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CHAPTER 1

Introduction

1.1. What is Algebraic Topology?

Topology is best understood as a flexible or ‘deformable’ form of geometry—often informally
described as the study of ‘squishy’ shapes. Unlike classical geometry, which is concerned with rigid
structures defined by distances and angles, topology focuses on the properties of spaces that are pre-
served under continuous deformations such as stretching, bending, or compressing, but not tearing
or gluing. This perspective gives rise to a mathematical theory of shape that abstracts away metric
notions. The foundational ideas were introduced in Poincaré’s seminal work Analysis Situs [Poil0],
which laid the groundwork for the modern field of algebraic topology. At its core, algebraic topol-
ogy utilizes tools from abstract algebra to investigate topological spaces, primarily by associating
algebraic objects that encapsulate essential topological features. In modern terms, the conceptual
foundations of the subject are elegantly expressed through the framework of category theory. In
this framework, one seeks to construct functors from a “topological category” (such as the category
of topological spaces, Top; the homotopy category of topological spaces hTop ) to an “algebraic
category” (such as the category of abelian groups, Ab; the category of commutative rings, , CRing
). This allows the assignment of topological invariants to topological spaces—quantities that re-
main unchanged under homeomorphisms and homotopy—thereby enabling their study via algebraic
methods. Among the most fundamental tools in this paradigm are the constructions of fundamental
group, homology, cohomology, and higher homotopy groups.

1.1.1. Fundamental Group. The most basic topological invariant of a topological space is the
fundamental group (the first homotopy group). The fundamental group of X is denoted as 1 (X, xp),
and it encodes information about continuous functions in a topological space that start and end at xg
(loops). Intuitively, the fundamental group measures the ‘1-dimensional loop structure’ of a topo-
logical space. For example, we shall see that a circle has a loop, but a sphere does not. By assigning
a group to each topological space, the fundamental group construction defines a covariant functor:

71 : Top — Grp

The study of the fundamental group is the first instance of the general principle in algebraic topol-
ogy: replacing continuous geometric data with discrete algebraic structures in order to facilitate
computation and classification.

1.1.2. Homology. For each n > 0, the homology covariant functors
H, : Top — Ab

assign to each topological space X an abelian group H,,(X) that, heuristically, encodes the structure
of ‘n-dimensional holes’ in X. For instance, consider the topological space, X, shown in Figure 1.
The ‘1-dimensional hold structure’ of X can be computed using a combinatorial homology theory
called simplicial homology. Let’s see how the argument goes. Intuitively, the boundary of an edge
in the diagram can be thought of as a formal difference between the ‘target’ and the ‘source’. So, the

7



8 1. INTRODUCTION

V4

V1 V3

V2

A simplicial complex illustrating edges and a 2-simplex

boundary of e; is given by vo — vi. Moreover, let us define a chain of paths to be a formal sum of
edges. For instance, we have the chains

c1=e1+esz+ey
C2=€2+€3+€5_1
c3=e1+eg+ezt+ey

Here e5‘1 denotes the that edge e is traversed in the opposite direction. In this terminology, we say
there is a cycle in X if the boundary of a formal sum of edges vanish. For instance, the boundary
of c1, ca, c3 vanishes. However, the loop c; can be shrunk to a point by deforming the path e4 + ¢
to e5 by continuously moving it within the interior of ¢;. In our terminology, this can be detected
by the fact that ¢; is the boundary of the solid triangle v1, vo, v4. On the other hand, co cannot be
shrunk to a point since the triangle vo, v3, v4 is hollow. Hence, we expect that there is one hole in X.
The first simplicial homology group shall detect the presence of such a hole.

Remark 1.1.1. The above intuition can be made precise by the Hurewicz theorem which states that
m1(X)
[71(X), 71 (X)]

That is Hy(X) is isomorphic to the abelianization of n1(X), the fundamental group of X which quite
literally is a measure of holes in a topological space.

S
H"™P(X) =

More generally, we shall see that the n-th simplicial homology group measures the existence of
‘n-dimensional holes’ in a topological space, X.

Remark 1.1.2. Moreover, the statement above is only meant for intuition and should be taken with
a grain of salt. In general, there is only a group homomorphism

7a(X) = Hy"P (X),
forn > 2 if X is path-connected.

We will encounter several homology theories, including simplicial homology, singular homol-
ogy, and cellular homology. Remarkably, although these theories arise from different constructions,
they are all naturally isomorphic under appropriate conditions and thus yield the same topological
invariants. Each has its own computational and conceptual advantages.



1.2. PRELIMINARIES 9

1.1.3. Cohomology. For each n > 0, the cohomology contravariant functors
H" : Top — Ab

As we shall see, cohomology offers a dual perspective to homology. While both theories assign
graded abelian groups to topological spaces, cohomology often captures more refined invariants and
exhibits a richer algebraic structure. Notably, cohomology groups can be endowed with a natural ring
structure via the cup product, making cohomology a contravariant functor from topological spaces
to graded commutative rings.
H" : Top — CRing,

This additional structure enables deeper connections to other areas such as geometry, bundle theory,
and differential topology. The following is a list of some reasons to study cohomology:

1.1.4. Homotopy. Homotopy groups constitute a class of fundamental invariants in algebraic
topology that classify continuous maps up to homotopy, thereby capturing the intrinsic shape and
deformation properties of topological spaces. The first homotopy group is just the fundamental
group. The higher homotopy groups, 7, (X, xg) forn > 2, generalize this notion to homotopy classes
of based maps from the n-sphere S” into X, thereby detecting higher-dimensional analogues of holes
and obstructions to contractibility. While these groups contain richer and more nuanced topological
information than homology or cohomology, they are generally more challenging to compute.

1.2. Preliminaries

1.2.1. Notation. Here is a list of some standard notation used throughout the notes:

R” Euclidean space
D" ={xeR"|||x|| <1} n-dimensional disk
Sl ={xeD"||x|| =1} (n — 1)-dimensional sphere
B" =D"\ §"! n-dimensional unit open ball
I"={xeR"|0<x; <1} n-dimensional unit cube
oI" ={xeI" | x; =0or 1 for some i} boundary of 1"

1.2.2. Category Theory. Throughout these notes, we assume familiarity with the language of
category theory!, and it is freely used throughout the notes. References include [Riel7; Leil4;
Mac13]. Here is a review of basic notions in category theory:

e A category € consists of
— a collection of objects Ob(%),
— for each pair of objects X,Y € &, a set of morphisms Homg (X,Y),
— identity morphisms Idy for each X,
— a composition law o satisfying associativity and unitality.
o A functor F : € — D assigns to each object X € € an object #(X) € 9, and to each
morphism f : X — Y a morphism & (f) : F(X) — F(Y), such that:

F(Idx) = ldg (x)
F(gof)=F(g) o F(f)
The class of morphisms between X,Y € € is denoted by Homg (-, -). We usually wite
Home (-, -) as simply Hom(-, ).

IThis is covered in detail in my other notes.
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e A natural transformation n : ¥ = & between functors #,% : € — D assigns to each
object X in € a morphism nx : F(X) — €(X) in @ such that for every morphism
f: X — Y in @, the following square commutes:

7(x) 2% Z(v)

lﬂx \Lny
7(x) 2L g(y)

e Afunctor F : € — D is an equivalence of categories if there exists a functorG : & — €

F o0& =1dyg
CoF =Idg

Equivalently,  : € — 9 is an equivalence of categories if and only if:
— F 1is fully faithful, i.e., for all objects X,Y € €, the map

Homg (X,Y) — Homg (F(X), F(Y))

is a bijection; and
— & is essentially surjective, i.e., for every object D € 9, there exists an object C € €
such that #(C) = D in 9.
e A diagram in a category € is a functor

D:7—>%

from an index category 7. The limit (resp. colimit) of such a diagram is a universal cone
(resp. cocone) over D. Examples of limits include products and pullbacks; examples of
colimits include coproducts and pushouts.

e A functor ¥ : € — D is said to be: left adjoint to & : & — € if there is a natural
isomorphism:

Homg (% (X),Y) = Homg (X, € (Y))
forall X € €,Y € 9. In this case, F 4 G and G is called a right adjoint.

Remark 1.2.1. The language of derived functors and resolutions is reviewed in the appendix (Chap-
ter 15).

We will frequently make use of various algebraic categories. A few standard examples are listed
below:

e Grp : The objects of Grp are groups and Hom (G, H) consists of group homomorphisms
from G to H.

e Ab : The objects of Ab are abelian groups and Hom(G, H) consists of group homomor-
phisms from G to H.

e CRing: The objects of CRing are commutative rings, and Hom(R, S) consists of ring
homomorphisms from R to S.

e Grpd : The objects of Grpd are groupoids, which are categories in which each morphism
is an isomorphism, and Hom (X, Y) consists of functors between groupoids from X to Y.
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1.2.3. Topology. Basic notions in topology will be assumed throughout. We usually assume
that a fixed base point xg € X has been chosen, in which case X is called a pointed topological
space. A continuous function f: (X, xg) — (Y, yg) between pointed topological spaces is assumed
to satisfy f(xg) = yo. Such functions are called pointed continuous maps. The following categories
naturally arise in algebraic topology:

e Top: The objects are topological spaces and Hom (X, Y) is the set of continuous functions
from X toY.

e Top.: The objects are pointed topological spaces, (X, xg) and Hom((X, x¢), (¥, yg)) con-
sists of continuous maps f : (X, xg) — (Y, yo) such that f(xg) = yo. Such maps are called
pointed continuous maps.

e Top?: The objects are all pairs (X, A) where X is a topological space and A C X is a
subspace and Hom((X, A), (Y, B)) is simply the set of continuous map f : X — Y such
that f(A) C B.

e Top?: The objects are all triples (X, A, B) where X is a topological space and B C A C X
is a subspace. Then Hom((X, A, C), (Y, B, D)) is simply the set of continuous maps f :
X — Y such that f(A) C Band f(C) C D.

Additional categories arising in algebraic topology will be introduced as needed later in the
notes. Below, we recall some basic universal properties that will be invoked frequently throughout.

e Top has products and co-products. The product of X, Y is given by the Cartesian product
X x Y of topological spaces with the product topology. The product is an example of a
categorical pullback:

The co-product of X, Y is given by the disjoint union X L1Y with the disjoint union topology.
The disjoint union is an an example of a categorical pushout:

e The category Top, has products and co-products. The product of (X, xq), (Y, yo) is given
by the pointed Cartesian product (X X Y, (x0, yo)). The pointed Cartesian product is an
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example of a categorical pullback:

XxY 7{—}{) X

L

Y — {x}

The coproduct of (X, xq), (Y, yo) is given by the wedg sum
XVY:= (XXY)/~

where the quotient identifies the basepoints xg and yg to a single point. The wedge sum is
an instance of a categorical pushout:

{«} — X

!

1.3. Topological Manifolds

One of the principal classes of spaces studied in algebraic topology through topological in-
variants is that of topological manifolds. These are spaces that, in a local sense, resemble Eu-
clidean space. Familiar examples include plane curves such as circles and parabolas, as well as
two-dimensional surfaces like spheres and tori. A comprehensive treatment of topological mani-
folds can be found in [Leel0].

Definition 1.3.1. A topological space, X, is a topological n-manifold if X is a second-countable,
Hausdorft space that is locally homemorphic to R”. That is, each point of X is contained in a coor-
dinate chart, which is a pair (U, ¢), where U is an open subset of X and ¢ : U — ¢(U) C R"isa
homeomorphism from U to an open subset ¢(U) of R”".

o) 4R

~

Remark 1.3.2. The number n is attached to a single chart and might apriori depend on the chart
itself. This turns out to be not the case. This result is called the invariance of dimension and will be
proved later.
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Remark 1.3.3. A collection of charts (U, ¢ o) such that |, Uy = M is an atlas for X.

We discuss the implications of the conditions imposed in Definition 1.3.1. Since a topological
manifold is locally Euclidean, it is easy to see that it inherits a number of properties of Euclidean
space locally. For instance, we have the following:

Proposition 1.3.4. Let X be a topological n-manifold. Then X is locally compact, locally path-
connected and locally contractible.

Proor. Every point of X has a neighborhood homeomorphic to the open unit ball in R". Each open
ball in R” is locally compact, locally compact and locally path-connected, locally contractible. The
claim follows. o

The locally Euclidean condition does not impose any topological properties at the global level.
The second-countablity and Hausdorff conditions account for this detail. Intuitively, Hausdorff
spaces have ‘enough open sets.” This ensures that familiar properties hold: for example, in a Haus-
dorft space, finite subsets are closed, limits of convergent sequences are unique etc. Moreover, this
condition also excludes certain pathological examples like the line with two origins etc. On the other
hand, second-countable spaces ‘don’t have too many open sets that are required to cover the space.’
The following is a sample global topological property of a topological n-manifold.

Proposition 1.3.5. Let X be a topological n-manifold. X has a countable basis of precompact
coordinate balls.

Proor. First consider the special case in which X can be covered by a single chart. Suppose ¢ :
M — U C R" is a global coordinate chart. Let
B={B,(x):x€Q, x€ Q" B,»(x) C U for some r’ < r}

Each B, (x) € 8 is pre-compact in U, and it is easy to check that 8 is a countable basis for the
topology of U. Because ¢ is a homeomorphism, it follows that ¢ ' (8) is a countable basis for
X, consisting of pre-compact coordinate balls. More generally, each p € M is in the domain of a
coordinate chart. Since X is second-countable, X is covered by countably many coordinate charts
{(Ui, ¢i)}2,. By the argument in the preceding paragraph, each U; has a countable basis of coor-
dinate balls that are pre-compact in U;. If V' C U, is one of these balls, then the closure of V in U;
is compact, and because X is Hausdorff, it is closed in X. It follows that the closure of V in X is the
same as its closure in U;, so V is precompact in X as well. Clearly, the union of all these countable
bases is a countable basis for X. O

Example 1.3.6. The following is a list of examples of topological manifolds.

(1) R™ is a topological n-manifold. R" is covered by a single chart (R", Idg»), where Idg» :
R"™ — R" is the identity map.

(2) (Spheres) The unit n-sphere, S, is Hausdorft and second-countable because it is a topo-
logical subspace of R"*!, For each 1 < i < n + 1, consider the sets:

Uz+ — {(ul, . ’un+1) c Rn+1 | Lti > 0}
Ul_ — {(ul,.“ ’un+1) c Rn+1 | I/ti < 0}
Let f : B" — R be the continuous function defined by

fx) = V1= lul?

For each 1 <i < n, U N §" is the graph of the function

ui:if(ul,... ’ui’... ’un+1)’
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where the hat indicates that u’ is omitted. Thus, each subset U7 N §™ is locally Euclidean
of dimension 7, and the maps ¢;: U N S" — B” given by
Giu' oo ™) = (e

defines the desired homemorphism.
(3) (Real Projective Space) The real projective space, RP", is defined as the quotient space,
RP" = (R™*!\ {0})/~ with the equivalence relation

x ~yinR"™\ {0} & x =7y forsome A € R*
It is made into a topological space by giving it the quotient topology via the map
m: R™\ {0} - RP",
where [x] := m(x) = span{x}. It can be easily checked that
RP" = §"/~
where ~ is the equivalence relation on S" such that x ~ —x (i.e., antipodal points are
identified). We check that RP" is both second-countable and Hausdorft:

(a) Consider the quotient map: g : S — S"/~ Note that ¢ is an open map. Indeed for
any open subset V C S", we have:

g ' (q(V))=Vu-V,
Since S” is second-countable, RP" = §"/~ is also second-countable as ¢ is an open
map.
(b) If [x], [y] € S™/~, then one can choose & > 0 small enough that
U=B(x,e)NS"
V=B(y,e)NS"
are open sets in S” such that +U, +V are pairwise disjoint. Since,
g~ (q(U))=UU-U
g (q(V))=VU-V
g '(q(U)) and g ' (¢(V)) are open disjoint subsets of S/~ containing [x] and [y].

Hence, RP" = S§"/~ is Hausdorft.
Foreach 1 <i < n+ 1, consider the sets:

ﬁi — {(I/tl,"' ’Mn+1) c Rn+1 | l/li + 0}

Let U; = n(U;). By properties of the quotient topology, U; is an open subset of R”. Con-
sider the map ¢;: U; — R" defined as:

Ml ui—l Mi+1 un+1)

¢i ([u]) = | — L=

wi' Tyl ut ut

This map is well-defined because its value is unchanged by multiplying x by a nonzero

constant. By properties of the quotient topology, ¢; is continuous. In fact, ¢; is a homeo-
morphism because it has a continuous inverse given by

¢l_1(u1, ,un) — [ul’... ’ui_l’ 1’ui,... ’un];

This shows that RP" is locally Euclidean of dimension 7.
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(4) (Tori) For a positive integer n > 2, the (n — 1)-torus is the product space
Stx...xst

It is clear that a product of topological manofolds is a topolopgical manifold. Hence, T is
topological n-manifold since S! is a 1-manifold.

Remark 1.3.7. For n > 2, we usually abbreviate the n-torus as T".

Sets such as closed intervals in R and closed balls in R" fail to be both topological manifolds
since they ‘have a boundary of sorts.” We make precise the notion of a topological manifold with
boundary.

Definition 1.3.8. Let X be a topological space. X is a topological n-manifold with boundary if X is
a second countable, Hausdorff space such that each point x € M is contained in a coordinate chart,
(U, ¢), such that:

(1) (Interior Chart) Either ¢ : U — ¢(U) € R”" is a homeomorphism from U to an open
subset ¢(U) of R”".

(2) (Boundary Chart) Or ¢ : U — ¢(U) C H" is a homeomorphism from U to an open
subset ¢(U) of H", the upper-half plane, such that ¢(x) N dH" # 0.

A point p € M is called an interior point of X if it is in the domain of some interior chart or a
boundary chart (U, ¢) such that ¢(U) N 9H" = (. It is a boundary point of X if it is in the domain
of a boundary chart that sends p to 0H". The boundary of X (the set of all its boundary points) is
denoted by 0 M; similarly, its interior, the set of all its interior points, is denoted by Int(M).

Remark 1.3.9. A point p € M might apriori simultaneously be a boundary point and an interior
point, meaning that there is one interior chart whose domain contains p, and another boundary
chart that sends p to OH". This turns out not to be the case. This result is called the invariance of
boundary and will be proved later.

Example 1.3.10. (Sketch) The following is a list of basic examples of a topological manifold with
boundary.

(1) B" is smooth n-manifold with boundary. One can prove this by definition. We skip details.
(2) If X is a n-dimesnional manifold with boundary, then M is a (n—1)-dimensional manifold
without boundary. We skip details.

1.4. CW Complexes

Another important class of spaces studied via topological invariants in algebraic topology is that
of CW complexes. These spaces can be constructed combinatorially by successively attaching basic
building blocks—namely, disks of various dimensions. For further details, see [Hat02; Lee10].

1.4.1. Definitions. An arbitrary topological space, X, can be difficult to visualize and analyze.
We shall focus mostly focus on the subcategory of topological spaces that can be constructed in-
ductively using open cells. This will be category of CW-complexes. This approach will allow us to
meaningfully study a lot of topological spaces.

Definition 1.4.1. An open n-cell is a topological space that is homeomorphic to the open unit ball
B". A closed n-cell is a topological space homeomorphic to D".

Remark 1.4.2. We will only use the phrase n-cell when the context is clear.
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New topological spaces can be constructed from old topological spaces by attaching an n-cell.
Let X be a topological space. Suppose there is a map ¢ : S”~! — X a map. One can form a new
topological space, X [[, D", from the disjoint union X [[ D" by identifying each ¢(x) € s"1 with
¢(x) € X forall x € $"!, and equipping the resulting set with the quotient topology. The map
¢ is called the characteristic map. We refer to the space X [], D" as being obtained from X by
‘attaching an n-cell’, and call ¢ : S"~! — X the attaching map. Using the the universal properties
of the disjoint union and quotient topology, we have the following commutative diagram.

sl 25 x
ool

D" — X [[,D"

Remark 1.4.3. In fact, this shows that X [[ 4 D" is a pushout in Top.

One can also attach more than one n-cell. Let {D”,},c4,, be a collection of n-cells and let ¢”, :
S"=1 — X be a collection of continuous maps. One can form a new topological space, X [gn DY,
by attaching the aforementioned collection of n-cells using the rule prescribed above. Once again,
we have a commutative diagram:

gy 8570 —F— X
[ |
[gn DY —— X g2 Dy
Remark 1.4.4. This shows that X | ] gn DY, is a pushout in Top.
Definition 1.4.5. Let X be a topological space. A CW decomposition of X is a sequence of subspaces
XPcx'cx?*c--.cX"c--- neN,

of X such that the following three conditions are satisfied:

(1) The space X is discrete.

(2) The space X" is obtained from X"~! by attaching a (possibly) infinite number of n-cells
{D"} 4ea, via attaching maps ¢7 : %71 — x"~1,

(3) The topology of X is compatible with quotient topology on X that makes the

UX"—>X

neN

continuous. In other words, A € X is open if and only if A N X" is open for all n > 0.

