mayer–Vietoris Sequence) Let M be a smooth manifold, and let U, V be open
subsets ofM such thatM = U∪V . For each k ∈ Z, there is a linearmap δk : Hk

dR(U∩V )→ Hk+1
dR (M)

such that the following sequence, called theMayer-Vietoris sequence for the open cover {U, V }, is exact:

· · · δ
k−1

−−−→ Hk
dR(M)

k#⊕l#−−−→ Hk
dR(U)⊕Hk

dR(V )
i#−j#−−−→ Hk

dR(U ∩ V )
δk−→ Hk+1

dR (M)
k#⊕l#−−−→ · · ·

Proof. Consider the following sequence:

0→ Ωk(M)
k∗⊕l∗−−−→ Ωk(U)⊕ Ωk(V )

i∗−j∗−−−→ Ωk(U ∩ U)→ 0

We show that this sequence is a short exact sequence. We first show that k∗ ⊕ l∗ is injective. Suppose that
σ ∈ Ωp(M) satisfies

(k∗ ⊕ l∗)(σ) = (σ|U , σ|V ) = (0, 0)

This means that the restrictions of σ toU and V are both zero. Since {U, V } is an open cover ofM , this
implies that σ is zero. We now show exactness atΩk(U)⊕ Ωk(V ). Note that

(i∗ − j∗) ◦ (k∗ ⊕ l∗)(σ) = (i ◦ j)(σ|U , σ|V ) = σ|U∩V − σ|U∩V = 0,

This shows that Im(k∗⊕l∗) ⊆ ker(i∗−j∗).Conversely, supposewe are given (α, α′) ∈ Ωk(U)⊕Ωk(V )

such that (i∗ ◦ j∗)(α, α′) = 0. This means that α|U∩V = α′|U∩V . So there is σ ∈ Ωk(M) defined by

σ =

{
α onU,
α′ on V.

Clearly, (α, α′) = (k ⊕ l)(σ). So ker(i∗ − j∗) ⊆ im(k∗ ⊕ l∗). We now show that i∗ − j∗ is surjective.
Let ω ∈ Ωk(U ∩ U). Let {ϕ,ψ} be a smooth partition of unity subordinate to the open cover {U, V }
ofM . Define α ∈ Ωk(U) and α′ ∈ Ωk(V ) by

α =

{
ψω onU ∩ V,
0 onU \ suppψ

α′ =

{
−ϕω onU ∩ V,
0 onU \ suppϕ

We have
(i∗ − j∗)(α, α′) = α|U∩V − α′|U∩V = ψω − (−ϕω) = (ψ − ϕ)ω = ω.

Hence, the sequence is indeed a short exact sequence. Because pullback maps commute with the exterior
derivative, above short exact sequence induces the following this will show thatwe have the following short
exact sequence:

0→ Hk
dR(M)

k#⊕l#−−−→ Hk
dR(U)⊕Hk

dR(V )
i#−j#−−−→ Hk

dR(U ∩ U)→ 0

Since this is true for each k ∈ Zwe get a short exact sequence of co-chain complexes involing the de-Rham
cohomology groups. TheMayer–Vietoris theorem then a formal consequence of the snake lemma. □
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Remark 8.1.12. The snake lemma defines the connecting morphism

Hk
dR(U ∩ V )

δk−→ Hk+1
dR (M)

Acharacterization of the connectinghomomorphism is given in the proof of the snake lemma(Proposition4.6.3).
Recalling it and adapting it to our case, we have that δk[ω] = [σ], provided there exists (α, α) ∈ Ωk(U)⊕
Ωk(V ) such that

i∗α− j∗α′ = ω, (k∗σ, l∗σ) = (dα, dα′).

α, α′ can be defined as in Proposition 8.1.11 to satisfy the first equation. Given such forms (α, α′), the fact
thatω is closed implies that dα = dα′ onU ∩V . Thus, there is a smooth (k+1)-form σ onM that is equal
to dα onU and dα′ on V , and it satisfies the second equation.

It is quite easy to characterize the deRham cohomology in degree zero and degree one. We first discuss
the degree zero case.

Proposition 8.1.13. LetM is a connected smooth manifold. ThenH0
dR(M) is equal to the space of constant

functions. Therefore,
H0

dR(M) ∼= R

Proof. Note that

H0
dR(M) ∼= {closed 0 forms onM} ∼= {f ∈ C∞(M) | df = 0}

SinceM is connected, df = 0 if and only if f is constant real-valued function. Therefore,

H0
dR(M) ∼= R

This completes the proof. □
Corollary 8.1.14. LetM be a smooth manifold. Then

H0
dR(M) ∼= R|J |,

where |J | is the number of connected components ofM .

Proof. We have,
M =

∐
j∈J

Mj ,

where eachMj is a connected component ofM and J is at most countably infinite. By Proposition 8.1.6
and Proposition 8.1.13, we have,

H0
dR(M) ∼=

∏
j∈J

H0
dR(Mj

∼=)
∏
j∈J

R ∼= R|J |

This completes the proof. □
Another case in which we can say quite a lot about de Rham cohomology is in degree one. Let

Hom(π1(M,p),R) denote the set of group homomorphisms from π1(M,p) to the additive group R.
We define a linear mapΦ: H1

dR(M) → Hom(π1(M,p),R) as follows: given a cohomology class [ω] ∈
H1

dR(M), defineΦ([ω]) : π1(M,p)→ R by

Φ([ω])([γ]) =

∫
γ
ω,

where [γ] is any path homotopy class in π1(M,p), and γ is any piecewise smooth curve representing
the same path class.
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Proposition 8.1.15. SupposeM is a connected smoothmanifold. For eachq ∈M , the linearmapΦ: H1
dR(M)→

Hom(π1(M,p),R) is well defined and injective.

Proof. (Sketch) Given [γ] ∈ π1(M,p), it follows from theWhitney approximation theorem that there
is some smooth closed curve segment γ̃ in the same path class as γ. We use without proof the fact that∫

γ̃
ω =

∫
˜̃γ ω

for every closed forms,ω and every other smooth closed curve ˜̃γ in the same path class as γ. If ω̃ is another
smooth 1-form in the same cohomology class as ω, then ω̃ − ω = df for some smooth function f , which
implies ∫

γ̃
ω̃ −

∫
γ̃
ω =

∫
γ̃
df = f(q)− f(q) = 0.

Thus, Φ is well defined. It follows from properties of the line integral that Φ([ω]) is a group homomor-
phism from π1(M,p) toR, and thatΦ itself is a linear map. SupposeΦ([ω]) is the zero homomorphism.
This means that

∫
γ̃ ω = 0 for every piecewise smooth closed curve γ̃ with basepoint q. If γ is a piecewise

smooth closed curve starting at some other point q0 ∈ M , we can choose a piecewise smooth curve α
from q to q0, so that the path product α · γ · α is a closed curve based at q. It then follows that

0 =

∫
α·γ·α

ω =

∫
α
ω +

∫
γ
ω +

∫
α
ω =

∫
α
ω +

∫
γ
ω −

∫
α
ω =

∫
γ
ω.

Thus, ω is conservative and therefore exact. □
Corollary 8.1.16. IfM is a connected smoothmanifoldwith finite fundamental group, thenH1

dR(M) = 0.

Proof. There are no nontrivial homomorphisms from a finite group to R. The claim follows from
Proposition 8.1.15. □
Remark 8.1.17. IfM is a connected smooth manifold whose fundamental group is a torsion group, then
H1

dR(M) = 0. This is becauseR has no torsion elements. Hence,Hom(π1(M,p),R) = 0 in this case.

8.2. Examples & Applications

We discuss some example computations of de Rham cohomology.

Example 8.2.1. (0-Dimensions) LetM be a 0-dimensional smooth manifold. We have,

M ∼=
∐
i∈I
{∗}

where |I| is the cardinality1 ofM . Then

Hk
dR(M) =

{
R|I|, if k = 0

0, otherwise
.

where |I| is the cardinality ofM . This follows at once from Proposition 8.1.6 and Proposition 8.1.13.

Example 8.2.2. (Contractible Manifolds) LetM be contractible manifold. Then,

Hk
dR(M) =

{
R|J |, if k = 0

0, otherwise
.

1|I| is at most countably infinite.
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where |J | is the number of connected components ofM . This follows immediately from Example 8.2.1
and Corollary 8.1.14.

Remark 8.2.3. IfM is a star-like manifold, then by homotopy invariance,Hk
dR(M) = 0 for all k > 0

sinceM is contractible. This is immediately implies that the famous Poincaré lemmawhich states that ifU is
an open star-shaped subset ofRn, then every closed form onU is exact. A consequencee of the Poincaré lemma
is that every closed form on a smooth manifold,M , is locally exact.

Example 8.2.4. (Circle) Let’s compute the de-Rham cohomology of S1. Clearly,H0
dR(S

1) = R since
S1 is connected. Write S1 = U ∪ V , where U, V represent the ‘nothern hemisphere’ and ‘southern
heisphere’. U, V are contractible andU ∩ V ∼= {±1}. TheMayer-Vietoris theorem implies

0→ R→ R⊕ R→ R⊕ R→ H1
dR(S

1)→ 0→ 0→ · · ·

This clearly implies that Hk
dR(S

1) = 0 for k > 2. We can immediately conclude via exactness that
H1

dR(S
1) = R. Hence,

Hk
dR(S

1) =

{
R, if k = 0, 1

0, otherwise
.

We can compute the generator forH1
dR(S

1). The generator of is the angular 1-form dθ. Notice that dθ
is not globally defined on the circle since it is a multiple-valued function. Therefore, dθ is not zero in
cohomology and generatesH1

dR(S
1).

Example 8.2.5. (Spheres) Let’s compute the de Rham cohomology of Sn for n ≥ 1. We proceed by
induction on k to show that

Hk
dR(S

n) =

{
R, if k = 0, n

0, otherwise
.

We have verified the claim for k = 1 in Example 8.2.4. Now assume the claim is true for n − 1. Let
U = Sn \ {N} and V = Sn \ {S}. We have

U ∩ V ' Sn−1 U ' V ' Rn

TheMayer-Vietoris sequence implies

· · · → 0→ Hk−1
dR (Sn−1)→ Hk

dR(S
n)→ 0→ · · ·

This implies thatHk−1
dR (Sn−1) ∼= Hk

dR(S
n). The claim now follows via induction and Example 8.2.4.

Example 8.2.6. (Punctured Euclidean Space) Let p ∈ Rn for n ≥ 2. WLOG, we can assume that
p = 0. We have

Hk
dR(R

n \ {p}) =

{
R, if k = 0, n− 1

0, otherwise
.

Indeed, the inclusionSn−1 → Rn is a homotopy equivalence. The claimnow follows fromExample 8.2.5.

We can now discuss some elementary applications of de-Rham cohomology. We can now prove the
topological invariance of the dimension of smooth manifolds.

Proposition 8.2.7. Ifm 6= n, then Rn is not homeomorphic to Rm. In particular, ifM be a topological
n-manifold then its dimension is uniquely determined.
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Proof. Assume that Rm ∼= Rn. If f : Rn → Rm is a homeomorphism, then f : Rn \ {0} →
Rm \ {f(0)} is a homeomorphism. So,

Hk
dR(R

n \ {0}) = Hk
dR(R

m \ {f(0)}),

for each k ∈ Z. ButRn \ {0} ∼= Sn−1 andRm \ {f(0)} ∼= Sm−1. So,

Hk
dR(S

m−1) = Hk
dR(S

n−1)

for each k ∈ Z. This is a contradiction by Example 8.2.5. The claim for a topological manifold follows by
working in co-ordinate charts. □

We can also show that the rank of the de-Rham cohomology groups is finite formost manifolds. We
first need a definition:

Definition 8.2.8. LetM be a smooth n-manifold and {Uα}α∈Λ an open cover ofM . We say {Uα}α∈Λ
is a good cover if for any finite subset I = {α1, . . . , αk} ⊆ Λ of indices, the intersection

UI := Uα1 ∩ Uα2 ∩ · · · ∩ Uαk

is either empty or diffeomorphic toRn.

Remark 8.2.9. By using the theory of geodesically convex neighborhoods in Riemannian geometry, one can
show that any open cover of any smoothmanifoldM admits a refinement which is a good cover. In particular,
ifM is compact, thenM admits a good cover which contains only finitely many open sets. See [BT13].

Proposition 8.2.10. LetM be a smoothn-manifold. IfM admits a finite good cover, dimHk
dR(M) <∞

for each k ∈ Z.

Proof. We proceed by induction on the number of sets in a finite good cover ofM . IfM admits a good
cover that contains only one open set, then that open set has to beM itself. In this case,M is diffeomorphic
toRn, and the conclusion follows. Now suppose the theorem holds for any manifold that admits a good
cover containing k − 1 open sets. LetM be a manifold with a good cover {U1, . . . , Uk}. We denote

U = U1 ∪ · · · ∪ Uk−1 and V = Uk.

ThenU∩V admits a finite good cover {U1∩Uk, . . . , Uk−1∩Uk}. By the induction hypothesis, all the de
Rham cohomology groups ofU , V , andU ∩ V are finite-dimensional. Now consider theMayer-Vietoris
sequence:

· · · → Hk−1
dR (U ∩ V )

δk−1

−−−→ Hk
dR(M)

αk

−→ Hk
dR(U)⊕Hk

dR(V ) −→ · · · .

The conclusion follows since

dim im(αk) ≤ dimHk
dR(U)⊕Hk

dR(V ) <∞,

dim ker(αk) = dim im(δk−1) ≤ dimHk−1
dR (U ∩ V ) <∞.

This completes the proof. □

Corollary 8.2.11. IfM is a compact manifold (orM is homotopy equivalent to a compact manifold), then
dimHk

dR(M) <∞ for all k ∈ Z.

Proof. This follows from Proposition 8.2.10. □
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8.3. Compactly Supported de-Rham Cohomology

LetM be anorientable smoothmanifold. Integration is a pairingbetween compactly supported forms
and oriented manifolds. This observation motivates thatHn

dR(M) is important for studying orientations
onM . Unfortunately, ifM is non-compact, the integration of a n-form is not nicely defined unless the
differential form is compactly supported. This observation motivates the study of de-Rham cohomology
with compact support.

Definition 8.3.1. LetM be a smooth n-manifold and let ω ∈ Ωk(M). The support of ω is
supp(ω) = {p ∈M | ωp 6= 0}.

ω is compactly supported if supp(ω) is a compact set.

We set,
Ωkc (M) = {ω ∈ Ωk(M) | ω is compactly supported},

be the set of all compactly supported smooth k-forms. Clearly, the following facts are true:
(1) if ω1, ω2 are compactly supported k-forms, so is c1ω1 + c2ω2;
(2) if ω is compactly supported, then dω is also compactly supported.

So Ωkc (M) are real vector spaces for each k ∈ Z, and the exterior derivative makes these vector spaces a
co-chain complex:

0→ Ω0
c(M)

d−→ Ω1
c(M)

d−→ Ω2
c(M)

d−→ Ω3
c(M)

d−→ · · · .

Definition 8.3.2. LetM be a smooth manifold. The quotient vector space

Hk
dR,c(M) =

ker(d : Ωkc (M)→ Ωk+1
c (M))

im(d : Ωk−1
c (M)→ Ωkc (M))

=
{ω ∈ Ωkc (M) : dω = 0}
{dω : ω ∈ Ωk−1

c (M)}
is the k-th de Rham cohomology group with compact support ofM .

Example 8.3.3. LetM be a smooth manifold. For k = 0, by definition

Hk
dR,c(M) = {f ∈ C∞(M) | df = 0 and supp(f) is compact}.

But df = 0 if and only if f is locally constant, i.e., f is constant on each connected component. Moreover,
a locally constant compactly supported function has to be zero on any non-compact connected compo-
nent. So we conclude

H0
dR,c(M) ∼= Rmc ,

wheremc is the number of compact connected components ofM . In particular,

H0
dR,c(pt) = R, and H0

dR,c(R
n) = 0

for all n ≥ 1.

Remark 8.3.4. SinceRn is homotopy equivalent to {pt}, we conclude thatH0
dR,c(M) is no longer a homo-

topy invariant.

We now discuss the analog of the Mayer-Vietoris sequence for the compactly supported case. If F :
M → N is a smooth map between smooth manifolds, note that by definition,

supp(F ∗ω) ⊆ F−1(supp(ω)).

So if ω ∈ Ωkc (N), in general we may have F ∗ω /∈ Ωkc (M). Hence, we cannot expect to pull back
compactly-supported cohomology classes onN to compactly-supported cohomology classes onM !
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Remark 8.3.5. IfF :M → N is propermap, then the pull-backF ∗ω of a compactly supported differential
form ω ∈ Ωkc (N) is still compactly supported. In this case, we have an induced map:

F ∗ : Hk
dR,c(N)→ Hk

dR,c(M)

In this case, one can prove that if F0, F1 : M → N are proper smooth maps that are properly homotopic,
then the induced maps are equal:

F ∗
1 = F ∗

2 : Hk
dR,c(N)→ Hk

dR,c(M).

Note that any homeomorphism is proper. So, in particular, the compactly supported de Rham cohomology
groups are still topological invariants up to homeomorphisms. That is, ifM ∼= N as smooth manifolds, then

Hk
c (M) = Hk

c (N)

for each k ∈ Z. We have aready seen that compactly supported de Rham cohomology groups is not a topolog-
ical invariant up to homotopy equivalence.

So howdowe prove an analog of theMayer-Vietoris sequence for the compactly supported case. Note
that we can now instead pushforward compactly supported differential forms and hence cohomology
classes. IfU ⊆M is an open set, the inclusion i : U ↪→M induces a map

i∗ : Ω
n
c (U)→ Ωnc (M)

that sends a compactly supported differential form on U to the same differential form extended by zero
outside ofU .
Lemma 8.3.6. For each k ∈ Z, the map i∗ commutes with the exterior derivative.
Proof. For ω ∈ Ωnc (U), we have dω ∈ Ωn+1

c (U). Thus, applying (i∗ ◦ d) to ω results in dω extended
by zero outside ofU . If we first apply i∗, we obtain

i∗(ω) =

{
0, onM \ U,
ω, onU.

Taking the exterior derivative, we get

d(i∗ω) =

{
0, onM \ U,
dω, onU.

Thus, i∗ commutes with d. That is, i∗ ◦ d = d ◦ i∗. □
Lemma 8.3.6 allows us to establish the following version of the Mayer-Vietoris sequence for the com-

pactly supported case.
Proposition 8.3.7. LetM be a smoothn-manifold and letU, V ⊆M be open sets such thatU ∪V =M .
Then there exists linear maps δck : H

k
c (M)→ Hk+1

c (U ∩ V ) so that the following sequence is exact:

· · · → Hk
c (U ∩ V )→ Hk

c (U)⊕Hk
c (V )→ Hk

c (M)
δck−→ Hk+1

c (U ∩ V )→ · · ·
Proof. The proof is so much like the original Mayer-Vietoris proof, and it involves a diagram chase. We
omit details. □
Example 8.3.8. We computeHk

dR,c(R
n) for k < n. We have seenH0

dR,c(R
n) = 0. Now we show that

Hk
dR,c(R

n) = 0

for 1 ≤ k < n. We identifyRn with then open set Sn − {N}. Then we get an inclusion map
ι : Rn → Sn,
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(1) Let k = 1. Let ω ∈ Ω1
c(Rn) such that dω = 0. Since d commutes with i as seen above, we have

that ι∗ω ∈ Ω1
c(Sn) such that d(ι∗ω) = 0. Since2

H1
dR,c(S

n) = H1
dR(S

n) = 0

there exists η ∈ Ω0(Sn) = C∞
c (Sn) such that ι∗ω = dη. Noting that ι∗ω is supported in

Sn−U for open setU containingN , we havedη = ι∗ω = 0 onU . This implies that η|U ≡ c for
some constant c ∈ R. It follows that if we take η̃ = η− c, then η̃ ∈ Ω0

c(Sn−{N}) = Ω0
c(Rn)

and dη̃ = ω.
(2) Letk > 1. Letω ∈ Ωck(Rn) such thatdω = 0. As above, ι∗ω ∈ Ωck(Rn) such thatd(ι∗ω) = 0,

and ι∗ω is supported in Sn − U for open setU containingN . Since3

Hk
dR,c(S

n) = Hk
dR(S

n) = 0

there exists η ∈ Ωk−1(Sn) such that ι∗ω = dη. By shrinking the neighborhoodU ofN , we can
assume that U is contractible. Then the fact that dη = ι∗ω = 0 in U implies that there exists
a µ ∈ Ωk−2

c (U) such that η|U = dµ. Now pick a bump function ψ on Sn which compactly
supported inU that equals 1 onN . Then

η̃ = η − d(ψµ) ∈ Ωk−1
c (Sn)

and η̃ = 0 nearN . By construction, dη̃ = dη = ω.

8.3.1. Top Degree Cohomology. We now set up themachinery to argue that the degree k de Rham
cohomology with compact support is related to the orientation of smooth manifolds. First, an example:

Example 8.3.9. Let’s computeH1
dR,c(R). Consider the integration map∫

R
: Ω1

c(R)→ R, ω 7→
∫
R
ω.

This map is clearly linear and surjective. Moreover, if ω = df is a compactly supported exact form, then∫ ∞

−∞
df dx =

∫ R

−R

df

dx
dx = f(R)− f(−R),

for eachR > 0. Since f ∈ C∞
c (R), f(R) = f(−R) = 0 forR large enough. So it induces a surjective

linear map ∫
R
: H1

dR,c(R)→ R.

Moreover, if
∫
R f(t) dt = 0, where f ∈ C∞

c (R), then consider the function

g(t) =

∫ t

−∞
f(τ) dτ

Clearly, g is smooth. If we choose T > 0 andR < 0 large enough, we get

F (T ) =

∫ T

−∞
f(t) dt =

∫ ∞

−∞
f(t) dt = 0.

F (R) =

∫ R

−∞
f(t) dt =

∫ R

−∞
0 dt = 0.

2Note that k = 1 < n
3Once again, note that k < 1 < n
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Hence, g ∈ C∞
c (R). Since dg = f , we have [f(t)dt] inH1

dR,c(R). Thus,
∫
R is an isomorphism between

H1
c (R) andR, i.e.,

H1
c (R) ∼= R.

The same method as in Example 8.3.9 works generally. LetM be a connected, oriented n-manifold,
and letω ∈ Ωnc (M) be a compactly supportedn-form. Thenω is closed, andwe have defined the integral∫
M ω. So we get a map ∫

M
: Ωnc (M)→ R, ω 7→

∫
M
ω.

Suppose ω = dη for some η ∈ Ωn−1
c (M). We can take a compact setK ⊆M such that supp(η) ⊆ K .

By Stokes’ theorem, ∫
M
ω =

∫
M
dη =

∫
K
dη =

∫
∂K

η = 0.

Thus,
∫
M induces a linear map ∫

M
: Hn

dR,c(M)→ R, [ω] 7→
∫
M
ω

Proposition 8.3.10. LetM be an oriented smooth n-manifold. Then the map
∫
M : Hn

dR,c(M) → R is
surjective.

Proof. Fix a n-form (a volume form) ω onM . For any c ∈ R, one can find a smooth function f that is
compactly supported in a coordinate chartU , such that

∫
U fω = c. □

We can prove the following corollary based on Proposition 8.3.10:

Corollary 8.3.11. The following statements are true:
(1) If ω ∈ Ωn(Sn) and

∫
Sn ω = 0, then ω is exact.

(2) We have

Hk
dR,c(R

n) =

{
R, k = n,

0, k 6= n.

(3) LetM be a smootnn-manifold. ifM admits a finite good cover, then dimHk
dR,c(M) <∞ for all

k ∈ Z.

Proof. The proof is given below:
(1) Note that

Hn
dR(S

n) = Hn
dR,c(S

n) ∼= R
Hence, themap inProposition8.3.10 is in fact a linear isomorphism. Inotherwords, if

∫
Sn ω = 0,

then [ω] = 0, i.e., ω is exact.
(2) Example 8.3.9 proves the case n = 1 and Example 8.3.8 takes care of the case 1 ≤ k < n for

n ≥ 2. We discuss the case k = n ≥ 2. It suffices to show that the surjective linear map∫
Rn

: Hn
dR,c(R

n)→ R, [ω] 7→
∫
Rn

ω

is in fact an isomorphism. We show that the map is injective. Assume that
∫
Rn ω = 0 for some

ω ∈ Ωnc (Rn). Automatically, we have dω = 0. As before, consider the inclusionmap ι : Rn →
Sn. Then ι∗ω ∈ Ωn(Sn). Since∫

Sn
ι∗ω =

∫
Rn

ω = 0,
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by (1), we see ι∗ω = dη for some η ∈ Ωn−1(Sn). The rest of the proof is similar to that of
Example 8.3.8(2).

(3) We can use Mayer-Vertoris sequence compactly supported de Rham cohomology and induction
and the number of open sets in a good cover. The same as the proof for the ordinary de Rham
cohomology.

This completes the proof. □
We now reach the punchline for this section. We argue that Proposition 8.3.10 is, in fact, a linear

isomorphism if the underlying smooth manifold is connected and orientable.

Proposition 8.3.12. LetM be a smooth connected orientable n-manifold. The map in Proposition 8.3.10 is
an isomorphism. In particular,

Hn
dR,c(M) ∼= R

Proof. In Proposition 8.3.10, we have already checked that the map is a surjective linear isomorphism.
We check that it is injective. Let ω ∈ Ωcc(M) such that

∫
M ω = 0. SinceM is connected and supp(ω)

is compact, we can take a connected compact set supp(ω) ⊆ Kω . If we can coverKω by a good cover
which contains only one chart, then Corollary 8.3.11(2) implies that ω = dµ for some µ ∈ Ωn−1

c (M).
We can now proceed by induction. Suppose the claim is true ifKω can be covered by k− 1 ‘good charts,’
and suppose ω ∈ Ωnc (M) satisfies the property thatKω admits a good cover {U1, . . . , Uk}. There exists
one Ui, say Uk for simplicity, such that both U = U1 ∪ · · · ∪ Uk−1 and V = Uk are connected4. Pick a
partition of unity {ρU , ρV } ofU∪V subordinate to the cover {U, V }, and letω|U = ρUω,ω|V = ρV ω.
SinceKω is connected,U ∩ V 6= ∅. We pick an n-form ω0 compactly supported inU ∩ V so that∫

M
ω0 =

∫
M
ω|U .

Then ω|U − ω0 is compactly supported in U , which is connected and admits a good cover of k − 1
good charts, and ∫

M
(ω|U − ω0) = 0.