Remark 1.4.6. If X admits a CW decomposition, then it can be easily checked that X is a colimit of
{X"}nenuqoy- In particular, X is the colimit of the diagram

Xoi(l)XI_)..._)XnJ_n)XrH'l_)...

in Top. Here j, is the inclusion of X;, into X,+1.
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We can now define the category of CW complexes, CW. The objects of the category are topo-
logical spaces that admit a CW structure (CW complexes), and morphisms between CW complexes
are cellular continuous maps. That is, f(X") C Y for each n > 0 where f is a continuous map. In
other words, if X and Y are CW complexes and we have a commutative diagram

XO >X1 S .. s X" >Xn+1_>
YO >Y1 > >Yn >Yn+1H

then, on forming the colimits, we obtain an induced map f : X — Y which is a cellular map.

Remark 1.4.7. CW.,, is the category of pointed CW complexes defined analogously to Top,. Simi-
larly, CW? is the category of pairs of CW complexes defined analogously to Top>.

Each cell D, has its characteristic map ¢”,, which is by definition the composition of continuous
maps:

P

/\

D} —— X" D — X" [[,D} —= X

Proposition 1.4.8. Let X be a topological space with a CW decomposition. A C X is open if and
only if (¢")~1(D") is continuous for each a € A,, and n € N. In particular, X is a quotient space

Of ]_[(xeAn,neN D?x

Proor. The forward implication is clear. Conversely, suppose (¢”)~!(ID"%) is open in D" for each
for each @ € A, and n € N. Suppose by induction on n that A N X"~ ! is open in X"~!. Since
(¢")~1(D") is openin D" forall @ € A, then AN X" is open in X" by the definition of the quotient
topology on X". The last implication is clear by definition. O

Definition 1.4.9. Let X be a topological space. X is a CW complex if X admits a CW decomposition
satisfying the following two properties:

(1) The closure of each open cell is contained in a union of finitely many cells.

(2) The topology of X is coherent with {{D”} 4c4, : n € N}2

A CW complex is finite (or finite-dimensional) if there are only finitely many cells involved.
Every finite CW decomposition is automatically a finite CW complex. In fact, every locally finite
CW decomposition is automatically a CW complex as we show below.

Proposition 1.4.10. Let X be a topological space endowed with a CW decomposition. If {D”, | a €
Ay, n € N} is alocally finite collection, then X is a CW complex.

Proor. By assumption, every point D?, has a neighborhood that intersects only finitely many cells.
Since D is compact, it is covered by finitely many such neighborhoods. This readily implies (1) in
Definition 1.4.9. Suppose A C X is a subset such that A N D? is closed for each @ € A, and n € N.
Given x € X \ A, let W, be a neighborhood of x that intersects the closures of only finitely many
cells, say D}, ... ,DZ". Since A \ D;.Lj is closed in D?i and thus in X, it follows that

W\A:W\(AQD;”)U...U(AQDZ"’)

?That is, A C X is open/closed if and only if A N ]DTZ is open/closed for each @ € A, and n € N.
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is a neighborhood of x contained in X \ A. Thus X \ A is open, so A is closed. This readily implies
(2) in Definition 1.4.9. O

1.4.2. Examples. In the examples that follows, we will not explicitly check that condition (3)
in Definition 1.4.5 is satisfied. It should be straightforward to do verify these claims, though.

Example 1.4.11. Let N = (0,...,0,1) in S". Consider the map o : S" \ {N} —» R”" by 3
n

1
1 n+ly _ u u
oy ,...,u )_(1—u"+1"”’1—u”+1)

Similarly, consider By : R" — S"\ {N}

2ut 2™ |ul? -1
ul2+1" T ul2+17 |ul2+1)"
It is easy to check that o, By are inverses of each other. Hence, R" = S \ {N}. The map oy is

called the stereographic projection. S can now be given a CW structure with one 0-cell (DY) and
one n-cell (D). The attaching map for the n-cell is ¢ : S"~! = 9D" — {x}.

By, .. u™) :(

Example 1.4.12. S” can be given a different CW structure with two k-cells in each dimension for
0 <k <n. Let X =S% = {DY,DY}. Then X' = S! where the two 1-cells D}, D} are attached to the
0-cells by homeomorphisms on their boundary. Similarly, two 2-cells can be attached to X' = S! by
homeomorphism on their boundary, giving X? = S2. Proceed inductively.

Example 1.4.13. There are natural inclusions
sPcslc.cs"c---C
We can then define S* = h_n)1 . S™. If S™ is given a CW structure as in Example 1.4.12 for each

n > 0, then S* is a CW complnex as well. Note that S* is a colimit of the S™’s for n > 0.

Example 1.4.14. Consider RP" as the quotient of S" with anti-podal points identified. An easy
observation shows that RP" is a quotient of D" by the relation x ~ —x on the boundary $"~'4. Thus,
RP" can be obtained from RP"~! by attaching a one cell.

Sn—l c s D"

Lo

RP"! — RP"
Thus RP" can be built as a CW complex with a single cell in each dimension < n.

Example 1.4.15. There are natural inclusions
RPPCRPIC...CRP"C.--C

We can then define RP® = lim . RP". Note that RP® is a colimit of the RP"’s for n > 0. We can
—n
define CP* similarly to RP*.

sLetx = (x1,...,x"*1) € "\ {N}. The line through N and x is parameterized by

ul =xt, ..., u = X"ty = ()c"+1 -Dr+1

The intersection of this line with u™*! = 0 occurs when 7 = l_xﬁ Hence, the intersection point is (o (x),0), as

desired. Therefore, o (x) is the intersection of the line through N and x with the R” plane.
4]t is easy to check that these identifications are consistent with out discussion of the real projective plane, which is RP2.
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Example 1.4.16. The complex projective space, CP", is defined as the quotient space CP" = (C"*1\
{0})/~ with the equivalence relation x ~ y in C"*! \ {0} if and only if x = Ay for some A # 0. Note
that there is a map

DQn — CpP"
(ZO"~"Z}'I—1) = [Z09'-'azn—1$ 1_ ”Z”]

The boundary of D?" (where /1 — [|z]| = 0) is sent to CP"~*. In this way, CP" is obtained from
CP"~! by attaching one 2n-cell. So CP" has a CW structure with one cell in each even dimension
0,2,...,2n.

Example 1.4.17. There are natural inclusions
CPlccCPlc---cCP'cC---C
We can then define CP® = lim __ CP" as before.
—>neN

Let’s discuss some 2-dimensional examples. Itis well-known that compact, connected 2-dimensional
manifolds are classified into the following types:

(1) $2,
(2) A connected sum of g-tori T (or a g-hold torus) for g > 2,
(3) A connected sum of g-projective spaces RP?, for g > 2.

We have already discussed a CW-structure on S2. We discuss examples of the other 2-manifolds
below:

Example 1.4.18. Consider X = T2 = S x S! (the 1-torus) or RP? (the real projective plane). Both
spaces can be constructed as quotients of a rectangle by identifying edges according to specific rules:
for the torus, opposite edges are identified in the same direction, while for RP?, one pair of opposite
edges are identified normally and the other pair with reversed orientation. These identification dia-
grams offer a convenient way to visualize the topology of each space. Each space admits a natural
CW complex structure with the following cells:

(1) asingle O-cell representing the vertex of the rectangle,

(2) two 1-cells corresponding to the edges of the rectangle,

(3) asingle 2-cell which is attached via a continuous map from the boundary circle S into the
1-skeleton.

V V V V
a1t Ad a1 4 d
V b V y ] y
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Example 1.4.19. For g > 1, a model for a connected sum of g copies of the torus T? = S! x S is
denoted by My, and is known as an orientable surface of genus g. The surface M, can be constructed
by taking a polygon with 4g sides and identifying its edges in pairs according to the word

1

—1,-1 1, -
aibiay bj ---agbgag bg ,

which encodes the edge identifications that yield a closed orientable surface. Each pair a;, a; Land

bi,b; L contributes a ‘handle,’ so M ¢ can be visualized as a torus with g holes, or a g-holed doughnut.
This construction endows M, with a natural CW complex structure consisting of:

(1) asingle O-cell where all loops based on the edges are attached;
(2) 2g 1-cells corresponding to the edges of the polygon;
(3) asingle 2-cell attached along the loop described by the edge word above.

Example 1.4.20. For g > 2, a model for the connected sum of g copies of the real projective plane
RP? is denoted by N, o> and is known as a non-orientable surface of genus g. The surface N, can be
constructed from a polygon with g sides by identifying the edges according to the word

alal---agag,
where each pair a;a; represents an edge identification. This construction yields a closed surface that

is non-orientable and has genus g. The surface N, admits a CW complex structure consisting of:

(1) a single 0-cell to which all loops are attached;
(2) g 1-cells corresponding to the edges of the polygon;
(3) asingle 2-cell attached via a loop following the word a1a; - - - agag.
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Remark 1.4.21. Ns is usually called a Klein bottle. Another model for the Klein bottle is given by
the CW structure shown below:

V b V

\
4

a4 ya

\
4

1% b 1%

It can be checked that both models are homeomorphic.

1.4.3. Properties. A sub-complex of X is a subspace Y C X that is a union of open cells of X,
such that if Y contains a cell, it also contains its closure. It follows immediately that the union and
the intersection of any collection of sub-complexes are themselves sub-complexes. Examples of a
sub-complexes would be be the subspaces X" for n > 0 in the definition of a CW complex.

Proposition 1.4.22. Suppose X is a CW complex and Y is a sub-complex of X. Then Y is closed
in X, and with the subspace topology and the cell decomposition that it inherits from X, it is a CW
complex.

Proor. Let B” C Y denote such an open n-cell in Y. Since B” C Y, the finitely many cells of X that
have nontrivial intersections with B” must also be cells of Y. So condition (1) in Definition 1.4.9 is
automatically satisfied by Y. In addition, any characteristic map ¢ : B" — X for D" in X also serves
as a characteristic map for B" in Y. Suppose A C Y is a subset such that A N D" is closed in D" for
every n-cell D" contained in Y. Let D" be a n-cell of X that is not contained in Y. We know that
D™ \ B" is contained in the union of finitely many open cells of X; some of these, say B}, . .. B*

- b k b
might be contained in Y. Then B U... UB}* C Y, and

AND"=ANBIMU...UB)ND"= ((ANB)U---U(ANB¥) D"

which is closed in D". It follows that A is closed in X and therefore in Y. This implies (2) in
Definition 1.4.9. Hence Y is a CW complex. Taking A =Y shows that Y is closed. O

Proposition 1.4.23. The following is a list of some categorical/topological properties of CW com-
plexes.

(1) If A is a sub-complex of X, then the inclusion t : A — X is a cellular map.

(2) IfAisasub-complex of X, then X | A is a CW complex such that the quotient map X — X /A
is a cellular map.

3) If X and Y are finite CW complexes, then X XY is a CW complex.

(4) The closure of each cell in a CW complex is contained in a finite sub-complex.

(5) A subset of a CW complex is compact if and only if it is closed and contained in a finite
sub-complex. In particular, a CW complex is compact if and only if it is a finite complex.

(6) A CW complex is locally compact if and only if it is locally finite.

(7) A CW complex is locally path-connected.

(8) A CW complex is a Ty, normal space. Hence, a CW complex is a Hausdor{f space. More-
over, a CW complex is a paracompact space.

Proor. (Sketch) The proof of some of the properties is given below:
(1) This is clear given the definition of a sub-complex.
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(2)

3)
4)

)

(6)
(7)

()
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The cells of the quotient space X/A consist of the cells of X that lie in the complement
X \ A, together with a single new 0-cell corresponding to the image of the inclusion

A—>X—> X/A

This is well-defined because since A € X is a subcomplex, every cell of X is either con-
tained in A orin X \ A. Let ¢” : S%~! — X"~! be the attaching map of an n-cell in X \ A.
The corresponding n-cell in the quotient X /A is attached via the composite map

S?y_l ¢_:l'> Xn—l N Xn—l/An—l,
where A"~! ¢ X"~ is the (n — 1)-skeleton of A, and this inclusion holds because A is a
subcomplex of X. Moreover, the image of the cellular filtration satisfies g(X") C X" /A" =
(X/A)", so the quotient X /A inherits a CW-complex structure and is therefore cellular.
The proof is skipped.
Let D" be an n-cell of a CW complex. We prove the claim by induction on n. If n = 0, then
DY = DY is itself a finite subcomplex. Assume the claim is true for every cell of dimension
less than n. By (1) in Definition 1.4.9, D" \ D" is contained in the union of finitely many
cells of lower dimension, each of which is contained in a finite subcomplex by the inductive
hypothesis. The claim now follows by taking a union of these these finite subcomplexes
together with D".
Every finite subcomplex ¥ C X is compact because it is the union of finitely many closed
cells. Thus, if K € X is closed and contained in a finite subcomplex, it is also compact.
Conversely, suppose K C X is compact. If K intersects infinitely many cells, by choosing
one point of K in each such cell, we obtain an infinite discrete subset of K, which is im-
possible. Therefore, K is contained in the union of finitely many cells, and thus in a finite
subcomplex by (1).
This follows from (4).
Consider the spaces X" C X5. Weinductonn € N. X? is obviously locally path-connected.
If X"~! is locally path-connected then X" is also locally path-connected since it is the
the quotient of the disjoint union of X”*~! and a bunch of n-cells which are locally path-
connected. Therefore, [ [,y X» is locally path-connected. Since

UX,,—>X

is a quotient map, X is locally-path connected.
See [Hat02] for a proof.

This completes the proof. m]

Remark 1.4.24. Every topological space is not a CW complex. Consider the Hawaiian earring, X:

The easiest way to see the Hawaiian earring has no CW decomposition is using information about
the first homology group. If X were a CW-complex, then it would have to be a finite CW-complex

SWe will use the following facts from general topology. A disjoint union of locally path-connected spaces is locally path-

connected. Moreover, a quotient of a locally path-connected space is locally path-connected.
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by Proposition 1.4.23(6) since it is compact. Since every finite CW-complex has finitely generated
homology, it suffices to show that the homology of X is not finitely generated. Observe that for any
n € N, X has a retract which is a wedge of n circles - namely, the union of n of the circles that make
up X (the retraction just maps all the other circles to the origin). The first homology group of a
wedge of n circles is Z", which cannot be generated by fewer than n elements. It follows that H1(X)
cannot be generated by fewer than n elements for any n € N, and thus cannot be finitely generated.
We have
CW ¢ Top

as inclusion of categories.
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CHAPTER 2

Fundamental Group

2.1. Paths & Homotopy
2.1.1. Paths and r.

Definition 2.1.1. Let X € Top. A path in X from x to y is a continuous map f : [0,a] — X such
that £(0) = x and f(a) = y for some a > 0.

Proposition 2.1.2. Let X € Top. Paths in X form a category, called the path category, Pathsy.

Proor. The objects of this category are points of X and a morphism between two points, x, y, is
simply a path. Composition of paths is defined as: if f1,: [0, a1] and fo,: [0, as] such that fj(a;) =
f2(0) are two paths, then the product path is defined as follows:

for fi:l0,a1+az] = X
. fi(2) if r € [0,a1]
fa(t —ay) ift € [ar, a1 +a9]
For each x € X, the identity path Id, is simply the path Id, : [0,0] — X such that Id,(7) = x for

each r € [0, 0]. Associativity and the identity axiom can be easily checked. O

Being connected by paths is an equivalence relation on X: each x € X is connected to x via the
identity path. if x is connected to y by a path f : [0,a] — X such that f(0) = x and f(a) =y, then
y is connected to x via the reverse path:

fr:[0,a]l - X
t— fla—-1)
If x is connected to y by a path f and y is connected to z via a path g, then x is connected to z via
the path f5 - fi.

Definition 2.1.3. Let X € Top. An equivalence relation on X under the equivalence relation of
being connected by a path is a path-component.

We denote by o (X) the set of path components, and by 7y(x) the path component of the point
x. mg then defines a functor

o : Top — Sets
X > mp(X)

Indeed, amap f : X — Y induces 7o (f) : mo(X) — mo(Y) given by 7o (x) — mo(f (x)) for each
x € X. mg assigns an invariant to a topological space in the sense that if X and Y are homeomorphic
topological space viaamap f : X — Y, then

mo(X) = mo(Y)

25
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as sets. This can be easily checked. See Proposition 2.1.12 for a more general argument. Hence, the
cardinality of 7o(X) can be used to distinguish some simple topological spaces.

Example 2.1.4. R is not homeomorphic to R” forn > 1. Suppose f : R — R" is a homeomorphism.
Then R = R"”. WLOG let f(0) = 0. Hence, R\ 0 = R" \ 0. R \ 0 has two path-components and
R™\ 0 has a single path-component, a contradiction.

Example 2.1.5. Let

X={(x,y)eR?:x=0o0ry=0}
be the union of the x and y axes in R?. X is not homeomorphic to R since X \ {(0,0)} has four
path-components and R \ {0} has two path-components.

Example 2.1.6. Assume that R = X X Y. Then X X Y and hence X, Y are path-connected. Assume
| X1, Y] = 2. Let (xg,y0) € X XY. Then X XY \ (xq, yo) is path-connected '. However, R \ {x} is
not path-connected. Hence, either | X| =1 or |Y| = 1.

2.1.2. Homotopy. Topology can at best be thought of as ‘squishy geometry.” Perhaps it is pos-
sible to continuously deform a path while still retaining its underlying topological properties. More
generally, perhaps two functions f,g : X — Y can be ‘deformed into each other’ This leads to the
notion of homotopy.

Definition 2.1.7. Let X,Y € Top and let f, g : X — Y be continuous maps. A homotopy from f to
g is a continuous map

H:Xx[0,1] »Y
such that f(x) = H(x,0) and g(x) = H(x, 1) for x € X. In this case, we write f ~ g. H is said to be
relative to A C X if the restriction H| 4 is constant on A. In this case, we write f ~4 g.
Example 2.1.8. A homotopy between paths f; : [0, a;] — X from x to y is a continuous map
H:IxI—-X

such that

h(s,0) = fi(s)
h(s,1) = fa(s)
h(0,1) =x
h(l,t) =y

for all 5,7 € I. In other words, we have a homotopy relative to the set {x, y}.

Proposition 2.1.9. The homotopy operation satisfies the following properties:

(1) ~ is an equivalence relation.
(2) ~ is compatible with composition of maps.
(3) If f : X — Y is a continuous function, then f o Ildx ~ Idy of

Proor. The proof is as follows:

Let (a,b),(c,d) € X xY. If a=c # xgorb =d # yg, then exists a path between (a, b) & (c,d) in either {a} XY
or X X {b} resp. avoiding (xqg,yg). If a = ¢ = xq, then b,d # yg. Choose a point x # xg € X. Consider the path
(a,b) - (x,b) — (x,d) — (c,d) which avoids (xq, yg). A similar argument works if b =d = yg. If a # cand b # d,
consider two paths: (a,b) — (c¢,b) — (c,d) and (a,b) — (a,d) — (c¢,d). (xg,yo) cannot be on both paths. This
covers all cases.
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(1) Any map f : X — Y is homotopic to itself via the constant homotopy
H(x,1): Xx[0,1] - Y
(x,1) = f(x)
Hence, f ~ f. Given H : f ~ g, the inverse homotopy
H(x,t): X x[0,1] - Y

(x,t) > H(x,1—1)
shows g ~ f. LetK : f ~gand L : g ~ h be given. The product homotopy K * L is
defined by

K(x, 2t 0<

(KeDrn={ 02
L(x,2t-1) 5 =

and shows f ~ h.
(2) Consider continuous functions
fi: X—>Y
gi:Y—Z
fori = 1,2. Assume f; ~ fo via a homotopy F and g; ~ g2 via a homotopy G. Define a
homotopy:
GoF:XxI—>2Z
(x,1) = G(F(x,1),1)
This shows that f o f1 ~ g2 0 g1.
(3) This is clear.
This completes the proof. O

We now have a new category hTop: objects in hTop are the same as objects as in Top and
morphisms are homotopy classes of continuous maps. Proposition 2.1.9 shows that hTop is well-
defined. If X, Y € hTop, the set of homotopy classes of continuous maps between X and Y is denoted
by [X,Y].

Remark 2.1.10. We can also define hTop, corresponding to Top,. For instance, if (X, xo), (Y, yo) €
hTop,, then a pointed homotopy in hTop, is a continuous function such that

H: (X,x0) X1 — (Y,y0)

such that H|(x x,)x{:} for each t € I is a pointed map. The set of pointed homotopy classes from X
to Y is denoted as [X,Y].. Note that [X,Y]. is itself a pointed set with the basepoint given by the
homotopy class of the constant map X — yy.

Remark 2.1.11. If A = {e}, then Definition 2.1.7 is a statement about the homotopy of maps con-
sidered as morphisms in Top,. We can also define a notion of homotopy for morphisms in Top?. If
there are two maps f,g : (X, A) — (Y, B) in Top?, a homotopy of pairs from f to g is a homotopy
H : f ~ g that, in addition, satisfies H(a,t) € B for all t € [0,1] and a € A. This defines a new
category, hTop?.

We now show that 7 is a topological invariant in hTop.
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Proposition 2.1.12. Let X,Y € Top. If X and Y are homotopy equivalent, then
mo(X) = mo(Y)
as sets.

Proor. Let f: X — Y and g : Y — X be the homotopy equivalent maps. We have a function

S 1 mo(X) = mo(Y),

that sends the path component [x] in X to the path component [ f(x)] in Y. Clearly, this is well-
defined. We similarly have a function

g« mo(Y) = mo(X),

that sends the path component [y] in ¥ to the path component [g(y)] in X. Moreover, homotopic
maps give the same function, since / X [ is path-connected. Since g o f = Idy and f o g = Idy, we
must have that 7(X) = mo(Y). m|

We discuss a few basic but useful results:

Proposition 2.1.13. The following statements are true:
(1) Let A, X, Y €Top. If fo~ f1: A —> Xand gy~ g1: A —Y, then
(fo,80) ~ (f1,81) : A = X XY.
(2) Let X,Y,BeTop,. If fo~ f1: X > Band gy ~ g1 : Y — B, then

{fo.g0} ~{f1.81}: X VY — B.

Proor. For (1), let H; be the homotopy between fy and f; and G, the homotopy between gg and
g1. Then (H;,G;) : A — X XY is a homotopy between ( fy, go) and (f1, g1). The proof of (2) is
similar. O

Remark 2.1.14. Proposition 2.1.13 implies that we have bijections
[A,X] X [A,Y] = [A, X xXY]
[X,B].x[Y,B]. = [XVY,B].
An important instance of a homotopy arises when we consider the following question: perhaps

it is possible to deform a topological space into a ‘smaller’ space continuously. This leads to the
notion of a deformation retraction which is a specific instance of a homotopy.

Definition 2.1.15. Let X € Top. A deformation retraction of X onto a subspace A is a homotopy
H:Xx[0,1] - X
such that H(-,0) = Idx, H(-,1) = A, and H(-,t)|a = Ida for all r € [0,1]. X is said to be

contractible if deformation retracts to a point A = {x}.

Example 2.1.16. The following are examples of some deformation retractions:

(1) R™ is contracible. More genrally, any star-shaped region is contractible. Indeed, if X is
star-shaped with respect to some point a € X, then

H(x,t)=(1-1t)x+ta

defines a homotopy between the constant map and the identity map. Hence star-shaped sets
are contractible.
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(2) R™\ 0 deformation retracts to S"~'. Simply consider the straight-line homotopy:
t
H(ut) = (1 - x + —.

(3) S is contractible. Let H; be given by
Hy :R¥” X1 — R,
(x,1) = (1 =1)(x1,x2,x3,...) +1(0,x1,x2,...).

Note that Hy(—, 1) is the right shift map. For any x € S*, the vector H;(x,—) is not a
multiple of x, so the line segment between them does not pass through the origin. Thus,
we can define a homotopy from the identity on S* by setting H1 /||H1||. The idea is now to
contract the image of H;(—, 1), which is a codimension-1 sphere, to a point not on it-say,
(1,0,0,0,0,...). Let
Hs : R x I — R%
(x,) = (1 =1)(0,x1,x2,...)+1(1,0,0,...).

Clearly, H> = Hy/||Hs|| is a homotopy from the map Hy(—, 1) to the constant map at
(1,0,0,...) on S*. The composition is the desired homotopy that shows that S is con-
tractible.

(4) LetY be the topological space obtained by identifying opposite sides [—1, 1] x [-1, 1]. Let
X =Y\ {(0,0)}. See the diagram below:

b
[ 2 > L J
aj Aa
[ > @
b

Consider the homotopy H : X X I — X defined by the formula
(5 + (=Dt + (L=0y) Iyl > ]
(g + (L =-Dx e+ (L=1)y)  |x| >yl

x|

H((x,y),1) = {

If (x,y) € X and |y| > |x|, the homotopy H linearly slides (x, y) onto a point such that the
x-coordinate of H((x,y), 1) is sgn(x). See the diagram below:

The image of H(-, 1) is clearly the identified edges of X, which is, geometrically, a figure
eight: a graph consisting of two circles intersecting in a point.
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(5) Consider the Mobius strip, M, obtained as the quotient space of the square [0, 1] x [0, 1]
by identifying
(x,0) ~(1—=x,1) forall0<x<1.
The line {(x, %) :x €[0,1]} c Stis S' as a subspace of M. Then the map

H:Mx[0,1] > M
(o0 (v (= ny+ )

gives a well-defined strong deformation retract of M to S! (as can be checked).
The following example is quite important:

Example 2.1.17. D" x I deformation retracts onto D" x {0} U §"~! x I. Define

2x 2-t
=% 0 < £1L
rx.1) = {(2;’ b, M=
(pr2-mp Ikl =z 5
It is easy to check that this is a well-defined continuous map. For t = 0 we get % = 1 and thus
r(x,0) = (x,0) for all x € D". For x € S"! we have r(x, ) = (x, ). Thus r is a retraction.

Remark 2.1.18. There is a geometric interpretation of v in Example 2.1.17. For each (x,t) consider
the line Ly ; through (0,2) and (x,t). This line intersects D" x{0}US" = X I in a single point r (x, t).

Example 2.1.19. Let X = {e;, o5} be a two-point topological space. If X is given the discrete
topology, then X is not contractible. Indeed, contractible spaces are path-connected and X is not
path connected with the discrete topology. If X is given the Sierpinski topology, {0, X, {e1}}, then
X is contractible. Define

H:Xx[0,1] - X
so that H(x,0) = x forall x € X, and H(x,t) = e forall x € X and ¢ € (0, 1]. It is easy to see that
H is continuous and hence defines a homotopy.

Definition 2.1.20. A map f : X — Y defines a homotopy equivalence if there exists g : ¥ — X
such that g o f and f o g are both homotopic to the identity. X and Y are homotopy equivalent if
there exists a homotopy equivalence. In this case, we write X ~ Y.

Example 2.1.21. For any X € Top, X X I is homotopy equivalent to X. Consider the maps

T XX —> X, ig: X > XxI,
(x,1) > x. x = (x,0).

Note that 1 o ip = Idx. Moreover, ig o 11 ~ Idxx«; via the homotopy:
H:(XxXI)xI—XxI,

((x,10),8) = (x,(1=9)1).

Remark 2.1.22. Example 2.1.21 can generalized to prove that if X is a topological space and Y is
a contractible topological space, then the projection

M XXY - X
is a homotopy equivalence.

Proposition 2.1.23. Let X,Y be topological space. The following are some properties of the homo-
topy and homotopy equivalence concept.
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(1) X is contractible if and only if every map f : X — Y, for arbitrary Y, is homotopic to a
constant map. Similarly, X is contractible if and only if every map f : Y — X is homotopic
fo a constant map.

(2) Let f : X — Y be a continuous map. Suppose there exist g, h : Y — X, possibly different,
such that f o g ~Idy and h o f ~ 1dx. Then f is a homotopy equivalence.

Proor. The proof is given below:

(1) Suppose X is contractible. Let H : X X I — X be a homotopy such that H(+,0) = Idx and
H(-, 1) is the constant map with value xg.
(a) If f : X — Y is a continuous map for any topological space Y, then foG : XXI =Y
is a homotopy from f to the constant map with value f(xg). Thus, f is homotopic to
a constant map. Conversely, letting ¥ = X and f = Idx shows that X is contractible.
(b) If f: Y — X is a continuous map for any topological space Y, then the map

H:YxI—X  Hyt) - H(f»),1)

is a homotopy from f to the constant map with value xo. Thus, f is homotopic to a
constant map. Conversely, letting Y = X and f = Idx shows that X is contractible.
(2) If ho f ~Idx and f o g ~ Idy, then

g~Idxog~(hof)og~ho(fog)~holdy ~h

Thus, g o f ~ ho f ~ Idx, and since f o g ~ Idy, g is a homotopy equivalent to f.
This completes the proof. O

2.2. Fundamental Group

2.2.1. m. Let X € Top. Recall the definition of homotopy from the previous section. In this
section, we focus on homotopy of paths relative to the boundary of I = [0, 1], denoted as 1. We
have the following observations:

Lemma 2.2.1. The product of paths (read left to right) has the following properties:
(1) Let a : I — I be continuous and a(0) =0, (1) = 1. Then f ~ f o a.
2 f-(g-h)~(f-8)- I
() f~ f andg ~ g implies f-g ~ f'-g'.
(4) If cx denotes the constant path at x € X, then cp) - f ~ f ~ [ - crq1)
S f-fr ~crqayand fr - f ~ cpo) where f, is the reverse of f

Proor. The proof is given below:

(1) « defines a reparamterization of the identity map from 7/ to /. Let H : I X I — [ denote
the straight-line homotopy from Id; to @. Then f o H is a path homotopy from f to f o @
(2) We provide a proof in words. We need to show that

(f-8)-h~f-(g-h
for any three paths in X such that the left-hand side is well-defined. The first path follows
f and then g at quadruple speed for s € [0, %], and then follows /4 at double speed for
s € [%, 1], while the second follows f at double speed and then g and 4 at quadruple
speed. The two paths are therefore reparametrizations of each other and thus homotopic.

2This assumes that at least one side of the equation is well-defined.
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(3) We show that ¢ ¢(g) - f ~ f. The other homotopy follows similarly. Define H : I X I — X
as

f(0), t > 2s,

f (gs_;;) . 1<2s.

Geometrically, this maps the portion of the square on the left of the line # = 2s to the point
f(0), and it maps the portion on the right along the path f at increasing speeds as ¢ goes
from O to 1. This map is continuous by the gluing lemma, and we have that H(s,0) = f(s)
and H(s,1) = cg(o) * f(s). The claim follows.

(4) We just show that f - f, ~ c (7). Define a homotopy by the following recipe: at any time ¢,
the path H; follows f as far as f(¢) at double speed while the parameter s is in the interval
[0,¢/2]; then for s € [¢/2,1 —1/2], it stays at f(¢); then it retraces f at double speed back
to p. Formally,

H(s,t) = {

f(2s), 0<s<t/2,
H(s,t) =1 f(p), t/2<s<1-1/2,
f(2-2s), 1-t/2<s<1.
It is easy to check that H is a homotopy from ¢ ¢(1) to f - f,.
This completes the proof. m]
For X € Top, Lemma 2.2.1 implies that one can consider a category I1(X) whose objects are
points of X and morphisms are homotopy classes of paths between points of X relative to 1. I1(X)

is called the fundamental groupoid of X because each element in Homyy(x) (-, -) has an inverse path.
In particlar, Homp(x) (X, xo) is a group for each x € X.

Definition 2.2.2. Let X € Top and xo € X. The fundamental group of X at x is
71(X, x0) = Autry(x) (xo)
X is simply connected (or 1-connected) if it is path connected and its fundamental group is trivial.

Remark 2.2.3. A loop based at xo € X isamap f : I — X such that f(0) = f(1) = x. Since
1/01 = S' where the homemorphism is given by the exponential function, &(t) = exp(2nit), f
descends to a continuous map from S' to X.

I
st -5 x

Therefore, we have

m1 (X, x0) = [(S, %), (X, x0)]
where [(S', %), (X, x0)] denotes the set of homotopy classes of maps from (S, %) to (X, xo) such that
* = X.

We next state an important lemma:

Lemma 2.2.4. (Square Lemma) Let F : W — [ X X be a continuous map, and let f, g, h, and k be
the paths in X defined by:

f(s)=F(s,0) g(s)=F(l,s5) h(s)=F(0,s) k(s)=F(s,1)
Then f-g ~h-k.
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Proor. (Sketch) Consider an appropriate straight-line homotopy from the corners of the square / X
1. ]

Proposition 2.2.5. Let (X,xy) € Top,. The following are some properties of the fundamental group
of X at xy.

(1) For each x{; € X, such that x{, € mo(xo), we have
m1(X, x0) = 71(X, x()

More generally, if X is a path component of X that contains xg, and i : Xqg — X is the
inclusion map, then

i 1 m1(Xo,x0) = m1(X,x0)

is an isomorphism.
(2) T1(-) is a functor from Top to Grpd, the category of groupoids.
(3) n1 is a functor from Top, to Grp, the category of groups.
4) if (X, xq) and (Y, yg) are pointed topological spaces, then

m1(X XY, (x0,y0)) = m1(X,x0) = m1(Y, yo)

That is, my preserves products.
5) If f,g : X — Y are homotopic with a homotopy H : X X I — Y and h is the path
h(t) = H(x,-), then the following diagram commutes:

m1(X, f(x0))

m1(X, x0) @

m1(X, g(x0))
(6) If f : X — Y is a homotopy equivalence, then the induced homomorphism
fe rm(X,x0) = mi(Y, f(x0))

is an isomorphism.
Proor. The proof is given below:
(1) Let a be a path from x to x”. Consider the map
D, : (X, x0) = n(X,x() B a-B-a
Note that @, is a homomorphim:

Qo [B2- il = la-B2-pi1-ar]
=la-B2-ar-a-Br-ar]
=[la-B2-ar]-[a-p1-ar]
=@y [B2] - Polpi]

It is clear that @, is bijective with inverse

D, (X, xy) — 71(X,x0) B a-B-a



34 2. FUNDAMENTAL GROUP

More generally, any loop in X based at x must in fact be a loop in Xy, so it is necessary
only to check that two homotopic loops in X are homotopic in Xj. But this is immediate
since if

F:IxI—X

is a homotopy whose image contains xg, its image must lie entirely in Xg, because I X I is
path-connected.
(2) A continuous map f : X — Y induces a homomorphism

£ TI(X) — TI(Y)
defined by f.([a]) = [f o @]. We have
L (B] - [a]) = f(IB - )
=[fo(B-a)]
=[(fep) - (foa)l
= f:[B] o fil]

The rest of the axioms can be checked in a straightforward way.
(3) This is similar to (2).
(4) Consider the map

@ : 71 (X XY, (x0,y0)) = m1(X, x0) X 71 (Y, yo)
[a] = ([ax], [ay])
It is clear that @ is well-defined since f ~ g implies that
Ay =ToQ@ ~mMToQ =ay

Similarly, ay ~ ay. The universal property of the product topology shows that @ is a sur-
jective. Moreover, if [ax] = [c,] and [ay] = [c,] we can choose we choose homotopies
H, and Hy. Thenthe map H : I X I — X XY given by

H(s,1) = (Hx(s,1), Hy(s,1))

is a homotopy from f to the constant 100p ¢ ,,y,). Checking that ® is a homomorphism
is easy.

I
s
oo Xxxy
X Y
(5) Let a be any loop in X based at x. What we need to show is
g«la] =g o fila]
— goa~h-(foa)-h,
— (foa)-h~h-(goa)

This readily follows from the square lemma applied to the map F : I X I — Y defined by
F(s,t) = H(a(s),1).
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(6) Let g : Y — X be a homotopy inverse for g, so that f o g ~ 1y and g o f =~ 1x. Consider
the maps:

71(X.x0) L5 (Y. f(x0)) 55 7 (X, g(f(x0))) Lo 11 (Y. £(g(f(x0))))

The composition of the first two maps is an isomorphism by (4). In particular, f, is injective.
The same reasoning with the second and third maps shows that g. is injective. Thus the
first two of the three maps are injections and their composition is an isomorphism, so g.
must be injective and surjective.

This completes the proof. O

Remark 2.2.6. Note that the homomorphism ®, in Proposition 2.2.5(a) depends only on the homo-
topy class of a. Indeed, assume that @ = ' where a and ' are continuous path joining x and x’.
Then:

Qolfl =la-B-ar] =la]-[B]-[ar] =[] [B] - [a;] = Do [B].

Hence we have ®, = ®@ .

Remark 2.2.7. Proposition 2.2.5 implies that if X is a path-connected space, then
m1(X,x0) = m1(X, xg)

for each x,x’ € X. We shall mostly be concerned with path-connected spaces. Therefore, we shall
not write the basepoint from now on.

How does one compute fundamental groups? This might be a difficult problem. But we can at
the very least state some trivial calculations:

Proposition 2.2.8. The following are calculations of some fundamental groups:
(1) If X = {e} is a one-point space, then n1(X) = {1}, is the trivial group.
(2) If X is contractible, then m1(X,x0) = {1} is the trivial group.

Proor. The proof is given below:

(1) A one-point space has only the constant loop. Hence, its fundamental group is trivial.
(2) This follows from the Proposition 2.2.5(5) and (1) above.

This completes the proof. O

Remark 2.2.9. A topological space, X, is simply connected if its fundamental group is the trivial
group. One can easily check that X is simply connected if and only if there is a unique homotopy class
of paths connecting any two points in X. For the forward direction, let x,y € X, and f,g : I —» X
are paths from x to y. Then we have the following sequence of homotopies:

frfrey~frgrg~cxxg~g,
where we use the fact that g g and f = g are loops at y and x, respectively, and hence are homotopic

to the respective constant paths. For the reverse direction, take x = y. By hypothesis, any loop y at
x € X is in the homotopy class of the constant loop cy.

As we shall see by way of examples, fundamental groups are rarely abelian. However, there is
an important class of groups for which the fundamental groups are abelian. Before identifying this
class, we identify when a fundamental group is abelian.

Lemma 2.2.10. Let X be a path-connected topological space X. Forany x € X, n1(X, xo) is abelian
if and only if all basepoint-change homomorphisms @, depend only on the endpoints of the path a.
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Proor. Assume m1(X,xg) is abelian and consider two paths «, @’ with same endpoints x and x’.
Since 71 (X, xo) is abelian, 71 (X, x{)) is also abelian since 71 (X, xo) = 71(X, x(). We have:

= ([a" - ar]) - ([a] - [B] - [a;])
Do [B] =[] [B] - [a7] = Par(B).
Hence ®, = ®,/. Conversely, assume all basepoint-change homomorphisms ®, depend de-

pend only on the endpoints of the path @. Consider x’ = x and loops ¢, (constant loop) and
[B] € m1(X,x0). Then ®g = O, . We can easily see that this is implies

[8]-[8'1=181"18]
for each [B’] € m1(X, xg). Hence 71 (X, xg) is abelian. O

Example 2.2.11. We argue that the fundamental group of a topological group, G, is abelian. Let eg
be the identity element chosen as the base point. Let [a], [8] € 71(G, ei). Define a map

F:IxI—>G
(1,5) = a(1) - B(s)
Inl x1,let
(0,0) = (1,0),  (1,0) 5 (L1, (0,00 = (0,1), (L0) =5 (L1), (0,0) = (L,1)

be the straight line paths. Applying F &5 yields a path

axB(1) = a(r) - B(1)
Since I X I is convex, we have € - € =~ €5 ~ €4 - €3 since all three are paths from (0,0) — (1, 1).
Applying F to this gives

Ba~axf~a-B
Hence [B - @] = [« - B]. Hence, 711(G, eg) is abelian.

2.2.2. Categorical Remarks. We end this section with some categorical remarks that will be

useful in the next section. Recall that there is a useful notion of a skeleton of a category €. This

is a full subcategory with one object from each isomorphism class of objects of €. We denote the
skeleton as Sk &. The inclusion functor

F:5k€ —> €
is an equivalence of categories. Indeed, an inverse functor
€ :6 — Sk€

is obtained by letting # (X) be the unique object in Sk & that is isomorphic to X. We also choose an
isomorphism ax € Hom(X, % (X)). We choose ax = Idx to be the identity morphism if X € Sk 6.
If f € Hom(xg, yg), we define

F(f)=ayo foay'
We have F o ¢ = Idgk¢. Moreover, the ax’s specify a natural isomorphism
a:ldy > FoF
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A category € is said to be connected if any two of its objects can be connected by a sequence of
morphisms. For example, a sequence
A—B-—>C

connects A to C, although there need be no morphism A — C. However, a groupoid & is con-
nected if and only if any two of its objects are isomorphic. Hence if € is a groupoid, the group of
endomorphisms of any object in & is then a skeleton of €. Hence, we have:

Corollary 2.2.12. Let X be a path-connected space. For each point xy € X, the inclusion n1(X, xg) <
I1(X) is an equivalence of categories.

Proor. m1(X, xg) is a category with a single object x, and it is a skeleton of IT(X). O

2.3. Seifert-Van Kampen Theorems

The Seifert Van Kampen (SVK) theorems gives a method for computing the fundamental groups
of spaces that can be decomposed into simpler spaces whose fundamental groups are already known.

Proposition 2.3.1. (SVK for Groupoids) Let X € Top, and let {U;};c1 be an open cover of X such
that that the intersection of finitely many open sets again belongs to the open cover. Then

I(X) = %IH(UL-)

in the category of groupoids.
Remark 2.3.2. Note that Proposition 2.3.1 states that I1 preserves colimits.

Proor. We verify the universal property of colimits in the category of groupoids. Let G be some
groupoid and let I; : I[1(U;) — G be groupoid morphisms. We show that there exists a unique
groupoid morphism @ : TI(X) — G such that the diagram

(jescr Uj) — T(Uj,)

! [

I(U;,) — H(X)

for each subset J C I. Consider the following observations:

(1) An object of IT(X) is a point x € X and so lies in one of U;. If x € U;, we are forced to set
I'(x) = I;(x). If x is contained in the intersection of finitely many U;’s, these definitions
agree by the commutative square above>.