So by the induction hypothesis,
ωU − ω0 = dη|U

for some ηU ∈ Ωn−1
c (M). Similarly,∫

M
(ω|V + ω0) = −

∫
M
ω|U +

∫
M
ω0 = 0

implies
ωV + ω0 = dη|V

for some η|V ∈ Ωn−1
c (M). It follows that

ω = ωU + ωV = d(ηU + ηV ),

where η|U + η|V ∈ Ωn−1
c (M). This completes the proof. □

8.4. de-Rham’s Theorem

4This needs proof.



CHAPTER 9

Products & Duality

Cohomology acquires a rich algebraic structure through the cup product, which endows cohomology
groups with a graded ring structure fundamental to distinguishing and classifying topological spaces. The
interplay between homology and cohomology is further illuminated by Poincaré duality, a powerful the-
orem revealing a deep symmetry on orientable smoothmanifolds that connects geometric properties with
algebraic invariants. These concepts form the backbone ofmuch ofmodern algebraic topology, providing
essential tools for understanding manifold structures, intersection theory, and the algebraic encoding of
geometric information. References include [Hat02; Lee10; May99].

9.1. Cup Product

Let’s revert back to singular cohomology. However, wewill keep on referring to deRhamcohomology
for some down-to-earth motivation. We have worked with coefficientsG, whereG is some abelian group.
Cohomology groups withG-coefficients can be ‘summed up’ to yield a direct sum decomposition:

H∗(X;G) =
⊕
n≥0

Hn(X;G)

We now show that if we take G = R to be a commutative ring R, then the singular cohomology with
coefficients in R also forms a ring under the cup product operation. This suggests that cohomology is a
stronger topological invariant than homology. First, let’s define the algebraic object over which we define
the ring structure.

Definition 9.1.1. LetX be a topological space, and letR be a commutative ring. The total cohomology
ofX with coefficients inR is given by

H•(X;R) :=
⊕
n≥0

Hn(X;R).

Our aim is to makeH•(X;R) into a graded ring whenR is a commutative ring. We shall do this by
first making

C•(X;R) :=
⊕
n≥0

Cn(X;R)

into a graded ring, and then showing that the ring structure descends to cohomology. This will be done
by introducing a cup product structure onC•(X;R).

Example 9.1.2. We first discuss the special case of de Rham cohomology. The advantage here is that we
can directlywork at the deRham cohomology groups. LetM be a smoothmanifold, and letω ∈ Ωk(M),
η ∈ Ωl(M) be closed forms. If [ω] = [ω′] and [η] = [η′], we have

ω = ω′ + dα, η = η′ + dβ

172



9.1. CUP PRODUCT 173

for α ∈ Ωk−1(M) and β ∈ Ωl−1(M). Note that we have
ω ∧ η = (ω′ + dα) ∧ (η′ + dβ)

= ω′ ∧ η′ + ω′ ∧ dβ + dα ∧ η′ + d(α ∧ β)
= ω′ ∧ η′ − dβ ∧ ω′ + dα ∧ η′ + d(α ∧ β)
= ω′ ∧ η′ − d(β ∧ ω′) + d(α ∧ η′) + d(α ∧ β)
= ω′ ∧ η′ − d(β ∧ ω′ + α ∧ η′ + α ∧ β).

Hence, [ω ∧ η] = [ω′ ∧ η′]. This shows that the wedge product

∧ : Ωk(M)× Ωl(M)→ Ωk+l(M)

descends to a well-defined bilinear map

^: Hk
dR(M)×H l

dR(M)→ Hk+l
dR (M),

[ω]^ [η] 7→ [ω ∧ η].
This is called the cup product in de-Rham cohomology.

Let’s now move back to the singular cohomology case and define the cup product. We first define it
at the level ofC•(X;R).

Definition 9.1.3. Let φ ∈ Ck(X;R) and ψ ∈ C l(X;R). The cup product φ ^ ψ ∈ Ck+l(X;R) is
defined by:

(φ ^ ψ)(σ : ∆k+l → X) = φ(σ|[v0,...,vk]) · ψ(σ|[vk,...,vk+l])

where ‘·’ denotes the multiplication in the ringR.

Remark 9.1.4. Technically, these restricted maps in Definition 9.1.3 have the wrong domains; they aren’t
the standard k, l-simplices. But we just pre-compose with the ‘obvious’ maps from the standard simplices. We
shall not do this below.

The cup product extends by linearity to define a functionCk(X;R)× C l(X;R)→ Ck+l(X;R)
by (∑

i

φi

)
^

∑
j

ψj

 :=
∑
i,j

φi ^ ψj .

Let us first check this gives us a ring structure.

Lemma 9.1.5. LetX be a topological space and letR be a commutative ring. Then C•(X;R) is a graded
ring under the cup product. IfR has an identity thenC•(X;R) also has an identity.

Proof. Supposeφ ∈ Ck(X;R) andψ, γ ∈ C l(X;R). We claim thatφ ^ (ψ+γ) = φ ^ ψ+φ ^
γ. For this, take σ : ∆k+l → X . Then

(φ ^ (ψ + γ))(σ) = φ(σ[v0,...,vk]) · (ψ + γ)(σ[vk,...,vk+l])

= φ(σ[v0,...,vk]) · ψ(σ[vk,...,vk+l]) + φ(σ[v0,...,vk])) · γ(σ[vk,...,vk+l])

= φ ^ ψ(σ[vk,...,vk+l]) + φ ^ γ(σ[vk,...,vk+l]).

A similar computation shows that (φ+ ψ) ^ γ = φ ^ γ + ψ ^ γ. Associativity follows by a similar
computation. Let 1R denote the identity inR. Define a cochain ν ∈ C0(X;R) by ν(x) = 1R ∀x ∈
X and extend by linearity. It is clear that

ν ^ φ = φ = φ ^ ν
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for any φ ∈ Cn(X;R) and any n ≥ 0. Thus,C•(X;R) is indeed a graded ring. □
Unfortunately, the ring structure on C•(X;R) is not very useful, as it is too “large” and almost im-

possible to compute. However, as we will now see, the total cohomologyH•(X;R) also inherits a ring
structure, and this structure is much nicer. We need the following result:

Lemma 9.1.6. Let φ ∈ Ck(X;R) and ψ ∈ C l(X;R)

δk+l(φ ^ ψ) = δkφ ^ ψ + (−1)kφ ^ δlψ

Proof. For σ : ∆k+l+1 → X , we have

(δkφ ^ ψ)(σ) =
k∑
i=0

(−1)iφ(σ[v0,...,v̂i,...,vk+1]) · ψ(σ[vk+1,...,vk+l+1]),

(−1)k(φ ^ δψ)(σ) =

k+l+1∑
i=k

(−1)iφ(σ[v0,...,vk]) · ψ(σ[vk,...,v̂i,...,vk+l+1]).

When we add these two expressions, the last term of the first sum cancels with the first term of the second
sum, and the remaining terms are exactly δk+l(φ ^ ψ)(σ) = (φ ^ ψ)(∂k+l+1σ) since

∂k+l+1σ =

k+l+1∑
i=0

(−1)iσ[v0,...,v̂i,...,vk+l+1].

This completes the proof. □
Corollary 9.1.7. The following statements are true:

(1) If φ ∈ Ck(X;R) and ψ ∈ C l(X;R) are cocycles, then δk+l(φ ^ ψ) = 0.
(2) If φ ∈ Ck(X;R) and ψ ∈ C l(X;R) are such that one of φ or ψ is a cocycle and the other a

coboundary, then φ ^ ψ is a coboundary.

Proof. The proof is given below:
(1) Since δkφ = 0 and δlψ = 0, we have that that

δk+l(φ ^ ψ) = δkφ ^ ψ + (−1)kφ ^ δlψ = 0

(2) Say δkφ = 0 and ψ = δl−1η. Then

δk+l−1(φ ^ η) = (−1)kφ ^ δl−1η = (−1)kφ ^ ψ

The other case is similar.
This completes the proof □

It follows that we get an induced cup product on cohomology:

^ : Hk(X;R)×H l(X;R)→ Hk+l(X;R)

[φ]× [ψ] 7→ [φ ^ ψ]

Well-definedness follows from Corollary 9.1.7. Indeed, if [φ] = [φ′] and [ψ] = [ψ′], then
φ = φ′ + α, ψ = ψ′ + β

where α, β are co-chains. We have
φ ^ ψ = (φ′ + α)^ (ψ′ + β)

= φ′ ^ ψ′ + (φ′ ^ β + α ^ ψ′ + α ^ β)
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Corollary 9.1.7 implies that the term in paranthesis is a coboundary. Hence,
[φ ^ ψ] = [φ′ ^ ψ′]

The operation is distributive and associative since it is so on the co-chain level. IfR has an identity element,
then there is an identity element for the cup product, namely the class [1] ∈ H0(X;R) defined by the
0-cocycle taking the value 1R on each singular 0-simplex. Considering the cup product as an operation on
the direct sum of all cohomology groups, we get a (graded) ring structure onH•(X;R).

Definition 9.1.8. LetX be a topological space and letR be a commutative ring. The cohomology ring
ofX is the graded ring

H•(X;R) :=

(⊕
n≥0

Hn(X;R),^

)
with respect to the cup product operation. IfR has an identity, then so doesH•(X;R).

Remark 9.1.9. We can also define the relative cup product. The cup product on cochains

Ck(X;R)× C l(X;R)→ Ck+l(X;R)

restricts to cup products

Ck(X,A;R)× C l(X;R)→ Ck+l(X,A;R),

Ck(X,A;R)× C l(X,A;R)→ Ck+l(X,A;R),

Ck(X;R)× C l(X,A;R)→ Ck+l(X,A;R).

sinceCi(X,A;R) can be regarded as the set of cochains vanishing on chains inA, and ifϕ orψ vanishes on
chains inA, then so does ϕ ^ ψ. So there exist relative cup products:

Hk(X,A;R)×H l(X;R)→ Hk+l(X,A;R),

Hk(X,A;R)×H l(X,A;R)→ Hk+l(X,A;R),

Hk(X;R)×H l(X,A;R)→ Hk+l(X,A;R).

In particular, if A is a point, we get a cup product on the reduced cohomology H̃∗(X;R). More generally,
we can define

Hk(X,A;R)×Hℓ(X,B;R)→ Hk+ℓ(X,A ∪B;R)

whenA andB are open subsets ofX or sub-complexes of the CW complexX .

Normally, no one computes cohomology rings using the definition of the cup product, as this can be
quite tedious for the most part. However, we compute a couple of basic examples:

Example 9.1.10. (Spheres) LetX = Sn for n ≥ 1 andR = Z. We have

Hk(Sn;Z) ∼=

{
Z, if k = 0, n

0, otherwise
.

The generating element inH0(Sn;Z) is the identity element. We label the generators ofH0(Sn;Z)) and
Hn(Sn;Z) as 1 and x respectively. We have the following relations

1^ 1 = 1, 1^ x = x, x ^ 1 = x, x ^ x = 0

The last relation is true sinceH2n(Sn;Z) = 0. Hence, we have

H∗(Sn;Z) ∼=
Z[x]
〈x2〉

= Z[x]/(x2) ∼= ΛZ[x]
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HereΛZ[x] is the exterior algebra on two generator over Z.

Remark 9.1.11. We can define a cup product for simplicial cohomology by the same formula as for singular
cohomology. It can be checked that the isomorphism between simplicial and singular cohomology respects cup
products. Hence, we can compute cup products using simplicial cohomology.

Example 9.1.12. (Real Projective Plane) LetX = RP2 andR = Z2. We have

Hk(RP2;Z2) ∼=

{
Z2 k = 0, 1, 2,

0 otherwise.

Let α be the generator ofH1(RP2;Z2). Consider

α2 := α ^ α ∈ H2(RP2;Z2).

We claim that α2 6= 0, so α2 is in fact the generator ofH2(RP2;Z2) ∼= Z2. Consider the cell structure
on RP2 shown in the figure below. The 2-cell T1 is attached by the word e1e−1

2 e−1, and the 2-cell T2 is
attached by the word e2e−1

1 e−1.

v w

vw

e2

e1

e2

e1 e

T1

T2

Since α is a generator ofH1(RP2;Z/2Z) ∼= HomZ(H1(RP2;Z),Z/2Z), it is represented by a cocycle

ϕ : C1(RP2)→ Z/2Z

with ϕ(e) = 1, where e represents the generator ofH1(RP2;Z) ∼= Z2. The co-cycle condition for ϕ
translates into the identities:

0 = (δϕ)(T1) = ϕ(∂T1) = ϕ(e1)− ϕ(e2)− ϕ(e),

0 = (δϕ)(T2) = ϕ(∂T2) = ϕ(e2)− ϕ(e1)− ϕ(e1).
As ϕ(e) = 1, we may WLOG take ϕ(e1) = 1 and ϕ(e2) = 0. Note that α2 is represented by ϕ ^ ϕ,
and we have:

(ϕ ^ ϕ)(T1) = ϕ(e1) · ϕ(e) = 1.

Similarly,
(ϕ ^ ϕ)(T2) = ϕ(e2) · ϕ(e) = 0.

Since the generator ofC2(RP2) is T1 + T2, and we have

(ϕ ^ ϕ)(T1 + T2) = (ϕ ^ ϕ)(T1) + (ϕ ^ ϕ)(T2) = 1 + 0 = 1,

it follows that α2 = [ϕ ^ ϕ] is the generator ofH2(RP2;Z/2Z). Let I denote the ideal generated by
the relations. Hence, we have

H∗(RPn;Z2) =
Z2[x]

I
∼= Z2[x]/(x

3)

Let’s prove some important facts about the cup product.
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Proposition 9.1.13. LetX,Y be topological spaces and let let f : X → Y be a continuous map. For each
n ∈ Z, the induced maps

f∗n = Hn(Y ;R)→ Hn(X;R)

are ring homomorphisms. That is,
f∗n(α ^ β) = f∗(α)^ f∗(β)

for each α, β ∈ Hk(Y ;R).

Proof. It suffices to show the following co-chain formula:

f #(ϕ ^ ψ) = f #(ϕ)^ f #(ψ).

For ϕ ∈ Ck(Y ;R) and ψ ∈ C l(Y ;R), we have:

(f #ϕ ^ f #ψ)(σ : ∆k+l → X) = (f #ϕ)(σ|[v0,...,vk]) · (f
#ψ)(σ|[vk,...,vk+l])

= ϕ((f #σ)|[v0,...,vk]) · ψ((f
#σ)|[vk,...,vk+l])

= (ϕ ^ ψ)(f #σ)

= (f #(ϕ ^ ψ))(σ).

This completes the proof. □
Corollary 9.1.14. If f : X → Y is a continuous map, then there is a ring homomorphism

f∗ : H∗(Y ;R)→ H∗(X;R).

Proof. We have

H∗(Y ;R) =
⊕
n≥0

Hn(Y ;R), H∗(X;R) =
⊕
n≥0

Hn(X;R)

If we define f∗ such that f∗|Hn(Y ;R) = fn, the claim follows via Proposition 9.1.13. □
Remark 9.1.15. The discussion above implies that the operation of taking the cohomology ring is a (con-
travariant) functor from Top to CRing.
Example 9.1.16. The isomorphisms

H∗

(∐
α

Xα;R

)
∼=
∏
α

H∗(Xα;R)

whose coordinates are induced by the inclusions iα : Xα ↪→
∐
αXα, is a ring isomorphism with re-

spect to the coordinatewise multiplication in a ring product, since each coordinate function i∗α is a ring
homomorphism. Similarly, the group isomorphism

H∗(
∨
α

Xα;R) ∼=
∏
α

H∗(Xα;R)

is a ring isomorphism.

We now show that the cup product is graded anti-commutative.

Proposition 9.1.17. LetX be a topological space and let R be a commutative ring. Let α ∈ Hk(X;R)

and β ∈ H l(X;R). We have

α ^ β = (−1)klβ ^ α

Proof. See [Hat02]. □



178 9. PRODUCTS & DUALITY

Example 9.1.18. Let X = S1 × S1 = T 2. We can use Proposition 9.1.17 to compute H∗(T 2;R).
Consider the following simplicial complex structure on T 2:

v v

vv

a

b

a

b c

X

Y

The generator 1 ∈ H0(T 2;Z) is the unit. By examining the dimensions of the other generators, the only
non-identity generators which could multiply together and give something non-zero are the generators of
H1(T 2;Z). Let α, β ∈ H1(T 2;Z) be generators ofH1(T 2;Z). We compute

α ^ α, α ^ β, β ^ α, β ^ β.

By Proposition 9.1.17, we must have α ^ α = β ^ β = 0. But let’s verify it explicitly. α is represented
by a cocycle

ϕα : C1(T
2)→ Z

with ϕα(a) = 1, ϕα(b) = 0 . Here a, b are generators of H1(T
2;Z). The co-cycle condition for ϕ

translates into the identities:

0 = (δϕα)(X) = ϕα(X) = ϕα(a)− ϕα(c) + ϕα(b),

0 = (δϕα)(Y ) = ϕα(Y ) = ϕα(b)− ϕα(c) + ϕα(a).

As ϕα(a) = 1, ϕα(b) = 0 , we must have ϕα(c) = 1. Note that α2 is represented by ϕ ^ ϕ, and we
have:

(ϕα ^ ϕα)(X) = ϕα(b) · ϕα(a) = 1.

(ϕα ^ ϕα)(Y ) = ϕα(a) · ϕα(b) = 1.

Hence, ϕα ^ ϕα = 0. This shows that α ^ α = 0. If we choose β to be represented by a cocycle

ϕβ : C1(T
2)→ Z

with ϕβ(b) = 1, ϕβ(a) = 0 , we similarly have β ^ β = 0. We now compute α ^ β. Note that
α ^ β is represented by ϕα ^ ϕβ . We have

(ϕα ^ ϕβ)(X) = ϕα(b) · ϕα(a) = 0.

(ϕα ^ ϕβ)(Y ) = ϕα(a) · ϕα(b) = 1.

Since the generator of C2(T
2) isX + Y , and (ϕα ^ ϕβ)(X + Y ) = 1, it follows that α ^ β is the

generator ofH2(T 2;Z). By Proposition 9.1.17, we have β ^ α = −α ^ β. Hence, we have

H∗(T 2;Z) ∼=
Z[x, y]

〈x2, y2, xy + yx〉
∼= ΛZ[x, y]

HereΛZ[x, y] is the exterior algebra on two generator overZ.
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9.2. Poincaré Duality for Smooth Manifolds

We discuss Poincaré duality for smooth, oriented, n-manifolds in this section. We can prove this spe-
cial case by leveraging de Rham cohomology. Using Stokes’ theorem, Poincaré duality for smooth, ori-
ented n-manifolds asserts that there is a non-degenerate pairing between de Rham cohomology groups:

Hk
dR(M)×Hn−k

dR,c (M)→ R, ([α], [β]) 7→
∫
M
α ∧ β.

It is easily checked that the pairing defined above is well-defined. The pairing above can be equivalently
defined as a linearmap fromHk

dR(M) to (Hn−k
dR,c (M))∗. We show that this linearmap is an isomorphism.

Proposition 9.2.1. LetM be a smooth, oriented, n-manifold that admits a good finite cover. Then

Hk
dR(M) ∼= (Hn−k

dR,c (M))∗

for each 0 ≤ k ≤ n.

9.3. Poincaré Duality

Poincaré duality is a fundamental result in algebraic topology that relates the homology and cohomol-
ogy groups of an orientable closed manifold. It states that for an n-dimensional orientable manifoldM ,
there exists an isomorphism

Hk(M ;Z) ∼= Hn−k
c (M ;Z)

This duality provides deep insights into the topology of manifolds, constraining their possible homology
groups and aiding in the computation of topological invariants. It also plays a crucial role in intersection
theory. Before defining Poincaré duality, we need to define the notation of a fundamental class. In order
to define a fundamental class, we need to define the notation of an orientation.
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CHAPTER 10

Categorical Nuances

The category hTop is the appropriate framework for studying homotopy theory. However, not all
concepts from the categoryTop carry over directly to hTop. For instance, we have the following pushout
diagram inTop:

Sn−1 {∗}

Dn Sn

On the other hand, we also have the pushout diagram inTop:

Sn−1 {∗}

{∗} {∗}

Therefore, even thoughDn is homotopy equivalent to {∗}, the two pushouts are not homotopy equiva-
lent. Therefore, contrary to expectation, the pushout diagrams in hTop are not the same. This example
suggests that further analysis and applications of the homotopy notion require a certain amount of formal
(categorical) considerations. In this section, we discuss some basic constructions of a categorical nature.
More advanced constructions such as homotopy pullbacks and homotopy pushouts will be discussed as
necessary later on.

10.1. Cones & Suspensions

In this section, we discuss the the categorical constructions of cones and suspensions.

10.1.1. Cone & Suspension. Let I = [0, 1] ⊆ R. The spaceX × I is called a cylinder overX , and
the subspacesX ×{0},X ×{1} are the bottom and top “bases”. Nowwe will construct new spaces out
of the cylinderX × I .

Definition 10.1.1. LetX be a topological space. The cone ofX is the quotient space:

CX = X × I/(X × {0})

Remark 10.1.2. CX has a natural basepoint given by the collaposed space X × {0}. Hence, we have a
functor

C : Top→ Top∗
Indeed, if f : X → Y is a continuous map, we have a continuous map f × idI : X × I → Y × Y and if
we defineC(f) to be the map

C(f) : CX → CY,

[x, t] 7→ [f(x), t],

181
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We haveCf ◦ qX = qY ◦ (f × idI) where qX , qY are quotient maps definingCX andCY .

X × I Y × I

CX CY

qX

f×idI

qY

C(f)

The universal property of quotient topology implies thatCf is continuous.

The cone of a topological space is always a contractible space.

Proposition 10.1.3. LetX ∈ Top. ThenCX is contractible.

Proof. A homotopy between the identity onCX and the map to the basepoint is given by:

F : CX × I → CX,

([x, t], s) 7→ [x, (1− s)t]

This completes the proof. □

The motivation for introducing the cone of a topological space is given by the following proposition:

Proposition 10.1.4. LetX,Y ∈ Top. A map f : X → Y is nullhomotopic if and only if it extends to a
map f : CX → Y .

Proof. Consider a continuous mapH : X × [0, 1] → Y withH(·, 0) = f(·). Note thatH(x, 1)
is constant for all x ∈ X if and only if X × {1} is contained in a fiber of H , which in turn, by the
universal property of quotient spaces, says thatH factors uniquely through the canonical quotient map
X × [0, 1]→ CX . This proves the claim. □

Remark 10.1.5. Proposition 10.1.4 implies that a continuousmap f : Sn → X is null-homotopic if and only
if f extends to a continuous map f : Dn+1 → X . This is becauseCSn ∼= Dn+1

We now define the suspension of a topological space.

Definition 10.1.6. LetX ∈ Top. The suspension ofX is the quotient space:

SX = X × I/(X × {0}, X × {1})

Remark 10.1.7. S defines a a functor S : Top → Top This follows by a similar reasoning that cone is a
functor.

Example 10.1.8. The suspension of S0 = {x, x1} consists of two lines (one over each point in S0) joined
at 0 and 1, giving S1. In fact,

Sn+1 ∼= SSn

in general. To see this, WLOG, replace I = [0, 1] by I = [−1, 1]. Define

f : Sn × [−1, 1]→ Sn+1

by

f((x, . . . , xn), t) = (x ·
√

1− t2, . . . , xn ·
√
1− t2, t)

It is clear that f is continuous and surjective. Moreover, f agrees on the fibers of SSn. Hence, f descends
to a continuous bijection f̃ from SSn to Sn+1. Since SSn is compact and Sn+1 is Hausdorff, f̃ is a
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homemorphism.
Sn × [−1, 1]

SSn Sn+1

f
q

f̃

10.2. Compact Open Topology, Path & Loop Spaces

10.2.1. Compact Open Topology. If (X,x0) ∈ Top∗ , note that π1(X,x0) is, in particular, a
space of continuous functions. Hence, we would like to discuss what appropriate topology to put on the
function space of continuous maps between topological spaces.

Definition 10.2.1. LetX,Y ∈ Top and let C(X,Y ) denote the set of of continuous mapsX → Y .
C(X,Y ) carries a natural topology, called the compact-open topology, generated by a subbasis formed by
the sets of the form

B(K,U) = {f : X → Y | f(K) ⊆ U}
whereK ⊆ X is a compact set andU ⊆ Y is an open set.

Remark 10.2.2. The topological space given by this compact-open topology will be denoted byMaps(X,Y ).

Remark 10.2.3. For amapf : X → Y , one can forma typical basis openneighborhood by choosing compact
subsetsK1, . . . ,Kn ⊆ X and small open setsUi ⊆ X with f(Ki) ⊆ Ui to get a neighborhoodOf of f ,

Of = B(K1, U1) ∩ · · · ∩B(Kn, Un).

The collection of all such sets forms a basis for the compact-open topology.

What is the motivation behind the definition of the compact-open topology? IfX is compact Haus-
dorff and Y a metric space, then one can consider the supremum norm on (C(X,Y ), ‖ · ‖∞). It can be
checked that in this case Maps(X,Y ) = (C(X,Y ), ‖ · ‖∞). We prove a slightly more genral claim:

Proposition 10.2.4. LetX,Y ∈ Top such that (Y, d) is a metric space. The compact-open topology and
the topology of uniform convergence on compact sets coincide onC(X,Y ).

Proof. Wefirst prove that the topology of compact convergence is finer than the compact-open topology.
LetB(K,U) be a subbasis element for the compact-open topology, and let f ∈ B(K,U). Because f is
continuous, f(K) is a compact subset ofU . Therefore, we can choose ε > 0 so that the ε-neighborhood
of f(K) is contained inU . Then, as desired,

EK(f, ε) ⊆ B(C,U).

Here
EK(f, ε) = {g ∈ C(X,Y ) | ‖f − g‖∞,K < ε}

is a basis element of the topology of compact convergence. We nowprove that the compact-open topology
is finer than the topology of compact convergence. Let f ∈ C(X,Y ) and consider EK(f, ε) for some
ε > 0. Every x ∈ X has a neighborhood Vx such that f(Vx) lies in an open set Uf(x) of Y having
diameter less than ε. For example, choose Vx so that f(Vx) lies in the ε/4-neighborhood of f(x). Then
f(Vx) lies in the ε/3-neighborhood of f(x), which has diameter at most 2ε/3. CoverK by finitely many
such sets Vx, say for x = x1, . . . , xn. LetKx = Vx ∩K . ThenKx is compact, and the basis element

B(Kx1 , Ux1) ∩ · · · ∩B(Kxn , Uxn)

contains f and lies inEK(f, ε), as desired. □
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Remark 10.2.5. IfY is not ametric space, we need to redefine the notion of proximity betweenmaps. Suppose
f, g ∈ Maps(X,Y ) are two continuous maps. LetK ⊆ X be a compact subset and U ⊆ Y be an open
subset such that f(K) ⊆ U . Assume that Y is Hausdorff, which ensures that closed sets in Y behave well
under continuous maps. Since f(K) is compact and Y is Hausdorff, f(K) is closed in Y , and intuitively,
small perturbations of f(K) should remain within U . Thus, to define the topology onMaps(X,Y ), we say
that a neighborhood of f is the set of maps g ∈ Maps(X,Y ) such that g(K) ⊆ U . This formalizes the
notion that g is ‘close’ to f if it maps the compact setK into the same open setU that contains f(K).