(2) A morphism in IT(X) is a homotopy class of a path @ in X. If « is solely contained in some
U;, we would be forced to set ®(a) = I';(a). Since the open cover is closed under finite
intersections, this specification is independent of the choice of U; if a lies entirely in more
than one U;. What if a path intersects Njeyc;U; for some subset J C I such that |J| > 2?7
If @ : I — X, then the Lebesgue covering lemma implies that there is a decomposition

O=ty<ti < - <tp1<tp=1

3We implicitly use here the fact that the open cover is closed under finite intersections.
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such that a([#;, t;+1]) is contained in solely on of U;. In this case, we are forced to set
®(a) = Fi(ar) oo Fy(am)

where each Fy is one of the I';’s as necessary.

The observations above pin down the map ®. However, in order for ® to be well-defined, we must
show that it is independent of the choice of a path, @, in a homotopy class of paths. Let

H:IXI—>X

be a homotopy of paths from x to y. By the Lebesgue covering lemma, there exists n € N such that
H sends each sub-square

i i+1

b
n n

s

n n

i+ 1
X[iJ_

into one of U;. Consider edge-paths in the subdivided square / X I which differ by a sub-square, as
indicated in the following figure.

We apply H and obtain two paths in X. They yield the same result since they differ by a homotopy
on some subinterval which stays inside one of the sets U;. Changes of this type allow us to pass
inductively from H on the lower to H on the upper boundary path from (0, 0) to (1, 1). Hence, ® is
well-defined. It is easy to check that @ is indeed a functor between I1(X) and G. By construction,
the diagram commutes. O

Proposition 2.3.1 contains a lot of redundant information since we only want to know how to
compute 71 (X, xg) for some x € X.

Corollary 2.3.3. (SVK for Groups) Let (X, xq) € Top be path-connected. Let {U;};c; be an open
cover of X by path-connected open subsets such that {U,;};cy is closed under taking finite intersec-
tions and such that xg € U; for eachi € I, then

m1(X, x0) = lim 7 (U, xo)
iel

Proor. (Sketch) We will only prove the case where the open cover is finite. The proof for the general
case can be found in See [May99, Section 2.7]. We need to verify the universal property of colimits in
the category of groups. Let G be some group and let I'; : 7 (U;, xg) — G be group homomorphisms.
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We show that there exists a unique group homomorphism ® : 71 (X, x9) — G such that the diagram

ﬂl(mjejgl Uj’xo) % ﬂl(Ui‘_]‘axO)

{ [

71Uy, x0) —— m1(X, x0)

i,
for each subset J C I. Recall that the inclusion of categories . : n1(X, xg) — II(X) is actually an
equivalence of categories. An inverse equivalence & : I1(X) — 1 (X, xg) is determined by a choice
of path classes x — y for y € X. We choose ¢, when y = x and so ensure that # o ¥ = Id, (x,x)-
Because the cover is finite and closed under finite intersections, we can choose our paths inductively
so that the path x — y lies entirely in every U; for all U; such that y € U;*. This ensures that
the chosen paths determine compatible inverse equivalences Fy, : II(U;) — m1(U;,xp) to the
inclusions 7y, : m1(U;, x9) — II(U;). Thus, the functors

971]!. FUi
(U;) — m1 (Ui, x0) — G
specify diagram of groupoids. By Corollary 2.3.3, there is a unique map of groupoids
[:1(X)—>G

that restricts to I'y, o %y, on I1(U;) for each U;. The composite

I': m1(X, xp) LR I1(X) Le

It restricts to I'; on 711 (U, xo) by a diagram chase argument and the fact that Fy, o 7y, = Idz, (1, x,)-
Indeed, we have that the following diagram commutes:

I;
m1(X, x0)

S
|
() —— M) < 11(Up, )
7|
G
Tio fu;
It is unique because T is unique. Indeed, if we are given I'” : m1(X,x9) — G that restricts to

I'; on each 711 (U, xp), then I o & : II(X) — G restricts to I'; o Fy, on each II(U;). Therefore
I'=T" o % and thus I' o # =I". This completes the proof. m]

Note that the Seifert-Van Kampen theorem does not apply when the open sets in the cover we
consider do not have path-connected intersections. An important example is S'. If we cover it by
two open semi-circles, their intersection would be two disjoint open intervals which is not path-
connected. This leads to the idea of constructing a “fundamental group with multiple basepoints”
and its corresponding Seifert-Van Kampen theorem. We discuss this approach briefly.

4We assume here that the open cover is finite
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Definition 2.3.4. Let X € Top be path-connected. For a set A C X, let II(X, A) denote the full
subcategory of I1(X) on the objects in A.

As before, our strategy for proving the Seifert-Van Kampen theorem for multiple basepoints will
be to deduce it from the version for the full fundamental groupoid.

Proposition 2.3.5. (SVK for Groupoids - Multiple Base-points) Let X € Top be path-connected.
Let {U;}icy be an open cover of X of open subsets such that {U;};cy is closed under taking finite
intersections. Let A C X (not necessarily a singleton) such that A contains one point from each
path-component of U;. Then

H(X’ A) = h_I)nH(Ula A)

iel

Remark 2.3.6. We will need to invoke the notion of a retract of a diagram in a category, €. Recall
that an object X € € in a category is called a retract of an object Y € € if there are morphisms

i: X-Y, r:Y—-X

such that r o i = Idx. In this case, r is called a retraction of Y onto X. A commutative diagram, D1,
in € is a retract of another commutative diagram, D, in € if each ‘corner’ of D is a rectract of the
corresponding corner of Dy such that all of the inclusions and retractions are compatible with one
another in the sense that the diagram obtained by ‘pasting together’ D1 and Ds via the inclusions
and retractions commutes. We will use below the categorical fact that the retract of a colimit diagram
in category is a colimit diagram.

Proor. Consider the diagram determined by I1(U;)’s and also consider the diagram determined by
I1(U;, A)’s. Denote the diagrams & and 95 respectively. We claim that &, is a retraction of 9.
The inclusions at each ‘corner’ are the just inclusions

I(U;, A) — II(U;)

The retractions are built as follows. To retract IT(U;) onto I1(Uj;, A), pick for every point x € U;, a
path a, from x to some point y € A but do this in such a way that if x € A, then a, is the identity
morphism at x>. We define the retraction by sending each x € U; to the other endpoint of a,, and
each morphism 8 : x — y to the morphism ay o 8 o a;'¢. The claim follows by noting that &
is a colimit diagram. See [Bro06, Proposition 6.7.2] and [Die08, Theorem 2.6.2] for some relevant
partial details. O

2.4. Computations

We calculate the fundamental group of some topological spaces. Our main working tool will be
the SVK theorems. Let’s first discuss a general example.

2.4.1. Fundamental Group of Circle. We cannot use Corollary 2.3.3 to compute the the fun-
damental group of S!. This is because if we cover S! by two open semi-circles, their intersection
would be two disjoint open intervals which is not path-connected. Instead, we use Proposition 2.3.5.

5We can always pick these paths because the hypothesis includes that A has at least one point in each component of U;.
¢To ensure that the cube formed by the two van Kampen squares and the four retractions commutes, simply always pick
the same «, for x in all of the groupoids it appears in.
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Let
U =8\ {(0. 1)}
Uz =S\ {(0.-1)}
A ={(-1,0),(1,0)}
Then Uy, Uy are simply connected (they are both homeomorphic to R) while U; N Us is a homeo-
morphic to a disjoint union of two copies of R. What is IT(U, A)? There are clearly morphisms
(1,0) — (-1,0)
(_1’ 0) - (1’ 0)
and they are inverses of each other since any path (1,0) — (=1,0) — (1, 0) can be shrunk to (1, 0)
alone. So I1(U, A) is simply a category with two objects and a single isomorphism between them.
Similar remarks apply to IT1(V, A). Similarly, [I(UNV, A) is a category with two distinct objects and
no morphisms between the distinct objects. In other words, it is a two object discrete category. What
is TI(X, A)? Tt is a groupoid with two objects and two isomorphisms between. One isomorphism
comes from IT(U, A) and the other from IT(V, A). Denote the isomorphisms as i;; and iy. Beyond

that it is free as possible. So, for example, all the composites (i“,1 o iyy)" are distinct (because there
is no reason for them not to be). We get that

m(Sh(1,0) = {iyt oiy)" | neZ} =2

Remark 2.4.1. Usually, xq is chosen to be the point (1,0) if we consider S' C C. We denote the
basepoint as =. We can also use the theory of covering spaces (which are special instances of fiber
bundles) that

(St ) =7

We now derive a number of consequences of this result:

Proposition 2.4.2. The following statements are true:
(1) We have w1 (R? \ {0},x0) = Z
(2) We have

ﬂl(Slx“'Xgl,(*l,“' ,*n)) = (St ) X o Xy (ST %) =20
— ———

n-times n—times

(3) R2 is not homeomorphic to R" for n > 37.
(4) (Brouwer’s Fixed Point Theorem) If f : D?> — D? is a continuous function, then f has a
fixed point. That is, there is a x € D? such that f(x) = x.
(5) (Fundamental Theorem of Algebra) Any non-constant polynomial p € C[x] has a root.
(6) There are no retractions r : X — A in the following cases:
(@) X =R3, with A any subspace homeomorphic to S'.
(b) X =S! xD?, with A its boundary torus S' x S'.
(c) X is the Mo6bius band and A its boundary circle.

Proor. The proof is given below:

(1) This follows since R? \ {0} deformation retracts to S*.
(2) This is a straightforward consequence of Proposition 2.2.5 and that 71 (S!, ) = Z.

7Clearly, R2 is not homemorphic to R, We have already checked above that R? is not homeomorphic to R!. Clearly, R?
is homeomorphic to R2.
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Suppose f : R?2 — R” is a homeomorphism. Without loss of generality, let £(0) = 0.
Hence, R? \ {0} = R"\ {0}. R? \ 0 deformation retracts to S' and R" \ {0} deformation
retracts to S"~1. Therefore,

Z=m(Sh) 2 mR*\0) =m ((R"\0) = (8" #) = {1}.

a contradiction. Here we use the fact that 71 (S"~!,%) = {1} = 0 forn > 3. See [Leel0,
Lemma 7.19 & Theorem 7.20] for a proof of this fact. See also below.

Assume that f(x) # x for all x € D?. There is then a deformation retraction r : D> — S!
that carries a point x € D? to the intersection of the ray from f(x) to x with the boundary
circle S'. Hence, we have the following diagram:

Idsl

S,

r

Applying 71, we have the following diagram:
Idz

/_\

Z = my (St x) —— {o} > m1(Stx) =Z

This is clearly a contradiction.
We may assume that the polynomial p(z) is of the form

p()=7"+a1z" t+ - +a,.

Suppose that p(z) has no roots. Fix a R > 0 such that

n
R > max{l,z |ai|}

i=1
Then for |z| = R we have

2" > (laa] + -~ + lan]) 2"

> lar2" 4+ anl

1

> la1Z"7 "+ 4 ayl.

From the inequality || > |a;1z"~! + - - - + a,|, it follows that the polynomial

n—-1

pe(2) =2"+t(a 2"+ +ap)

has no roots on the circle |z| = R when 0 < ¢ < 1. Note that p, defines a homotopy between
the polynomials z" and p(z). Consider the formula

p(tRe*™)[p(tR)
fi(s) = oFT
|p(tRe*7') [p(1R)|
defined on [0, 1] X [0, 1]. For each fixed t, Then each f;(s) defines a loop in the unit circle
S' C C based at 1. Note that

fo(s) =1, fi(s) =

Write p(z) = 2" + g(z). Consider
[re2™i%)" + 1q(re®™) /(" + 1q(r)
[[re )+ 1g(re) (" + 1q ()]

p(Re*™)[p(R)
|p(Re27i5) [p(R)|

H(s) =
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This defines a homotopy between f; and w,, = ¢2*"S. Since f; is homotopic to the constant

map and f is homotopic to f;, we have that w,, is homotopic to the constant map. Hence,

n = 0. This is a contradiction.

(6) We use the fact that if » : X — A is retraction, then the induced map on fundamental
groups is injective.

(a) This follows because there is no injection from 0 — Z.

(b) This follows because there is no injection from Z X Z to Z. Let h : Z X Z — Z be
any group homomorphism. Suppose 4(1,0) = a and h(0,1) = b. It follows that
h(=b,a) = (0,0), and hence ker(h) # (0,0).

(c) Skipped.

This completes the proof. O

Remark 2.4.3. Here are two cute applications of Brouwer’s fixed point theorem:
(1) A 3 X 3 real invertible matrix with non-negative entries has a real positive eigenvalue. Let
T : R3 — R3 be the linear map corresponding to a matrix A. Define
B = 82 N {(xl,x2,x;3) eR3 | x1,x9,x3 > 0} =~ D2

If x € B, then all coordinates of Tx = Ax are non-negative and not all zero since A is non-
singular and not all coordinates of x € B can be zero. Therefore, the normalized vector
Tx/||Tx|| lies in B. Now, consider the continuous map f : B — B defined by

Tx
F& =

By Brouwer’s Fixed Point Theorem, there exists a point xq € B such that f(xqg) = xo, which
implies Txg = ||Txgl|xo. Setting A = ||Txg||, we conclude that A is an eigenvalue of A, with
AeRand A > 0.

(2) A 3 x 3 real matrix with positive entries has a positive real eigenvalue. This follows as in

(1).
2.4.2. Fundamental Group of Spheres. Let X = S” forn > 2. Let
U=S\{N}, V=S\{S}

Clearly, U,V = R""! via the stereographic projection. Hence, U and V are two open simply con-
nected subsets of S" with path connected intersection. Hence, we have that S" is simply connected
for n > 2, since the colimit of two trivial groups is the trivial the group. Let’s consider a basic
application:

Example 2.4.4. Consider X;,, = R" — {m points} for n > 3. We compute the fundamental group of
X, by induction on n. The case m = 1 is easy since

R" — {a point} = §""! x R*
which is simply connected:
71 (R" — {a point}) = 71 (S" %, %) x 11 (R, 1) = {e}

Now assume that m > 1. Divide the points in into two sets of smaller size, A and B. A and B can be
separated by the hyperplane H, and that N* and N~ are two open neighborhoods of the half-spaces
that result. For an arbitrary base-point xo € H, Van Kampen theorem applies, giving a surjection

i (N*\ A, x0) * 11 (N~ \ B,xg) - m1(R" — {m points}, xo)
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By the induction hypothesis8, both N* \ A and N~ \ B are simply connected. Hence,
71 (R" = {m, points }, xg) = 0.

Example 2.4.5. Let V be a finite-dimensional real vector space and W C V a (proper) linear sub-
space. We compute the fundamental group 71 (V \ W). Since every finite-dimensional real vector
space is linearly homeomorphic to some R”, we can assume WLOG that V = R"” and W = R™
for m < n. Projecting first onto (R™)* and then unit sphere shows that R” \ R™ is homotopically
equivalent to S"~*~!, Therefore, we have:

Z, ifm=n-2,

0, otherwise.

m (R \R™) = {

2.4.3. Fundamental Group of Wedge Sums. In order to use Van Kampen’s theorem to com-
pute the fundamental group of the wedge sum, we need to put a mild restriction on the type of base
points we consider. A point p in a topological space X is said to be a non-degenerate base point if
p has a neighborhood that admits a strong deformation retraction onto p.

Lemma 2.4.6. Suppose x; € X; is a non-degenerate base point fori = 1,...,n. Then \/;_, x; is a
non-degenerate base point in X1 V --- V X,,.

Proor. For each i, choose a neighborhood W; of x; that admits a deformation retraction r; : W; —
{x;}, and let H; : W; x I — W; be the associated homotopy. Define a map

H:ﬁWixleﬁWi
i=1 i=1

by letting H = H; on W; X I. Let W be the image of [ [ ; W; under the quotient map

n n
q: UXi - \/Xi
i=1 i=1

Since [ ]}, W; is a saturated open set, W is an open set of X; V - -- V X,, that is a neighbourhood of
V'L, x;. We have that

n
gx1dy: | [Wix1—wxiI
i=1
is a quotient map. Since g o H respects the identifications made by ¢ xId;, it descends to the quotient
and yields a deformation retraction of W onto VI_, x;. m]

Proposition 2.4.7. Let X1, ..., X,, be spaces with non-degenerate base points x; € X;. The map

n n
D (Xq,x1) %k ( X, X)) — m(\/X,-,\/xi)

i=1 i=1

induced by v; : m1(Xi, x;) = m11(Vi2y Xi, /iy Xi) is an isomorphism.

Proor. It suffices to consider the case n = 2. The general case follows by induction. Choose neigh-
borhoods W; in which x; is a deformation retract, and let

UZQ(X1]_IW2), V=q(W ]_IX2)

8Here we use the observation that a open half space in R” is homeomorphic to R".
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where g : X1 [[ Xo — X1 V X is the quotient map. Since X; [[ W2 and Wy [ [ X are saturated open
sets in X7 [ ] X2, the restriction of ¢ to each of them is a quotient map onto its image, and U and V
are open in the wedge sum. The three maps

{x}>UNYV,
Xy —>U,
XQ;)V

are all homotopy equivalences. Because U NV is contractible, we have: U — X; V Xp and V —
X1 V Xy induce an isomorphism

7T1(U) *71'1(V) =~ 7T1(X1 \Y XQ).

Moreover, the injections ¢ : X; < U and ¢ : X2 — V, which are homotopy equivalences, induce
isomorphisms

n1(X1,x1) = m(U)
m1(X2,x2) = w1 (V)

Hence,
71 (X1, x1) * w1 (X2, x2) = m1 (X7 V X2, X1 V x2).
The general case follows by induction. O

Example 2.4.8. The following is a list of computations based on the information about the funda-
mental group of wedge sums:

(1) ConsiderX = \/"; S*. We have

nl(Slv---VSl,\/*i) = (SYs) %o wm(Shxy) 2 Zx--%Z
N——— ——

i=1 .
n times

(2) Let X be the union of  lines through the origin in R?. Then R? — X deformation retracts
to S? minus 2n points, which is homeomorphic to R? minus 27 — 1 points. This in turn
admits a deformation retraction to a wedge of 2n — 1 circles, so

m(R>=X,xp) 2 Z%---%Z
—_——

2n-1 times

2.4.4. Fundamental Group of Graphs.

Definition 2.4.9. A graph is a CW complex of dimension O or 1. The 0-cells of a graph are called
its vertices, and the 1-cells are called its edges.

It follows from the definition of a CW complex that for each edge e, the set e \ e consists of one
or two vertices. If a vertex v is contained in e, we say that v and e are incident. A subgraph is a
subcomplex of a graph. Thus, if a subgraph contains an edge, it also contains the vertex or vertices
incident with it. Here is some more important terminology:

e Anedge path in a graph is a finite sequence (v, €1, V1, ..., Vk-1, €k, Vr) that starts and ends
with vertices and alternates between vertices and edges, such that for each i, {v;_1,v;} is
the set of vertices incident with the edge e;.

e An edge path is said to be closed if vy = vg, and simple if no edge or vertex appears more
than once, except that vo might be equal to v.

e A cycle is a nontrivial simple closed edge path.

e A tree is a connected graph that contains no cycles.
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Lemma 2.4.10. Let G be a finite graph.

(1) If G is a tree, then G is contractible and hence simply connected. In fact, if v is a vertex
of G, then vq is a deformation retract of G.
(2) If G is a connected graph, then G contains a maximal tree - called a spanning tree.

Proor. The proof is given below:

(1) We induct on the number of edges, n. If n = 1, it G is homeomorphic to an interval /. The
claim is clearly true in this case. Assume the claim is true for n € N and consider the case
n+1 € N. Since G is simple, every edge of G is incident with exactly two vertices. If every
vertex in G is incident with at least two edges, then, we can construct sequences (v j)jez of
vertices and (e ) jez of edges such that for each j, v,;_1 and v; are the two vertices incident
with e, and e}, e;,1 are two different edges incident with v;. Because T is finite, there
must be some integers n and n+k > n such that v, = v,.r. If n and k are chosen so that & is
the minimum positive integer with this property, this means that (v,,, €41, - - - » €ntk> Vatk)
is a cycle, contradicting the assumption that G is a tree. Hence, we can choose v1 € G such
that vy is incident to only one edge. Let v} denote the other vertex. Then e deformation
retracts onto the vertex v} . The result is then a tree with n edges, which deformation retracts
onto vg.

(2) Since the empty subgraph is a tree, an application of Zorn’s lemma shows that G contains
a maximal subtree - a subgraph that is a tree and is not properly contained in any larger tree
in G.

This completes the proof. O
Remark 2.4.11. Lemma 2.4.10 can be extended to the case of infinite graphs.

Remark 2.4.12. A spanning tree T C G contains every vertex of G. Indeed, suppose that there is a
vertex v € G that is not contained in T. Because G is connected, there is an edge path from a vertex
vog € T tov, say (vo,e1,...,ex, Vi = V). Let v; be the last vertex in the edge path that is contained
in T. Then the edge e;+1 is not contained in T, because if it were, v;.1 would also be in T since T
is a subgraph. The subgraph T’ = T U {e;+1} properly contains T, so it is not a tree, and therefore
contains a cycle. This cycle must include e;+1 or v;i.1, because otherwise it would be a cycle in T.
However, since e;.1 is the only edge of T' that is incident with v;,1, and v;41 is the only vertex of T’
incident with e;y1, there can be no such cycle.