Proposition 10.2.6. (Exponential Law) LetX,Y, Z ∈ Top. IfX isHausdorffandY is locally compact,
then

ϕ : Maps(X × Y, Z)→ Maps(X,Maps(Y, Z)), ϕ(g)(x)(y) = g(x, y)

is a continuous bijection.

Proof. We first show that ϕ is well-defined. Suppose g is continuous, and choose an arbitrary sub-basis
open set B(K,U) in Maps(Y, Z). Choose x ∈ ϕ(g)−1(B(K,U)), so g({x} ×K) ⊆ U . SinceK is
compact and g is continuous, there are open sets V 3 x andW ⊇ K such that g(V ×W ) ⊆ U . Then
V is a neighborhood of x with ϕ(g)(V ) ⊆ B(K,U), showing that ϕ(g)−1(B(K,U)) is open. Hence,
ϕ is well-defined. ϕ is obviously an injection. We now show that ϕ is continuous and surjective.

We first show that ϕ is continuous. Let g : X × Y → Z be a continuous map. LetK1 ⊆ X and
K2 ⊆ Y be compact subsets,U ⊆ Z be an open set. Let

B(K1, B(K2, U)) = {g : X → Maps(Y, Z) | g(K1)(K2) ⊆ U}
be an openneighborhoodofϕ(g). Then [K1×K2, U ] is an openneighborhoodof g inMaps(X×Y, Z)1
such that

ϕ(B(K1 ×K2, U)) ⊆ B(K1, B(K2, U))

This shows that ϕ is continuous. We now show that ϕ is surjective. Let f : X → Maps(Y, Z) be a
continuous map. Let (x, y) ∈ X × Y andW be an open neighborhood of ϕ−1(f)(x, y) inZ . We find
neighborhoods x ∈ U ⊆ X and y ∈ V ⊆ Y such that ϕ−1(f)(U × V ) ⊆ W . Since f(x) : Y → Z
is continuous, f(x)−1(W ) is an open neighborhood of y in Y . Since Y is locally compact, there exists a
compact setK ⊆ f(x)−1(W ) such that y ∈ Int(K) ⊆ K . Then [K,W ] is an open neighborhood of
f(y), and since f : X → Maps(Y, Z) is continuous atx, there exists an openneighborhoodx ∈ U ⊆ X
such that f(U) ⊆ [K,W ]. This implies that F (U ×K) ⊆ W . We can take V = Int(K), and thus we
have F (U × V ) ⊆W . □
Remark 10.2.7. IfX is locally compact Hausdorff, the continuous bijection in Proposition 10.2.6 is in fact a
homeomorphism.

Corollary 10.2.8. LetX,Y ∈ Top such thatX is locally compact and Y is Hausdorff. The evaluation
map

EvX,Y : X ×Maps(X,Y )→ Y,

(x, f) 7→ f(x).

is continuous.

Proof. We take for granted the statement that Y is Hausdorff implies that Maps(X,Y ) is Hausdorff.
Proposition 10.2.6 implies there is a continuous bijection:

Maps(Maps(X,Y )×X,Y ) ∼= Maps(Maps(X,Y ),Maps(X,Y ))

The inverse image of IdMaps(X,Y ) is EvX,Y . □
1We need thatX is Hausdorff here. See Lemma XII.5.1 (a) of Dugundji’s Topology.
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Remark 10.2.9. Here is an important observation. IfX,Y ∈ Top, then a homotopy between two maps
f, g : X → Y as an element ofMaps(X×I, Y ). Based onProposition 10.2.6, it is possible to reinterpret a ho-
motopy between twomapsf, g : X → Y as an element ofMaps(X,Maps(I, Y )) orMaps(I,Maps(X,Y )).
The latter says that a homotopy is a path inMaps(X,Y ).

Proposition 10.2.10. IfX,Y ∈ Top are locally compact Hausdorff spaces, then the function

ΦX,Y,Z : Maps(X,Y )×Maps(Y, Z)→ Maps(X,Z)

given by composition is continuous.

Proof. By Proposition 10.2.6 we have the bijection

Maps(Maps(X,Y )×Maps(Y, Z),Maps(X,Z)) ∼= Maps(Maps(X,Y )×Maps(Y, Z),×X,Z)

Hence,ΦX,Y,Z is continuous if and only if the image ofΦX,Y,Z , denotedΦ′
X,Y,Z , under the exponential

law is continuous. Let (f, g) ∈ Maps(X,Y )×Maps(Y, Z) and x ∈ X . We have

Φ′
X,Y,Z((f, g), x) = (T (f, g))(x) = f(g(x)).

We can decomposeΦ′
X,Y,Z as the following composition:

Maps(Y, Z)×Maps(X,Y )×X (f,g,x) 7→(f,g(x))−−−−−−−−−−→ Maps(Y, Z)× Y (g,y) 7→g(y)−−−−−−−→ Z.

The first map is just IdMaps(Y,Z)×EvX,Y and the second map is EvY,Z . Both these maps are continuous
by Corollary 10.2.8. The claim follows. □

10.2.2. Path & Loop Spaces. We can consider special instances of the function space discussed
above to define loop spaces. For instance, if X ∈ Top, the space Λ(X) = Maps(S1, X) ∈ Top is
the free loop space ofX . Similarly, the space P (X) = Maps(I,X) ∈ Top is the free path space ofX .

Remark 10.2.11. IfX = I = [0, 1],Y is locally compact andZ is a topological space, thenProposition 10.2.6
reads

Maps(Y,Maps(I, Z)) ∼= Maps(I × Y, Z)
∼= Maps(I,Maps(Y, Z))

This is called the cylinder-free path adjunction. This is because I×Y is a cylinder onY and (Maps(I, Z)))
is the path space onZ . Note thatMaps(I × Y, Z) = [Y, Z].

We nowmake the following definition:

Definition 10.2.12. Let (X,x0) ∈ Top∗.
(1) The path space P (X,x0) ∈ Top∗ of (X,x0) is the pointed space given by

P (X,x0) = {γ ∈ P (X) | γ(0) = x0}.

with the constant path cx at x as the base point.
(2) The loop spaceΩ(X,x0) ∈ Top∗ of (X,x0) is the pointed space

Ω(X,x0) = {γ ∈ P (X) | γ(0) = x0 = γ(1)}

with the constant loop cx at x as the base point.
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Remark 10.2.13. Note that Ω(X,x0) consists of pointed loops (S1, ∗) → (X,x0). Moreover, note that
P (X,x0) can be thought of as a pullback:

P (X,x0) XI

{x0} X

Ev0

Proposition 10.2.14. LetX ∈ Top. The path space, P (X,x0), is contractible.
Proof. Ahomotopybetween the identity onP (X,x0) and themap to the basepoint (the constant path)
is given by:

F : P (X,x0)× I → P (X,x0),

(γ, s) 7→ (t 7→ γ((1− s)t)) .
This completes the proof. □
Remark 10.2.15. We discuss some applications of function spaceMaps(X,Y ) to establish some basic facts:

(1) A point inX can be identified with a map x : ∗ → X sending the unique point ∗ to x. Hence, we
have a bijective correspondence

X ∼= Maps(∗, X).

(2) In the case of a pointed space, we have a bijective correspondence

(X,x0) ∼= Maps
(
({∗, ∗′}, ∗′), (X,x0)

)
∼= Maps

(
(S0, 1), (X,x0)

)
.

(3) Note that we have
[X,Y ] ∼= π0(Maps(X,Y ))

(4) LetX,Y be locally compact Hausdorff spaces. Consider the continuous function
T : Maps(X,Y )×Maps(Y, Z)→ Maps(X,Z)

Hence, T induces a map
[X,Y ]× [Y, Z] = π0(Maps(X,Y ))× π0(Maps(Y, Z))

= π0(Maps(X,Y )×Maps(Y, Z))
→ π0(Maps(X,Z))
= [X,Z]

In particular, a continuous function f : X → Y induces a map
f # : [Y, Z]→ [X,Z]

and a continuous function g : Y → Z induces a map
g# : [X,Y ]→ [X,Z].

(5) Let f : X → Y be a homotopy equivalence with homotopy inverse and g : Y → X . Using (3), we
have two induced maps

f # : [Y, Z]→ [X,Z] f# : [Z,X]→ [Z, Y ]

The maps g# and g# are inverses of f∗ and f# respectively. Hence, we have a bijection of sets
[Y, Z] ∼= [X,Z], [Z,X] ∼= [Z, Y ]
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10.3. Smash Products

We introduce the notion of a smash product that forces us to take basepoints seriously. The need for the
smash product arises based on the need to consider the pointed analog of Maps(·, ·).

Definition 10.3.1. Let (X,x0), (Y, y0) ∈ Top∗. The pointed space Maps((X,x0), (Y, y0)) is defined
to be subspace of Maps(x0, y0) consisting of pointed maps, along with the natural basepoint given by
constant mapX → y0.

Remark 10.3.2. We have [(X,x0), (Y, y0)] = π0(Maps((X,x0), (Y, y0))).

We now define the smash product:

Definition 10.3.3. Let (X,x0), (Y, y0) ∈ Top∗. The smash product is defined as the quotient space
(X,x0) ∧ (Y, y0) = (X × Y, (x0, y0))/(X ∨ Y )

Remark 10.3.4. The wedge sumX ∨ Y of two pointed spaces is naturally a pointed subspace of (X,x0)×
(Y, y0). For pointed spaces (X,x0) and (Y, y0), the pointed product (X × Y, (x0, y0)) comes naturally
with an inclusion map of (X,x0) given by

(X,x0)→ (X × Y, (x0, y0)),
x 7→ (x, y0).

There is a similar map (Y, y0) → (X × Y, (x0, y0)). Since X ∨ Y is a pushout in Top∗, we obtain a
pointed mapX ∨ Y → (X × Y, (x0, y0)) which yields the desired inclusion.

Remark 10.3.5. It can be checked that the smash product defines a functor
∧ : Top∗ → Top∗

The motivation behind the definition of a smash product is to extend Proposition 10.2.6 to Top∗.
Let (X,x0), (Y, y0), (Z, z0) ∈ Top∗. Since y0 and z0 are basepoints in Y and Z , respectively, then
Maps((Y, y0), (X,x0)) has a basepoint given by the constant function X → z0. We want a map f :
(X,x0)→ Maps((Y, y0), (Z, z0)) to preserve basepoints, meaning that it must satisfy

f(x0)(y) = z0 for all y ∈ Y.
Additionally, for any x ∈ X , the map f(x) : Y → Z must also preserve basepoints, i.e.,

f(x)(y0) = z0 for all x ∈ X.
Therefore, if Proposition 10.2.6 is to be extend toTop∗, then a amap f : X×Y → Z f must be constant
on

({x0} × Y ) ∪ (X × {y0}),
sending it to z0. This is exactly howwe have defined the smash product, which yields the following result:

Proposition 10.3.6. Let (X,x0), (Y, y0), (Z, z0) ∈ Top∗. If Y is locally compact andX is Hausdorff,
then the smash product satsifes the pointed version of the exponential law. That is we have a continuous
bijection:

Maps∗((X,x0) ∧ (Y, y0), (Z, z)) ∼= Maps∗((X,x0),Maps((Y, y0), (Z, z)))

Proof. Clear. Invoke the discussion above, and note that Proposition 10.2.6 descends to yield the desired
result. □
Remark 10.3.7. IfX is locally compact Hausdorff, the continuous bijection in Proposition 10.3.6 is in fact a
homeomorphism.
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Remark 10.3.8. Let M,N be locally compact Hausdorff spaces. Then their one-point compactifications
M∞, N∞ are compact Hausdorff spaces, and each is equipped with a canonical basepoint. We continue to
write (M∞,∞M ) asM∞. The productM×N is locally compact Hausdorff andwe have the basic relation

(M ×N)∞ ∼=M∞ ∧N∞.

Indeed, there is canonical continuous map

u :M∞ ×N∞ → (M ×N)∞

which mapsM × N ⊆ M∞ × N∞ via the identity ontoM × N ⊆ (M × Y )∞ and mapsM∞ ×
{∞N} ∪ {∞M} ×N∞ to {∞M×N}. Therefore it induces a continuous bijection

u′ :M∞ ∧N∞ → (M × Y )∞

on the quotient spaceM∞ ∧N∞ ofM∞ ×N∞. This space is comapct, therefore u′ is a homeomorphism.

Example 10.3.9. Each (Sn, ∗) is a pointed topological space. We have

(Sn, ∗) = (S1, ∗) ∧ (S1, ∗)

Note that (S1, ∗)×(S1, ∗) is a torus. Visualizing the torus as quotient of a squarewith endpoints identified
appropriately, S1 ∨S1 corresponds to the to the boundary of the square. The smash product identifies all
these boundary points to a single point, yielding (S2, ∗). More generally, we have

(Sn, ∗) = (S1, ∗) ∧ · · · ∧ (S1, ∗)

Indeed,

(Sm+n, ∗) ∼= (Rm+n)∞

= (Rm × Rn)∞
∼= (Rm)∞ ∧ (Rn)∞ ∼= (Sm, ∗) ∧ (Sn, ∗).

Example 10.3.10. Let (X,x0) ∈ Top∗. We can define the reduced cone of (X,x0) as

C̃(X,x0) = (X,x0)× (I, 0)/((X,x0)× {x0} ∪ {∗} × (I, 0)).

Essentially by definition,
C̃(X,x0) ∼= (X,x0) ∧ (I, 0)

We can also define the notion of a reduced suspension.

Definition 10.3.11. Let (X,x0) ∈ Top∗. The reduced suspension Σ(X,x0) ∈ Top∗ is the pointed
space

Σ(X,x0) = ((X,x0)× (S1, ∗))/
(
{x0} × (S1, ∗) ∪ (X,x0)× {∗}

)
,

where the base point is given by the collapsed subspace.

Remark 10.3.12. Using the quotient map I → I/∂I ∼= S1, an alternative description of the reduced
suspensionΣ(X,x0) is given by

Σ(X,x0) = ((X,x0)× (I, 0))/ ({x0} × I ∪X × {0, 1}) ,

Example 10.3.13. Let (X,x0) ∈ Top∗. We have
Σ(X,x0) = (X,x0) ∧ (S1, ∗)

Indeed, consider the quotient map f : (I, 0)→ (S1, ∗) given by f(t) = e2πit, and the diagram:
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(X,x0)× (I, 0) (X,x0)× (S1, ∗)

Σ(X,x0) (X,x0) ∧ (S1, ∗)

1×f

p q

It can be checked that We show that 1× f is a quotient map. The characteristic property of the quotient
topology now implies that

Σ(X,x0) ∼= (X,x0) ∧ (S1, ∗)

Remark 10.3.14. Along with Example 10.3.9, the previous examples readily implies that we have

Σ(Sn, ∗) = (Sn+1, ∗)

Corollary 10.3.15. Let (X,x0), (Y, y0) ∈ Top∗ such that X is Hausdorff. Then there is a continuous
bijective correspondence

Maps∗(Σ(X,x0), (Y, y0)) ∼= Maps∗((X,x0),Ω(Y, y0))
Passing to π0, we have

[Σ(X,x0), (Y, y0)] ∼= [(X,x0),Ω(Y, y0)].

Proof. This follows from Proposition 10.3.6 and that Remark 10.3.14. □

10.4. Compactly Generated Spaces

The bijection in Proposition 10.2.6 relies on the fact that Y is locally compact. A number of topo-
logical spaces in homotopy theory are non-locally finite CW complexes. Fundamental examples include
RP∞ and CP∞. We now look at a category of topological spaces where we expect homotopy theoretic
propositions to be true without additional assumptions.

10.4.1. CompactlyGenerated Spaces. Informally, a compactly generated space is a topological space
whose topology is determined by all continuous maps from arbitrary compact spaces.

Definition 10.4.1. LetX ∈ Top. A subsetA ⊆ X is called k-closed inX if, for any compact Hausdorff
spaceK and continuous map f : K → X , the preimage f−1(A) ⊆ K is closed inK .

The collection of k-closed subsets ofX forms a topology, which contains the original topology ofX .
Let kX denote the topological spacewhose underlying set is that ofX , but equippedwith the topology of
k-closed subsets ofX . Because the k-topology contains the original topology onX , the identity function
Id : kX → X is continuous.

Definition 10.4.2. LetX ∈ Top.X is compactly generated (CG) if Id : kX → X is a homeomorphism.

Let CG denote the full subcategory of Top consisting of compactly generated spaces. Let’s discuss
categorical properties:

Proposition 10.4.3. LetX ∈ Top.
(1) The k-ification is a functor.
(2) For any spaceX , the map k2X → kX is a homeomorphism. Hence, k2X ∼= kX .
(3) The k-ification functor is right adjoint to the forgetful functor. That is,

HomCG(X, kY ) = HomTop(X,Y )

for allX ∈ CG and Y ∈ Top.
(4) The k-ification functor commutes with limits. Hence, limits exist in CG.
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(5) Disjoint unions of compactly generated spaces are compactly generated. Quotients of compactly gen-
erated spaces by equivalence relations are compactly generated.

(6) Colimits exist in CG and can simply be computed in Top.

Proof. The proof is given below:
(1) Suppose f : X → Y is any continuous map and A ⊆ Y is compactly closed. For any map

u : K → X , the set u−1(f−1(A)) is closed inK . Thus, f−1(A) is compactly closed in X .
This means that f : kX → kY is continuous.

(2) Given a compact Hausdorff spaceX and a (set) map f : K → X , the map f is continuous if
and only if f : X → kX is continuous. So the compactly closed sets ofX are the same as the
compactly closed sets of kX . In other words, kx ∼= k2X .

(3) It suffices to show thatf : X → Y is continuous if andonly if f̄ : X → kY is continuous. Since
the k-ification topology is finer, we assume that f is continuous and show that f̄ is continuous.
But k(f) : kX → kY is continuous and kX ∼= X .

(4) This follows from (3) and categorical arguments. Indeed, we have:

HomCG(X, k(lim←−
i

Yi)) ∼= HomTop(X, lim←−
i

Yi)

∼= lim←−
i

HomTop(X,Yi)

= lim←−
i

HomCG(X, kYi) = HomCG(X, lim←−
i

kYi)

for allX ∈ CG and Y ∈ Top. Hence,

k(lim←−
i

Yi) = lim←−
i

kYi

(5) LetX =
∐
iXi such that eachXi is compactly generated. LetA ⊆ X be k-closed. ThenA has

the form
∐
iAi, whereAi = A ∩Xi, and it is sufficient to check thatAi is closed inXi. AsXi

is CG, it is enough to check thatAi is k-closed inXi. Consider a map f : K → Xi. Then the
composite i ◦ f : K → Xi ↪→ X) is continuous and

f−1(Ai) = (i ◦ f ′)−1(A),

which is closed becauseA is k-closed inX . Now letX be compactly generated and let q : X →
Y a quotient map. SinceX is compactly generated, q induces a continuous map q̃ : X → kY
as shown below:

X kY Y
q̃

q

Id

LetA ⊆ Y be a k-open subset of Y . Hence, Id−1(A) ⊆ kY is open in kY . Then the preimage

q−1(A) = (Id ◦q̃)−1(A) = q̃−1(Id−1(A)) ⊆ X

is open in X since q̃ : X → kY is continuous. Therefore, A ⊆ Y is open in Y since q is a
quotient map.

(6) Colimits in Top can be constructed by taking disjoint unions and quotients. The colimit of
compactly generated spaces in the category Top is a compactly generated space. Thus, it is also
the colimit in CG.

This completes the proof. □
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Remark 10.4.4. In Proposition 10.4.3(3) we have shown that f : X → Y is continuous if and only if
f : X → kY is continuous for allX ∈ CG and Y ∈ Top. This can be summarized such that following
diagram commutes:

kY Y

X

Id

f
f̄

Note that f̄ has the same underlying function as f . This exhibits kY → Y as the ‘closest approximation’ of
Y by a CG space.

Proposition 10.4.5. Every locally compact Hausdorff space and CW-complex is CG.

Proof. LetX be a locally compact space assume f−1(A) ⊆ K is closed for every compact Hausdorff
space,K . We showA is closed by showing thatAc is open. Let x ∈ Ac. By local compactness, there exists
a compact neighbourhood ofx, sayKx. LetUx be an open neighbourhood ofx such thatx ∈ Ux ⊆ Kx.
Because Kx ∩ A is closed by hypothesis (consider the inclusion map ix : Kx → X), we have that
(Kx ∩A)c is open. Therefore,

(Kx ∩A)c ∩ Ux = U cx := Vx

is an open neighbourhood of x not intersectingA. We have

Ac =
⋃
x∈Ac

Vx,

and thereforeAc is open. ACWcomplex is a colimit constructed by consideting closed disks. Since closed
disks are in CG and CG is closed under taking colimits, every CW complex is in CG. □
Corollary 10.4.6. LetX ∈ Top. ThenX ∈ CG if and only ifX is a quotient space of a locally compact
space.

Proof. LetX ∈ CG. The converse follows from Proposition 10.4.3. Consider the following collection:
K = {fK(K) | fK : K → X is continuous andK compact Hausdorff}

Let Y =
⊕

fK(K)∈K fK(K) where each fK(K) ∈ K has the subspace topology inherited from X .
Then Y is a locally compact space. Let

q : Y → X

be themapmaps each fK(K) onto the corresponding compact subset fK(K) ⊆ X by the identity map.
We claim that the quotient topology, τq , generated by this mapping coincides with the original topology,
τ , onX . Clearly, τ ⊆ τq since q is a continuous map. Let U ∈ τq . Let g : L → X be continuous such
that L is compact. Since U ∈ τq , we have that q−1(U) is open in Y . Since g(L) is open in Y , it follows
that q−1(U) ∩ g(L) is open in Y . But q−1(U) ∩ g(L) = g−1(U). Thus, g−1(U) is open in L and
consequently,U ∈ τ . □
Remark 10.4.7. Limits in CG need not coincide with limits in Top. Let X,Y ∈ CG such that X =
R \ {1, 1/2, 1/3, . . . } with the subspace topology, and let Y = R/Z with the quotient topology. X ∈ CG
sinceX is a CW complex2 and Y ∈ CG by Corollary 10.4.6. In fact, Y is also a CW complex since Y is an
infinite bouqet of circles. However,X × Y is not compactly generated. Let

A =
∞⋃
i=1

Ai =
∞⋃

i,j=1

{(
1

i
+
ai
j
, i+

0.5

j

)
∈ X × Y : j ∈ N

}
, ai =

(
1

i
− 1

i+ 1

)
10−i.

2Right?
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The closure of A closure contains (0, 0). Hence, A is not closed. But for any compact subsetK ⊆ X × Y ,
the set A ∩ K has only finitely many points. This is because for fixed i ∈ N, there are only finitely many
j ∈ N, and also there can be only finitely many i. HenceA k-closed. This shows thatX × Y is not in CG.
See [Eng89] for details.

Remark 10.4.8. We have
CW ⊊ CG ⊊ Top

as inclusion of categories. The inclusions are in general strict. Indeed, the Hawaiian earring is inCG since it
is compact and hence locally compact. However, we have already seen that it admits no CW decomposition.
For the inclusion CG ⊊ Top, consider the example in Remark 10.4.7.

We can now discuss the mapping spaces with the notion of a compactly generated space in place. We
need to modify the definition given in the previous section a bit since we deal with compact Hausdorff
spaces in this section.

Definition 10.4.9. Let C0(X,Y ) be the set of continuous functions fromX to Y with the compact-
open topology that is generated by a subbasis formed by the sets of the form

B(u,K,U) = {f : K → Y | f(u(K)) ⊆ U, u : K → X is cts. s.tK is cpt. Hausdorff}

We defineC(X,Y ) = kC0(X,Y ).

Remark 10.4.10. IfX,Y ∈ CG, thenX × Y might not be in CG. See Remark 10.4.7. In this case, we can
consider k(X × Y ). Below, we write k(X × Y ) asX ×k Y .

Remark 10.4.11. If X ∈ CG and Y ∈ Top is locally compact, it turns our that X × Y ∈ CG. Since
X ∈ CG, we haveX = Z/ ∼ such that Z is locally compact by Corollary 10.4.6. In other words, we have a
quotient map q : Z → X . Consider the map

q × IdY : Z × Y → X × Y

It is a standard fact that q × IdY is a quotient map since Y is assumed to be locally compact. It is clear that

X × Y =
Z

∼
× Y =

Z × Y
∼′ ,

where (z, y) ∼′ (z′, y′) if and only if z ∼ z′. In other words, we have ‘‘ ∼′=∼ × Id′′. Here we have
implicitly used the fact that the bijection of sets

X × Y ∼=
Z

∼
× Y ∼=

Z × Y
∼′

is in fact a homeomorphism in Top essentially because the product topology (left hand side) and the quotient
topology (right hand side) are the same. SinceZ×Y is locally compact, the claim follows fromCorollary 10.4.6.

Proposition 10.4.12. LetX,Y, Z ∈ CG.
(1) For X,Y ∈ CG, C(X, ·) is a covariant functor from CG to Sets. Similarly, C(·, Y ) is a con-

travariant functor from CG to Sets.
(2) The evaluation map

EvX,Y : X × C(X,Y )→ Y

and the injection map

iX,Y : Y → C(X ×k C(X,Y ))

are continuous.
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(3) (Exponential Law) The map

ϕ : C(X ×k Y, Z)→ C(X,C(Y, Z)),

as discussed in Proposition 10.2.6 is a homeomorphism.
(4) The composition map

ΦX,Y,Z : C(X,Y )×k C(Y, Z)→ C(X,Z)

is continuous.

Proof. The proof is given below:
(1) We prove the the covariant case. It suffices to check that C0(X, ·) is a covariant functor. We

have to check that if g : Y → Z is a continuous map, then g∗ = C0(X,Y ) → C0(X,Z) is
continuous. But we have

(g∗)
−1B(u,K,U) = B(u,K, g−1(U))

The claim follows.
(2) It suffices to show that Y → C0(X,X ×k Y ) or equivalently that i−1B(u,K,U) is open in

Y . As Y ∈ CG, it is equivalent to check that v−1i−1B(u,K,U) is open inL for every test map
v : L→ Y , whereL is a compact Hausdorff space. Note that u× v : K ×k L→ X ×k Y is a
test map, so (u× v)−1(U) is open inK ×k L. By the Tube Lemma, the set

{b ∈ L : K × {b} ⊆ (u× v)−1(U)}
is open inL. It is easy to check that this set is the same as v−1inj−1B(u,K,U), which completes
the proof.

Consider an open set U ⊆ Y , and a map u : K → X ×k C(X,Y ). We show that
V = u−1Ev−1(U) is open in K . Let v : K → X and w : K → C(X,Y ) be the two
components of u, so

V = {a ∈ K : w(a)(v(a)) ∈ U}.
Suppose that a ∈ V . As w(a) ◦ v : K → Y is continuous, we can choose a compact neigh-
bourhood L of a inK such that w(a)(v(L)) ⊆ U . This means that w(a) ∈ B(v, L, U) ⊆
C(X,Y ). As w : K → C(X,Y ) is continuous, the set N = w−1(B(v, L, U)) is a neigh-
bourhood of a inK . If b ∈ N ∩L, thenw(b)(v(b)) ∈ w(b)(v(L)) ⊆ U , so b ∈ V . Thus, the
neighbourhoodN ∩ L of a is contained in V . This shows that V is open, as required.

(3) We first show that it is a bijection at the level of sets. If f : X → C(Y, Z) is continuous, then its
image

X ×k Y
f×Id−−−→ C(Y, Z)×k Y

EvY,Z−−−→ Z

is continuous. On the other hand, if g : X ×CG Y → Z is continuous, then its image

X
injX,Y−−−−→ C(Y,X ×k Y )

EvX,Y−−−→ Y

is continuous. This shows that the exponential map is bijection. Moreover, ifW ∈ CGwe have
bijections:

C(W,C(X,C(Y, Z))) ∼= C(W ×k X,C(Y, Z))

∼= C(W ×k X ×k Y, Z)
∼= C(W,C(X ×k Y, Z)).
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This means that C(X,C(Y, Z)) and C(X ×k Y, Z) represent the same contravariant functor
and the claim now follows by Yoneda’s Lemma.

(4) The proof is similar to Proposition 10.2.10.
This completes the proof. □

Thus,wehaveobtained a categoryCG that contains all locally compactHausdorff spaces,CW-complexes,
admits all limits and colimits, and is Cartesian closed.

10.4.2. Weakly Hausdorff Spaces. The categoryCG still contains some bad topological spaces, like
the Sierpinski space. These do not satisfy the Hausdorff condition and we would like to exclude them by
imposing a Hausdorff like condition.

Definition 10.4.13. LetX ∈ Top. ThenX is weakly Hausdorff (WH) if for every compact Hausdorff
spaceK and every continuous map u : K → X , the image u(K) ⊆ X is closed inX .

Example 10.4.14. IfX is aHausdorff space, thenX is weakly-Hausdorff sinceu(K) is compact and thus
closed inX . Every CW-complex is Hausdorff, hence in particular weakly Hausdorff.

Proposition 10.4.15. LetX be a weakly Hausdorff topological space.
(1) Any finer topology onX is still weakly Hausdorff. In particular, kX is weakly Hausdorff.
(2) Any subspace ofX is weakly Hausdorff.

Proof. The proof is given below:
(1) Let x be the setX equipped with a topology containing the original topology, i.e., the identity

function Id : x → X is continuous. For any compact Hausdorff spaceK and continuous map
u : K → x, the composite Id ◦u : K → X is continuous, and so its image (Id ◦u)(K) ⊆ X is
closed inX . Thus, u(K) = Id−1((Id ◦u)(K)) is closed in x.

(2) Let i : A ↪→ X be the inclusion of a subspace inX . For any compact Hausdorff spaceK and
continuous map u : K → A, the composite i ◦ u : K → X is continuous, and so its image
(i ◦ u)(K) ⊆ X is closed inX , and thus inA as well.

This completes the proof. □
LetCGWH denote the full subcategory ofCG consisting of compactly generated weakly Hausdorff

spaces. We have
CW ⊊ CGWH ⊊ CG ⊊ Top

as inclusion of categories. The inclusionCGWH ⊊ CG is strict since the Sierpinski space is inCG but not
in CGWH. Similarly, the inclusion CW ⊊ CGWH is strict. Simply consider the Hawaiian earring.

Proposition 10.4.16. Let X ∈ CG. Then X ∈ CGWH if and only if the diagonal subspace ∆X =
{(x, x) | x ∈ X} is k-closed inX ×k X .

Proof. Suppose thatX is weaklyHausdorff. First, observe that every one-point set {x} ⊆ X is certainly
a continuous image of a compact Hausdorff space and thus is closed inX , soX is T1. Next, consider a
test map u = (v, w) : K → X ×k X . It will be enough to show that the set u−1(∆X) = {a ∈ K :
v(a) = w(a)} is closed inK . Suppose that a /∈ u−1(∆X), so v(a) 6= w(a). Then the set

U = {b : v(b) 6= w(a)}
is an open neighbourhood of a (because {w(a)} is closed in X). Now K is compact Hausdorff and
therefore regular, so there is an open neighbourhood V of a in K such that V ⊆ U , or equivalently
w(a) /∈ v(V ). This means that a lies in the set

W = w−1(v(V )c).
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The weakHausdorff condition implies that v(V ) is closed inX , and thusW is open inK . We claim that
(V ∩ W ) ∩ u−1(∆X) = ∅. Indeed, if b ∈ V ∩ W , then v(b) ∈ v(V ) but w(b) ∈ v(V )c by the
definition ofW , so v(b) 6= w(b), which impliesu(b) = (v(b), w(b)) /∈ ∆X . This shows thatu−1(∆X)
is closed inK , as required.

Conversely, suppose that∆X is k-closed inX×kX . Let u : K → X be a test map. Given any other
test map v : L→ X , we define

M = {(a, b) ∈ K × L : u(a) = v(b)} ⊆ K × L.

This can also be described as (u × v)−1(∆X), so it is closed in K × L and thus compact. It follows
that the projection πL(M) is compact and hence closed in L. However, it is easy to see that πL(M) =
v−1(u(K)). This shows that u(K) is k-closed in X , and hence closed. This means that X is weakly
Hausdorff. □

Remark 10.4.17. Proposition 10.4.16 is an important characterization of weakly Hausdorff spaces. In Top,
the criteria in Proposition 10.4.16 is exactly the characterization of a Hausdorff space. That isX ∈ Top is
Hausdorff if and only if∆X = {(x, x) | x ∈ X} is closed inX ×X . HereX ×X is the product inTop.

Wenow have two additional functors. The first is the forgetful functor fromCGWH toCG. Another
is weak-Hausdorffification, dented as h, fromCG toCGWH. We need to construct this functor h. We fist
need some additional facts about wtaking quotients in CG.

Lemma 10.4.18. LetX,Y ∈ CG and let∼ be an equivalence relation onX .
(1) We have

(X ×k Y )/(∼ × Id) ∼= (X/ ∼)×k Y
(2) Let q be the map

q : X ×k X → (X/ ∼)×k (X/ ∼)
The set q−1(∆X/∼) ⊆ X ×k X is closed if and only ifX/ ∼ ∈ CGWH.

Proof. The proof is given below:
(1) The standard map

f : X ×k Y → (X/ ∼)×k Y
respects the relation∼ × Id and thus factors as

f : (X ×k Y )/(∼ × Id)→ (X/ ∼)×k Y

Let g1 be the projection map.

g1 : (X/ ∼)×k Y → (X ×k Y )/(∼ × Id)

Using the exponential law, we get a map

g2 : X → C (Y, (X ×k Y )/(∼ × Id))

This respects∼ on the level of sets, and so factors to give a map

g2 : X/ ∼→ C (Y, (X ×k Y )/(∼ × Id))

Using the exponential law again, we get a map

g : X/ ∼ ×kY → (X ×k Y )/(∼ × Id)

f and g are clearly inverses.



196 10. CATEGORICAL NUANCES

(2) By applying (1) twice, we have
(X ×k X)/(∼ × ∼) ∼= (X/ ∼)×k (X/ ∼)

Thus,∆X/∼ is closed if and only if q−1(∆X/∼) is closed if and only ifX/ ∼ is in CGWH.
This completes the proof. □
Proposition 10.4.19. There exists a functorh : CG→ CGWH that is a left adjoint to the forgetful functor
CGWH→ CG. That is,

HomCG(h(X), Y ) = HomCGWH(X,Y )

for allX ∈ CG and Y ∈ CGWH.

Proof. We first construct h. ForX ∈ CG, consider the smallest equivalence relation onX ×k X that
is closed. We can take the intersection of all closed equivalence relations. Then hX := X/ ∼∈ CGWH
and there is a natural projection map p : X → X/ ∼. We now show that h is left-adjoint to the forgetful
functor. It suffices to show that every f : X → Y factors through X → hX . Since Y ∈ CGWH
∆Y ⊆ Y ×k Y is closed and hence f−1(∆Y ) is closed inX ×k Y . This is an equivalence relation that
contains ∼ since it is closed. ThusX → Y respects ∼ and factors throughX → hX . Moreover, h is
a functor since for f : X → Y such thatX,Y ∈ CG, we haveX → Y → hY which in turn gives
hX → hY . □
Remark 10.4.20. The functors discussed are summarized in the diagram below:

Top CG CGWH

k

Forgetful

h

Forgetful

Corollary 10.4.21. The following properties hold:
(1) Limits exist in CGWH and can simply be computed in CG. In fact, small colimits in CGWH can

be computed in CG.
(2) h commutes with colimits. In particular, colimits in exist in CGWH and are obtained by applying

h to the colimit inCG. In particular, the categoryCGWH is admits small colimits exist becauseCG
admits admits small colimits.

(3) ForX ∈ CG and Y ∈ CGWH,C(X,Y ) ∈ CGWH. Hence, CGWH is Cartesian closed.

Proof. (Sketch) The proof is given below:
(1) (Sketch) This is because an arbitrary product in CG of CGWH spaces is still WH, and so is an

equalizer in CG of two maps.
(2) This follows since h is left adjoint to the forgetful functor.
(3) Define

Evx : C(X,Y ) ∼= {x} × C(X,Y ) ↪→ X × C(X,Y )
Ev−→ Y

We have
∆C(X,Y ) =

⋂
x∈X

(Evx×Evx)−1(∆Y )

This is closed. Hence,C(X,Y ) ∈ CGWH,
This completes the proof. □

Thus, we have obtained a category CGWH that contains all locally compact Hausdorff spaces, CW-
complexes, admits all limits and colimits, and is Cartesian closed.
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Remark 10.4.22. All results aboutMaps(X,Y ) that holdunder the hypothesis of locally compact andHaus-
dorff hold without any additional assumptions inC(X,Y ).



CHAPTER 11

Fibrations

Fibrations play a central role in algebraic topology by providing a framework to study spaces via con-
tinuousmaps that locally resemble product spaces. They generalize the notion of fiber bundles and enable
powerful tools for understanding the relationship between total spaces, base spaces, and fibers. The con-
cept of a fibration allows the use of long exact sequences in homotopy and cohomology, as well as spectral
sequences, to analyze complex topological structures. Establishing a suitable categorical setting ensures
the technical foundations are robust and well-behaved, facilitating the development of the theory. From
this point onward, we adopt the following conventions:

(1) All spaces and maps are assumed to lie in the category CGWH of compactly generated weak
Hausdorff spaces.

(2) For simplicity, we denoteCGWH byTop.
(3) The fibered productX ×k Y will be written simply asX × Y .

These conventions enable the development of the theory of fibrationswithout additional technical restric-
tions. References include [Hat02; May99].

11.1. Fibrations

Fibrations play a fundamental role in homotopy theory. In a sense, fibrations can be thought of as
‘homotopically nice projections,’ a notion made precise below. We will introduce two types of fibrations
- the Hurewicz fibrations and Serre fibrations - which are both obtained by imposing certain homotopy
lifting properties. Prominent examples of fibrations are fiber covering spaces and fiber bundles, which are
introduced in thenext section. Thesefibrationsprovidepowerful tools forunderstanding the relationships
between the base and total spaces, and they allow us to analyze the homotopy type of complex spaces by
studying simpler ones.

11.1.1. Definition & Examples.

Definition 11.1.1. LetX,E ∈ Top. A continuous surjective map p : E → X satisfies the homotopy
lifting for A ∈ Top if for any homotopyH : A × I → X and map f : A × {0} → E, there exists a
homotopy H̃ : A× I → E such that the following diagram commutes:

A× {0} E

A× I X

i0

H0

p

H

H̃

(1) We say a continuous surjective map p : E → X is a Hurewicz fibration if it satisfies the homo-
topy lifting property for anyA ∈ Top.

(2) We say a continuous surjective map p : E → X is a Serre fibration if it satisfies the homotopy
lifting property for any In ∈ Top for each n ≥ 0.

198
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Remark 11.1.2. Clearly, a Hurewicz fibration is a Serre fibration. It is clear that a fibration is a general-
ization of the notion of a covering space since covering spaces satisfy the homotopy lifting property.

Remark 11.1.3. Acontinuous surjectivemapp : E → X satisfies the homotopy lifting property forA ∈ Top
if and only if the following diagram commutes:

A

EI XI

E X

f

H

H̃

Ev0

p∗

Ev0

p

Here Ev0 is the evaluation at 0map andXI denotesMaps(I,X).

Remark 11.1.4. If p : E → X is a fibration and x ∈ X , then Fx := p−1(x) ⊆ E is called the fiber of p
over x. We write

Fx → E → X

Example 11.1.5. Let’s look at some examples of fibrations:
(1) For anyX ∈ Top, the unique mapX → ∗ is a Hurewicz fibration. This is clear.
(2) Any projection p : X × Y → X is a Hurewicz fibration. ForA ∈ Top, letH : A × I → X

be a homotopy such thatH0 lifts to a mapA→ X × Y . We can define H̃ by

H̃ : A× I → X × Y,
(a, t) 7→ (H(a, t),H(a, 0)).

It is clear that H̃ satisfies the definition.
(3) A homeomorphism f : X → Y is a Hurewicz fibration since we can simply define H̃ = f−1 ◦

H .
(4) Consider the evaluation map

Ev0,1 : Maps(I,X)→ X ×X
γ 7→ (γ(0), γ(1))

We show that Ev0,1 is a Hurewicz fibration. Consider the diagram:

A ∼= A× {0} Maps(I,X)

A× I X ×X

i0

H0

Ev0,1

H

H̃

Equivalently, we are given a continuous map

ϕ : (A× {0} × I) ∪ (A× I × {0, 1})→ X

which we wish to extend toA× I × I . But

({0} × I) ∪ (I × {0, 1}) := J1 ⊆ I2



200 11. FIBRATIONS

is a retract of I2. The argument is similar to Example 2.1.16. Hence so isA × J1 ofA × I × I .
Therefore, we can simply pre-compose ϕwith the retraction

r : A× I × I → A× J1
to find the required extension.

Proposition 11.1.6. The following statements are true:
(1) The composition of Hurewicz fibrations is a Hurewicz fibration.
(2) The product of Hurewicz fibrations is a Hurewicz fibration.
(3) The pullback of a Hurewicz fibration is a Hurewicz fibration.
(4) (Universal Test Space) Letp : E → X be a continuous surjectivemap and letNp be the following

pullback:
Np XI

E X

π2

π1 Ev0
p

Here
Np := E ×X XI = {(e, γ) ∈ E ×XI | p(e) = γ(0)}.

If p satisfies the homotopy lifting property forNp ∈ Top, then p : E → X is aHurewicz fibration.
Proof. The proof is given below:

(1) Let p1 : E1 → X and p2 : E2 → E1 be fibrations and consider the following diagram:

A

EI2 EI1 XI

E2 E1 X

f

H

H̃˜̃
H

Ev0

(p2)∗

Ev0

(p1)∗

Ev0

p2 p1

Since p1 is a Hurewicz fibration, H̃ exists to make the right-hand side of the diagram commute.

Since p2 is a Hurewicz fibration,
˜̃
H exists to make the left-hand side of the diagram commute.

The claim follows.
(2) This is clear. The same argument as in covering space theory applies here.
(3) Let p : E → X be a Hurewicz fibration and consider a pullback square:

E′ E

X ′ X

q p

Consider the diagram below:

A× {0} E′ E

A× I X ′ X

i0

f

q p

H

H̃
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The unmarked dotted arrow fromA× I toE can be completed since p is a Hurewicz fibration.
The fact that the square is a pulback square then implies the existence ofH .

(4) Consider the following diagram:

A

Np

EI XI

E X

f

Hq

π1

π2
s

p∗

Ev0 Ev0
p

Supposep satisfies the homotopy lifting property forNp. Then themap s exists as in the diagram.
By the universal property of pullbacks, there exists a map q : Y → Np such that the diagram
commutes. Then s ◦ q :→ EI solves the problem.

This completes the proof. □
Remark 11.1.7. We giveNp the subspace topology with respect to the compact open topology. We say thatNp

is a universal test space p : E → X .
11.1.2. Mapping Path Space. Np is an instance of the construction of a mapping path space which

we now describe.
Definition 11.1.8. Let f : X → Y be a continuous map. The mapping math space is the topological
space

Nf = X ×Y Y I = {(x, γ) ∈ X × Y I | f(x) = γ(0)}.
We giveNf the subspace topology with respect to the compact open topology.

Note thatNf is defined as a pullback:

Nf Y I

X Y

π1

π2

Ev0
f

Wecan nowuse themapping path space construction in Proposition 11.1.6(4) to argue that any continuous
map f : X → Y can be decomposed as a composition of a homotopy equivalence and a Hurewicz
fibration.
Proposition 11.1.9. Let f : X → Y be a continuous map. Then f can be decomposed as

X Nf Y

f

i p

where i is a homotopy equivalence and p is a Hurewicz fibration.
Proof. We haveX ⊆ Nf via mapping x 7→ (x, cf(x)), where cf(x) is the constant path based at the
image of x under f . Call this map i as in the diagram above. Define

p : Nf → Y

(x, γ) 7→ γ(1)
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Clearly, f = p ◦ i. We first show that i is a homotopy equivalence. Let π1 : Nf → X be the projection
ontoX . Then π1 ◦ i = IdX and we have a homotopy

H : Nf × I → Nf

((x, γ), t) 7→ (x, s 7→ γ((1− t)s))
from i ◦ π1 to IdNf

. We now check that p is a Hurewicz fibration. Consider the following diagram:

A× {0} Nf

A× I Y

i0

H0

p

H

First note that we have the following commutative diagram:

A ∼= A× {0} Nf X

A× I A ∼= A× {0}

Id
i0

H0 π1

πA

π1◦H0

If we writeH0(a) = (I(a), J(a)), then πA ◦ (π ◦H0)(a, t) = I(a). Hence, we identify πA ◦ (π1 ◦H0)
with I . Moreover, using Example 11.1.5(4), we have the following commutative diagram:

A× {0} Nf Y I

A× I Y × Y

i0

H0 π2

Ev0,1

(f◦I,H)

K

Hence, we can define H̃(a, t) = (I(a, t),K(a, t)). The image of H̃ is inNf . This is because

f(I(a)) = Ev0(K(a, t))

Moreover, the intended diagram commutes since

(p ◦ H̃)(a, t) = K(a, 1) = Ev1K(a, t) = H(a, t),

H̃ ◦ i0(a) = H̃(a, 0) = H0(a).

This completes the proof. □

Motivated by Proposition 11.1.9 we can make the following definition of the homotopy fiber of any
arbitrary continuous map f : X → Y .

Definition 11.1.10. Let f : X → Y be a continuous map. Let p : Nf → Y denote the map as in
Proposition 11.1.9. The homotopy fiber of f over y0 ∈ Y is

hFiberf (y0) := p−1(f) = {(x, γ) | γ(0) = f(x), γ(1) = y0}

Remark 11.1.11. For each y0 ∈ Y , note that there is a canonical map from the fiber of f over x to the
homotopy fiber of f over x:

f−1(y0)→ hFiberf (y0)
x 7→ (x, cf(x))
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Thus, the fiber sits in the homotopy fiber while the homotopy fiber can be thought of as a ‘relaxed’ version of
the fiber: a point of the homotopy fiber is a pair (x, γ) consisting of x ∈ X together with a path γ in Y
‘witnessing’ that x ‘lies in the fiber up to homotopy.’

Remark 11.1.12. Let f : X → Y be a fibration. We check that the canonical map

f−1(y0)→ hFiberf (y0)

is a homotopy equivalence in this case. Define a homotopy

H : Nf × I → Y

((x, γ), t) 7→ γ(t)

Note thatH0(x, γ) = γ(0) = f(x), andH0 lifts through f by H̄0 : Nf → X , H̄0(x, γ) = x. That is,
f ◦ H̄0 = H0. BecauseX → Y is a fibration, there is a full lift

H̄ : Nf × I → X

ofH through f . In other words, H̄t satisfies the following equation:

f(H̄t(x, γ)) = γ(t)

Now restrict everything to the fibers. Let

ht : hFiberf (y0)→ hFiberf (y0)

(x, γ) 7→
(
H̄t(x, γ), γ|[t,1]

)
Thenh0 is the identity, whereash1(x, γ) = (H̄1(x, γ), cy0) is in the image of i : f−1(y0)→ hFiberf (y0).
Now that ht is a homotopy between i ◦ h1 and the identity, while the restriction of ht is a homotopy between
h1 ◦ i and the identity. This verifies the assertion.

11.1.3. Fiber Homotopy Equivalence. It is important to study fibrations over a given base space
X ∈ Top, working in the category of spaces overX which we denote as TopX . An object in TopX is a
continuous map p : E → X . Moreover, a morphism inTopX is a commutative diagram

E1 E2

X

f

p1 p2

A homotopy inTopX is commutative diagram

E1 × I E2

X

H

p1 p2

such that for all t ∈ I , we have the following commutative diagram:

E1 × {t} E2

X

H|E1×{t}

p1|E1×{t}
p2
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Definition 11.1.13. LetX ∈ Top andE1, E2 ∈ TopX . An object f : E1 → E2 inTopX is homotopy
equivalent if there exists another object g : E2 → E1 inTopX such that

g ◦ f ∼ IdE1 , f ◦ g ∼ IdE2 ,

inTopX . The maps f and g are called fibre homotopy equivalences.

The following result will be useful later on:

Proposition 11.1.14. LetX ∈ Top. Let p1 : E1 → X and p2 : E2 → X be fibrations in TopX . Let
f : E1 → E2 be a map such that p2 ◦ f = p1. Suppose that f is a homotopy equivalence inTop. Then f is
a fiber homotopy equivalence in TopX .

Proof. The proof is skipped. □

11.1.4. Characterization of Fibrations. Weendwith a criterion that allowsus to recognizeHurewicz
fibrations. The criterionwill also allowus to deduce that covering spaces and fiber bundles over nice spaces
are Hurewicz fibrations.

Definition 11.1.15. Let U be an open cover ofX ∈ Top. We say that U is numerable if there are maps
λU : X → I for eachU ∈ U such that λ−1

U ((0, 1]) = U .

Proposition 11.1.16. Let p : E → X be a continuous surjectivemap and letU be a locally finite numerable
open cover ofX . Then p is a Hurewicz fibration if and only if p|U : p−1(U)→ U is a Hurewicz fibration
for everyU ∈ U .

Proof. The proof can be found in [May99]. We will see in Proposition 11.2.4 that fiber bundles are Serre
fibrations. This suffices for most purposes. □

11.2. Fibre & Principal Bundles

In this section, we discuss fiber bundles providing the key definitions required to introduce some
important examples of interest. Our primary interest in fiber bundles arises from the fact that important
examples of Serre fibrations are given by fiber bundles.

11.2.1. Definitions.

Definition 11.2.1. LetE,X,F ∈ Top. A continuous surjective map p : E → X is a F -fibre bundle if
it satisfies the following conditions:

(1) There is an open cover {Uα}α
(2) There are homeoomorphisms ϕα : p−1(Uα) → Uα × F such that the following diagram

commutes:
p−1(Uα) Uα × F

Uα

φα

p
pr1

Remark 11.2.2. If p : E → X is a continuous surjective map, we will henceforth use the term fibre bundle
to refer to a F -fiber bundle when the fiber F is clear from context.

Example 11.2.3. Here is a basic list of examples of fibre bundles:
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(1) A trivial fibre bundle is of the formF ×X with fibreX . It is clear that this is a fibre bundle since
p : F ×X → X is a continuous surjective map and the following diagram commutes:

X × F X × F

X

Id

p
pr1

(2) Let p : E → X be a covering space with a discrete fibres, F . Then p : E → X is a fibre bundle
with fibre F .

(3) LetK = R,C. Let p : E → X be a ranknK-vector bundle. Then p : E → X is a fibre bundle
with fibreKn.

Why are we interested in fiber bundles in homotopy theory? We demonstrate that a fiber bundle is a
Serre fibration.

Proposition 11.2.4. Let p : E → X be a fibre bundle. Then p : E → X is a Serre fibration.

Proof. Consider the following diagram:

In × {0} E

In × I X

i0

H0

p

H

Since π : E → B is a fiber bundle, there exists an open covering by subsets Uα such that p−1(Uα) ∼=
Uα×F (overUα). We can cover In+1 by the open subsetsH−1(Uα). Since In+1 is compact, theLebesgue
number lemma implies there exists a k ∈ N such that, for any sequence (j1, . . . , jn) of numbers 0 ≤
j1, . . . , jn ≤ k − 1, the small cube[

j1
k
,
j1 + 1

k

]
× · · · ×

[
jn
k
,
jn + 1

k

]
is mapped byH into an open set Uα ⊆ X . We construct the liftH incrementally, one cube at a time.
Thus, we may assume that no further subdivision of In+1 is necessary and that H maps In+1 entirely
into some Uα. Moreover, we are given H0 defined on In × {0} that can be extended onto ∂In × I .
Consequently, we can also assume that p is the trivial fiber bundleUα × F . Thus, we can construct such
a lift as

H̃ : In+1 → Uα × F ; (x1, . . . , xn+1) 7→
(
H(x1, . . . , xn+1), f(x1, . . . , xn)

)
,

where f is the composition In+1 → In × {0} ∪ ∂In × I → In × {0} → Uα × F → F . Here the
first map is a deformation retraction. □
Remark 11.2.5. Proposition 11.1.16 implies that fibre bundles with paracompact base spaces are Hurewicz
fibrations. Recall that a paracompact space is a topological space in which every open cover has an open refine-
ment that is locally finite. Moreover, every open cover on a paracompact space can be shown to be numerable
by working with the existence of bump functions guaranteed to exist by Urysohn’s lemma.

Let us consider some examples. We construct examples of fiber bundles (and hence Serre fibrations)
via group actions. In fact, the examples we construct will be principal bundles, which are specific instances
of fiber bundles. To proceed, we first define the notion of a principal bundle.