Proposition 2.4.13. Let G be a finite graph and let T C G be a spanning tree. Let ng\r denote the
number of edges in G\ T. If vg € G, then

71 (G,vg) 2 Z*-+- %7
[
ng\rtimes

ProoF. The proof is by induction on the number of edges in G \ T. Let n = 1. Clearly, G/T = S'.
Consider the map

q:G — GJT =S
We show ¢ is a homotopy equivalence. We define a map

q :G|T=S' - G.

Let e be the edge not contained in 7. Pick paths a7 and a9 in T from vg to v; and v2, respectively.
Consider the loop aj ceoa;, 1 Ttis easily checked that g o ¢’ and ¢’ o g are homotopic to the identity
maps. If n > 1 and assume that the claim is true for n € N. we can use Van Kampen’s theorem to
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prove the case forn+1 € N. Let ey, -, e,41 be edgesin G\ T. Foreachi =1,...,n+ 1, choose
a point x; € e; Let

U=G\{x1,...,x,}

V =G\ {xn1}
Both U and V are open in G. Just as before, it is easy to construct deformation retractions to show
that
UOVZT, UZTUe,H.l VzG\erH_l.

By the inductive hypothesis, we have 71 (V,vg) = Z and

m(V,vg) =Zx*---x7Z

———
n times

The claim follows by Van Kampen’s theorem noting that Since U NV = T is simply connected. O

2.4.5. Fundamental Group of CW Complexes. Let X be a connected CW complex. If X =
XY, then X is a point and the fundamental group of X is the trivial. If X = X!, then X is a graph and
we have already covered that case.

Proposition 2.4.14. Let X be a path-connected CW complex such that X = X?. Let xo € X and let
0o : S — X be the attaching maps of the 2-cells Dy, and let vy, : I — X be a path from x to
¢a(1). Then

m1 (X, x0) = m (X', x0)/N,
where N is the normal subgroup generated by the path {yq © 9o 0¥, }.

Proor. The proof is given below:

(1) Let A be a subcomplex generated by the union of the 2-cells, D? and toegether with the
@ao’s. Then A is a contractible subcomplex. Hence,

m1(A, xo) = {1}
(2) Choose points x, € D?} and define the subset B = X2 — Uqo{xa}- Then B retracts to X L
Hence,
m1(B,xo) = w1 (X", x0)
(3) We have X2 = A U B and A N B consists of precisely those edge-cycles starting at x that

make up loops homotopic to the boundaries of 2-cells, or in other words, the images of
SL under the attaching maps. Therefore, each element of 711 (A N B, xq) represents a an of
{Ya o pa oVt

(4) By Van-Kampen’s theorem,

A, B,
71 (X, x0) = m1(X2, xg) = LA ;M( *0) < (XY, x0) /N

This completes the proof. m]

In fact, we now show that the fundamental group of a CW complex only depends on its 2-skeleton
with basepoint xg.

Corollary 2.4.15. Let X be a path-connected CW complex. If xo € X, then

m1(X,x0) = 71 (X% x0).
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Proor. This follows simply because A N B as in Proposition 2.4.14 will comprised on boundaries of
n-cells for n > 3. These are all contractible. Hence, an application of Van-Kampen’s theorem yields
the desired result. O

Example 2.4.16. We can use the discussion in the previous section to compute the fundamental
groups of topological spaces introduced Section 1.4.2.

(1) Let X = S! x S'. We have already computed the fundamental group of X, but we can also
compute it using the discussion above. We have,

YAV
(aba=1b~1)

13

m1(X,xg) = (a,b | aba b1y =2ZxZ

(2) Let X = RP2. We have,
Z
m1(X,x0) = 175 > (a|a®) =27
In general, if X = RP”, we have
1 (RP", x0) = Zo

This follows at once from the computation above and that 2-skeleton of RP" is just RP?.
(3) If X = CP”" then X is simply-connected. This is because the 1-skeleton of X consists of a
single O-cell.
(4) Let X be the g-holed surface in Example 1.4.19. We have

(X, x0) = (a1, b1,...,ag,bg | lar,b1]---[ag, bg] =1)

This follows pretty much by the definition of X and the fact that the 1-skeleton is a wedge
sum of 2g circles.
(5) Let X = K (Klein bottle). We have,

YAYA
(abab~1)
Let A be the subgroup generated by a and B be the subgroup generated by b. We have
A, B = 7. Then since bab~" = a~!, we have that B is a normal subgroup. Clearly, A and
B generate 1 (X, v) and since every element has a unique representation in the form 5" a’™,
we have that and A N B = {e}. Hence,

m1(X,x0) = Z=Z

(X, xp) = = (a,b | abab_l)



CHAPTER 3

Covering Spaces

3.1. Definitions & Examples

Covering spaces offer a powerful framework in topology by enabling the study of complex spaces
through simpler, well-behaved ones. One of their most compelling features is the ability to lift paths
and homotopies from the base space to the covering space. This lifting property allows us to analyze
the behavior of loops and paths in the base space by observing their images in the covering space,
where the geometry and topology are often easier to handle. Importantly, this process reveals rich
information about the fundamental group of the base space.

3.1.1. Definitions.

Definition 3.1.1. Let X be a topological space. A covering space of X is a topological space X
together with a continuous surjective map p : X — X called a covering map such that for every
point x € X, there exists an open neighborhood U, C X and a discrete topological spaces, D, such
that

p_l(Ux): U Ua

aeDy

where V,; is an open set of X homeomrophic to U.

Remark 3.1.2. Covering spaces are special examples of fiber bundles where the fiber is a discrete
topological space. In a covering space p : X — X, the local triviality condition resembles that of
fiber bundles: for each x € X, there exists an open neighborhood U, C X such that p~'(U,) =
Uy X F, where F is a discrete set (the fiber).

Remark 3.1.3. If X is a connected topological space, the cardinality of Dy in Definition 3.1.1 is
constant. That is, |D| = |D| for each x,y € X. Indeed, let x € X and let Uy be an open set as
in Definition 3.1.1. Then for each y € Uy and a € Dy, the intersection p~*({y}) N Uy, contains
exactly one point, since the restriction of p to U, is a homeomorphism onto Uy. Now fix a € X, and
define the set

A={xeX|lp'({x)l = Ip~ {aDl}.
By the above argument, the cardinality of the fiber is locally constant so both A and its complement

A€ are open sets in X. Since X is connected, it follows that X \ A = 0, and thus A = X. If the
cardinality is n, we say that p is a n-sheeted covering map.

Example 3.1.4. The following is a list of examples of covering spaces:

(1) Any homeomorphism is a covering map.
(2) If X is any topological space and D is a discrete topological spaces, then the projection
p: X XD — X is a covering map.
(3) The map p : R — S! defined by
p(t) = (cos 2xt, sin 27t ).

49
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Indeed, let x = (x1,x3) € Sl bea point on the unit circle such that x; > 0. Consider the
open set
U= {(x1,x2) €5 [ x1 > 0},
which is an open neighborhood of x in S'. The pre-image of U under p is the disjoint union
P =] [(n-tn+d),
nez

where each interval (n — 1/4, n+ 1/4) is mapped homeomorphically onto U by p. Hence,
p is an co-sheeted covering map. The fiber over the point 1 € S! is given by Z.

-5 -4 -3 -2 -1 O 1 2 3 4 5
The fiber over the point 1 € S' is given by Z.

(4) The map p : S' — S! defined by p(z) = 7" for n € N is an n-sheeted covering map. The
fiber of 1 are the n-th roots of unity.

The fiber of 1 are the 8-th roots of unity.

Let’s now prove some general properties bout covering spaces:

Proposition 3.1.5. The following are properties of covering spaces.
(1) A covering map is an open map.
(2) A covering map is a local homeomorphism.
(3) The restriction of a covering map is a convering map.
(4) A finite product of covering maps is a covering map.

Prookr. The proof is given below:

(1) Let p : X — X be a covering map. Let U be an open set in X, and fix a point p(x) €
p(U). Since p is a covering map, let U, () € X be as in Definition 3.1.1. Let U, be the
slice of p~ (U p(x)) containing x. Then p maps U, homeomorphically onto U, ). So
p(UgsNU) C p(U) isopenin X. Hence, p is an open map.

(2) This is clear.

(3) Let p : X — X be a covering map. Let Xy C X and consider the restricted map p)| pl(Xp) -
p~1(Xy) — Xo. The map is clearly continuous. Since p : X — X is a covering space, for
each x € X there exists an open set U, such that p~!(U,) satisfies Definition 3.1.1. The
map p|,-1(x,) satisfies Definition 3.1.1 if we choose the open set to be U, N Xj.

4) pi: X; — X; be covering maps for i = 1,2. Choose (x1,x2) € X; X Xo. Then there is a
neighborhood Uy, of x; in X; such that pi‘1 (Uy, ) satisfies Definition 3.1.1. Then Uy, X Uy,
is an open set of X7 X Xo such that (p1 X p2) "' (Uy, X U,,) satisfies Definition 3.1.1.



3.1. DEFINITIONS & EXAMPLES 51

This completes the proof. O

How are two covering spaces of a topological space related? Can we define a map between two
covering spaces to identify them up to isomorphism? This question leads us to the definition of
homomorphisms between covering spaces.

Definition 3.1.6. Let (X1, p1) and (X, p2) be covering spaces of a topological space X. A mor-
phism of (X1, p1) into (X3, p2) is a continuous map ¢ : X; — X5 such that the following diagram
commutes:

A homomorphism ¢ of (X1, p1) into (Xa, p2) is an 1somorphlsm if there exists a homomorphism ¢
of (X3, p2) into (X1, p1) such that ¢ o ¢ and ¢ o i are the identity maps on X; and Xo.

3.1.2. Examples. Group actions on topological spaces provide a rich source of covering maps,
which have significant applications in various areas of mathematics, particularly in geometric topol-
ogy and geometric group theory. For instance, in geometric topology the quotient spaces formed
by group actions often inherit interesting topological properties, which can be studied via covering
space theory. These spaces provide insights into the structure of manifolds and their fundamental
groups.

Proposition 3.1.7. Let G be a topological group acting on a topological space X. Assume that for
each x € X, there exists an open set Uy C X containing x such that for each g € G with g # e, we
have gU, N Uy = 0. The quotient map p : X — X /G is a covering map.

Remark 3.1.8. A group action satisfying the condition in Proposition 3.1.7 is called a covering
space action. We use this terminology from now.

ProoF. (Proposition 3.1.7) Since ¢~ (q(Uy)) = Llgeg gUx., the set g(Ux) = GU is open in X/G
and satisfies Definition 3.1.1. Hence, p : X — X/G is a covering map. O
Example 3.1.9. The following is a list of examples of covering maps generated by group actions:

(1) Let Z act on R by translations: for each n € Z, define the action n - x = x + n. This action
satisfies the assumptions in Proposition 3.1.7. Hence, themap R — R/Z = S!is a covering
map. This reproves Example 3.1.4(1).

(2) Let Zy act on the n-sphere S” by the antipodal map:

g-x=-x, forallx e S".

where g # e € Zo. This action satisfies Proposition 3.1.7. Hence, the projection map
p:S" — S"/Zy = RP" is a covering space. In fact, it is a two-sheeted covering map since
each point in RP" corresponds to a pair of antipodal points on S".

(3) We can generalize (2). Let Z), act on the odd-dimensional sphere s2n=1 c C* by

(21,22, 2n) = ({21, {P2o, .., (T 2),

where { € Z,, is a primitive p-th root of unity (i.e., { = e?7iIPy and qy,...,qn € Z are
integers coprime to p. This action satisfies Proposition 3.1.7, so the quotient

SZn—l — SZn—l/Zp

is a covering map. L(p;q1,...,qn) = 82”‘1/Zp is called a lens space. The projection
map is a p-sheeted covering map.
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Remark 3.1.10. Lens spaces generalize real projective spaces RP?*~! = L(2;1,...,1). and play
an important role in low-dimensional topology and the study of 3-manifolds.

3.2. Lifting Properties

Studying the lifting properties of maps in covering spaces is fundamental because it allows us to
transfer complex topological problems to simpler, often more manageable spaces. Lifting of paths
helps in understanding how loops and homotopies in the base space relate to the structure of the
covering space, providing key insights into the fundamental group.

Proposition 3.2.1. Let p : X — X be a covering map. Any path f : I — X with initial point xo can
be uniquely lifted to a path f : I — X with an initial point in p~'(xo) such that p o f = f.

Proor. We first prove existence. First assume that f (/) C U,,, where Uy, satisfies Definition 3.1.1.
For any Xo € p~1(xg), let U be an open set containing ¥ that is mapped homemorphically to Uy,.
the path component of p~1(U) which contains %,. Clearly, the path f = p 1|Ux0 of:I—>Xisa

path such that such that p o f = f. Now assume that the image of f is not contained in U xo Orina
single. In this case, let {U;}; be an open cover of X by open sets satisfying Definition 3.1.1. Then,
{f~Y(U;)}; is an open covering of I. Let A be the Lebesgue number of the covering. Now, choose
n € N such that 1/n < A. Divide the interval [ into the closed sub-intervals of length 1/n. Since
the diameter of these intervals is less than A, f maps each of these intervals inside some U;. We
can now apply the argument above. We now show uniqueness by proving that given any two maps
fo. fi : I — X with same initial point such that p o fy = p o fi, the set

A={rel] fo(t) = fi(n)}
is either empty or all of /. It suffices to show that A is cl-open. First we will see that it is a closed set.
Let 7 be in the closure of A and letx = p o fy(1) = po fi(r). Assume fo(r) # f1(r). We will see that
this leads to a contradiction. Let x € U, be an open satisfying Definition 3.1.1, and let Uy and Uy
be open sets of X containing fy(¢) and fi(r) respectively that are mapped homeomorphically to x.
Since fy and f1 are both continuous, we can find a neighborhood r € W C I such that fo(W) C Uy
and f1 (W) c U;. But Uy N U; = 0. This is a contradiction to the fact that every neighborhood of ¢
must intersect the set A. This shows that A is closed. Analogously, we can argue that every point in

A is an interior point and therefore the set is open. Since fy and f; agree on at least one point in /,
i.e., fo(0) = f1(0), they have to be equal. m]

Proposition 3.2.2. Let p : X - Xbea covering map. Any homotopy H : Y X I — X can be
uniquely lifted to X if Hy : Y — X can be lifted to X provide that Hy has been specified.

Proor. A more general version of Proposition 3.2.2 will be proved in Proposition 11.2.4. For an
alternative approach, see [Leel0O], which demonstrates how Proposition 3.2.2 can be applied by
generalizing the argument in Proposition 3.2.1. O

Let us now use Proposition 3.2.1 and Proposition 3.2.2 to recompute the fundamental group of
st

Example 3.2.3. (Homotopy Classification of Loops in S') Consider the covering space p : R —
S'. We compute the fundamental group of S! in the following steps:

(1) If f : I — S', then any two lifts fi, f>(0) such that fl(O) = f, differ by an integer. Indeed,
the fact that p(fi) = p(f2)) implies that f,(¢) — fo(t) € Z for each t € I. Since f; — f
is a continuous function from the connected space I into the discrete space Z, it must be
constant.
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(2) Let fy, fi : I — S! be two paths in S! with same initial and terminal points. If f5(0) =
£1(0), then fy ~ fi if and only if fo(1) = f1(1). The forward direction is clear since R
is simply-connected (Remark 2.2.9). For the reverse direction, suppose that fy ~ fi. Let
H :Ix1I — S'beabetween fy and fi. Then Proposition 3.2.2 implies that H lifts to a
homotopy

H:IxI—>R
such that H(-,0) = fy. Now Hi(-,1) : I — R is a path of that is a lift of f; starting at
£1(0). By uniqueness of lifts, it must be equal to f;. Thus, fy ~ fi and this implies that
Sfo(1) = f1(1). 3

(3) (Winding Number) Suppose f : I — S' is a loop based at a pointxg € S'. If f : I - R
is any lift of £, then f(1) and f(0) are both points in the fiber p~'(xg), so they differ by
an integer. Since any other lift differs from f by an additive constant, the difference

f) - £(0)
is an integer that depends only on f, and not on the choice of lift. This integer is denoted
by N(f), and is called the winding number of f. (1) and (2) at once imply that two loops
in S! based at the same point are path-homotopic if and only if they have the same winding
number.
(4) (Fundamental Group of S') We can now show that 771 (S', 1) = Z generated by [w] where
w : I — S' such that w(t) = 2™, Define the maps
J:Z — 1 (Sh1), K :m(Sh1) - Z,
ne [w"] (/1= N(f)
It is clear that J, K are well-defined and that J, K are homomorphisms. We show that J, K
are two-sided inverses. To prove that K o J = Idz, let n € Z be arbitrary. Note that
K(J(n) = K([«"]) = K([an]) = N(an) = n,

where a,, : I — S! is the map a,, (1) = e2"™. To prove that J o K = Id,, (s1,1)> suppose f
is any element of 771 (S', 1), and let n be the winding number of f. Then f and a,, are path-
homotopic because they are loops based at 1 with the same winding number. Therefore,

JK(SD) =J(n) = [w]" = [an].

Let us now use Proposition 3.2.1 and Proposition 3.2.2 to determine how the fundamental groups
of the based space and covering space in a covering map relate to each other.

Proposition 3.2.4. Let p : (X,xg) — (X, x0) be a covering map such that xo = p(Xo).

(1) The induced homomorphism p, : m1(X,Xo) — 71(X,xo) is injective. Hence, m1(X,Xo)
can be identified with a subgroup of m1(X, x¢).

(2) If X is path-connected, the subgroups p.(m1(X, %)) for ¥ € p~Y(xq) are exactly the conju-
gacy class of subgroups of p.(m1(X, Xo)).

(3) If X is path-connected, the the number of sheets of p equals the index of p. : m1(X,Xg) in
T (_X . X()).

(4) If X is path-connected and simply connected, then

m1(X,x0) = p~*(x0)

as sets.

Proor. The proof is given below:
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Let [@] and [B] be two homotopy classes of paths in X and suppose that p,[a] = p.[8].
If f, € [a] and f3 € [B], then p o g, ~ p o gg. It follows from Proposition 3.2.2 that
ga ~ gp in X. So, [@] = [B]. Thus the map is injective.

First suppose that o, X1 € p~!(xg). Let y be a path from X to x1. This defines an isomor-
phism (Proposition 2.2.5):

¢ : ﬂl(X’XO) - ﬂ-l(X’Xl)
[a] = [yoaoy™]

We thus have the following commutative diagram:

m1(X, %) —— m1(X, x0)
A I+
n1(X,%1) — m1(X,x0)
Here, ¢ is defined such that
w([BD = [(p-(1)) " 0 Bo (pu(¥))]

We conclude that the images of 7 (X, %o) and 71 (X ,)21) are conjugate via [p.(y)]. Con-
versely, any subgroup in the conjugacy class of p. (71 (X, Xg)) is of the form

[a™"] p. (1 (X, %)) [@]
for some [a] € 71(X, xg). Let f € [a]. By Proposition 3.2.1 g : I — X is a unique lift of
f initial point Xy. Let X1 be the terminal point of the lifted path. Then
pe(m (X, 1)) = [@7'] pa(m1(X, %0)) [a]
Let H = p,(m1(X, Xo). Define a map
X
: —NI(H’XO) — p~(x0)
[f1+H— f(1)

Here f is a lift of the path f. We claim that ¢ is well-defined. Given [f] € 71(X,x)
and [h] € H, let h be a loop in X based at Xo. Thus, (k- f)(1) = f(1). This shows
that ¢ is well-defined. We claim that ¢ is a bijection. Since X is path-connected, for any
¥ € p~!(xg), there exists a path g from X to X, and it must project to a loop g in X based
at xo. Thus, ¢ is surjective. Now suppose

o(Lf1+H) =¢([f'] + H)

Then f(1) = f’(1), and so the path f - (f’)~' lifts to a loop in X based at Xo, i.e.,
[f1[f’]~! € H. This shows that ¢ is connected.
This follows from (3).

This completes the proof. m|

Example 3.2.5. Consider the covering p : S* — RP". For n > 2, S" is path-connected and simply-
connected. Hence, Proposition 3.2.4 implies that

71 (RP", x0) — p~* (xo)

as sets. Since |p~!(xg)| = 2 and there is a unique group of order 2, it follows that

m (RP", xq) = Z/2Z
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for n > 2. For n = 1, we have that RP! = S!. Hence, 7 (RP!, x¢) = Z.

Previously, we considered a path in the unit interval / within X and lifted it to a corresponding
path in the covering space X. We now extend this concept by studying the lifting of paths in X from
an arbitrary connected space Y. Let p : (X,Xy) — (X,xo) be a covering space. Let (Y, yg) be a
topological space and let f : (Y, yg) — (X, xo) be a pointed continuous map. We seek to determine
conditions under which there exists a map ¢ : (Y, yg) — (X, Xp) such that the following diagram
commutes:

- (X.x%0)
P
p
¢ _
(Y9 )’0) H (X,xo)
If ¢ exists, we say that ¢ can be lifted to X. We refer to ¢ as a lifting of ¢. Note that if ¢ exists, then

the following commutative diagram of group homomorphisms holds:

m1(X, Xo)
=
m1(Y,yo) -

.