Definition 11.2.6. Let p : E → X be a fibre bundle with a topological group, G, as its fibre. Then
p : E → X is a principalG-bundle if the following hold:
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(1) There is a continuous, free group actionE ×G→ E,
(2) For each x ∈ X , the action ofG preserves the fibreEx and the orbit mapG→ Ex is a homeo-

morphism,
(3) The locally trivalizing cover {Uα, ϕα}α is such that each ϕ isG-equivariant. That is,

ϕα(e · g) = ϕα(e) · g
The groupG is called the structure group of the principalG-bundle.

The examples of principalG-bundles we construct will be derived from the category of smooth man-
ifolds. Consequently, the remainder of this section is adapted for the category of smooth manifolds. We
will use the following important result:

Proposition 11.2.7. LetG be a Lie group andM be a smooth manifold. A smooth, free, properly disctont-
nuous action ofG onM induces a smooth manifold structure onM/G such that the mapM → M/G is
principleG-bundle.

Proof. The proof is skipped. □
Example 11.2.8. (Hopf Fibrations) We discuss the all important example of Hopf fibrations over k =
R,C,H.

(1) Let Sn ⊆ Rn+1. Let Z2 acts on Sn via
Sn × Z2 → S2n+1, (w,±1) 7→ ±w.

The action is free. Since Z2 is compact, the action is proper as well. Proposition 11.2.7 implies
that the Sn/Z2 is principal Z2-bundle. In fact, we have

Z2 → Sn → Sn/Z2
∼= RPn

is a principal Z2-bundle called the real Hopf bundle. By letting n→∞, we get:
Z2 → S∞ → RP∞

(2) Let S2n+1 ⊆ Cn+1 be a sphere of odd dimension. Let S1 ∼= U(1) ⊆ C acts on S2n+1 via

S2n+1 × S1 → S2n+1, (w, z) 7→ wz.

The action is free. SinceS1 is compact, the action is proper as well. Proposition 11.2.7 implies that
the S2n+1/U(1) is principal S1-bundle. Hence,

S1 → S2n+1 → S2n+1/U(1) ∼= CPn

is a principal S1-bundle called the complex Hopf bundle. By letting n→∞, we get:

S1 → S∞ → CP∞

(3) Let S3 ⊆ H. and S4n+3 ⊆ Hn+1. An argument as in (2) shows that

S3 → S4n+3 → S4n+3/S3 ∼= HPn

is a principal S3-bundle called the quarternionic Hopf bundle. By letting n→∞, we get:

S3 → S∞ → HP∞

Remark 11.2.9. For n = 1, the Hopf fibrations reduce to:

S0 → S1 → S1,
S1 → S3 → S2,
S3 → S7 → S4.
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There is also an octonionic fibration:
S7 → S15 → S8,

but there are no higher octonionic versions of the Hopf fibrations.

LetG be a Lie group andH ⊆ G is a closed Lie subgroup. The natural ofH onG by right multipli-
cation is smooth, free and proper. Hence, Proposition 11.2.7 implies thatG/H is aH-principal bundle.

Example 11.2.10. (Homoegenous Spaces)The following is a list of examples of homogenous spacewhich
are principal bundles.

(1) Consider O(n− 1) a closed subgroup acting naturally on O(n). Note that

O(n)/O(n− 1) ∼= Sn−1

This follows from the standard transitive action of O(n) on Sn−1, the orbit-stabilizer theorem
and the characteristic property of smooth submersions. Hence,

O(n− 1)→ O(n)→ Sn−1

is a principal O(n− 1)-bundle.
(2) Consider SO(n− 1) a closed subgroup acting naturally on SO(n). Note that

SO(n)/ SO(n− 1) ∼= Sn−1

This follows from the standard transitive acton of SO(n) on Sn−1, the orbit-stabilizer theorem
and the characteristic property of smooth submersions. Hence,

SO(n− 1)→ SO(n)→ Sn−1

is a principal SO(n− 1)-bundle.
(3) Consider U(n− 1) a closed subgroup acting naturally on U(n). Note that

U(n)/U(n− 1) ∼= S2n−1

This follows from the standard transitive acton of U(n) on S2n−1, the orbit-stabilizer theorem
and the characteristic property of smooth submersions. Hence,

U(n− 1)→ U(n)→ S2n−1

is a principal U(n− 1)-bundle.

We can generalize the above examples by introducing the notion of Stiefel manifolds.

Definition 11.2.11. LetK = R,C,H. Ak-frame inKn is anorderedorthonormal set of vectors{v1, . . . , vk} ⊆
Kn1. The set of all k-frames, Vk(Kn), is called the Stiefel manifold.

Remark 11.2.12. It can be verified that Vk(Kn) is a compact smooth manifold. Note that we have the fol-
lowing identifications:

(1) V1(Rn) ∼= Sn−1

(2) V1(Cn) ∼= S2n−1

(3) Vn(Rn) ∼= O(n)
(4) Vn(Cn) ∼= U(n)

1Here we take the standard inner product.
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Example 11.2.13. Consider O(n− k) a closed subgroup acting naturally on O(n). Note that
O(n)/O(n− k) ∼= Vk(Rn)

The group O(n) acts on the set Vk(Rn) via
A · (v1, . . . , vk) = (Av1, . . . , Avk).

Since the vectors v1, . . . , vk can be completed to form an orthonormal basis ofRn, and O(n) acts transi-
tively on orthonormal bases, it follows that the action of O(n) on Vk(Rn) is also transitive. The isotropy
group of the point

p = (e1, . . . , ek) ∈ Vk(Rn)
is given by

O(n)p =
{(

Ek 0
0 A

) ∣∣∣∣A ∈ O(n− k)} ∼= O(n− k).

The characteristic property of smooth submersions now implies that
Vk(Rn) = O(n)/O(n− k).

as smooth manifolds. The discussion of homogenous spaces implies that
O(n− k)→ O(n)→ Vk(Rn)

is a principal O(n− k)-bundle.

Remark 11.2.14. Similarly, it can be shown that
Vk(Cn) = U(n)/U(n− k),
Vk(Hn) = Sp(n)/ Sp(n− k).

Hence, we have additional examples:
U(n− k)→ U(n)→ Vk(Cn),
Sp(n− k)→ Sp(n)→ Vk(Hn).

We can also define the notion of a Grassmannian that can be used to generated additional principal
G-bundles.

Example 11.2.15. LetK = R,C,H. The set of all k-dimensional subspaces ofKn,Gk(Kn), is called the
Grassmannian.

There is a natural surjection
p : Vk(Kn) −→ Gk(Kn)

{v1, . . . , vn} 7→ span{v1, . . . , vn}.
The fact that p is onto follows from the Gram-Schmidt procedure. Thus,Gk(Kn) is a topological space
endowed with the quotient topology via p.

Example 11.2.16. (Sketch)Note thatO(k) acts onVk(Rn) smoothly, freely andproperly discontinuously.
We have that

Vk(Rn)/O(k) ∼= Gk(Rn)
Hence,

O(k)→ Vk(Rn)→ Gk(Rn)
is a principal O(k)-bundle. If we let n→∞, we get:

O(k)→ Vk(R∞)→ Gk(R∞)
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HereGk(R∞) is the infinite Grassmannian.

Remark 11.2.17. Similarly, it can be shown that we have the following examples:

U(k)→ Vk(Cn)→ Gk(Cn)

If we let n→∞, we get:
U(k)→ Vk(C∞)→ Gk(C∞)

11.3. Based Fibrations

Fibrations discussed above are called unbased fibrations. We can now define pointed fibrations.

Definition 11.3.1. Let (E, e0), (X,x0) ∈ Top∗. A pointed inp : (E, e0)→ (X,x0) is a based fibration
if all the relevant maps in Definition 11.1.1 are pointed maps.

Remark 11.3.2. F = p−1(x0) is called the pointed fiber of p over x. We have a sequence

F
i−→ E

p−→ X

Remark 11.3.3. Let (X,x0), (Y, y0) ∈ Top∗. If f : (X,x0) → (Y, y0) is a pointed map, we redefine
Nf to be

Nf = X ×f Y I : {(x, γ) ∈ X × Y I | f(x) = γ(1)}.
The proof in Proposition 11.1.9 goes through and f can be decomposed as:

(X,x0) Nf (Y, y0)

f

i p

Here i is a homotopy equivalence as defined in Proposition 11.1.9 and p is a (Hurewicz) fibration such that

p : Nf → Y

(x, γ) 7→ γ(0)

Example 11.3.4. Let (X,x0) ∈ Top∗ and let f : {x0} ↪→ X denote the inclusion of a singleton. In this
case,Nf

∼= P (X,x0). HereNf is as redefined in Remark 11.3.3. We have

{x0} P (X,x0) (X,x0)

f

p

Here p is a fibration called the path space fibration. Note that we have p−1(x0) = Ω(X,x0). Hence, we
have the following sequence

Ω(X,x0)→ P (X,x0)→ (X,x0).

Remark 11.3.5. We shall only use the phrase fibration when working with a based fibration.

We would to generate a long exact sequence of homotopy groups associated to a continuous map.
Here is the strategy. Let f : X → Y be a pointed continuous map of pointed topological spaces. Using
Remark 11.3.3, we can decomopose f as:

X Nf Y

f

i p′
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Consider the homotopy fiber:

hFiberf (y0) := (p′)−1(y) = {(x, γ) ∈ X × P (Y, y0) | γ(1) = f(x), γ(0) = y0}

For brevity, we write hFiberf (y0) and hFibf . Note that hFibf is a pullback:

hFibf P (Y, y0)

X Y

Ev1
f

Therefore, Proposition 11.1.6 implies that the projection p : hFibf → X is a fibration. We get a sequence

hFibf
p−→ X

f−→ Y

We would like to iterate this construction. Since x ∈ X0 is the basepoint ofX , note that the fiber of the
fibration p is

p−1(x0) = {x0} × {γ ∈ P (Y, y0) | γ(1) = f(x0) = y0, γ(0) = y0} ∼= Ω(Y, y0)

Hence, the usual fiber of p over x0 can be identified with Ω(Y, y0). As before, we have an inclusion of
p−1(x0) into the homotopy fiber hFibp. Since p is a fibration, this inclusion is a homotopy equivalence
by Remark 11.1.12. Hence, we have a sequence

Ω(Y, y0) hFibf X Y

hFibp hFibf X Y

∼=

i p f

proj p f

Here i is the inclusion mapping γ → (x0, γ). The left most square commutes by construction. Hence,
the diagram above commutes in Top∗. How shall we extend the sequence? The answer is given by the
following result:

Lemma 11.3.6. Let (E, e0), (X,x0) ∈ Top∗ and let f : (E, e0) → (X,x0) be a pointed map. Let
F = p−1(x0) and

F
g−→ E

f−→ X

be the associated fiber sequence. The homotopy fibre hFiberg of g is homotopy equivalent toΩ(X,x0).

Proof. Using Remark 11.3.3, decompose f as:

(E, e0) Nf

(X,x0)

f
i

p

Since i is a homotopy equivalence and f, p are fibrations, Proposition 11.1.14 implies that i is in fact a fiber
homotopy equivalence. It follows that

i|F : F → hFiberf
is a homotopy equivalence. From the discussion above hFiberf is defined as a pullback and the projection
hFiberf → E is a fibration. We can furthermore decompose g as:

F → Ng → E
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Weknow thatNg is also defined as a pullback, themapF → Ng is a homotopy equivalence andNg → E
is a fibration. The fiber of the fibrationNg → E is hFiberg and the fiber of the fibration hFiberf → E is
Ω(X,x0). All in all, we have the following diagram:

hFiberg Ng

F E

Ω(X,x0) hFiberf

∼= fib.

g

∼= fib.

Since the map from Ng → hFiberf , Proposition 11.1.14 implies that the map is in fact a fiber homo-
topy equivalence overE. In particular, the map restricts to a homotopy equivalnce between hFiberg and
Ω(X,x0). □

We can now use Lemma 11.3.6 to continue to construction of the sequence.

Ω(X,x0) Ω(Y, y0) hFibf X Y

hFibi hFibp hFibf X Y

j′◦inv

Ωf

j

i p f

proj′ proj p f

Here j is the homotopy equivalence discussed above and j′ that exists by Lemma 11.3.6. Moreover, inv is
the map

inv : Ω(X,x0)→ Ω(X,x0),

γ 7→ γ−1.

Since hFibp ∼= Ω(Y, y0), we identify proj′ to be simply the projection ontoΩ(Y, y0). We claim that the
diagram above commutes in in hTop∗. The first and second squares are clearly commutative. The third
square commutes as discussed above. It suffices to consider the left most square. Let

k = proj′ ◦(j′ ◦ inv)
We claim that k ∼ j ◦ Ωf . Note that we have

k[γ] = (cy0 , [γ
−1])

j ◦ Ωf [γ] = ([f ◦ γ], cx0)
The desired homotopy is given by

H([γ], t) = (f(γ|[t,1]]), [γ−1|[0,t]])
Iterating the above construction, we get the following sequence in hTop∗:

· · · Ω(hFibf ) Ω(X,x0) Ω(Y, y0) hFibf X Y

· · · hFibΩf hFibi hFibp hFibf X Y

∼=

Ωp1

∼=

Ωf

∼=

i p f

For each pair of adjacentmaps, the first is the inclusion of the homotopy fibre of the next, up to homotopy
equivalence. What now? For a fixedY , w can take the homotopy classes ofmaps [Y,−]∗, where · is a space
in the sequence above. We need the following lemma and a definition.
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Definition 11.3.7. A sequence of functions of pointed sets

(A, a)
f−→ (B, b)

g−→ (C, c)

is exact if f(A) = g−1(c).

Lemma 11.3.8. Let (E, e0), (X,x0), (Z, z0) ∈ Top∗. Let p : (E, e0) → (X,x0) be a fibration and let
F = p−1(x0). The sequence

F
i−→ E

p−→ X

induces an exact sequence of sets2:

[Z,F ]∗
i#−→ [Z,E]∗

p#−→ [Z,X]∗

Proof. Let [g] ∈ [Z,F ]∗. Then

p# ◦ i#([g]) : Z → X

y 7→ x0

and so
i#([Z,F ]∗) ⊆ p−1

# ([cx0 ])

where cx0 is the constant mapE → x0. Now, let [f ] ∈ p−1
# ([cx0 ]). So f : Z → E is such that

p#([f ]) = [p ◦ f ] = [cx0 ]

That is p ◦ f is homotopic to cx0 . LetG : Z × I → X be the corresponding homotopy. Now define
H : Z × I → E via the homotopy lifting property as in the following commutative diagram.

Z × {0} E

Z × I X

i0

f

p

G

H

Then
p ◦H(z, 1) = G(z, 1) = cx0

HenceH(Z, 1) ⊆ F . So z 7→ H(z, 1) can be restricted to a map f ′ : Z → F . ButH(z, 0) = f(z), so
we have

f ∼= i ◦ f ′

That is, [f ] = i#([f
′]) and so [f ] ∈ i#([Y, F ]). This completes the proof. □

Let’s now use Lemma 11.3.8 to get the following result:

Proposition 11.3.9. (Exact Puppe Sequence) Let (X,x0), (Y, y0) ∈ Top∗ and let f : (X,x0) →
(Y, y0) be a pointed continuous map. The sequence

· · · Ω(hFibf ) Ω(X,x0) Ω(Y, y0) hFibf X Y
Ωp1 Ωf i p f

is exact.

2A sequence of functions of pointed sets (A, a)
f−→ (B, b)

g−→ (C, c)is exact if f(A) = g−1(c).
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Proof. Let (Z, z0) ∈ Top∗. First consider

hFib p−→ X
f−→ Y

Instead consider the sequence

hFibf
i−→ Nf

p′−→ Y

Here themapp′ is anhonest fibration andhFibf is thefibreofp′. ForY ∈ Top∗, we can applyLemma 11.3.6
to get an exact sequence of sets:

[Z, hFibf ]∗ −→ [Z,Nf ]∗ −→ [Z, Y ]∗

However, note that [Z,Nf ]∗ ∼= [Z,X]∗ sinceP (Y, y0) is contractible. Hence, we find that the sequence

hFib p−→ X
f−→ Y

is exact. Moreover,
Ωk(hFib) p−→ Ωk(X,x0)

f−→ Ωk(Y, y0)

is exact for each k ≥ 1. This is because the sequence

[Z,Ωk(hFib)]∗ → [Z,Ωk(X,x0)]→ [Z,Ωk(Y, y0)]

can be written as
[ΣkZ, hFib]∗ → [ΣkZ, (X,x0)]∗ → [ΣkZ, (Y, y0)]∗

which is know to be exact. Hence, the given long exact sequence is an exact sequence. □
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CHAPTER 13

Higher Homotopy Groups

While the fundamental group captures information about loops in a space, higher homotopy groups
generalize this idea to spheres of higher dimensions. These groups provide deeper insight into the global
topological structure of a space and are crucial in distinguishing spaces that share the same fundamental
group but differ in higher-dimensional features. As before, we adopt the following conventions from now
on:

(1) We will assume that we work in the categoryCGWH.
(2) Abusing notation, we will writeCGWH asTop.
(3) We will writeX ×k Y simply asX × Y .
References include [Hat02; May99].

13.1. Definitions

In this section, we generalize the definition of the first homotopy group.

Definition 13.1.1. Let (X,x0) ∈ Top∗ be a path-connected pointed topological space. The n-th homo-
topy group of (X,x0), denoted as πn(X,x0), is defined as

πn(X,x0) = [(Sn, ∗), (X,x0)] := [Sn, X]∗

X is or n-connected if πk(X,x0) for 1 ≤ k ≤ n. We say thatX is weakly contractible or∞-connected
if πk(X,x0) = 0 for all k ∈ N.

Remark 13.1.2. Note that
(In/∂In, ∂In/∂In) ∼= (Sn, ∗)

Hence, we have the following commutative diagram:

(In, ∂In) (X,x0)

(In/∂In, ∂In/∂In)

f

q
g

Equivalently, πn(X,x0) consists of homotopy classes of maps f : In → X for which ∂In is mapped onto
x0. This is because the properties of the quotient topology imply that every f in the diagram above uniquely
factors through a g in the same diagram.

Remark 13.1.3. Ifn = 0, thenπ0(X,x0) is the set of connected components ofX . Indeed, we have I0 = {∗}
and ∂I0 = ∅. Hence,

π0(X,x0) = {[y] | y ∈ X}
Moreover, [y] ∼ [y′] if and only if there is a path between y and y′. Hence, π0(X,x0) consists of homotopy
classes of maps from a point into the spaceX .

215
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Proposition 13.1.4. Let (X,x0) ∈ Top∗. Then there is a bijection of pointed sets:
πn−1(Ω(X,x0), cx0)

∼= πn(X,x0)

for each n ≥ 1. Here cx0 is the constant loop at x0.

Proof. We have:

πn−1(Ω(X,x0), cx0) = π0(Maps((Sn−1, ∗),Ω(X,x0)))
∼= π0(Maps(Σ(Sn−1, ∗), (X,x0)))
∼= π0(Maps((Sn, ∗), (X,x0)))
= πn(X,x0).

for each n ≥ 1. □
Remark 13.1.5. We can also make the following computation:

πn(X,x0) ∼= π0(Maps((Sn, ∗), (X,x0)))
∼= π0(Maps((S1, ∗) ∧ (Sn−1, ∗), (X,x0)))
∼= π0(Maps((S1, ∗),Ωn−1

′ (X,x0)))

:= π1(Ω
n−1
′ (X,x0)).

for each n ≥ 1. Here we denote

Ωn−1
′ (X,x0) := [(Sn−1, ∗), (X,x0)]∗

Note that we have

(Ωn−1(X,x0), cx0)
∼= [(S0, ∗),Ωn−1(X,x0)]

∼= [Σn−1(S0, ∗), (X,x0)]
∼= [(Sn−1, ∗), (X,x0)]
:= Ωn−1

′ (X,x0).

This identification follows sinceΩn−1(X,x0) is a pointed topological space with the constant loop as the base
point. Hence, we have

πn(X,x0) = π1(Ω
n−1(X,x0), cx0)

for n ≥ 1.

Proposition 13.1.6. Let (X,x0) ∈ Top∗. The set πn(X,x0) forms a group for n ≥ 2.

Proof. This follows immediately from the fact that πn(X,x0) = π1(Ω
n−1(X,x0), cx0) and π1(·) is a

group. We can also give a more direct argument. Consider the following map:

(f + g)(s1, s2, . . . , sn) =

{
f(2s1, s2, . . . , sn) if 0 ≤ s1 ≤ 1

2

g(2s1 − 1, s2, . . . , sn) if 1
2 ≤ s1 ≤ 1

Note that since only the first coordinate is involved in this operation, the same argument used to prove that
π1(X,x0) is a group is valid here as well. In particular, the identity element is the constant map taking all
of In to x0 and the inverse element is given by

−f(s1, s2, . . . , sn) = f(1− s1, s2, . . . , sn).
This completes the proof. □
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The additive notation for the group operation is used because πn(X,x0) is abelian for n ≥ 2.

Lemma 13.1.7. (Eckmann–HiltonArgument) LetX be a set equippedwith two binary operations, ◦ and
⊗, such that:

• ◦ and⊗ are both unital. That is, there are identity elements 1◦ and 1⊗ such that
1◦ ◦ a = a = a ◦ 1◦
1⊗ ⊗ a = a = a⊗ 1⊗

for all a ∈ X .
• We have,

(a⊗ b) ◦ (c⊗ d) = (a ◦ c)⊗ (b ◦ d),
for all a, b, c, d ∈ X .

Then ◦ and⊗ are the same and in fact commutative and associative.

Proof. Observe that the units of the two operations coincide:
1◦ = 1◦ ◦ 1◦ = (1⊗ ⊗ 1◦) ◦ (1◦ ⊗ 1⊗) = (1⊗ ◦ 1◦)⊗ (1◦ ◦ 1⊗) = 1⊗ ⊗ 1⊗ = 1⊗.

We denote the common identity as 1. Now, let a, b ∈ X . Then
a ◦ b = (1⊗ a) ◦ (b⊗ 1) = (1 ◦ b)⊗ (a ◦ 1) = b⊗ a = (b ◦ 1)⊗ (1 ◦ a) = (b⊗ 1) ◦ (1⊗ a) = b ◦ a.
This establishes that the two operations coincide and are commutative. For associativity,

(a⊗ b)⊗ c = (a⊗ b)⊗ (1⊗ c) = (a⊗ 1)⊗ (b⊗ c) = a⊗ (b⊗ c).
This completes the proof. □
Proposition 13.1.8. Let (X,x0) ∈ Top∗. If n ≥ 2, πn(X,x0) is an abelian group.

Proof. WeuseLemma 13.1.7. TouseLemma 13.1.7,wedefine an alternativebinaryoperation. Let [f ], [g] ∈
πn(X,x0). Then define [f ]× [g] to be the homotopy class of the map f × g defined by

(f × g)(t1, . . . , tn) =

{
f(t1, 2t2, t3, . . . , tn) if t2 ∈ [0, 1/2],

g(t1, 2t2 − 1, t3, . . . , tn) if t2 ∈ [1/2, 1].

It is clear that × is a well-defined operation on πn(X,x0). Moreover, × is a unital operation with the
identity element given by the constantmap taking all of In to x0. Tomake use of Lemma 13.1.7, it remains
to prove that for any [f ], [g], [h], [k] ∈ πn(X,x0),

([f ]× [g]) + ([h]× [k]) = ([f ] + [h])× ([g] + [k]).

The left-hand side is defined to be the homotopy class of

(([f ]× [g]) + ([h]× [k]))(t1, . . . , tn) =


f(2t1, 2t2, t3, . . . , tn) if t1 ≤ 1

2 , t2 ≤
1
2 ,

g(2t1, 2t2 − 1, t3, . . . , tn) if t1 ≤ 1
2 , t2 ≥

1
2 ,

h(2t1 − 1, 2t2, t3, . . . , tn) if t1 ≥ 1
2 , t2 ≤

1
2 ,

k(2t1 − 1, 2t2 − 1, t3, . . . , tn) if t1 ≥ 1
2 , t2 ≥

1
2 .

The right-hand side is the homotopy class of

(([f ] + [h])× ([g] + [k]))(t1, . . . , tn) =


f(2t1, 2t2, t3, . . . , tn) if t1 ≤ 1

2 , t2 ≤
1
2 ,

h(2t1 − 1, 2t2, t3, . . . , tn) if t1 ≥ 1
2 , t2 ≤

1
2 ,

g(2t1, 2t2 − 1, t3, . . . , tn) if t1 ≤ 1
2 , t2 ≥

1
2 ,

k(2t1 − 1, 2t2 − 1, t3, . . . , tn) if t1 ≥ 1
2 , t2 ≥

1
2 .
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Both these maps are exactly the same map. By Lemma 13.1.7, + is commutative, so πn(X,x0) is abelian
for n ≥ 2. □
Remark 13.1.9. The proof of Proposition 13.1.8makes it clear whyπ1(X,x0)need not be abelian. We simply
do not have “enough space” in [0, 1] to carry out the same argument.

We end this section is devoted to discussing various properties of higher homotopy groups that are
analogous to those of the fundamental group.

Proposition 13.1.10. Let (X,x0) ∈ Top∗. The following are some properties of πn(X,x0) for n ≥ 1.
(1) For each x′0 ∈ X, such that x′0 ∈ π0(x), we have

πn(X,x0) ∼= πn(X,x
′)

(2) For n ≥ 2, πn is a functor from Top∗ to Ab, the category abelian of groups.
(3) For each n ≥ 1, πn preserves products. If (Y, y) ∈ Top∗ then

πn(X × Y, (x0, y0)) ∼= πn(X,x0) ∼= πn(Y, y0)

That is, πn preserves products for n ≥ 1.
(4) If f : (X,x0) → (Y, y0) is a pointed homotopy equivalence, then the induced homomorphism

f∗ : πn(X,x0)→ πn(Y, y0) is an isomorphism.
(5) If (X̃, x̃0) ∈ Top and p : X̃ → X is a covering map, then p∗ : πn(X̃, x̃0)→ πn(X, p(x̃0)) is

an isomorphism for all n ≥ 2.

Proof. The proof is given below:
(1) This follows because

πn(X,x0) ∼= π1(Ω
n−1(X,x0), cx0)

∼= π1(Ω
n−1(X,x′0), cx′0)

∼= πn(X,x
′
0)

Here we have used the fact thatΩn−1(X,x0) andΩn−1(X,x′0) are homeomorphic topological
spaces.

(2) Letφ : (X,x0)→ (Y, y0) be a continuousmap. If f ∼ g, thenϕ◦f ∼ ϕ◦g as before. Hence,
the induced map φ∗ : πn(X,x0)→ πn(Y, y) is well-defined. Moreover, from the definition of
the group operation on πn, it is clear that we have

ϕ ◦ (f + g) = (ϕ ◦ f) + (ϕ ◦ g)
Thus, ϕ∗([f + g]) = ϕ∗([f ]) + ϕ∗([g]). Hence, ϕ∗ is a group homomorphism.

(3) The proof in the case of π1 goes through as before.
(4) Let g : (Y, y0)→ (X,x0) be an inverse pointed homotopy equivalence so that we have:

g ◦ f ∼ IdX rel x0 and f ◦ g ∼ IdY rel y0.
Homotopy invariance gives1 g∗◦f∗ = (g◦f)∗ = Idπn(X,x0), and similarly f∗◦g∗ = Idπn(Y,y0).

(5) First, we show that p∗ is surjective. Let x0 = p(x̃0) and consider f : (Sn, ∗)→ (X,x0). Since
n ≥ 2, we have π1(Sn, ∗) = 0, so

f∗(π1(Sn, ∗)) = {0} ⊆ p∗(π1(X̃, x̃)).

By the path lifting criterion, f admits a lift to (X, x̃0). That is there exists f̃ : (Sn, ∗)→ (X̃, x̃0)

such that p ◦ f̃ = f . Then [f ] = [p ◦ f ] = p∗([f ]). Next, we show that p∗ is injective. Suppose
[f̃ ] ∈ ker p∗. So [p ◦ f̃ ] = 0. Let p ◦ f̃ = f . Then f ∼ cx0 via some homotopy

Ht : (Sn, ∗)→ (X,x0)

1It is easy to see that homotopic maps induce identical homotopic maps and hence identical maps on homotopy groups.
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withϕ1 = f andϕ0 = cx0 . By the homotopy lifting criterion, there is a unique H̃t : (Sn, ∗)→
(X̃, x̃0) with p ◦ H̃t = Ht. Then we have p ◦ H̃1 = H1 = f and p ◦ H̃0 = H0 = cx0 , so by
the uniqueness of lifts, we must have H̃1 = f̃ and H̃0 = cx̃0 . ThenHt is a homotopy between
f̃ and cx̃. So [f̃ ] = 0. Thus, p∗ is injective.

This completes the proof. □

Remark 13.1.11. Proposition 13.1.10(5) can be interpreted as mentioning that covering spaces cannot be used
to compute higher homotopy groups!

How does one compute higher homotopy groups? In general, this is a difficult problem. But we can
at the very least state some trivial calculations for definition and basic properties:

Proposition 13.1.12. The following are calculations of some higher homotopy groups:
(1) IfX = {•} is a one-point space, then πn(X) = {0}, is the trivial abelian group for n ≥ 2.
(2) If (X,x0) is contractible, then πn(X,x0) = {0} is the trivial abelian group for n ≥ 2.
(3) We have

πn(S1) =

{
Z, if n = 0, 1,

0, if n ≥ 2

(4) We have

πn

(
S1 × · · · × S1︸ ︷︷ ︸

k -times

, (∗1, · · · , ∗k)
)
= {0}

for n ≥ 2.
(5) We have πn(RPk, ∗) ∼= πn(Sk, ∗) for n ≥ 2.
(6) We have πn(RP∞, ∗) = 0 for n ≥ 2.

Proof. The proof is given below:
(1) A one-point space has only the constant loop. Hence, each higher homotopy group is trivial.
(2) This follows from the Proposition 13.1.10(5) and (1) above.
(3) Consider S1 with its universal covering map p : R→ S1. If n ≥ 2, we have

πn(S1, ∗) = πn(R, 0) = 0

We already know the result for n = 0, 1.
(4) This follows from (3) and Proposition 13.1.10(3). We can also apply a covering space argument as

in (3).
(5) This is because Sn → RPn is a covering map.
(6) This is because S∞ → RP∞ is a covering map and S∞ is contractible.

This completes the proof. □

13.2. Cellular Approximation

Homotopy theory of CW complexes is more tractable. For instance, a key results includes the cellular
approximation, which allows for approximating maps by cellular ones. We prove the cellular approxima-
tion theorem in this section. Since CW complexes are built inductively, the following strategy will not
come as a surprise. Given a map f : X → Y of CW complexes, we will try to deform f cell by cell into a
cellular map. As an important building block for the proof of the theorem, there is the following case of a
single cell.
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Lemma 13.2.1. LetX,Y ∈ Top such that we have a pushout diagram

Sn−1 X

Dn Y
χ

Any map f : (Dm, Sm−1) → (Y,X) withm < n is homotopic relative to Sm−1 to a map g satisfying
g(Dm) ⊆ X .

Let us describe the strategy of the proof. The attaching map χ : Dn → Y restricts to a homeomor-
phism χInt(Dn). Hence, we identify Int(Dn) ⊆ Y . We show that we can construct a homotopy relative
to Sm−1 such that f ' h and 0 /∈ h(Dm). Here 0 is the origin of Int(Dn). To see that this is enough,
consider Y \ {0}. The inclusion i : X → Y \ {0} is the inclusion of a strong deformation retraction
r : Y \ {0} → X induced by collapsing Int(Dn) \ {0} onto Sn−1. Hence, we have

IdY−{0} ' i ◦ r
relative toX which induces the desired relative homotopy

h = IdY−{0} ◦h ' i ◦ r ◦ h = g

relative to Sm−1. Putting these two homotopies together, we conclude that f ' g relative to Sm−1.

Proof. We induct on n. Let n = 1,m = 0. In this case, Sm−1 = ∅ andDm = {∗}. A map

f : ({∗}, ∅)→ (Y,X)

is essentially the same as a point y ∈ Y . For some x ∈ X , there is a path ω : I → Y with ω(0) = y and
ω(1) = x ∈ X . This path defines the desired homotopy. Assume the claim has been prove forn− 1. We
list the following consequences of our inductive assumption:

(1) AnymapSk → Sn−1 fork < n−1 is homotopic to a constantmap. Indeed, apply the inductive
hypothesis to for n− 1 to the standard map (Dk, Sk−1)→ (Dn−1

∐
Sn−2 ∗, ∗).

(2) Any map Sk → Sn−1 × (a, b) for k < n − 1 is homotopic to a constant map. This follows
from (1) and that (a, b) is contractible.

(3) Any map Sk → Sn−1 × (a, b) for k < n − 1 can be extended Dk. This follows from (2) and
Proposition 10.1.4.

We now construct a homotopy f ' h : Dm → Y relative to Sm−1 such that 0 /∈ h(Dm).Consider the
subsets

U0 = {x ∈ Dn | ‖x‖ < 2/3},
V0 = {x ∈ Dn | ‖x‖ > 1/3}.

and define two subsets of Y by settingU = χ(U0) and V = X
∐

Sn−1 χ(V0). Note that

U ∩ V ∼= Sn−1 × (1/3, 2/3).

Weconstruct a homotopy f ' h such that the image ofh entirely lies inV , and hence avoids the point 0 ∈
Y . WLOG replace (Dm, Sm−1) by (Im, ∂Im). Note that {U, V } is an open cover for Y . Pulling back
the open cover of Y along f induces an open cover f−1(U), f−1(V ) of of Im. The Lebesgue number
lemma implies there exists aN > 0 such that the image of each m-cube

Imk1,...,km =

[
k1
N
,
k1 + 1

N

]
× · · · ×

[
km
N
,
km + 1

N

]
, 0 ≤ ki < N
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under f is contained in either U or V . We construct homotopies to modify f only on those Imk1,...,km
which are not entirely mapped to V . We define a filtration on Im,

∂Im ⊆ Z(−1) ⊆ Z(0) ⊆ · · · ⊆ Z(m) = Im.

Let J−1 be the index set for all l-dimensional sub-cubes, 0 ≤ l ≤ m, of all cubes Imk1,...,km which are
already completely mapped to V by f . Let us denote the l-dimensional sub-cube corresponding to such
an index ϕ ∈ J−1 by I lφ. We then set

Z(−1) =
⋃

φ∈J−1

I lφ,

and it follows from our assumption on f that ∂Im ⊆ Z(−1). We now take care of the remaining sub-
cubes, and this will be done by induction over the dimension of these sub-cubes. For each 0 ≤ k ≤ m,
let Jk be the index set for all k-dimensional sub-cubes, Ikφ forϕ ∈ Jk, of the cubes Imk1,...,km which satisfy
f(Ikφ) 6⊆ V . Set

Z(k) = Z(k−1)
∐ ⋃

φ∈Jk

Ikφ.

This defines a filtration forX . We now want to inductively construct maps hk : Z(k) → Y , k ≥ −1,
such that:

• The map h−1 is obtained from f by restriction.
• The map hk sends the cubes Ikφ toU ∩ V for all ϕ ∈ Jk and k ≥ 0.
• The map hk extends hk−1, i.e., we have hk|Z(k−1) = hk−1 for all k ≥ 0.

For h0, note that Z(0) is obtained from Z(−1) by possibly adding some vertices which are mapped to U .
For each such vertex, choose a path to a point in U ∩ V . This defines h0. Inductively, assume that hk−1

has already been constructed. For each ϕ ∈ Jk, we have that hk−1(∂I
φ
k ) ⊆ U ∩ V . Since U ∩ V ∼=

Sn−1×(1/3, 2/3), the induction hypothesis and (3) above implies thatwe can find extensions as indicated
in the following diagram:

∂Ikφ U ∩ V

Ikφ

hk−1

hk,φ

These maps hk,φ and hk−1 can be assembled together in order to define a map hk : Z(k) → Y with
the desired properties. If we set h = hm : Im = X(m) → Y , then we have h(Im) ⊆ V . Hence,
it suffices to show that f ∼= h relative to ∂Im. We show that in fact we construct such a homotopy
relative to Z(−1). Both maps f and h coincide on Z(−1). Moreover, the restrictions of both maps to
Im − Z(−1) can be considered as maps taking values in U . But, U is homeomorphic to an open n-disc,
hence convex, so that the two restrictions are homotopic via linear homotopies. This homotopy, together
with the constant homotopy on Z(−1), can be assembled together to give the desired homotopy f ∼ h

relative toZ(−1). □

We now state and prove the cellular approximation theorem.

Proposition 13.2.2. Let (X,A) be a finite-dimensional CW pair, let Y be a CW complex. If f : X → Y
is a continuous map such that f |A : A → Y is a cellular map, then f is homotopic to a cellular map
g : X → Y relative toA. In particular, any map of CW complexes is homotopic to a cellular map.
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Proof. We have a filtration

A = X(−1) ⊆ X(0) ⊆ X(1) ⊆ . . . X(m) = X,

Similarly, we also have a filtration for Y . Let g−1 = f . We construct maps gn : X → Y and homotopies
gn−1 ' gn such that

(1) The map gn sends the relative n-cells to Y (n).
(2) The homotopy gn−1 ' gn is relative toX(n−1).

We proceed by induction. Let Jn denoting the set of relative n-cells. We have a pushout diagram:⊔
σ∈Jn ∂D

n
σ X(n−1)

⊔
σ∈Jn D

n
σ X(n).

For each such cellDnσ such that gn−1(Dnσ) is not contained in Y (n−1), there is a finite relative subcomplex
Y ′ with

Y (n) ⊆ Y ′ ⊆ Y
such that gn−1(Dnσ) ⊆ Y ′. Choose a cell of maximal dimension in Y ′ which has a nontrivial intersection
with gn−1(Dnσ). By Lemma 13.2.1, this cell can be avoided up to relative homotopy. Repeating this finitely
many times and gluing the relative homotopies together, we obtain a homotopyHn,σ : gn−1 ' gn,σ :

Dnσ → Y relative to ∂Dnσ such that gn,σ(Dnσ) ⊆ Y (n). Recalling thatX(n) × [0, 1] carries the quotient
topology with respect to the map(

X(n−1) t

( ⊔
σ∈Jn

Dnσ

))
× [0, 1] −→ X(n) × [0, 1].

We can glue the homotopies Hn,σ , the constant homotopies on gn−1 : Dnσ → Y for all n-cells with
gn−1(e

n
σ) ⊆ Y (n), and the constant homotopy on gn−1|X(n−1) together in order to obtain a homotopy

H̃n : X(n) × [0, 1]→ Y.

relative toX(n). SinceX(n) → X is a cofibation, we obtain a homotopy

Hn : X × [0, 1]→ Y.

which admits a solution since the inclusionX(n) → X is a cofibration. We set gn = Hn(−, 1). Since
X(m) = X , it suffices to compose the finitely many homotopiesHk, 0 ≤ k ≤ n, to obtain a homotopy
H : f ' g = gn relative toA such that g : X → Y is a cellular map. □
Remark 13.2.3. Proposition 13.2.2 can be extended to the case whereX is infinite-dimensional.

13.3. Relative Homotopy Groups

We define relative homotopy groups. We also state and prove the long exact sequence in homotopy
groups, which is a crucial tool for computations.

Definition 13.3.1. Let (X,A, x0) ∈ Top∗2 such thatA contains the basepoint x0. For n ≥ 1, the n-th
relative homotopy group, denoted as πn(X,A, x0), is defined as

πn(X,A, x0) = [(Dn, Sn−1, ∗), (X,A, x0)]
We say (X,A, x0) is n-connected if πk(X,A, x0) for 0 ≤ k ≤ n.
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One can think about relative homotopy groups differently. Consider the relative path space
P (X,A, x0) = {γ ∈ P (X,x0) | γ(1) ∈ A}.

Note thatP (X,A, x0) is a based topological sapcewith basepoint the constant path at I → x0. Consider
πn−1(P (X,A, x0), cx0) An element of πn−1(P (X,A, x0), cx0) is a map (Sn−1, ∗) → P (X,A, cx0)
up to homotopy that sends ∗ to cx0 . Equivalently, it is a map (Sn−1, ∗)× I → X up to homotopy that:

(1) Maps (Sn−1, ∗)× {0} to x0, as every path starts at x0.
(2) Maps {∗} × I to cx0
(3) Maps (Sn−1, ∗)× {1} intoA as paths end inA.

This is nothing but the data of a map

(Dn, Sn−1, ∗)→ (X,A, x0)

defined up to homotopy. Hence,
πn(X,A, x0) = πn−1(P (X,A, x0), cx0)

This shows that πn(X,A, x0) is a group for n ≥ 2 and an abelian group for n ≥ 3. We have a long exact
sequence in relative homotopy groups:

Proposition 13.3.2. Let (X,A, x0) ∈ Top2∗ such thatA is a closed subspace. Then there is an exact sequence
of homotopy groups:

· · · → πn(A, x0)→ πn(X,x0)→ πn(X,A, x0)→ πn−1(A, x0)→ · · ·

Proof. Consider the inclusion map i : A→ X . The homotopy fiber of i is P (X,A, x0). Note that

[(S0, ∗),Ωn(P (X,A, x0), cx0)] ∼= [Σn(S0, ∗), (P (X,A, x0), cx0)]
∼= [(Sn, ∗), (P (X,A, x0), cx0)]
= πn(P (X,A, x0), cx0) = πn+1(X,A, x0).d

The claim now follows by letting (Z, z0) = (S0, ∗) and applying [(S0, ∗),−] to the exact sequence in
Proposition 11.3.9. □
Remark 13.3.3. Using Proposition 13.3.2 and some algebraic manipulations, one can show if (B ⊂ A ⊂
X) ∈ Top3∗ such thatB ⊆ A ⊆ A andB contains the base point x0, then there is a long exact sequence:

· · · → πn(A,B, x0)→ πn(X,B, x0)→ πn(X,A, x0)→ πn−1(A,B, x0)→ · · ·

13.4. Freudenthal’s Suspension Theorem

The purpose of this section is to prove Freudenthal’s suspension theorem. We first state a notion
of the excision theorem for homotopy groups. Recall that a remarkable fact about homology groups is
that the relative homology groups satisfy the excision property. However, this is not the case for relative
homotopy groups. However, there is a version of excision that holds for CW complexes that have rather
strong connectedness properties.

Proposition 13.4.1. LetX be aCWcomplex such thatX = A∪B andA∩B is non-empty and connected.
If (A,A ∩ B) is k-connected, (B,A ∩ B) is l-connected, and i : (A,A ∩ B) → (X,B) is the inclusion
map, then for any x0 ∈ A ∩B, the induced map

i∗ : πn(A,A ∩B, x0)→ πn(X,B, x0)

is an isomorphism when n < k + l and is a surjection when n = k + l.

Proof. The proof is lengthy and technical. See [May99; Hat02]. □
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We now state and prove Freudenthal’s Suspension Theorem:

Proposition 13.4.2. Let (X,x0) be an (k − 1)-connected pointed CW complex. For any map f : Sk →
(X,x0), consider its suspension,

Σf : ΣSn = Sn+1 → Σ(X,x0).

The assignment

πn((X,x0))→ πn+1(Σ(X,x0))

[f ] 7→ [Σf ]

is a homomorphism which is an isomorphism for n < 2k − 1 and a surjection for n = 2k − 1.

Proof. We can think ofΣX as two copies ofCX , which we callC+X andC−X , identified along their
bases. Define j to be the composition of the following three maps drawn in the diagram below, each of
which is induced by the obvious inclusion maps.

πn(X,x0)
∼=−→ πn+1(C

+X,X, x0) −→ πn+1(ΣX,C
−X,x0)

∼=−→ πn+1(ΣX,x0)

For any n, the leftmost and rightmost maps are isomorphisms because of the long exact sequences of the
CW pairs (C+X,X) and (ΣX,C−X), respectively, since πn(C±X) is always trivial. Also, when X
is (k − 1)-connected, the CW pair (C±X,X) is k-connected by the long exact sequence of the pair
(C±X,X). This allows us to apply Proposition 13.4.1, so the middle map in the diagram above is an
isomorphism when n+ 1 < 2k and a surjection when n+ 1 = 2k. □

Remark 13.4.3. LetX be a k-connected CW complex. For any n ∈ N, consider the sequence of maps:

· · · → πn(X,x0)→ πn+1(ΣX,x0)→ πn+2(Σ
2X,x0)→ . . .

SinceX is ank-connectedCWcomplex, Proposition 13.4.2 implies that us thatπn(X,x0) ∼= πn+1(ΣX,x0)
if n < 2k + 1. We make the following observations:

(1) In particular,
πn(ΣX,x0) ∼= πn−1(X,x0) ∼= 0

if 0 < n ≤ k + 1. If X is 0-connected (path-connected) then ΣX is also 0-connected (path-
connected). Hence, we have that

X is k-connected =⇒ ΣX is (k + 1)-connected

More generally, we have thatΣnX is (k + n)-connected for any n ∈ N.
(2) LetN(k, n) = n− 1− 2k, and observe that when i > N(k, n), we have n+ i < 2(k+ i) + 1.

Thus, the groups πn+i(ΣiX) are isomorphic for all i > N(k, n). LetN = N(n, k), and define
πn+N (Σ

NX,x0) as the n-th stable homotopy group ofX .
More generally, the n-th stable homotopy group of anyX ∈ Top∗,

πsn(X) := lim−→
i∈N

πn+i(Σ
iX,x0).

Observe that since ΣX is always 0-connected, we do not actually needX to be 0-connected, so every spaceX
has n-th stable homotopy groups for all n ∈ N. Moreover, Proposition 13.4.2 proves this colimit is realized
after finitely many elements along the sequence. This is the start of the subject of stable homotopy theory.
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13.5. Some Computations

The purpose of this section is to compute the homotopy groups. Our main computational tool will
be the long exact sequence associated with a fibration, as proved below. We begin by considering a basic
example.

Example 13.5.1. (Spheres) Let k ≥ 2. We compute πn(Sk, ∗).
(1) Let 1 ≤ n < k. Let Sn → Sk be a continuous map. WLOG, we can assume that f is a cellular

map by Proposition 13.2.2. If Sk is given the standard cellular structure with a 0-cell and a k-cell,
then then-th skeleton ofSk forn < k is simply the 0-cell. Therefore, f : Sn → Sk is homotopic
to the constant map. Hence, πn(Sk, ∗) = 0 for 1 ≤ n < k.

(2) Let n = k. Since Sn is (n − 1)-connected by (1), Proposition 13.4.2 implies that πj(Sn, ∗) →
πj+1(Sn+1, ∗) is an isomorphism for j < 2n− 1. Therefore,

πn(Sn, ∗)→ πn+1(Sn+1, ∗)
for n ≥ 2. Moreover, Proposition 13.4.2 implies that Z ∼= π1(S1, ∗) → π2(S2, ∗) is surjective.
Wewill show that in Example 13.5.6 that in fact this map is an isomorphism since π2(S2, ∗) ∼= Z.
Therefore, we have

Z ∼= π2(S2, ∗) ∼= π3(S3, ∗) ∼= π4(S4, ∗) ∼= ·
That is, πn(Sn, ∗) ∼= Z.

Hence, for k ≥ 2we have

πn(Sk) =

{
0, if 1 ≤ n < k,

Z, if n = k.

Remark 13.5.2. Example 13.5.1 implies that it remains to compute πn(Sk) for n > k. This turns out to be a
very difficult problem.

Remark 13.5.3. We can now also argue that homotopy groups are not a perfect topological invariant. Con-
sider

X = S2 × RP3, Y = RP2 × S3.

By Example 13.5.1, we have:

π1(X) ∼= π1(S2)× π1(RP3) ∼= 0× Z2
∼= Z2

π1(Y ) ∼= π1(RP2)× π1(S3) ∼= Z2 × 0 ∼= Z2

The universal cover of bothX and Y is homeomorphic to S5. Hence,

πn(X) ∼= πn(Y )

for n ≥ 2. Hence,X and Y have same homotopy groups. However,X and Y are not homotopy equivalent.
Indeed,

H5(X) = Z, H5(Y ) = 0

sinceX is compact and orientable, and Y is compact and non-orientable.

Example 13.5.4. Since Sk is (k − 1)-connected, Proposition 13.4.2 implies we have

πn+k(Sk) ∼= πn+k+1(Sk+1)

whenever n+ k < 2k − 1. It follows that the groups πn+k(Sk) stabilize when k > n+ 1.
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We now establish the long exact sequence associated with a fibration. Notably, we can leverage the
properties of fibrations along with the exact Puppe sequence (Proposition 11.3.9) to derive a long exact
sequence of homotopy groups.

Proposition 13.5.5. Let (E, e0), (X,x0) ∈ Top∗ and let p : (E, e0) → (X,x0) be a based fibration.
Let F = p−1(x0). Then we have an exact sequence of homotopy groups:

· · · → πn(F, e0)→ πn(E, e0)→ πn(X,x0)→ πn−1(F, e0)→ πn−1(E, e0)→ πn−1(X, e0)→ · · ·

Proof. Since p is a fibration, we have that the homotopy fiber of p is homotopy equivalent toF . Observe
that

[(S0, ∗),Ωn(X,x0)]∗ ∼= [Σn(S0, ∗), (X,x0)]∗
∼= [(Sn, ∗), (X,x0)]∗
= πn(X,x0)

The claim now follows by letting (Z, z0) = (S0, ∗) and applying [(S0, ∗),−] to the exact sequence in
Proposition 11.3.9. □

We can perform further computations by exploiting the long exact sequence of homotopy groups
associated to fibrations.

Example 13.5.6. (Hopf Fibration) Consider the Hopf Fibration:

S1 → S3 → S2

Barring π0, the long exact sequence reads:

· · · → 0→ π3(S3)→ π3(S2)→ 0→ 0→ π2(S2)→ Z→ 0→ 0

Hence,

π2(S2, ∗) ∼= Z
πn(S3, ∗) ∼= πn(S2, ∗), n ≥ 2

In particular,
π3(S2, ∗) ∼= Z

Remark 13.5.7. The computation in Example 13.5.6 is independent of the computation in Example 13.5.1.
This shows that the claim πn(Sn, ∗) ∼= Zmade in Example 13.5.1 is correct.

Example 13.5.8. Consider the fibration

S1 → S∞ → CP∞

Barring π0, the long exact sequence reads:

· · · 0→ π3(CP∞)→ 0→ π2(CP∞)→ Z→ 0→ π1(CP∞)→ Z→ Z→ Z

Hence,

πn(CP∞) ∼=

{
Z k = 0, 2

0 otherwise
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Example 13.5.9. (Special Orhthogonal Group) Consider the fibration:

SO(k − 1)→ SO(k)→ Sk−1

We have a long exact sequence of homotopy groups:

· · · → πn(SO(k−1))→ πn(SO(k))→ πn(Sk−1)→ πn−1(SO(k−1))→ πn−1(SO(k))→ πn−1(Sk−1)→ · · ·
For n ≤ k − 3, we have

· · · → πn(SO(k − 1))→ πn(SO(k))→ 0→ · · ·
This implies that

πn(SO(k)) ∼= πn(SO(k − 1))

for k ≥ n+3. This isomorphism doesn’t hold for k = n+2 (n = k− 2). Indeed, if k = 3 and n = 1,
we have

Z2
∼= π1(RP3) ∼= π1(SO(3)) 6' π1(SO(2)) ∼= π1(S1) ∼= Z

In any case if k ≥ n+ 3, we have

πn(SO(k)) ∼= πn(SO(k − 1)) ∼= πn(SO(n+ 2))

In particular, we have

π0(SO(k)) ∼= Z, π1(SO(k)) ∼=


0 k = 1

Z k = 2

Z2 k = 3

Z2 k ≥ 4

Example 13.5.10. (Unitary Group) Consider the fibration:

U(k − 1)→ U(k)→ S2k−1

We have a long exact sequence of homotopy groups:

· · · → πn(U(k−1))→ πn(U(k))→ πn(S2k−1)→ πn−1(U(k−1))→ πn−1(U(k))→ πn−1(S2k−1)→ · · ·
For n ≤ 2k − 3, we have

· · · → πn(U(k − 1))→ πn(U(k))→ 0→ · · ·
This implies that

πn(U(k)) ∼= πn(U(k − 1))

for n ≤ 2k − 3. This isomorphism doesn’t hold for n = 2k − 1. Indeed, if k = 2 and n = 3, we have

Z ∼= π3(S3)
∼= π3(SU(2))
∼= π3(SU(2))× π3(S1)
∼= π3(SU(2)× S1)
∼= π3(U(2)) 6' π3(U(1))
∼= π3(S1) ∼= 0.