71 (X, xo)
Since p. is injective, for the diagram to commute it is necessary that

¢.(11(Y,y0)) € pu(m1(X,X0))
This condition is also sufficient.
Proposition 3.2.6. Let p : (X,Xo) — (X,xq) be a covering map. Let (Y, yq) be a connected and
locally path-connected space. Given a pointed continuous map ¢ : (Y, yo) — (X, xo), there exists
a lifting ¢ : (Y, yo) — (X, Xo) if and only if

¢ (71 (Y, y0)) € pu(m1(X,Xo))
Proor. Skipped. O

3.2.1. Covering Space Automorphisms. An automorphism of a covering map is an isomor-
phism from a covering space to itself. An automorphism of a covering map interchanges points in
the fiber point in the base space. The set of all automorphisms of forms a group under composition
and can be interpreted as the symmetries of the covering space.

Remark 3.2.7. Automorphisms of a covering map are also called deck transformations.

Using Proposition 3.2.1 and Proposition 3.2.6, we first establish various properties of the mor-
phisms of a covering map.

Corollary 3.2.8. Let (X1, p1) and (Xa, p2) be covering spaces of a topological space (X, xq) such
that p1(x1) = p2(X2) = xo
(1) Let ¢g and ¢1 be homomorphisms of (X1, p1) into (Xa, p2). If there exists a point x € X,
such that ¢o(x) = ¢1(x), then ¢g = ¢1.
(2) There exists a morphism ¢ of (X1, p1) into (Xa, p2) such that ¢(X1) = Xo if and only if

p1:(m1(X1,X1)) € pou(m1 (X2, X2))
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(3) The morphism in (2) is an isomorphism if and only if
p1e(m1(X1,%1)) = pa.(m1(X2, X2))
(€)) (Xl,pl)fmd (X, p2) are isomorphic if and only if the subgroups p1.(m1(X1,%1)) and
Po«(m1(X2,X2)) of m1 (X, xq) belong to the same conjugacy class.

Proor. The proof is given below:

(1) This follows from Proposition 3.2.1.

(2) This is a special case of Proposition 3.2.6.
(3) This follows from (2).

(4) This follows (3) and Proposition 3.2.4(3).

This completes the proof. O
We can now specialize to the case of an automorphism of a covering map.

Corollary 3.2.9. Let p : (X,%9) — (X, x0) be a covering map.

(1) If ¢ is an automorphism (X, %o) and ¢ is not the identity map then ¢ has no fixed points.
(2) Let x1,%2 € p~Y(xq). There exists an automorphism ¢ € Aut(X, p) such that ¢(x1) = X2
if and only if

ps(11(X,x1)) = p(m1(X, X2))
Prookr. The proof is given below:

(1) This follows from Corollary 3.2.8(1).
(2) This follows from Corollary 3.2.8(3).

This completes the proof. m]

3.3. Action of Fundamental Group on Fibers
We have seen in Proposition 3.2.4 if p : (X,Xy) — (X,xo) is a covering map, then if X is
path-connected and simply-connected, then
m1(X,x0) = p~ ' (x0)

as sets. We provide another perspective on this bijection of sets by observing that 71 (X, xg) acts
naturally on p~!(xg). For any point X € p~'(xo) and any [a] € 71(X,xg), define x - [a] € p~1(x)
as follows: let @ be the lift of & to X starting at x, so that p,(@) = a. Then define X - [@] to be the
terminal point of the path class a.

Remark 3.3.1. It can be verified that the action defined above is well-defined.

It follows from the definition that:
(1) X - [Cxo] =X
2) x-a)-B=x-(ap)
Therefore, this defines a right group action of 71 (X, xo) on the set p~!(xo).
Proposition 3.3.2. Let p : (X,Xo) — (X,xo) be a covering map. If X is path-connected, the action
of m1(X,xg) on p~1(xq) is transitive. As a right m1(X, xo)-space, we have
71 (X, x)

-1 ~
P KR
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Proor. Let ¥,y € p~'(xg). Since X is path-connected, there exists a path @ in X with the initial
point X and terminal point y. Let [a] = [p«(@)]. We have X - [a@] = y. This shows that the action is
transitive. Note that the isotropy subgroup of any X is the set.

{la] € m(X,x) | Xo - [@] = X0} = pu(m1(X,X0))
The desired isomorphism of 71 (X, xg)-sets follows by the orbit-stabilizer theorem. O

In fact, the automorphism group of the covering space, denoted as Aut(X, p), acts on the fiber
p~1(xp) as aright 71 (X, x)-space. This action is compatible with the group action of 1 (X, xq) on
the fiber. Indeed, let ¢ € Aut(X, p), any point ¥ € p~!(xg), and any [a] € m1(X,xp). Lift a to
a path @ in X with initial point X, such that p.(@) = a. Note that x - [a] is the terminal point of
@. Now consider the path ¢ o @ in X. Its initial point is ¢(X) and the terminal point is ¢(X - [@]).
Observe that:

p(¢oa)=(pod)(a)=pa)=qa.
This implies that ¢ o @ is also a lifting of @. By definition, (¢(x)) - [«] is the terminal point of ¢ o .
Therefore, we have
¢(x - [a]) = ¢(x) - [a]

We now state an important result relating automorphisms of covering spaces to automorphisms

of the fiber.

Proposition 3.3.3. Let p : (X,xo) — (X, x0) be a covering map.
(1) Aut(X, p) is naturally isomorphic to the group of automorphisms of the set p~*(xq) con-
sidered as a right w1(X, x)-set.
(2) The automorphism group Aut(X, p) is isomorphic to the quotient group
N(p.(m1(X, %))
p«(m1(X, Xo))
where N(p.(m1(X,Xo)) denotes the normalizer of w1 (X, Xo)) in w1 (X, xg).

Proor. The proof is given below:
(1) Note that if ¢ is an automorphism of X, then ¢ p-1(x) 18 an automorphism of the fiber
p~1(x0). We will prove that the map

¢ = lp-1(x)

is bijective. Suppose @|,,-1(xy) = ¥l p-1(xy)- This implies that (¢O’7[’_1)|p’1(x) =1Id,-1(xy)-
Since automorphisms of covering spaces have no fixed points unless they are the identity
(Corollary 3.2.8)(1)), it follows that ¢ o yl = Id(g’p), and thus ¢ = . This shows the
map is injective. If ¢ is an automorphism of the fiber p ! (xo) such that ¢(Xy) = X1, where
%1 € p~'(x0). Then p.(m(X,Xp)) = p.(7m1(X,%1)). By Corollary 3.2.9(2), there exists
an automorphism ¢y € Aut(X, p) such that y(xy) = x1. This shows the map is surjective.
(2) This follows from (1) and the group-theoretic fact that if Z is a transtive G-set and H is the
isotropy subgroup of some z € Z. Then the automorphism group Aut(Z) is isomorphic to

the quotient group )

N(H

Aut(Z) = i
This completes the proof. O
We now state two important corollaries of the previous result:

Corollary 3.3.4. Let p : (X,%9) — (X, x0) be a covering map.
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(1) If p.(m1(X, X0)) is a normal subgroup of m1(X, xo), then
m1(X, xo)

Aut(X,p) = ———217
R NS )

(2) If X is simply-connected then
Aut(X, p) = m1(X, xo)

Proor. (1) follows at once from Proposition 3.3.3. (2) also follows from (1) since N({cx,} =
m1(X, x0)-

Corollary 3.3.4 provides key insights into the structure of the automorphism group of a covering
space.

(1) The first part shows that when the image of the induced map on the fundamental group
p«(m1(X, X)) is a normal subgroup of 71 (X, xg), the automorphism group of the covering
space is isomorphic to the quotient of the fundamental group of the base space by this
normal subgroup. Moreover, for any X € p~!(xg), we have

p«(m1(X, X0)) = p.(m1(X, X))

since there is only one conjugacy class of p.(m1(X, X)). Covering spaces that satisfy this
property are called regular/normal covering spaces.

(2) The second part of the corollary, which applies when X is simply-connected, shows that
the automorphism group of such a covering space is isomorphic to the fundamental group
of the base space. Covering spaces that are simply connected are called universal covering
spaces

3.4. Classification of Covering Spaces

If p : (X,xp) — (X,xg) is a covering map, we have proven that a covering space (X, p) is
determined up to isomorphism by the conjugacy class of the subgroup p..(m1(X, X)) of m1(X, xo)
(Corollary 3.2.9). Now, we address the inverse question:

Suppose (X, xo) is a topological space and we are given a conjugacy class of subgroups of
m1(X, x). Does there exist a topological space (X, xp) and a covering map p : (X, xo) — (X, xo)
such that p, (71 (X, X)) belongs to the given conjugacy class?

We will see that the properties of regular and universal covering spaces are closely related to
this question.

Proposition 3.4.1. Let (X, xg) be a topological space that is connected, locally path-connected, and
semi-locally simply connected. Then, given any conjugacy class of subgroups of m1(X, xq), there
exists a topological space (X, Xo) and a covering map p : (X, xo) — (X, xo) such that p.(n1(X, %))
belongs to the given conjugacy class.

Remark 3.4.2. A ropological space (X, xqg) is semi-locally simply connected if every x € X has a
neighborhood Uy such that the homomorphism

m1(Ux, x) = 71(X, x)

is trivial. That is, every loop in Uy can be contracted to x within X. Note that U need not be sim-
ply connected since every loop in U may not be contractible within U. For this reason, a space
can be semi-locally simply connected without being locally simply connected. The definition of
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the latter is obvious. It turns out that (X, xq) has a universal cover if and only if (X,xq) is con-
nected, locally path-connected, and semi-locally simply connected. See [LeelO; Hat02] for de-
tails. Universal covering spaces are called universal because they satisfy the following property: let
q: (Y,y0) = (X,x0) be a covering map such that (Y, o) is a universal covering space. Then for
any other covering space p : (X,%g) — (X, xo), there exists a unique covering map

¢ : (Y, y0) — (X, %)

such that the following diagram commutes:

(Y. y0) > (X, Xo)

N e

(Xa XO)

This follow at once from Corollary 3.2.8(2).

Proor. (Proposition 3.4.1) The assumptions on (X, xg) imply that there exists a universal covering
space, (Y, yo), for (X, xg). Let g : (Y, y9) — (X, xo) denote the corresponding (universal) covering
map. We know the following facts:

(1) m1(X, xo) acts freely and transitively on the set ¢~ (xo).

(2) Aut(Y,q) = m1(X,xo).
Choose a subgroup G C m1(X, xg) that lies in the given conjugacy class. Consider the following
subgroup:

H = {¢ : Aut(Y, q) | there exists @y € G such that ¢(y) =y - [a] € p H(x0)}

Note that G = H under the correspondence ¢ +— @g4. Since H is a subgroup of Aut(Y, g), it is
a satisfies the hypothesis of Proposition 3.1.7. Hence, the quotient map r : ¥ — Y/G := X is a
covering map. The universal property of universal covering spaces (Remark 3.4.2) implies that we
have a commutative diagram:

(Y, yo)

(Y, xo0)

Here p : X — X is a map induced by ¢ and Xg = r(yg) € p~'(xg). It is not hard to verify
that p : X — X is a covering map. Thus, the group m;(X,xg) acts transitively on the right of
the set p~'(xg). Since Y is simply-connected, we have Aut(Y,r) = m(X,xo). We claim that
Aut(Y,r) = H. Clearly, H C Aut(Y,r). Suppose y1,y2 € Y, and let ¢ € G be such that ¢(y1) = yo.
Since ¢ is a covering transformation, we can choose an automorphism ¢ € Aut(Y, p) such that
W (y1) = yo. It follows that ¢ = . Hence, Aut(Y, p) C G, and therefore G = Aut(Y, p)'. Hence,
we have
Aut(Y,r)= H = G.

So p. maps 71 (X, Xy) onto G. This completes the proof. m]

IThis shows that r : ¥ — Y/G is a regular covering map.
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Remark 3.4.3. Proposition 3.4.1 proves the additional fact that if a group acts on a simply-connected
space X such that the group action satisfies the hypotheses in Proposition 3.1.7, then the quotient
map p : X — X/G is a regular covering map, and

Aut(X/G, p) = m(X,x0) =G
We have shown that there is a one-to-one correspondence:
{Conjugacy classes of 1 (X, x9)} «— {Covering maps p : (X,xo) — (X,x0)}

provided that (X, xg) is connected, locally path-connected, and semi-locally simply connected. Since
the universal covering space is connected, we in fact have a one-to-one correspondence for connected
covering maps. Let us now consider some examples to illustrate this correspondence.

Example 3.4.4. (Coverings of S') Sice R is simply connected, the covering map p : R — S is
a universal covering map. We know that 71 (S',xg) = Z. Every connected covering space of S*
corresponds to a subgroup of Z. Every non-trivial subgroup of Z is of the form nZ for some integer
n > 1. Note that the index of nZ is n. For each n > 1, Proposition 3.4.1 implies that there exists a
unique (up to isomorphism) connected n-fold covering space of S!, which can be described as the
quotient R/nZ = S'. The associated covering map is the n-th power map on S'.
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CHAPTER 4

Homological Algebra

We now begin an algebraic interlude to introduce foundational concepts from homological al-
gebra. In this chapter, we discuss exact sequences and (co)chain complexes. While our exposition
is framed within the category Modg of R-modules over a commutative ring, all results and con-
structions extend verbatim to any abelian category. Section 4.1 explores simplicial homology as a
motivating example for the core ideas of homological algebra. Section 4.2 formally defines (co)chain
complexes and their associated (co)homology theories. Section 4.3—Section 4.6 provide an overview
of the motivation, definition, construction, and applications of spectral sequences. For further de-
tails, see [Wei94; Rot09].

4.1. Motivation via Simplicial Homology

To keep the discussion grounded and to motivate the forthcoming material, we present a de-
tailed treatment of simplicial homology in this section. This serves to illustrate the application of
homological algebra techniques to topological contexts. Simplicial homology has the advantage of
being computationally tractable since it can be used when a topological space can be triangulated.
Indeed, we will define it in terms of A-complexes which will serve as basic building block of our
triangulation.

Definition 4.1.1. Let [vg, v1,...,v,] be an ordered tuple in R,

(1) [vo,vi,...,vn] € R™is said to be affinely independent if the set
{vi =vo,v2 —vo,...,vp = vo}

is linearly independent!.

(2) Given an affinely independent ordered tuple [vg, v1,...,v,] € R™, the n-simplex gener-
ated by [vg, v1,...,V,] is the convex span in R™ of the n + 1 points vg, ..., v,:
n
conv|[vg,vi,...,vu] = {x = Ztivi eR™|t; > O,Zti = 1},
i=0 i
We call the points v; the vertices of the n-simplex [vg, vi,...,V,].
(3) Given an n-simplex conv[vg, v, ..., V,], the face opposite to v; is the (n — 1)-simplex:
conv|[vg,...,Vi,...,va] := {x € conv[vg,vi,...,va] | t; = 0}.

The boundary of an n-simplex is the union of its faces.

Geometrically, one can think of an n-simplex as the smallest convex subset containing v, . .., v,
such that the points do not lie in a hyperplane of dimension less than n. As an example consider the
standard n-simplex:

'Thus necessarily n < m

62
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Definition 4.1.2. The standard simplex, A" C R is

An:{(to""’fn)eR”ﬂlti zO,Ztizl}.
i

Remark 4.1.3. The standard simplex allows one to induce coordinates on all n-simplices by sending
e; — v; inducing a map of simplicies:

n
(0, ..., th) Ztivi
i=0

(to,...,tn) are are called barycentric coordinates.

Definition 4.1.4. A A-complex structure on a topological space X is a collection of maps {0']’.1 :

A" —» X }{L GZ{)" such that:
(1) The restriction a-]’?hm(An) is injective, and each point of X is in the image of exactly one
such 0']’.’ [tne(An) -
(2) Restriction of each O'J’.‘ to a face of A" is one of the maps o’i“l AL 5 X

(3) Aset A C X is open if and only if (0']'.’)_1(A) is open in X for each 0'}’.‘.
Remark 4.1.5. In what follows, we shall identify a (J'J’.‘ : A" — X with a n-simplex [vg, -+ ,v,].

Our goal is to define the simplicial homology groups of a A-complex structure on a topological
space, X. Let A,(X) be the free abelian group with basis the open n-simplices of X. Elements of
A, (X) are called n-chains. These can be written as finite formal sums

Z n j(rl’.L nj ez
j€hn
Definition 4.1.6. Let X be a topological space with a A-complex structure. The boundary operator
0% Ay(X) = Ap_1(X)

is defined on each basis element of A, (X) as:
n
0 Mvo,...,val = Z(—l)f[vo, ViV
i=0

We say that
a,?( > n,-a;') €Ay 1(X)
J€JIn
is the boundary of %} ¢, nl-(rj’.l in X.

Remark 4.1.7. Note that the boundary of an n-simplex in X is a Z-linear combination (with co-
efficients +1) of n — 1-simplices. This provides one motivation as to why we consider Z-linear
combinations of n-simplices. Moreover, heuristically the signs are inserted to take orientations into
account, so that all the faces of a simplex are coherently oriented. See Example 4.1.8.

Example 4.1.8. The following are examples of boundaries some standard simplexes.
(1) Consider X = A'. Then 8} [vo,v1] = [v1] = [vo]

€1
Vo @& > ® V1
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(2) Consider X = A%. Then azA[VO,Vl,VQ] = [v1,va] = [vo, va] + [vo, vi]

V2

€3 €2

Vo Vi

Qv

1

Lemma 4.1.9. Let X be a topological space with a A-complex structure. The map,

A A I aﬁ—l
6,,_1 o (’)n : An(X) e An—l(X) _— An_Q(X)

is zero for each n > Q.
Proor. Note that:
Z (1) (=1)  [vos -+ o Vjaee s Piae e s v + Z (=1) (=1 [vgs - s Vi Ve ava] =0
0<j<i<n 0<i<j<n
The latter two summations cancel since after switching i and j in the second sum, it becomes the

negative of the first. O

Remark 4.1.10. Note that A' € ker 81A if and only if vo = vi. In this case, A* can be thought of
as a circle or a 1-loop. Indeed, this observation motivates the the observation that n-loops in X

correspond to elements of ker 32 for each n > 1. Moreover, the condition 92 o a,fﬂ = 0 is the

observation that the boundary of a Z-linear combination of (n + 1)-simplicies is a n-loop.

Let CX(X) = A,(X) for each n > 0. Purely algebraically, we have a sequence of homomor-
phisms of abelian groups:

A A
n+l 9

9 A n A 9, A 9 s
a0 D O 00 L L0 T
The boundary map 42 : CA(X) — Cﬁ_l(X) is such that
Ot 1 0d)=0
That is,
im(92,,) C ker(d5)
Elements of ker(92) are called n-cycles (or n-loops) and elements of im(@ﬁﬂ) are called n-boundaries.

Definition 4.1.11. Let X be a topological space with a A-complex structure. The n-th simplicial
homology group of X with Z-coefficients of the associated chain complex (C2(X), 02),c is

ker(82)
iHl(aril)

HA(X;Z) is called the n-th simplicial homology group of X.

HA(X;Z) =

Remark 4.1.12. In what follows, we will not explicitly verify Definition 4.1.4(3). For instance, we
will not explicitly verify that the A-complex structure on the circle, S, in Example 4.1.13(1) is com-
patible with the topology on S'. Similarly, Example 4.1.13(2)-(8) we will not explicitly verify that
the A-complex structure is compatible with the underlying quotient topology. It should be straight-
forward to do verify these claims, though.

Example 4.1.13. We compute simplicial homology groups of various topological spaces below.
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(1) (Circle) Consider X = S' with a A-complex structure with a single 1-simplex and a single
0-simplex.

QY

We have a chain complex of the following form:

A A A
075750,

Here af is the zero map. Therefore, we have:

Z ifn=0,1
0 otherwise

HA(sY,z) :{

(2) (Mobius Band) Consider X = M, the Mobius band. A A-complex structure on M is
pictured below.

We have a complex of the following form:

a8 o5 o8 ap
0_3>2®2 i>2®4_1)z®2 _0>0

We have
Ma=0b=0=w-v
dftc=0
Hence Im 8{* = Z, implying that H) (X) = Z®*/Z = Z. Also
HU=a-b-c
ML=b-d-c

This implies GQA is injective. Hence HQA(X) = (. A basis for ker OIA is{x=a-d,y=
b-d,z=c}. Hencekerd} = Z®Z & Z. Abasisfor Imd2 is {x—y—-2zy-z}. An
equivalent basis is {x,y — z}. Hence HA(X) = Z.

Z forn=0,1

HA>(M,Z) =
0 forn>2
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(3) (Torus) Consider the X = T, the torus, with the A-complex structure is pictured below
having one vertex, three edges a, b, and ¢, and two 2-simplices U and L2.