In any case if k ≥ d(n+ 3)/2e, we have
πn(U(k)) ∼= πn(U(k − 1)) ∼= πn(U(d(n+ 3)/2e − 1))
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In particular, we have

π0(U(k)) ∼= Z, π1(U(k)) ∼=

{
Z k = 1

Z k ≥ 2
π2(U(k)) ∼=


0 k = 1

0 k = 2

0 k ≥ 3

π3(U(k)) ∼=


0 k = 1

Z k = 2

Z k ≥ 3

13.6. Classification of Principal G-bundles

We can use homotopy theory to provide a homotopy-theoretic classification of principalG-bundles.
More precisely, we show that the functor taking a topological space to the set of principalG-bundles on it
is representable in the homotopy category. Recall that a principalG-bundle is defined as follows:

Definition 13.6.1. Let E,X ∈ Top such that p : E → X be a fibre bundle with a topological group,
G, as its fibre. Then p : E → X is a principalG-bundle if the following hold:

(1) There is a continuous, free group actionE ×G→ E,
(2) For each x ∈ X , the action ofG preserves the fibreEx and the orbit mapG→ Ex is a homeo-

morphism,
(3) The locally trivalizing cover {Uα, ϕα}α is such that each ϕ isG-equivariant. That is,

ϕα(e · g) = ϕα(e) · g

The groupG is called the structure group of the principalG-bundle.

We now define the notion of morphisms of principalG-bundles.

Definition 13.6.2. Let pi : Ei → Xi be two principalG-bundles. A morphism of principalG-bundles
is given by a pair of smooth functions f : E1 → E2 and g : X1 → X2 such f is aG-equivariant map
and the diagram

E1 E2

X1 X2

f

1 p2

g

commutes. A morphism of principal G-bundles is an isomorphism of principal G-bundles if f, g are
diffeomorphisms.

Remark 13.6.3. If pi : Ei → Xi be two principal G-bundles for i = 1, 2, any G-equivariant map
f : E1 → E2 defines a morphism of principalG-bundles. This is because

f(e1 · g) = g(e1) · g

implies that f maps fibers ofE1 to fibers ofE2. Hence, defining

g : X1 → X2

x1 7→ p2(f(e1))

is well-defined for any choice of e1 ∈ p−1
1 (x1) and uniquely determines the base map g : X1 → X2.

Remark 13.6.4. An important special case we will consider is whenX1 = X2 = X . In this case, g = IdX .

Before stating the classification theorem, we need to introduce some constructions of principal G-
bundles, with the first important one being the pullback construction.

Example 13.6.5. The following are examples of constructions of principalG-bundles.
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(1) LetX1, X2 ∈ Top and let pi : Ei → Xi be a principalG-bundles for i = 1, 2. Then

p1 × p2 : E1 × E2 → X1 ×X2

is a principalG-bundle. Indeed, p1 × p2 is a fibre bundle. This is in my other notes. The group
action onE1 × E2 is given by the diagonal action:

(e1, e2) · g = (e1 · g, e2 · g)
It is clear that Definition 13.6.1 is satisfied.

(2) LetX ∈ Top and let p : E → X be a principalG-bundle. IfX ′ ⊆ X is a subspace ofX , then

p|X′ : p−1(X ′)→ X ′

is a principal G-bundle. Indeed, p|X′ is a fibre bundle. This is in my other notes. Moreover,
Definition 13.6.1 is easily satisfied.

(3) (Pullback)LetX,Y ∈ Top and letp : E → Y be aprincipalG-bundle. Consider a continuous
map f : X → Y . We construct a principal G-bundle f∗p : f∗E → X that fits into the
following commutative diagram:

f∗E E

X Y

π2

f∗p p

f

Consider

f∗E := {(x, e) ∈ X × E | f(x) = p(e)} := X ×Y E
We endow f∗E with the subspace topology of the product topology. Let f∗p and π2 be projec-
tions onto first and second factors respectively. Consider the product principalG-bundle.

IdX ×p : X × E → X × Y
Consider the graph of f :

Γf = {(x, y) ∈ X × Y | y = f(x)} ⊆ X × Y
Note that we have

(x, e) ∈ (IdX ×p)−1(Γf ) ⇐⇒ f(x) = p(e).

Hence, the inverse image ofΓf isf∗E. This shows thatf∗E is a principalG-bundle. Uniqueness
follows from categorical nonsense.

We now prove the important fact the pullbacks of principal G-bundles along homotopic maps are
isomorphic.

Proposition 13.6.6. LetX,Y ∈ Top be paracompact Hausdorff topological spaces. Let p : E → Y be a
principalG-bundle. If h0, h1 : X → Y are homotopic maps, then h∗0(E) ∼= h∗1(E).

Remark 13.6.7. Wewill invoke the following facts on principalG-bundles in the proof of Proposition 13.6.6.
(1) Every morphism of principalG-bundles is an isomorphism.
(2) There is a bijection between morphisms of G-bundles E1 → E2 over a common base and global

sections of the associated bundleE1 ×G E2
2 overX with fiberE2.

These constructions and facts are covered in my other notes.
2HereE2 is endowed with the left action g · e2 := e2 · g−1
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Proof. Consider a homotopy
H : X × I → Y

such that H0 = h0 and H1 = h1. Pulling back p : E → Y along H , we get a principal G-bundle
H∗E → X × I such that

H∗E|X×{0} = h∗0(E)

H∗E|X×{1} = h∗1(E)

Hence, it suffices to sow that for any principalG-bundle q : F → X × I , the restrictions q|X×{0} and
q|X×{1} are isomorphic. Denote the restrictions as

q0 : F0 → X × {0} ∼= X

q1 : F1 → X × {1} ∼= X

It suffices to prove thatF ∼= F0× I as prinicpalG-bundles overX× I , since then restriction toX×{1}
gives the isomorphism

F |X×{1} ≡ F1
∼= (F0 × I)|X×{1} ≡ F0.

It suffices to find a global section of F ×G (F0 × I)→ X × I . Now, F ×G (F0 × I) has a section over
X × {0}, since

F |X×{0} ∼= F0
∼= F0 × I|X×{0}

SinceX is paracompact Hausdorff,X × I is paracompact Hausdorff. Hence,
F ×G (F0 × I)→ X × I

is a fibration by Remark 11.2.5. The claim now follows from the homotopy lifting property of fibrations.

X × {0} F ×G (F0 × I)

X × I X × IId

This completes the proof. □

Let P(X,G) denote the set of isomorphism classes of principalG-bundles overX , and let P(G)
denote the isomorphism classes of all principalG-bundles. The assignment

Top→P(G)

X 7→P(X,G)

is a contravariant (set-valued) functor. Indeed, this follows from the pullback construction. Proposi-
tion 13.6.6 states that the functor actually descends to the homotopy category:

Top→P(G)

The homotopy theoretic classification of principalG-bundles argues that this functor is representable. We
restrict ourselves to the category CW complexes. The representability below can be generalized to other
categories. We need the following facts about CW complexes.

Lemma 13.6.8. Let (X,Y ) be a CW pair and let p : E → X be a fiber bundle with fiber F . Assume that
pk(F ) = 0 for each k such thatX \ Y has cells of dimension k + 1.

(1) Every map f : Y → F extends to a map f̄ : X → F .
(2) Every section s ∈ Γ(Y,E) can be extended to a global section s̄ ∈ Γ(X,E). In particular (taking

Y = ∅) p : E → X admits global sections if F is k-connected where k = dim(X).
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Remark 13.6.9. Let p : E → X be fiber bundle with fiber F . We will invoke the following facts in the
proof of Lemma 13.6.8.

(1) There is a bijection between local sections defined over a locally trivial cover Uα and smooth maps
Uα → F

This is proved in my other notes.

Proof. The proof is given below:
(1) We have a relativeCW -complex structure:

Y ⊆ Z(−1) ⊆ Z(0) ⊆ · · · ⊆ Z(m) = X.

We induct on k. Assume that f has been extended to Z(k). The base case k = −1 follows by
assumption. For eachk+1-cellDk+1 ⊆ X with attachingmapϕ : Sk → Z(k), the composition

f ◦ ϕ : Sk → F

is nullhomotopic by assumption. Hence f ◦ ϕ can be extended toDk+1 and hence to Z(k) ∪φ
Dk+1. Extending f in this way for each k + 1-cell completes the induction.

(2) IfE = X ×F , the claim follows from (1) and Remark 13.6.9. Generally, we proceed as above by
induction on k. Assume a section has been extended toZ(k), so s ∈ Γ(Z(k), E). Given a k+ 1
cell Dk+1 ofX , we can subdivide Dk+1

∼= Ik+1 into sufficiently small cubes and reduce to the
caseDk+1 ⊆ Uα, whereUα is a locally trivial open set. The claim follows as above.

This completes the proof. □
We now state and prove the main result regarding classification of principalG-bundles.

Proposition 13.6.10. LetX be a CW-complex. For a topological group,G, pG : EG→ BG be a principal
G-bundle such thatEG is weakly contractible. There is a bijective correspondence

Φ : [X,BG]→P(X,G)

[f ] 7→ [f∗pG]

BG is called the classifying space for principalG-bundles.

Remark 13.6.11. Wewill invoke the following facts on principalG-bundles in the proof of Proposition 13.6.10.
(1) There is a bijection betweenmorphisms ofG-bundlesE1 → X1 andE2 → X2 and global sections

of the associated bundleE1 ×G E2
3 overX1 with fiberE2.

This is covered in my other notes.

Proof. Φ is well-defined by Proposition 13.6.6. We first show Φ is surjective. Suppose p : E → X is a
principalG-bundle. We need to find f : B → BG and a principalG-bunle morphism f̂ : E → EG
such that the following diagram commutes:

E ∼= f∗(EG) EG

X BG

f̄

p pG

f

This is equivalent to the existence of a global section of the associated bundle E ×G EG → X with
fiberEG. SinceEG is weakly contractible, such a section exists by Lemma 13.6.8(2). We now show Φ is

3HereE2 is endowed with the left action g · e2 := e2 · g−1
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injective. Suppose that f0, f1 : B → BG are two maps such thatE0 := f∗0 (EG)
∼= f∗1 (EG) := E1.

Let p0 : E0 → X and p1 : E1 → X . We show that f0 ∼ f1. We have a commutative diagram:

E0 × {0, 1} EG

X × {0, 1} BG

(f̄0,f̄1)

p0×Id pG

(f0,f0)

We extend it to a commutative diagram:

E0 × I EG

X × I BG

H̄

p0×Id pG

H

This yields the desired homotopyH : X× I between f0 and g1. This is equivalent to finding a section of
the associated bundle bundle (E0× I)×GEG→ X × I with fiberEG. We have already have a section
of the associated bundle (E0 × {0, 1})×G EG→ X × {0, 1}. Under the obvious inclusion

(E0 × {0, 1})×G EG ⊆ (E0 × I)×G EG,

this section can be regarded as a section of (E0 × I) ×G EG → X × I overX × {0, 1}. SinceEG is
weakly contractible, the section can be extended via Lemma 13.6.8(2). □

Thequestion remains: howdoes one construct the universal bundleEG→ BG? Wewill not present
a general construction ; rather, we will explicitly find such universal bundles for specific examples. How-
ever, we can prove that such a universal bundle is defined uniquely up to homotopy.

Proposition 13.6.12. Let G be a topological group. Then a universal principal G-bundle pG : EG →
BG such that EG is weakly contractible exists. Moreover, the construction is functorial in the sense that a
continuous group homomorphism µ : G→ H induces a bundle map

EG EH

BG BH

pG

Eµ

pH

Bµ

Furthermore, the classifying spaceBG is unique up to homotopy.

Proof. (Sketch) There is a general construction due to Milnor ofBG associated to any locally compact
topological groupG. We don’t discuss it here. We first show thatBG is unique up to homotopy. Assume
we are given two universal principalG-bundles

pG : EG→ BG

pG′ : EG′ → BG′

By regarding each as a universal principalG-bundle for the other principalG-bundle, we obtain the fol-
lowing commutative diagram:

EG EG′ EG

BG BG′ BG

pG

f̄ f̄

pG′ pG

g f
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By Proposition 13.6.10, f ◦ g = IdBG and g ◦ f = IdBG′ . This shows uniqueness up to homotopy.
Functoriality is clear. □

How does one construct the classifying spaceBG? Note that ifEG→ BG is a principalG-bundle,
thenG acts freely onEG such thatBG ∼= EG/G. Hence, it suffices to find a weakly contractible space
EG on whichG acts freely.

Example 13.6.13. The following is a list of examples of some classifying spaces:
(1) LetG = Z. We can takeEG = R sinceZ acts freely onR by translations. Hence, we have

BZ ∼= EZ/Z
∼= R/Z ∼= S1

(2) LetG = Zn. We can takeEG = Rn sinceZn acts freely onRn by translations. Hence, we have

BZn ∼= EZn/Zn

∼= Rn/Zn ∼= S1 × · · · × S1︸ ︷︷ ︸
n-times

(3) LetG = Z2. We can takeEG = S∞ sinceZ2 acts freely on S∞ and S∞ is contractible. Hence,
we have

BZ2
∼= EZ2/Z2

∼= S∞/Z2
∼= RP∞

(4) LetG = S1. We can takeEG = S∞ since S1 acts freely on S∞ and S∞ is contractible. Hence,
we have

BS1 ∼= ES1/S1

∼= S∞/S1 ∼= CP∞

(5) Let G = O(k). It can be checked that Vk(R∞) is contractible. Hence, we can take EG =
Vk(R∞) since O(k) acts freely on Vk(R∞). Hence, we have

BO(k) ∼= EO(k)/O(k)
∼= Vk(R∞)/O(k) ∼= Gk(R∞)

(6) Let G = U(k). It can be checked that Vk(C∞) is contractible. Hence, we can take EG =
Vk(C∞) since U(k) acts freely on Vk(C∞). Hence, we have

BU(k) ∼= E U(k)/U(k)
∼= Vk(C∞)/U(k)
∼= Gk(C∞)

Remark 13.6.14. The following observation is quite useful. SinceEG→ BG is a principalG-bundle, the
long exact sequence in homotopy associated to a fibration reads:

· · · → πn+1(BG)→ πn(G)→ πn(EG)→ πn(BG)→ πn−1(G)→ . . .

AsEG is weakly contractible, πn(EG) = 0 for n > 0. Hence, we see that

πn+1(BG) ∼= πn(G)

for n ≥ 1.
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13.7. Eilenberg-Maclane Spaces

We can use homotopy theory to show that the singular cohomology functor is representable in the
homotopy category. IfG is an abelian group, assume there exists a topological spaceZn such that

Hn(X,G) = [X,Zn]

for all topological spaces and allX ∈ Top. IfX = Sk, note that

πk(Zn) = [Sk, Zn] = Hn(Sk, G) =

{
G if n = 0, k

0 otherwise

Hence, we see that πk(Zn) is non-trivial for exactly one value of k ∈ N. This motivates the following
definition.

Definition 13.7.1. LetX ∈ Top, G ∈ Grp IfX has only one non-trivial homotopy group such that

πn(X) ∼= G

for some n ∈ N, thenX is called an Eilenberg-MacLane space.

A generic Eilenberg-Maclane space is denoted as K(G,n). The question remains: how does one
construct an Eilenberg-Maclane spaceK(G,n). We will not present a general existence and uniqueness
argument; rather, we will explicitly find K(G,n) for specific examples. We first discuss a link between
classifying spaces and Eilenberg-Maclane spaces for discrete groups:

Proposition 13.7.2. LetG be a discrete abelian group. ThenBG ∼= K(G, 1).

Proof. SinceG is discrete, we have

πn(G) =

{
G if n = 0

0 otherwise

By Remark 13.6.14, we have πn(BG) = 0 for n ≥ 2. SinceEG→ BG is a universal covering map with
discrete fibersG, covering space theory implies that π1(BG) ∼= G. This proves the claim. □

Example 13.7.3. The following is a list of Eilenberg-Maclane space:
(1) S1 is a model ofK(Z, 1). This follows from Proposition 13.7.2 and thatBZ ∼= S1.
(2) RP∞ is a model ofK(Z2, 1). This follows from Proposition 13.7.2 and thatBZ2

∼= RP∞.
(3) More generally, the cyclic groupZ/m acts on S∞ when thought of as a direct limit of spheres in

complex vector spaces Cn, where the action is by multiplication of each coordinate by e2πi/m.
We have a principal Z/m-bundle:

Z/m→ S∞ → S∞/Z/m

The quotient S∞/Z/m is called the infinite-dimensional lens space, which is aK(Z/m, 1).
(4) CP∞ is a model ofK(Z, 2). This follows from Example 13.5.8.
(5) The wedge sum of n-circles is a model space forK(Fn, 1), where Fn is the free group on n gen-

erators. Clearly, we have

π1

(
n∨
i=1

S1
)
∼= Fn
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Moreover, the higher homotopy groups of a wedge sum of n-circles vanish since its universal
covering space, which is the Cayley graph on n generators, is contractible. By Proposition 13.7.2,
we also have

BFn ∼=
n∨
i=1

S1

The following is a basic list of properties ofK(G, 1).

Proposition 13.7.4. LetG be a group.
(1) IfG′ is another group, we have

K(G,n)×K(G′, n) ∼= K(G×G′, n)

(2) K(G, 1) exists for any finitely-generated abelian group.
(3) IfX ∼= K(G,n), thenΩX ∼= K(G,n− 1).

Proof. The proof is given below:
(1) This is clear πn is a functor that preserves products.
(2) We have constructed aK(Z, 1) and aK(Z/m, 1) for eachm ≥ 2. Thus, we can construct a

K(G, 1) for any finitely generatedG by (1).
(3) This follows because πn(ΩX) ∼= πn+1(X)

This completes the proof. □
Remark 13.7.5. IfG is a finitely-generated abelian group, then ifG has torsion, then theK(G, 1) contains
an infinite-dimensional lens space in the product. Since a K(G, 1) is unique up to homotopy equivalence
(assumedwithout proof), afinite-dimensionalK(G, 1) cannot exist ifG is finitely generated andhas torsion.

We now use homotopy theory to show that the singular cohomology functor is representable in the
homotopy category in terms of Eilenberg-Maclane spaces. We will invoke the definition of reduced coho-
mology. We first prove the following lemma:

Lemma 13.7.6. Let h∗ be an unreduced cohomology theory withZ coefficients defined as a collection of func-
tors

hn : CW2 → Ab
If hn(∗;Z) ∼= 0 for n 6= 0, then there exists a natural isomorphism

hn(X,A) ∼= Hn(X,A;G)

for all CW-pairs (X,A) and for all n ≥ 1, whereG := h0(∗;Z) ∈ Ab.

Proof. (Sketch) The proof is similar to the proof for homology theories defined on CW2. (Proposi-
tion 6.4.1). See [Hat02] for the difference that needs to be accounted for. □
Remark 13.7.7. There is also a version of Lemma 13.7.6 for reduced cohomology.

We now prove the desired result:

Proposition 13.7.8. Let H∗ be an unreduced singular cohomology theory with Z coefficients defined as a
collection of functors

Hn : CW2
∗ → Ab

There exists a natural isomorphism
Tn : Hn(X;G)→ [X,K(G,n)]∗

for allX ∈ CW∗ and any abelian groupG for all n ≥ 1.
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Proof. Using Proposition 13.7.4 we have thatΩK(G,n) ∼= K(G,n− 1). Define the functors
Ln : CW∗ → Ab

X 7→ [X,K(G,n)]∗

We claim that these functors define a reduced cohomology theory on CW∗.
(1) (Homotopy invariance)Amap f : X → Y induces a map

f∗ : [Y,K(G,n)]∗ → [X,K(G,n)]∗

which depends only on the basepoint-preserving homotopy class. It can be checked that f∗ is
indeed a homomorphism by replacingK(G,n)withΩK(G,n+ 1).

(2) (Wedge sum axiom) Let iα : Xα ↪→
∨
α∈AXα be the inclusion. We want to show that the

map ∏
α∈A

i∗α :
[ ∨
α∈A

Xα,K(G,n)
]
∗
→
∏
α∈A

[Xα,K(G,n)]∗

is an isomorphism for all n. This follows from ??.
(3) (Suspension Axiom) We have

Ln+1(ΣX) = [ΣX,K(G,n+ 1)]∗

= [X,ΩK(G,n+ 1)]∗

= [X,K(G,n)]∗

= Ln(X)

for all n. Hence, the suspension axiom holds.
(4) (Long Exact Sequence) This follows from the coexact Puppe sequence (which is not included

in the notes for now).
Hence, we have an reduced cohomology theory. The reduced version of Lemma 13.7.6 shows that there
exists natural isomorphism

Tn : Hn(X;G)→ [X,K(G,n)]∗
This completes the proof. □
Remark 13.7.9. In the proof Proposition 13.7.8 we used the fact that the family of spaces {K(G,n)}n≥0 for
a fixedG ∈ Ab is such that

K(G,n) ∼= ΩK(G,n+ 1)

We say that {K(G,n)}n≥0 is an Ω-spectrum. This suggests that Ω-spectrum can be used to defined coho-
mology theories. This is the start of the study of spectra in stable homotopy theory.



CHAPTER 14

Serre Spectral Sequence

The Serre spectral sequence is a fundamental computational tool in algebraic topology, particularly
in the study of fibrations. It provides a systematic method for relating the homology or cohomology of
a total space with those of its base and fiber, facilitating calculations that would otherwise be intractable.
By organizing complex algebraic information into successive approximations, the spectral sequence reveals
deep connections between the topology of fiber bundles and their constituent spaces, playing a central role
in the analysis of fibered spaces and their invariants. References include [Hat04; McC01].

14.1. Construction

The Serre spectral sequence is a powerful computational tool in algebraic topology that arises in the
study of the homology and cohomology of fibrations. It allows one to relate the (co)homology of the total
space of a fibration to that of its base and fiber, often turning otherwise intractable computations into
manageable ones. We present the Serre spectral sequence and illustrate its use through examples and appli-
cations. We will treat the general theory of spectral sequences largely as a black box, relying on established
results without reproving them here.1

Remark 14.1.1. There is a version of the Serre spectral sequence for both homology and cohomology. In these
notes, we focus on the cohomological version, as it is the one most commonly used in practice. The homological
version is very similar in structure and can be invoked when needed. For further details, the reader is referred
to [Hat04].

1Some of these general results are developed in more detail in my other notes.

237



CHAPTER 15

Appendix

This appendix provides a concise overview of key categorical concepts fundamental to homological
algebra. It discusses the Hom functor and tensor product functor, highlighting their roles as bifunctors
and their adjoint relationships. The treatment extends to derived functors, explaining their construction
and significance in capturing higher-dimensional algebraic information. These categorical tools underpin
much of the algebraic topology developed in this document. Throughout, let A be a locally small abelian
category to ensure that the Hom functors are set-valued.

15.1. Hom Functors

We briefly review the Hom functors.

Definition 15.1.1. LetA ∈ A. The Hom functor Hom(A,−) : A→ Ab, is defined by
Hom(A,−)(B) = Hom(A,B),

for allB ∈ A.

Let’s verify that Hom(A,−) is indeed a functor.

Lemma 15.1.2. ForA ∈ A,Hom(A,−) is a covariant functor.

Proof. If f : B → B′ is a morphism A, then Hom(A,−)(f) : Hom(A,B)→ Hom(A,B′) is given
by h 7→ f ◦ h. Note that the composite f ◦ hmakes sense:

A B B′

f◦h

h f

We call Hom(A,−)(f) the induced map, and we denote it by f∗. If f is the identity map 1B : B → B,
then

A B B

h

h 1B

Hence so that (1B)∗ = 1Hom(A,B). Suppose now that g : B′ → B′′. We have the following diagram:

A B B′ B′′

(g◦f)◦h

f◦h

h f

g◦(f◦h)

g

Clearly, g ◦ (f ◦ h) = (g ◦ f) ◦ h Therefore, we have (g ◦ f)∗ = g∗ ◦ f∗. □

We now discuss the contravariant Hom functor.
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Definition 15.1.3. LetB ∈ A. The contravariant Hom functor Hom(A,−) : A→ Ab, is defined by
Hom(−, A)(B) = Hom(A,B),

for allA ∈ A.
Remark 15.1.4. It can be verified, similarly to Lemma 15.1.2, that the contravariant Hom functor is indeed
a well-defined contravariant functor.

We now show that the Hom functors are are also left and right exact depending on the choice of the
Hom functor.

Proposition 15.1.5. LetA ∈ A.
(1) The functorHom(A,−) : A→ Ab is a left exact functor.
(2) The functorHom(−, A) : A→ Ab is a left exact functor.

Proof. The proof is as follows:
(1) Let

0→ X
f−→ Y

g−→ Z → 0

be an exact sequence inA. ApplyingHom(A,−), whichwe denote ashA in the rest of the proof,
we obtain homomorphisms

0→ HomA(A,X)
hA(f)−−−→ HomA(A, Y )

hA(g)−−−→ HomA(A,Z)

of abelian groups. We claim that this sequence is exact. If hA(f)(α) = 0, then f ◦ α = 0, but
f is a monomorphism, so α = 0.

A

0 X Y

0α

f

Since hA is a functor, we have hA(g) ◦ hA(f) = 0. If β ∈ kerhA(g), then g ◦ β = 0. The
universal property of the kernel implies that β factors through a morphismX → ker g.

A

0 X Y Z 0

β 0

f g

But we have canonical isomorphisms

X
∼−→ coim f

∼−→ im f
∼−→ ker g

the first as f is a monomorphism, the second by the first isomorphism theorem in a small abelian
category and the third because the sequence is exact at Y . The composite of the composite of
these with the canonical morphism ker g → B is g.

A

X Y

βα

f

Therefore, we obtain a morphism α : X → A satisfying f ◦ α = β.
(2) The statement in (2) is the dual of the statement in (1).

This completes the proof. □
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In fact, as the next lemma shows, exactness of a sequence can be checked by studying all possibleHom
functors. More precisely:

Proposition 15.1.6. Let A be a small abelian category. A sequence

X
f−→ Y

g−→ Z

is exact if every sequence

Hom(A,X)
hA(f)−−−→ Hom(A, Y )

hA(g)−−−→ HomA(A,Z)

is exact for eachA ∈ A.
Proof. ForA = X , we get

g ◦ f = hX(g) ◦ hX(f)(idA) = 0,

so we have a monomorphism s : im f → ker g.

X

X Y Z

IdX

0

f g

ForA = ker g and ι : ker g ↪→ Y , we have hX(g)(ι) = g ◦ ι = 0, so there exists α : ker g → X with
f ◦ α = ι.

ker g

X Y Z

α ι

f g

Then ι factors as a morphism t : ker g → im f which is the inverse to s. □
Corollary 15.1.7. Let A be a small abelian category. A sequence

X
f−→ Y

g−→ Z

is exact if every sequence

Hom(Z,A)
hA(g)−−−→ Hom(Y,A)

hA(f)−−−→ HomA(X,Z)

is exact for eachA ∈ A.
Proof. The statement is dual to the statement in Proposition 15.1.6. □
Example 15.1.8. The functorHom(A,−) need not be right exact. To see this, letA = Ab be the category
of abelian groups and letA = Z/2Z. Consider the short exact sequence:

0→ Z Dot2−−−→ Z π−→ Z/2Z→ 0

Applying Hom(Z/2Z,−) and noting that
Hom(Z/2Z,Z) = 0

Hom(Z/2Z,Z/2Z) ∼= Z/2Z,
we obtain the sequence:

0→ 0→ 0→ Z/2Z→ 0

This sequence is not right exact since 0→ Z/2Z is not a surjective map.
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15.2. Tensor Product Functor

Let’s now introduce the tensor product functor. We assume the construction of the tensor product
functor is known. Note that the tensor product functor is only defined in ModR, the category of left
R-modules. In what follows, we assume that R is a commutative ring, so we do not need to distinguish
between left and rightR-modules. Using a clever argument exploiting the adjunction between the Hom
and tensor product functors, we can show the following:

Proposition 15.2.1. Let R be a ring and let ModR be the category of left R-modules. LetM be a right
R-module. The functorM ⊗R − is a right exact functor.

Proof. Let 0→ A→ B → C → 0 be an exact sequence inModR. We show that

M ⊗R A→M ⊗R B →M ⊗R C → 0

is an exact sequence. Proposition 15.1.5 and Corollary 15.1.7 imply that

M ⊗R A→M ⊗R B →M ⊗R C → 0

is an exact sequence if and only if

0→ Hom(M ⊗R C,X)→ Hom(M ⊗R B,X)→ Hom(M ⊗R A,X)

is an exact sequence for each leftR-moduleX . We have

Hom(M ⊗R N,X) = Hom(N,Hom(M,X)),

for allR-modulesN . Hence, the sequence above can be written as

0→ Hom(C,Hom(M,X))→ Hom(B,Hom(M,X))→ Hom(A,Hom(M,X))

which is indeed exact by Proposition 15.1.5. □

Example 15.2.2. The functorM ⊗R− need not be left exact functor. To see this, takeR = Z. Consider
the sequence:

0→ Z ↪→ Q

LettingM = Z and noting that,

Z⊗Z Q ∼= 0

Z⊗Z Z ∼= Z,

we obtain the sequence:

0→ Z→ 0

which is not left exact since the map Z→ 0 is not a surjective map.

15.3. Projective & Injective Objects

We now introduce special objects that can rectify the failure of the exactness of the Hom and tensor
product functors.
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15.3.1. Projective Objects. We first define the notion of projective objects.

Definition 15.3.1. An object P ∈ A is called projective if the functor Hom(P,−) is an exact functor.

Remark 15.3.2. An object P is projective if and only if for every morphism Y → Z → 0 and P → Z ,
there exists a morphism P → Y such that the diagram

P

Y Z 0

commutes.

Example 15.3.3. The following are examples of projective objects:
(1) The zero object in a small abelian category is projective.
(2) InModR, the objectR is projective: indeed, the functor

Hom(R,−) : ModR→ Ab
M 7→M

is just the forgetful functor, and hence clearly is exact.

Proposition 15.3.4. An object P in A is projective if and only if every exact sequence

0→ X
f−→ Y

p−→ P → 0

in A splits.

Proof. Skipped. □

Proposition 15.3.5. A direct summand of a projective object is a projective object. Moreover, an arbitrary
direct sum of projective objects is a projective object

Proof. Let P1, P2 ∈ A such that P1 ⊕ P2 such that P1 ⊕ P2 is a projective object. Consider an epi-
morphism f : Y → Z → 0 and a morphism β : P1 → Z . Along with the zero morphism from P2 to
Z , the universal property of the co-product implies that there is a unique morphism γ : P1 ⊕ P2 → Z .
Since P1 ⊕ P2 is a projective object, there is a morphism γ′ : P1 ⊕ P2 → Y such that the diagram

P

P ⊕Q Q

Y Z 0

ιP1

β

γ
γ′ 0

ιP2

f

commutes. The required morphism is then γ′ ◦ ιP1 . A similar argument as above shows that a direct sum
of projective objects is a projective object. □

Projective objects in ModR can be easily characterized in terms of free R-modules, which we now
define:
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Definition 15.3.6. A leftR-module, F , is a free module if it is isomorphic to an arbitrary direct sum of
copies ofR as a leftR-module. That is,

F ∼=
⊕
i∈I

R := RI

Remark 15.3.7. Any freeR-module F has a basisB in bijection with its indexing set, and therefore a map
F → A for some leftR-moduleA is prescribed uniquely by its (arbitrary) values onB.

HomModR(F,A) = HomSets(B,A)

Proposition 15.3.8. A freeR-module, F , is a projective module.

Proof. Consider β : F → Z and a surjectiveR-module homomorphism1 f : Y → Z → 0. LetB be
a basis for F .

F

Y Z 0

β
g

f

For each b ∈ B, the element β(b) ∈ Z has the form f(b) = p(ab) for some ab ∈ A, because f is
surjective. By the Axiom of Choice, there is a function u : B → Y with u(b) = ab for all b ∈ B. By the
remark above, we have anR-homomorphism g : F → Y with g(b) = ab for all b ∈ B. Clearly, g is the
required morphism. □

Proposition 15.3.9. The following statements are equivalent:
(1) P is projective inModR.
(2) There is amoduleQ such thatP⊕Q ∼= RI for some set I . ThemoduleRI is a called a freemodule.

Proof. Assume that P is a projective object and let I be the set of generators of P and letRI denote a
freemodule on the set of generators ofP . Consider the naturalmapπ : RI → P . It clearly is a surjective,
and, since P is projective, it splits. Therefore,

P ⊕ ker π ∼= RI

The converse follows since a free module is projective and a direct summand of projective module is a
projective module by Proposition 15.3.5. □

Remark 15.3.10. Every projective module need not be free. For example, consider

R = Z/6Z = Z/3Z⊕ Z/2Z

Z/3Z is a projective Z/6Z-module since Z/6Z is a projective Z/6Z-module. However, Z/3Z is not a free
Z/6Z-module: a (finitely generated) free Z/6Z-module F is a direct sum of, say, n copies of Z/6Z, and so
F has 6n elements. Therefore, Z/3Z is not a free Z/6Z since it has only three elements.

Example 15.3.11. Let A = Ab. The functor Hom(Z,−) is an exact functor. This is because Z is a free
object inAb.

Example 15.3.12. LetA = Ab. The functor Hom(Q,−) is not an exact functor. This is becauseQ is not
a projective object inAb sinceQ cannot be a summand of a freeZ-module because a freeZ-module is not
divisible butQ is a divisible group.

1Epimorphisms and surjectiveR-module homomorphisms coincide in the category ofR-modules.
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15.3.2. Injective Objects. We now define the notion of injective objects.

Definition 15.3.13. Let A be a small abelian category. An object I ∈ A is called injective if the functor
Hom(−, I) is an exact functor.

Remark 15.3.14. Injective objects in A are just projective objects in Aop.

Remark 15.3.15. An object I is injective if and only if for every morphisms 0 → X → Y andX → Y ,
there exists a unique morphism Y → I such that the diagram

I

0 X Y

commutes.

Proposition 15.3.16. LetA be a small abelian category. An object I inA is injective if and only if every exact
sequence

0→ I
i−→ Y

f−→ Z → 0

in A splits.

Proof. Skipped. □

Proposition 15.3.17. A direct summand of an injective object is an injective object. Moreover, an arbitrary
product of injective objects is an injective object.

Proof. Let I1,⊕I2 ∈ A such that I1 ⊕ I2 is an injective object. Consider a monomorphism f : 0 →
X → Y and a morphism γ : X → I1. Note that ι1 ◦ γ is a morphism fromX to E1 ⊕ E2, where ι1
is the canonical inlcusion map. SinceE1 ⊕ E2 is injective, there is a morphism γ′ : Y → E1 ⊕ E2 such
that the diagram

E1 E1 ⊕ E2

0 X Y

ι1

π1

f

γ γ′

commutes. Then π1 ◦ γ′ is the required morphism, where π1 is the canonical projection map. A similar
argument as above shows that a product of injective objects is an injective object. □

We now characterize injective objects inModR.

Proposition 15.3.18. (Baer’s criterion) An R-module, I , is injective if and only if for every left ideal
J ⊆ R and every R-module homomorphism g : J → I , there exists g′ : R → I such that the following
diagram

0 J R

I

g
g′

commutes.
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Proof. The forward implication is clear. For the reverse implication, consider the diagram:

0 J R

I

g

Consider the set of all intermediate extensions:

S = {(C, h) | J ⊆ C ⊆ R submodule, h ∈ Hom(C, I) and h|J = g}
Set (C, h) ≤ (C ′, h′) if and only ifC ⊆ C ′ and h′|C = h. Note thatS 6= ∅ because we can chooseC =
J . Suppose {(Cx, hx)}x∈I is a chain for an index set I such that for any x, y ∈ I , (Cx, hx) ≤ (Cy, hy).
Let

C =
⋃
x∈I

Cx

and define h : C → I by setting h(a) = hx(a) if a ∈ Cx for some x ∈ I . This is well-defined by
assumption, and h|Cx = hx for any x ∈ I . Hence (Cx, hx) ≤ (C, h) for any x ∈ I , showing that
(C, h) is an upper bound. By Zorn’s lemma, the chain has a maximal element, (C, h). IfC = R, we are
done. Otherwise, let b ∈ R \ C . Consider the sequence:

0→ J
f1−→ R⊕ C f2−→ Rb⊕ C → 0 f2(r, c) = rb+ c f1(r) = (r,−rb)

where J = {a ∈ R | ab ∈ C}. Let g : J → I , g(a) = h(ab) and hence there exists a g′ such that the
diagram

0 J R

I

g
g′

commutes. Consider a morphism:

ĥ : Rb⊕ C → I

rb+ c 7→ h(c) + rg′(1)

We show that ĥ is well-defined. If rb + c = r′b + c′, then (r − r′)b = c′ − c ∈ C . It follows that
(r − r′) ∈ J . Therefore, h((r − r′)b) and g(r − r′) are defined. Moreover,

h(c′ − c) = h((r − r′)b) = g(r − r′) = g′(r − r′) = (r − r′)g′(1).
Thus,

h(c′)− h(c) = rg′(1)− r′g′(1),
which implies that

h(c′) + r′g′(1) = h(c) + rg′(1)

Clearly, ĥ(c) = h(c) so ĥ′ extends h. With Ĉ = Rb + c, we have that (C, h) ≤ (Ĉ, ĥ), so (C, h) =

(Ĉ, ĥ). Hence b ∈ C , a contradiction. This completes the proof. □
Example 15.3.19. The following are examples of injective objects as can be easily deduced from Proposi-
tion 15.3.18.

(1) Z/nZ is an injective Z/nZ-module for any n ≥ 1.
(2) Z/3Z is an injectiveZ/6Z-module, but not an injectiveZ/9Z-module.
(3) Q is an injective Z-module. A homomorphism f : nZ → Q extends to a homomorphism

g : Z→ Q. Just take y ∈ Q such that ny = f(n) and define g(z) = zy.
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Corollary 15.3.20. LetA ∈ Ab. A is an injective Z-module if and only ifA is a divisible group.

Proof. Assume thatA is an injectiveZ-module. Let a ∈ A and n ∈ Z. Consider the group homomor-
phism

f : nZ→ Z
n 7→ a

By assumption, f extends to a group homomorphism

f̂ : Z→ I

such that f̂(nk) = f(nk) for each k ∈ Z. Note that we have

a = f(n) = f̂(nDot1) = nf̂(1)

Hence, A is a divisible group. Conversely, assume thatA is a divisible group. We show that the criterion
in Proposition 15.3.18 is satisfied. Let J ⊆ Z be an abelian subgroup and let g : J → A be a group
homomorphism. Let {((K, g′)} be the set of pairs (K, g′) such that J ⊆ K ⊆ Z and g′ : K → Z is a
homomorphismwith g′|U = g. The set is non-empty since as it contains (J, J), and it is partially ordered
by

(K1, g
′
1) ≤ (K2, g

′
2) ⇔ K1 ⊆ K2 and g′2|K1 = g′1.

It is clear that any ascending chain has an upper bound. By Zorn’s Lemma, the set contains a maximal
element (K, g′). We claim thatK = Z. Suppose not. Let k ∈ Z \K . If

〈k〉ApK = {0},
the sumK + 〈k〉 is in fact a direct sum, and we can extend g′ toK + 〈k〉 by choosing an arbitrary image
of k in Z and extending linearly. This is a contradiction. Hence, assume that

nk ∈ 〈k〉ApK
for some n 6= 0. Choose n0 such that n0 is minimal. Since n0 ∈ K , and g′ is defined onK , g′(nk) is
well-defined. SinceA is divisible, there exists a ∈ A such that

na = g′(nk).

It is now easy to see that we can extend g′ toK + 〈k〉 by defining g′(k) = a. This is also a contradiction.
□

Example 15.3.21. Let A = Ab and let k be a field of characteristic zero. The functor Hom(−, k) is an
exact functor. This is because k is a divisible group since for any g ∈ k and n ∈ Z, there exists an h ∈ k
such that hn = g. sinceQ ⊆ k.

15.4. Resolutions & Derived Functors

An arbitrary R-module, M , might be quite complicated to study; however, one can always find a
set of (possibly infinite) generator forM 2. In other words, one can always find a surjective morphism
F 0 →M → 0, where F 0 is a freeR-module. SinceM is not a freeR-module, the morphism

F 0 →M → 0

is in general not injective; indeed, the any non-trivial relationship between generators ofM will force the
kernel to be non-zero. However, we can repeat the construction as above: if we take a generating set for the
kernel of the morphism F 0 → M → 0, one can always find a morphism F 1 → F 0, which is surjective

2A fact we used in a proof in the previous section.
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onto the kernel of the morphism F 0 →M → 0, and where F 1 is a freeR-module on the generating set
of the kernel of the morphism F 0 →M → 0. We have the following sequence:

F 1 → F 0 →M → 0

We can repeat the above process unless it terminates, which only happens when there is no non-trivial
relationship among elements generating the free module at the left end of the sequence

F i → · · · → F 1 → F 0 →M → 0

This motivates the idea of taking a resolution of an object in a category by special types of objects (freeR-
modules in the case considered above) in order to study the structure of the original object in the category.

15.4.1. Projective & Injective Resolutions. For a objectX ∈ A, we will first discuss taking a reso-
lution ofX inA by projective objects inA. An arbitrary categorymay not have projective objects, though.

Example 15.4.1. LetA = AbFin be the category of finite abelian groups. Ahas no projective objects except
for the trivial abelian group. Indeed, the exact sequence

0→ Z/2Z→ Z/2nZ→ Z/nZ→ 0

is non-split, sinceZ/2nZ is not isomorphic toZ/nZ⊕Z/2Z. Hence,Z/nZ is not projective. But every
other non-zero finite abelian group has a direct summand Z/n and the direct summand of a projective
object is a projective object.

This motivates the following definition:

Definition 15.4.2. A has enough projectives if for everyX ∈ A there exists an epimorphism f : P →
X → 0where P is a projective object.

Example 15.4.3. Clearly, the category ofR-modules has enough projective objects. Indeed, free modules
are projective objects and free module exist in abdundance in the category ofR-modules.

Definition 15.4.4. A projective resolution ofX ∈ A is a nonnegative complex P • together with a mor-
phism ε : P 0 →M such that

· · · → P 3 → P 2 → P 1 → P 0 ε−→M → 0

is exact and the P i’s are projective objects.

Example 15.4.5. InAb, the abelian group Z/nZ has a projective resolution

0→ Z n−→ Z→ Z/nZ→ 0.

Proposition 15.4.6. If A has enough projectives, then every object has a projective resolution.

Proof. Take anyX ∈ A. There is an epimorphismP 0 → X → 0 from a projective object. P 0. Taking
the kernelK0 → P 0, we have a projective P 1 with an epimorphism P 1 → K0 → 0. We take its kernel
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K1 → P 1 and again get a projective P 2 → K1 →. This way, we get that the diagram:

0 0

K1

· · · P 2 P 1 P 0 X 0

K0

0 0

Continuing, this gives a projective resolution ofX . □
We can similarly define injective resolutions.

Definition 15.4.7. A has enough injectives if for everyX ∈ A there exists a monomorphism f : 0 →
X → I where I is an injective object.

Proposition 15.4.8. The category ofR-modules has enough injective objects.

Proof. See [Rot09, Theorem 3.38]. □
Definition 15.4.9. An injective resolution ofX ∈ A is a non-negative complex I• together with a mor-
phism ε : 0→ X → I0 such that

0→ X
ε−→ I0 → I1 → · · ·

is exact and the Ii’s are injective objects.

Proposition 15.4.10. If A has enough injectives, then every object has a injective resolution.

Proof. The statement is the dual of the statement in Proposition 15.4.6, so it is clearly true. □
Example 15.4.11. InAb, an injective resolution of Z is

0→ Z→ Q→ Q/Z→ 0

and an injective resolution of Z/nZ is

0→ Z/nZ→ Q/Z→ Q/Z→ 0

15.4.2. Derived functors. Derived functors provide us with a tool to quantitatively measure the
failure of a functor to be an exact functor. The philosophy behind derived functors is the following: if
F : A→ D is a left exact functor between two abelian categories, then any short exact sequence inA,

0→ A→ B → C → 0,

gets transformed to a left exact sequence inD:
0→ F(A)→ F(B)→ F(C),

A right derived functor is a a sequence of functorsRiF : A → D for all i ≥ 0 and a functorial isomor-
phismR0F ∼= F such that that for any short exact sequence,

0→ A→ B → C → 0,
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inA there is a long exact sequence,

0→ R0F(A)→ R0F(B)→ R0F(C)→ R1F(A)→ R1F(B)→ R1F(C)→ R2F(A)→ · · · ,
for all i ≥ 0. We expect thatR1F(A) to quantitatively measure the failure of F to be a right exact functor
sinceR1F(A) = 0 if and only if the sequence,

0→ F(A)→ F(B)→ F(C),
is a right exact sequence.

On the other hand, if F : A → D is a right exact sequence, a left derived functor is a sequence of
functorsLiF : A→ D along with a functorial isomorphismL0F ∼= F yieldsing a long exact sequence

· · · → L1F(A)→ L1F(B)→ L1F(C)→ L0F(A)→ L0F(B)→ L0F(C)→ 0.

The theory of left and right derived functors is quite similar. Therefore, in what follows we shall only
focus on left derived functors of covariant functors. The theory of left derived functors of contravariant
functors is similar to the theory of left derived functors of covariant functors, whichwe nowdescribe. Left
derived functors are constructed by means of projective resolutions.

Definition 15.4.12. Let A be a locally small abelian category with enough projectives, D be an abelian
category, and F : A→ D be a right exact functor. GivenX ∈ A, choose a projective resolution ofX :

· · · → P 3 → P 2 → P 1 → P 0 ε−→ X → 0.

Apply F to the above complex to obtain (the truncated) complex:
· · · → F(P 3)→ F(P 2)→ F(P 1)→ F(P 0).

The i-th left derived functor of F is defined as:
Li(F(X)) = Hi(F(P •)).

HereHi(F(P •)) is the i-th homology (defined similarly to cohomology) of P •,

Remark 15.4.13. IfF is a right exact contravariant functor, then the left derived functor is defined by taking
an injective resolution.

The above definition naturally begs the question: is the definition of a left-derived functor well-
defined? If this is the case, the definition of a left-derived functor should be independent of the projective
resolution chosen. We show that this is indeed the case.

Proposition 15.4.14. (Comparison Theorem) LetA be a locally small abelian category with enough pro-
jectives and let f : X → Y be a morphism in A. Let

· · · P 1 P 0 X 0
dX2 dX1 dX0

and
· · · Q1 Q0 Y 0

dY2 dY1 dY0

be projective resolutions forX and Y . Then there is a sequence of homomorphisms f i : P i → Qi such that
the following diagram commutes:

· · · P 1 P 0 X 0

· · · Q1 Q0 Y 0

dX2 dX1

f1

dX0

f0 f

dY2 dY1 dY0

Furthermore, any two such extensions of f are chain homotopic.
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Proof. (Existence) We proceed by induction on i. For the base case, note that since P 0 is projective, the
morphism f ◦ dX0 lifts to a unique morphism f0 such that the right most square in the diagram above
commutes. Assume that f i : P i → Qi has been constructed. Denote by ker dXi and ker dYi denote the
kernels of dXi and dYi , respectively. Since dXi+1 factors through imdXi+1 which is isomorphicm to ker dXi ,
we can think of dXi+1 as mapping into ker dXi . Moreover, f i factors into ker dYi since f i−1dXi = dYi f

i.
Thus, consider the diagram:

P i+1 ker dXi 0

Qi+1 ker dYi 0

f i+1

dXi+1

f i

dYi+1

The composition f idXi+1 gives amap fromP i+1 to ker dYi , ontowhich dYi+1 surjects. Thus, themap f i+1

is furnished by the defining property of the projective object P i+1, completing the induction.
(Uniqueness) To show that two extensions {f i} and {gi} are chain homotopic, we consider the dif-

ference hi := f i − gi and construct a chain homotopy si : P i → Qi+1 such that

hi = dYi+1s
i + si−1dXi

We proceed by induction. Observe that h−1 = f − f ≡ 0, so that h0 maps P 0 ker dY0 by the universal
property of kernels, and therefore lifts to a map s0 : P 0 → Q1 as in the following diagram:

P 0 A

Q1 ker dY0 0

s0
h0

dX0

0
h−1

dY1

This gives the base case for the induction. Suppose that si : P i → Qi+1 has been constructed such that
hi = dYi+1s

i + si−1dXi . It follows that the map hi+1 − sidXi+1 maps P i+1 into ker dYi+1 since

dYi+1(h
i+1 − sidXi+1) = hidXi+1 − (hi − si−1dXi )d

X
i+1 = hidXi+1 − hidXi+1 = 0.

P i+1

Qi+2 ker dYi+1 0

si+1
hi+1−sidXi+1

dYi+2

Thus we have the diagram above and projectivity furnishes the map si+1 such that dYi+2s
i+1 = hi+1 −

sidXi+1. □

As a consequence of the comparison theorem, if P • is a projective resolution forX andQ• is a pro-
jective resolution for Y such that there is a morphism f : X → Y , we get a well-defined map

Hi(F (P
•)) −→ Hi(F (Q

•)),

which is an isomorphism by the chain homotopy conclusion in the comparison theorem. Similarly, we
have:

Corollary 15.4.15. Let A,D be abelian categories. The following are corollaries of Proposition 15.4.14:
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(1) Suppose thatP • andQ• are projective resolutions ofX ∈ A. Then there is a canonical isomorphism
betweenHi(F(P •)) andHi(F(Q•)) for each i ≥ 0.

(2) let F : A→ D be a right exact functor. For anyX ∈ A,L0F(X) ∼= F(X).
(3) Let F : A→ D be a functor. If P is a projective object in A, thenLiF(P ) = 0 for i ≥ 1.

Proof. The proof proceeds as follows:
(1) If P • andQ• are two projective resolutions ofX ∈ A, then IdX : X → X gives rise to unique

maps (up to homotopy) by the Proposition 15.4.14 such that the diagram

· · · P 1 P 0 X

· · · Q1 Q0 X

f1 f0 IdXg1 g1 IdX

commutes. Hence, there are two chain homotopies

s : H•(F(P •))→ H•(F(Q•))

q : H•(F(Q•))→ H•(F(P •))

such that both sq and qs compose to the identity (by uniqueness up to homotopy). Hence the
derived functor is well-defined: for two choices of projective resolutions of objects, the construc-
tion yields isomorphic derived functors.

(2) Choose a projective resolution ofX :

· · · → P 3 → P 2 → P 1 → P 0 ε−→ X → 0.

Since F is right exact, the sequence

F(P 1)
φ−→ F(P 0)

ψ−→ F(X)→ 0

is exact. Hence, ψ is an epimorphism and ψ is the cokernel of ϕ. By the first isomorphism theo-
rem,

F(X) ∼=
F(P 0)

kerψ
∼=

F(P 0)

imϕ
∼= cokerϕ

Hence, we have

L0F(X) = H0(F(P •)) ∼= cokerϕ ∼= F(X).

(3) Consider the projective resolution:

· · · → 0 · · · → 0→ P
IdP−−→ P → 0

Hence, we consider the homology of the complex:

· · · → 0 · · · → 0→ F(P )
and it is clear that

LiF(P ) ∼= Hi(F(P •)) = 0

for i ≥ 1.
□

We now prove the horseshoe lemma (Lemma 15.4.16). The horsehoe lemma allows us to construct a
short exact sequence of projective resolutions given a short exact sequence of objects in an abelian category.
In the statement and the proof of the horseshoe lemma, for ease of notation we use subscripts instead of
superscipts to label indices of all projective objects.
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Lemma 15.4.16. (Horseshoe Lemma) Let A be an abelian category and let

0→ A→ A′ → A′′ → 0

be a short exact sequence in A. Assume that there are projective resolutions P • and (P ′′)• of A and A′′

respectively. Then there is projective resolution (P ′)• ofA′ such that the following diagram commutes.

0 0 0

· · · P1 P0 A 0

· · · P ′
1 P ′

0 A′ 0

· · · P ′′
1 P ′′

0 A′′ 0

0 0 0

j

Proof. Composition gives a map P0 → A′, and a map P ′′
0 → A′ is furnished by projectivity. Using

the universal property of the co-product, these combine to give a map P0 ⊕ P
′′
0 → A′, and we set P ′

0 :=

P0 ⊕ P
′′
0 . The sequence P0 → P0 ⊕ P ′′

0 → P
′′
0 is obviously split exact, we will show that the morphism

P0⊕P ′′
0 → A′ is an epimorphism. This follows by applying the snake lemma to the two right most exact

columns, yielding a morphism ker ε′′0 → 0→ coker ε′0.

0 0 0

ker ε0 P0 A 0

ker ε′0 P0 ⊕ P ′′
0 A′ cokerε′0

ker ε′′0 P ′′
0 A′′ 0”

0 0 0

ε0

ε′0

ε′′0

By the snake lemma (Proposition 4.6.3), the leftmost column is exact and the connectingmorphism yields
a sequence which has a subsequence of the form

· · · → 0→ coker ε′0 → 0→ · · ·

Hence, coker ε′0 = 0 and the morphism P0 ⊕ P ′′
0 → A′ is an epimorphism. We then apply the same

procedure to the diagram with kernels to construct P1 ⊕ P ′′
1 → kerε′0, where the product is projective
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and the map is an epimorphism onto the kernel.

0 0 0 0

P1 ker ε0 P0 A 0

P1 ⊕ P ′′
1 ker ε′0 P0 ⊕ P ′′

0 A′ 0

P ′′
1 ker ε′′0 P ′′

0 A′′ 0

0 0 0 0

ε0

ε′0

ε′′0

We continue this way iteratively and constructPn = Pn⊕P ′′
n at then-th stepwith the desired properties.

□
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