We have a complex of the following form:
(')A (')A A A
05782 2,79 L7 0.
As in the previous example, GIA = 0. Also 82AU =a+b-c = 62AL. Since 61A = 0,
HAY(T) = Z Since {a, b, a+b - c} is a valid basis for Z®3, it follows that H{(T) = Z* with
basis the homology classes [a] and [b]. Since there are no 3-simplices, H2A(T) is equal to
ker 82A, which is infinite cyclic generated by U — L. Thus,

Z®7Z forn=1
H)T,Z) =37 forn = 0,2
0 forn > 3
(4) (Real Projective Plane) Consider X = RPP?. The delta complex structure is pictured below.

We have a complex of the following form:

A
63

o2 % a3 N ez %
— 77t =S 77 — 77 — 0.

A

-0
We have
61Ab=61Aa=w—v d%c=0.

Hence Im 8 = Z, implying that H) (X) = Z%%/Z = Z. Also

MNU=a-b-c L=b-a-c
This implies 85 is injective. Hence H5 (X) = 0. A basis for ker 88 is {x = a — b,y = c}.
Hence ker 81A ~ Z®Z. Abasis for Im82A is {x—y, —x—y}. Anequivalent basis is {x—y, 2y}.
Hence HlA(X) = Zo.

2We use the notation T is homemorphic to S! x S! the donught-shaped surface in ??.



4.1. MOTIVATION VIA SIMPLICIAL HOMOLOGY 67

Z forn=0
HY(RP?,Z) =1Zy forn=1
0 forn>2

(5) (Klein Bottle) Consider X = K, the Klein bottle, with the A-complex structure is pictured
below having one vertex, three edges a, b and ¢, and two 2-simplices U and L.:

We have a complex of the following form:
3 e % L %
0 5Z% 57 57 50.
Clearly, (')lA =0. 82AU =a+b—-cand 82AL =a—b+c. Since 61A =0, H@(K) =~ 7. We have
Im((')QA) = span{2a,a + b — c}. Since {a,a + b — ¢, ¢} is a valid basis for Z®3, it follows
that H®(K) = Z & Z. Since there are no 3-simplices, H2 (K) is equal to ker 82, which is
easily seen to be trivial. Thus,

Z®Zy forn=1
HA(K,Z) = {Z forn =0
0 forn > 2

(6) (Triangular Parachute) Let X be a triangular parachute obtained from A2 by identifying
its three vertices to a single point.

We have 1 face, 3 edges, and 1 vertex so that A%(X), A%(X) = Z, A'(X) = Z3. Note that
BQA(X) =b+a-c
Ot (a) = 3 (b) = 3 (c) = 35 (v) =0

Hence ker (')2A = 0, ker alA = 73, ker 6@ = Z. On the other hand, Im 62A = 7 as the

subgroup (b + a — c) is free on one generator. Hence we have,

Z forn=0
HY(X,Z) = {7%% forn=1
0 forn > 2



68

4. HOMOLOGICAL ALGEBRA

(7) Let X be the topological space obtained obtained from n + 1 2-simplices A2, ..., A2 by

()

identifying all three edges of Ag to a single edge, and for i > O identifying the edges
[vo,v1] and [vy,va] of A? to a single edge and the edge [vg, v2] to the edge [vg, v1] of
A? .

i—-1

v 1% 1% 1%
() €p () el el €y ... €n-1 €n
1 A v v A v v A 1 v ﬁ 1
eo €1 () €n
We have 1 vertex, n + 1 edges, and n + 1 faces so that Ag(X) = Z, A;(X), Aa(X) = 71,
We have a complex of the following form:

o4 o5 o} oy
-0 N Z®n+1 Z®n+1 Z@l 0.

Clearly, E)OA =0 and Im (?IA = 0. Hence H§(X ) = Z. Let’s compute Im d5. Note that:

ifi=0
02X; = °0 1 l
2e;—e;_1 ifi>1

It is clear that a basis for Im 9y = {eg} U {2¢; — e;_1 : 1 < i < n}. Note that in HlA(X) =
ker 91 /Im 05, we set ey = 0 and 2¢; —e;—1 = 0 so that eg = 0, 2¢; = ¢;_1. This implies that

2e1 =¢3=0 2262:€0=0 2kek=eo=0

so that Therefore:

HYNX) =2 (ZX2Z % -+ - X 2"Z) = Zg X Zy X - -+ X ZLam

It is easy to see that ker 82A = 0. Hence H2A(X ) = 0. Therefore, we have:

Z forn=0
HY(X,Z) 2 {Zy X Zy X --- X Zon forn=1
0 forn > 2

Let X,, be obtained from an n-simplex by identifying all faces of the same dimension. Since
there is only one k-simplex for each k < n, we see that AK(X,,) = Z for k < n. Choose
a generator o for each of these. Note that the restriction of o to a (k — 1)-dimensional
face will just be o_1. Thus,

0 if k=0,

if Kk < n, and k is odd,
or-1 ifk <n, and k is even,
0 if kK > n.

k
ooy = Z(_l)io'k—l =
i=0
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Therefore:

Z ifk=0, 0 ifk=0,
ker(é,f) _ Z %fk <n, andk%sodd, Im(dy) = 0 %fk <n, andk%sodd,

0 ifk <n, and k is even, Z if k < n, and k is even,
0 ifk>n. 0 ifk>n.

Hence:

Z ifk=0,
HY(Xn,Z) =37 if k = n, and n is odd,

0 else.

4.2. (Co)-Chain Complexes & (Co)homology

We now turn to the formal study of homological algebra. We will discuss (co)chain complexes
and their associated (co)homology theories. These algebraic structures provide a systematic frame-
work for studying topological and algebraic invariants. Our goal is to develop the foundational tools
that will be essential for algebraic topology.

4.2.1. Exact Sequences. Before defining (co)-Chain Complexes & (co)homology, we first need
to discuss exact sequences. Exact sequences are a central tool in homological algebra. They encode
how one algebraic object maps into another and help detect kernels and images of homomorphisms,
which are essential for defining and computing homology and cohomology.

Definition 4.2.1. A sequence

PN RN
of two homomorphisms of R-modules is said to be exact at B if im f = ker g. More generally, a
sequence

fn+1 fn

oA — AL A1

is said to be exact if it is exact at A,, for each n € Z. Such a sequence is called a long exact sequence
of R-modules.

The following is an important special case:

Definition 4.2.2. A short exact sequence of R-modules is an exact sequence of the form

0— A i) B c—o.
that is exact in each degree.

Example 4.2.3. Using the notion of exactness, we can rephrase familiar definitions from basic al-
gebra. Suppose f : A — B is a homomorphism of R-modules.

(1) fisinjectiveif andonlyif 0 —» A L B is exact. Indeed, the sequence is exact at A if and
only if ker f = 0 if and only if f is injective.

(2) f is surjective if and only if A L B — 0is exact. Indeed, the sequence is exact at B if and
only if im f = B if and only if f is surjective.

(3) f is an isomorphism if and only if 0 — A L B — 0 is exact. This follows from the two
statements above.
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Remark 4.2.4. Functors in Modg (or in any abelian category) can preserve algebraic structure in
different ways. A functor F is said to be left exact if it sends exact sequences of the form

0—>A—>B—->C
fo exact sequences
0> F(A) > F(B) » F(O).
Similarly, a functor is said to be right exact if it sends exact sequences of the form
A—->B—->C—>0
fo exact sequences
F(A) > F(B) > F(C) — 0.
A functor is called exact if it is both left exact and right exact. The notion of exact functors is used

in the appendix (Chapter 15) and later on.

4.2.2. Co-(chain) Complexes. We now define the notions of (co)-chain complexes and (co)homology
of (co)-chain complexes. (Co)-chain complexes provide the algebraic framework for computing
(co)homology, encoding sequences of R-modules groups connected by boundary maps.

Definition 4.2.5. A chain complex is a sequence of R-modules and homomorphisms

(9;/, 2 an 1 an anfl
‘—+)Cn+1 —+>Cn _>Cn—1 —

for n € Z which satisfies d,, o0 d,,,1 = 0, for each n € Z. That is,
imad,y Ckero, & 08,00,41=0

We refer to the entire complex as (C,, do) or sometimes just C,. The maps 9, are called the boundary
operators of the chain complex. Elements of ker 9, are called n-chains and elements of im d,,,1 are
called n-boundaries.

Example 4.2.6. Let X be a topological space. The chain complex
(C (X0, 0 next

encountered in Section 4.1 is a chain complex of Z-modules (abelian groups). We call this the
simplicial chain complex. Note that in this example the abelian groups are all zero for negative
subscripts; this, however, is not part of the definition in general.

Remark 4.2.7. There is a dual notion called a cochain complex, which is defined as follows. A
co-chain complex is a sequence of R-modules and homomorphisms

. an,fl Cnicn_'.l (')n+1 Cn+2 6n+2

for n € Z, satisfying the condition
" 09" =0, foreachneZ.
Equivalently,
im §" C ker 8™,

We denote the co-chain complex by (C*, 0°) or simply C*, and the maps 0" are called the cobound-
ary operators. Elements of ker 0,, are called n co-chains and elements of im 0,41 are called n-co-
boundaries.

The distinction between chain and co-chain complexes is purely formal. We will invoke either
notion as needed throughout the text, depending on context and convenience. We now define the
notion of a chain map between chain complexes.



4.2. (CO)-CHAIN COMPLEXES & (CO)HOMOLOGY 71

Definition 4.2.8. Let (C,, d,) and (C., d,) be chain complexes of R-modules. A chain map between
(C., 0s) and (C;, d;) is a sequence of R-modules homomorphisms f,, : C,, — C), for n € Z such
that the diagram commutes:

anl an
> Cut 5 Gy =5 Gy ——

l n+l lfn lfnl
al

o,
i — ! ntly ¢! "L —
n+l1 7 ~n ” “n-1

Remark 4.2.9. The definition of a co-chain map between co-chain complexes is similar.

Proposition 4.2.10. Chain complexes of R-modules form a category, denoted as Chainyeq,. Sim-
ilarly, co-hain complexes of R-modules form a category, denoted as CoChainpedp-

Proor. It suffices to prove the first claim. Objects in Chainpjeq, are chain complexes of R-modules
and a morphism between chain complexes of R-modules is a chain map. If (C,, ds), (C., d]) and
(CV,d.) are chain complexes such that f, : C, — C, and g, : C, — C. are two chain maps. Then

(8o f)e:ComC/
is the chain map given by (g o f), = gn © fn. This is indeed a valid chain map as the diagram

On+1 1)
>Cn+1 - >Cn n>Cn—1 >

Sue1 Jn Sn-1

~N ’ ~ ’ ~

1]
. ’ n+1 \ ’ no\ ’
— Gy = G =

~

8n+l 8n 8n-1

~N 77 ~N 77 7/
’

’ 6n+1 N 172 6n+1 N :,/ 6n+1 N
'—>Cn+1 4 Cn 4 Cn—l [

commutes essentially by construction as can be easily checked. This defines the composition of two
chain maps. Moreover, the identity chain map

Id:C, — C,
is the chain map given by Id,, = Id¢,, where Idc, is the identity homomorphism from C,, to C;,.

6}11 an
"'—>Cn+1 +>Cn >Cn—1—>

Id;i41 1d,, Id; -1
9 ’

n+l1 an
"‘—>Cn+1 +>Cn >Cn—1—>"'

All that is required is check that composition of chain maps satisfies the associativity property and
the composition of a chain map with the identity chain map yields the original chain map. All these
are routine checks. m|

Remark 4.2.11. We can also define the category of short exact sequence of chain complexes, Chainf,ﬁf‘d“;.

Objects in Chainf,}‘;‘g; are short exact sequences of chain complexes. A morphism between short
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exact sequence of chain complexes is a diagram

0p — Ae —>3 B, L3 c. — 0,
lfo \Lg' \L”lo
0. v A, — B, — ¢! S 0a

such that f,, ge, he are chain maps. We will not go through the pain of writing the diagram out

explicitly. The category CoChainﬁ‘fﬂe is defined similarly.

4.2.3. Co(homology). Given a chain complex (C., d.), Where each C,, is a R-module and 9,, :
C,, — Cy_1 is a boundary map, the defining condition of a chain complex is that the composition of
consecutive boundary maps is zero; that is, d, o d,+1 = 0 for all n € Z. This condition ensures that

im 0,41 C ker d,.

This containment motivates the introduction of homology which serves to measure the failure of this
inclusion to be an equality.

Definition 4.2.12. Let (C,, d,) be a chain complex. The n-th homology group is defined as

Remark 4.2.13. There is a dual notion of cohomology of co-chain complexes. Given a co-chain
complex (C*,d*), where each C" is an R-module and 8" : C"* — C™' is a co-boundary map
satisfying ™' o 0" = 0, we define cohomology to measure the failure of exactness:
ker 0"
im -1
Once again, the distinction between homology and cohomology is purely formal. We will invoke
either notion as needed throughout the text, depending on context and convenience.

H"(C®) :=

Example 4.2.14. Let’s compute the homology of some simple chain complexes:
(1) Consider the chain complex
C.:---—>0—>Z@Zﬁ>zﬁ>0—>---,

where the chain groups are given by
C =7,
Co=Z®Z,
C,=0 forn=+#1,2.

The homomorphism - is defined by d2(x, y) = 3x + 3y. Note that we have the following

Ker Z, ifn=1orn=2,
er 0, =
"o, ifn#1,2.

Similarly, we have

" 37, ifn=2,
1m =
"o, ifnz2.
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Therefore, the homology of the chain complex is given as:

Zg, ifn= 1,
H,(C,) =1Z, ifn=2,
0, ifn+1,2.

(2) Consider the chain complex:

271822 72182 %2182 2 2/82 0 - 0 — - -

where C,, = Z/8Z forn < 0 and C" = 0 for n > 0 and the map 4 is given by x mod 8 +—
4x mod 8. It is easy to see that

for n < 0. Hence,

Trivially, H,(C.) = 0 for n > 0 and Hy(C,.) = Z/4Z.

We now discuss an important observation that (co)homology defines a functor from the cate-
gory of (co)-chain complexes to the category of R-modules. This is formalized in the following
proposition.

Proposition 4.2.15. For each n € Z, there is a functor
Hn : ChainMOdR — MOdR

that associates to a chain complex over R-modules its n-th homology R-module Similarly, for each
n € Z there is a functor
H" : CoChainpjoq, — Modg

that associates to a co-chain complex over R-modules is n-th cohomology R-module.

Proor. It suffices to prove the first claim. Consider a chain map between chain complexes given by
the following diagram:

anl an
"‘—>Cn+1 +>Cn >Cn—1—>"'

lfn-ﬁ—l J/ n lfn—l
a '

1Y)
C’ ALIN ol "N
_> el > " > ne1 —)

The relation f;,0,4+1 = (9;1 +1/n+1 implies that f;, takes n-cycles to takes n-cycles for each n € N. This
is because if 9,,c = 0, then

3 (fa(€)) = fa-1(uc) =0
Also, f;, takes n boundaries to n-boundaries since
F(Bns1€) = 8,1 (fusrc)
Hence f;,, descends to a homomorphism
H,(f) : Hn(Co) = Hy(C))

It remains to check that H, (g o f) = H,(g) o H,(f) and that H,,(Idx) = Idg,, (x). Both of these are
immediate from the definitions. O
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4.2.4. (Co)-chain homotopy. We conclude this section by introducing the notion of a chain
homotopy between chain complexes. Chain homotopy allows us to compare chain maps up to a
‘deformation,” playing a crucial role in establishing when two chain complexes have the same ho-
mological properties. As expected, there exists an analogous notion of a co-chain homotopy between
co-chain complexes. We will not repeat the definitions in this case.

Definition 4.2.16. Suppose (C,, d) and (C., 9") are two chain complexes with chain maps f,, g.. A
chain homotopy between f,, go is a series of maps 7}, : C,, and C,,1 such that

Tooal—fo—go n=0

That is, the following diagram commutes

- — Cn+1 6n+1\ C On > Cn 1 —_—

%ngn/fnl n''” ! Jn- llgn/
4

’ 4 \
— C 5 G,

Remark 4.2.17. It can be verified that (co)chain homotopy is an equivalence relation. Consequently,
Definition 4.2.16 defines a new category, hChainniea,, whose objects are chain complexes over R-
modules and whose morphisms are chain maps modulo the chain homotopy equivalence relation.
The category hCoChainweay, is defined analogously, with cochain complexes and cochain maps
modulo cochain homotopy.

Remark 4.2.18. We will provide a geometric intuition behind the definition of a chain homotopy in
Section 5.2.

Proposition 4.2.19. Ler (C, d.), (C’, d.) be chain complexes and let f,, go be chain maps between
the chain complexes. If there is a chain homotopy f. and g., then the induced maps in homology are
equal, i.e., we have:

Hy,(f) = Hn(g) : Hn(Ca) — Hp(C))

Proor. Let (T},),>1 be the sequence of maps defining a chain homotopy. Let [¢] € H,(C). If n =0,
we have

Ho(f)([c]) = [fo(c)] = [go(c) + 01 To(c)] = [go(c)] = Ho(g)([c])

For n > 1, we have:

H, (f)([c]) = [fa(c)]
= [gn(c) + 8,1 Tn(c) + Tr-10,(c)]
= [gn(c)]
= H,(g)([c])

The third equality uses that c is a n-cycle and that a homology class is not changed if we add a
n-boundary. The claim follows. O
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Proposition 4.2.19 shows that for each n > 0, the homology functor defined in Proposition 4.2.15
factors through the homotopy category hChainpodp, -

Chainyoq, —— hChainyged,

I
I'H,
H, N

Ab

Of course, a similar statement holds for the cohomology functors and the category hCoChainpodp, -

4.3. Motivation for Spectral Sequences

In algebra, we are often interested in computing a graded object, M, which could, for example,
be any of the following:
(1) Graded R-module for a ring R,
(2) Graded K-vector space for a field K,
(3) Graded K-algebra for a field K.

The computation of M* is frequently nontrivial. Meaningful progress can often be achieved through
an approximation argument, particularly when M™ carries additional structure that facilitates such
an approach. A common scenario arises when M* is endowed with a filtration by a (possibly un-
bounded) descending sequence of subobjects:

DM, 2 My 2 (1)

UMu=m",  (\Mu=0

n=0 n=0
We may also consider a filtration given by a possibly unbounded increasing sequence of sub-objects.
In general, such sequences may be unbounded. Let’s consider an example:

such that

Example 4.3.1. Let M* be a possibly infinite-dimensional K-vector space. For instance, consider
M* = K%, the countably infinite-dimensional K-vector space with basis {eg, ¢1, . .. }. Define

M, :=span{e, | p > n}
Then {M,, },cw defines a filtration as described in Equation (1).

In fact, Example 4.3.1 possesses additional structure, in the sense that K™ can be recovered from
its filtration as follows. The filtration of K™ gives rise to a new graded K-vector space known as the
associated graded K-vector space defined by M,,/M,,1. One can recover K* up to isomorphism
from its associated K-vector space by taking direct sums:

[59)

- T X span{e, | p > n}
K> = @MH/M,M = @ P = @span{en}
n=0

N spanfe, | p > n+1} B e

Generally, it might not be possible to compute an arbitrary graded object, M*, in this manner.
For instance, if M* is an arbitrary graded R-module, there may be extension problems that prevent
the reconstruction of M* from the associated graded R-module. However, we can take the associated
graded R-module of a filtration of M* as the first approximation to M* and hope that M* this first
approximation can be refined through a limiting argument. This is the underlying philosophy behind
spectral sequences:

A spectral sequence is an algorithm for computing a graded object by taking successive
approximations.
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Spectral sequences emerge as a natural computational and conceptual framework when study-
ing filtered complexes in homological algebra and algebraic topology. These tools are particularly
useful in situations where a direct computation of homology is infeasible, but a filtration imposes a
manageable structure on the problem. Let us examine this case informally in action, and we will see
how it naturally motivates the definition of a spectral sequence.

Example 4.3.2. (Filtered Co-Chain Complexes) Let C*® be a co-chain complex equipped with a
decreasing filtration® by sub-complexes:

.2 FpC* 2 FpC* 2

Such a filtration provides a decomposition of the complex into progressively more refined compo-
nents. The central question is how the cohomology of C* can be reconstructed from the data of the
filtration. A natural first step is to consider the associated graded complex:

G, C* := F,C*/Fpi C". )

For each p € Z, one may compute the cohomology of G, C*, yielding an approximation to the coho-
mology of the co-chain complex. However, this information may be insufficient to fully determine
the cohomology of C*. To overcome this limitation, one introduces a spectral sequence: for r € N,
a sequence of pages {E;"?}(, ,)cz2 such that E>? is a bi-graded group. The first page is derived
from the cohomology of the associated graded complex in Equation (2). Subsequent pages refine
this approximation as each subsequent page is defined as the cohomology of the preceding page.

Remark 4.3.3. Under appropriate convergence conditions, the spectral sequence is expected to
stabilize at a terminal page which captures the associated graded components of the homology of
the co-chain complex. We will see how the exact definition of convergence of a spectral sequence
naturally arises in explicit constructions.

4.4. Definition of a Spectral Sequence

Based on the discussion in ??, we introduce the definition of a spectral sequence in this section
and comment on some details surrounding the definition.

Definition 4.4.1. Let o € N. A homological spectral sequence, E, of R-modules consists of the
following data:

(1) A collection of R-modules, E Ir,
(2) A collection of differentials

q» Withiintegers p,g > 0 and r > ro,

r . r r
dp,q ’ Ep,q - Ep—r,q+r—1

r ro r+l r :
such that dp_r’qw_1 od), ,=0and E}/ is the homology at E}, . i.e.
r
Er o ker dp’q
p.qg 7 ; r
1 dp+r,q—r+1

The collection E" = {(E}, ,.d}, ;) : p,q € Z} for a fixed r is called the r-th page.

3We could also consider an increasing filtration; however, to remain consistent with the filtration introduced earlier in
Equation (1), we choose to work with a decreasing filtration. Later on, we will work with both decreasing and increasing
filtrations.
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0 0 0 0 0 0 0
1,1 Ej, EY EC,, — Eyj; — EY % 1,1
E\O

0 0 0 0 s 0 s 0 0 0
E—lO EOO ElO E—I,O EOO El,O E—lO EOO

0 0 0 0 0 0 0 0 (0\
E Eo,—1 El,—l E—1,—1 — EO,—l — E1,—1 E—l,— ED,—l Ey_

1

(A) Zeroth page @) First page (© Second page

Snapshots of first three pages of a homological spectral sequence

Remark 4.4.2. One way to look at a homological spectral sequence is to imagine an infinite book,
where each page is a Cartesian plane with the integral lattice points (p, q) consisting of objects
in the category of R-modules and differentials between the objects forming a chain complex. The
homology R-modules of these chain complexes are precisely the groups which appear on the next
page. The customary picture is shown in Figure 1.

What is the intuition behind the definition of the differential maps? Since the differential maps
d}, , compute homology, we expect the total degree of the map to decrease by 1. So if the domain is

E ;,’ e it makes sense for the co-domain of d;, q to be E ;_ rogar—1- The choice of the shifts by r will

be motivated later, when we construct spectral sequences explicitly. We also have the definition of a
cohomological spectral sequence:

Definition 4.4.3. Let ryp € N. A cohomological spectral sequence, E, of R-modules consists of the
following data:

(1) A collection of R-modules, EF*?, with integers p,g > 0 and r > r,
(2) A collection of differentials

dPq . gpd _y ppirg-rtl
r . r r
such that @797 6 gP9 = ( and EP’? is the homology at E{*?, i.e.

g ker d?"4
r+l T dp—r,q+r—]_
um d,

The collection E, = {(EF*?,dP"?) : p,q > 0} for a fixed r is called the r-th page.

E(;l,l Eg’l E(l),l El—l,l : E(l),l : E%,l E—l,l EO,l E;’l

T \\E\

Eal,() E(()),O Eé,O El—l,O \ E(l),O \ E11,0 E—I,O E

2 2
T T~
-1,-1 Eg,—l E%’_l

-1,-1 0,-1 1,-1 -1,-1 0,-1 1,-1
E, E; E E;V— BV — E E,

(A) Zeroth page B) First page () Second page

Snapshots of first three pages of a cohomological spectral sequence
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Remark 4.4.4. Spectral sequences refine the process of calculating homology in the sense that the
computation of homology at the r-th page not only yields the homology at the (r + 1)-st page, but
also determines the differential maps between the homology on the (r +1)-st page. Hence, a spectral
sequence encodes a significant amount of additional information. However, the differentials can
be difficult to compute explicitly. In practice, educated guesswork and ad-hoc techniques are often
required to determine the differential maps.

Since homology is defined as a sub-quotient (i.e., the quotient of a R-sub-module), we expect
the modules appearing on the (r + 1)-th page to be, in some sense, “smaller” or more refined than
those on the r-th page. Fixing a position (p, ¢) € Z?, we consider the sequence of R-modules E P
as r — oo. This motivates the definition of the limiting page of the spectral sequence, referred to
as the E* page, as well as the notion of convergence of spectral sequences. The definition will be
provided in a later section. The best way to understand how this definition arises is by examining a
concrete construction where we can explicitly determine the ingredients that determine the definition
of convergence of a spectral sequence. For the time being, we consider a formal construction in which
issues of convergence do not arise.

Example 4.4.5. (First Quadrant Spectral Sequence) First-quadrant homological spectral sequences
are significantly more tractable than general homological spectral sequences, both computationally
and conceptually. A homological spectral sequence is a first quadrant homological spectral sequence
if £}, , = 0forp <0org < 0. Fix (p,q) € (NU {0})2. In a first quadrant homological spec-
tral sequence, for r (as a function of (p, g)) large enough, the differential with co-domain E7, , has
domain 0 and the differential with domain E, / has co-domain 0. Therefore, we get

r r
Er+1 ~ ker dpsq ~ EP,q ~ Er
P9 — ; r - - p.q
m dp+r,q—r+1 0

The stable value Ej, | = Ezlg,q for k > r(p,q) is named E7 .. In this case, we can determine
the entries on the £ page in a finite number of steps, and there are no issues of convergence. A
first-quadrant cohomological spectral sequence is defined similarly.

Remark 4.4.6. The distinction between homological and cohomological indexing is purely a matter

of convention. We will use both notations as appropriate and convenient in the discussions that
follow.

4.5. Spectral Sequence of a Filtered Complex

A very common and important type of spectral sequence arises from filtered complexes. Spectral
sequences associated to filtered complexes provide a powerful tool for analyzing the (co)homology
by examining the simpler associated graded pieces. This approach often allows complicated com-
putations to be broken into more manageable stages, each reflecting a piece of the overall structure.

Remark 4.5.1. In this section, we work with cohomological spectral sequences. The constructions
are largely formal and have analogous counterparts for homological spectral sequences, which we
will freely use later on.

Definition 4.5.2. Let C* = {C", 3" },,ez be a co-chain complex of R-modules. A decreasing filtration
of C* is a sequence
D F,C* 2 FpC* 2

such that each F},C* is a sub-complex of C* and the differential 9" restricts to a map

Fp Cn N Fp Cn+1
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for all n € Z that is compatible with the filtration.
Remark 4.5.3. Increasing filtrations for chain complexes are defined similarly.

Remark 4.5.4. We write the j-th entry of F;C*® as Cijfor i, € Z. Note that we have Gij(Cij) c CijJr1
foreach i, j € Z. We can visualize the filtered co-chain complex as follows:

sot Ehoco Buen
ul ul ul

N C61 ‘961> C((]) ‘98 N Cé \
ul ul ul

i\ Cl_l 61_1> C? ‘9(1J N Cll \
ul ul ul

We say that the filtration is exhaustive and separated if for each j € Z, we have

(¢/=0 ana | Jc]=c'.

i€Z i€Z
The first condition is the exhaustive condition, and the second condition is the separated condition.
In other words, the filtration must eventually become arbitrarily small and arbitrarily large at each
degree.

From the data of a filtration on a co-chain complex, one constructs a spectral sequence that
approximates the cohomology of C*® through successive approximations. Let’s first discussion the
motivation behind the construction. We let the Eq page of the spectral sequence be the associated
graded co-chain complex. That is4,

E(I;,q ~ Gpcp+q ~ Fp CP+61/FP+1 CP+61
with induced differential
Fp Cp+q+1

dl’"l Fp CP+11
’ Fp+1Cp+q+1

0 FpuCrra
induced by the map 85" : F,,CP*1 — F,CP*9*!. The map is well-defined because 854 (F,,.1CP*) C
FpCP* *1 It is clear that these maps compose to zero. We then let the E; page denote the coho-
mology of the associated graded co-chain complex. That is,

ED? = HP*(G,C*)

~ P-4 p.q+l _
= E0 — E0 =

.q . s ,g+1
ker (a0 BT = EPU) er (@01 G 0P — G porhat)

. q-1 q-1 a\ . g-1 _ ’
im (dgq : Eé’q — Eé7 q) im (dé’q :GpCPral — GPCP+‘1)

4Although the choice of CP*4 instead of C4 may initially appear unusual, for fixed p the index p + ¢ is merely a shift of ¢
by a constant, and thus poses no problem. The necessity of this choice will become apparent when the spectral sequence
is constructed in detail.
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We think of £ f "4 as a ‘“first-order approximation’ to HP*4(C*). The question now is how to construct
the differential d"?? Let’s construct d}*?. Note that a cohomology class [] € E]"? represents a
chain ¢ € F,CP* with differential 85"/ ¢ € F,,;CP*4*1. With this in mind, we define

P.q . P49 p+l.q
d1 .E1 —>E1

[a] — [85+qc] )

One easily sees that d{”l’q od!? = 0. So we are justified in defining

ker(df’q : Ef’q - Ef+1’q)

Ep9q [
2 im(dp—l,q . gPLa Ep,q)'
1 Sl | 1

We can continue to construct higher-order approximations. Note that a cohomology class [a] € E 5 a
can be represented by some [x] € E{"? with differential 4}"[x] = 0 € EY 14 Since v ix] =
[057c], where ¢ € F,CP*4 is any chain representing ¢, we can choose 85 ¢ to be the zero element
in ker(dé’“’q), meaning that (911,’+qc € F,+2CP*9*L, This suggests that we can define a map

P.q . P9 p+2,q-1
d2 .E2 —>E2 .

Based on what we’ve seen so far, it seems that elements of an rth-order approximation EZ*? should
ultimately be represented by co-cycles x € F,CP* such that dx € F,,,CP*4*1, This turns out to
be exactly the case. For each n € Z, we have a filtration

-2 F, 1C" 2 FyC" 2 FpyC" 2 ---

of the object C,,. We think of elements of C,, further down the filtration as being “closer to zero.” The
idea of a cohomological spectral sequence of a filtered co-chain complex is to asymptotically approx-
imate the cohomology of C* by refining co-cycles and co-boundaries through their 7-approximations.

(1) Specifically, an r-almost co-cycle is a co-chain whose differential vanishes modulo terms
that are r steps lower in the filtration.

(2) An r-almost co-boundary in filtration degree p is a co-cycle that is the differential of a
co-chain which may be up to r steps higher in filtration degree.

We now state and prove the desired result.

Proposition 4.5.5. Every decreasing filtration of a co-chain complex C* determines a cohomological
spectral sequence.

Remark 4.5.6. We will see in the proof that the zeroth page of the spectral sequence is the associated
graded co-chain complex

G,C* = F,C*|Fpy C",

and that the first page is the cohomology of this co-chain complex. Hence, the construction is con-
sistent with the remarks made in ??.

Proor. Choose the Ej page of the spectral sequence such that
ES? = F,CP*|F,, CP* .= G ,CP*

For r > 0, we define r-almost (p, g)-co-cycles and r-almost (p, g)-co-boundaries as the following

R-modules:
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(1) The R-module of r-almost (p, g)-co-cycles is defined as
zP%={c e F,CP* | 957 (c) € Fypyy CPYY [F ) CPH
_ FpCPrin (05 L (Fpyr CPHIHL) 4 Fpppy CPHA KT+ FpaCPe
- Fp+1Cp+q . Fp+1 Ccrta

In other words, Z7*? consists of co-chains in F »CP*4 whose co-boundaries lie in F,,-CP +q+1
modulo F),.1CP*.
(2) The R-module of r-almost (p, g)-co-boundaries is defined as

BPCI oPra~ 1(Fp r+1cp+q 1) ﬁF cP+4

p r+l
r+q +g-1 + +
O (FpernCPY7Y) O FpCPY 4 Fpyy CPY
p+1cp+q
p+q 1 p— r+1 1+r-2 p+q ,
p r+1 (K )+Fp+lc . Ifq+Fp+1Cp+q
p+1Cp+q Fp+1Cp+q

In other words, BY*? consists of co-chains in F »CP *4 that are in the image of F p-r+1CP +q-1
modulo F),.1CP¥4,

Note that the reason we quotient out by FP+*!CP*4 in the definitions of Z*¢ and BZ*? is that we want
to localize our attention to the p-th graded piece of the filtered complex, and avoid interference from
deeper levels of the filtration. This allows us to consider approximate co-cycles and approximate
co-boundaries in the associated graded co-chain complex. Since the differentials in the co-chain
complex compose to zero, note that we have,

Bl ¢ zP
We can therefore define the r-almost (p, ¢)-cohomology by
ZP7 KP4 Fp CPH

Ef,q - ~
p.q p.q
BIY T 17T F,, CP

Note that we have a canonical surjective homomorphism:

KP4+ F, . CPY
nl? KP?— KP4+ Fpg O — ————F = g1,
Ir ’ + Fp+1 Cp+q

mapping x € K7 to [x+0]. Note that the kernel can be identified with I”*? ¢ K¢, Moreover, note
that 857 restricts to a map from K77 to K™~ "1 Since a5 (177 = 0, we have a commutative
dlagram.

P+q

R P +r,q—r+1
K9 —— KT

N ])+r q— r+q
n’ "l \L’”

s +r,q—r+1
E,{) q _Jp q_> EP q-

It is clear by construction that d”*"97"* o @P*? = 0. We now show that
ker (dp,q LN Ep+r,q—r+1)
r . r r

EP 4 ~
p-r.,g+r-=1  pp-r,q+r-1 P.q
m(dr . E! S E! )

r+l —




82 4. HOMOLOGICAL ALGEBRA

A quick computation shows that

pP.q + Fp+1Cp+q

1
ker(d??) = —*
( r ) If’q+FP+1CP+‘1’

p.q p+lp+q
. p-r.q+r—-1y Ir+1 +F c
im(d, ) = .

179 4+ Fp+lCpr+a

Therefore, we have

ker(d?P?) (KP4 + pp¥iopray /(101 FPeicrra)  KPT 4+, CPH v
im(dP Yy T (1P Fericera (1P Fricpra) T [P FCpra
It is clear from the definitions that
2P0 =¥er (G,CP* — G, P,
BY% =im (Gl,cp”f‘1 — Gpcf’“l) :
Hence, E{"? = HP*4(G ,C*). This completes the proof. O

Remark 4.5.7. A homological spectral sequence associated to an increasing filtration of a chain
complex is constructed similarly.

4.5.1. Bounded Convergence. We discuss the notion of convergence of spectral sequences in-
formally in this section, focusing on the special case of bounded filtrations, where convergence issues
do not essentially arise. The idea behind the construction of the spectral sequence is that as r be-
comes large, the approximate co-cycles and co-boundaries of degree r approach the actual co-cycles
and co-boundaries. Therefore, we expect EF*? to approach something related to the cohomology of
the co-chain complex. There are subtle issues of convergence involved, but we can attempt to iden-
tify the ‘limiting page’ in the special case where the filtration is bounded. For a bounded, exhaustive
and separated filtration, for each [ € Z there exist m(/) > n(l) € Z such that

F.C'=C,
FnC' = 0.
Fix any p, g € Z, and choose any r > max{m(p+qg+1) — p,p —n(p+¢q+1)+1,0}. Then,
Fp+GC+q+1 C chp+q+1 — 0’
Fp_pCP*~1 2 F,cP*a~t = cPra-l,
Therefore, we have
P _ F,CP* Nker 0P* + F),,CP™ BP9 — Fp,CP* N im §P+9=1 + Fppy CPH
' Fp+lcp+q ’ " Fp+1CP+’1 ’
With these descriptions stated, we obviously have a surjective map
F,HP*9(C*) » EP1.
The kernel of this map will be the cohomology classes & € F,HP*4(C*®) represented by a cycle
x € F,,1CP*4. That is, the kernel is exactly F,,,1CP*4. Hence, for r > max{m(p+q+1) —p,p -
n(p+q+1)+1,0} we have the isomorphism
G HP*(C*) = EP1.

Hence, we see that if the filtration is bounded, then for sufficiently large r, the r-almost (p, g) co-
homology coincides with the associated graded cohomology R-modules. Hence, for the case of a
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bounded filtration, we say that the “limiting page” of a cohomological spectral sequence, denoted
EP4 satisfies

EDY = G,HP*(C*).
We write EF? = G,(HP*) = EE? and say that the spectral sequence converges weakly. The
general case is dealt with by definition through the notion of a convergence of spectral sequences.

Remark 4.5.8. A similar remark regarding convergence applies to homological spectral sequences
associated to an increasing bounded filtration of a chain complex.

4.5.2. Spectral Sequence of a Double Complex. We now discuss the construction of a co-
homological spectral sequence arising from a double complex. Our focus will be on first-quadrant
cohomological double complexes, where convergence issues do not arise. The construction of a
homological spectral sequence arising from a first-quadrant homological double complex is similar.

Definition 4.5.9. A first quadrant cohomological double complex, C*-*, of R-modules consists of a
collection of R-modules {C?*?}(,, 2 arranged in a bi-graded grid, together with two differentials:

H . p.q P Lq \ . pP.q pP.q 1
dp’q . C > C 5 dp,q . C > C

H H _
d Odp’q—O,

p+l.q

Vv vV o _
dpgr1°dpq =0,

H \% \% H _
dp,q+1 °© dp,q + dp+1,q °© dp,q =0,

forall p,q € N.

A first quadrant cohomological double complex can be visualized as a grid of R-modules ar-
ranged in the first quadrant, with horizontal and vertical differentials.

v AN v AN v AN v AN
d0,2 d1,2 d2,2 d3,2
dH dr d df
0,2 1,2 2,2 3,2
C0,2 > C1,2 > C2,2 > C3,2 \
v N v N v N v N
dO,l dl,l d2,1 d3,l
dar daf d da¥
0,1 1,1 2.1 3,1
CO,l Cl,l S 2,1 C3,1
v AN v AN v AN v AN
d0,0 dl,O dQ,O dS,O
dglo 1o 30 dslo
C0,0 > > Cl,O Oy C2,0 Oy C3,0 >

The total differential d = d" + d on the associated total complex Tot®(C**), defined by
Tot"(C*) = @p+q:n CP1 gatisfies d o d = 0, making Tot(C*) a co-chain complex. Each element
in CP4 C Tot" (C*) is mapped, via both the horizontal and vertical differentials of the double
complex to the corresponding summands in (Tot C)P*9+!,

Remark 4.5.10. A first quadrant homological double complex C, . of R-modules can be defined
similarly. It consists of a collection of R-modules {Cp 4} (p q)en2 arranged in a bi-graded grid,
together with two differentials:

P9 . P-q
dy” :Cpgq = Cp-14, d

v 1Cpg = Cpg-1
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satisfying the following conditions for all p, q € N:

db~ o al? = 0,

db o dbd =,

A ody  +dl Tt o dl? = 0.
A first quadrant homological double complex can be visualized as a grid of R-modules arranged in
the first quadrant, with horizontal and vertical differentials.

¥ 2 Vo422 v 32 ~
H H H
Co,2 < Cio < Coo < Cs,2 <
d‘O/,Q dl 2 d\2/2 d3 2
~ L1V 21 v 31
H H H
Co1 < Ci1 4 Co1 < Cs,1 <
dO 1 dl 1 d2,1 d3 1
~ 1,0 V¥ 2,0 3,0 ~

H H H
Co,o < Cio < Cop < Cs,0 <

Given a cohomological double complex, we construct a cohomological spectral sequence by
filtering our double complex in two different ways. We first consider the following filtration:

(Ci’j) _ 0 lfl<p,
LA\t ifi > p.

Note that we have a decreasing filtration by columns. The total complexes of these truncations of
C** give rise to a decreasing, exhaustive, seperated and bounded filtration on the total complex of

c*e.
F, Toth(C**) = P ¢
izp
Using Proposition 4.5.5 and Section 4.5.1, we have the following result:

Proposition 4.5.11. Consider a first quadrant cohomological double complex, C**, of R-modules.
There exists a cohomological spectral sequence EF*? for r > 0 such that:

(1) The zeroth page is given by the original double complex:
Fp Tot!, (C**)

Eé”q — I’I+‘1 = P4
Fpi1 Tot),,, (C**)

and the differentials dg’q : Eé”q — E(I;’q+1 are the vertical differentials dV of the double

complex
(2) The first page is given by the cohomology computed from the zeroth page and the differen-
tials df ) f ) f 4 e naturally induced by the horizontal differentials d™.

Moreover, for each (p, q) € N? there exists a R(p, q) such that for r > R(p, q) we have
EP? = ERY = G ,HP*9(Tot C**),
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We could easily have used the vertical truncations of the double complex.
i 0 if j < p,
(CI,] )p = i.7 o
cvoifj > p.

Note that we have a decreasing filtration by rows. The total complexes of these truncations of C**
give rise to a decreasing, exhaustive, seperated and bounded filtration on the total complex of C*-°.

Fp, Toth! (C**) = P "7/
jzp
Using Proposition 4.5.5 and Section 4.5.1, we have the following result:

Proposition 4.5.12. Consider a first quadrant cohomological double complex, C**, of R-modules.
There exists a cohomological spectral sequence EF*? for r > 0 such that:

(1) The zeroth page is given by the ‘transposed’ original double complex:

F, Tot!l,_(C**)

P9 _ ptq _ ,
Eo - 11 .0\ crr

and the differentials d})? : E)"? — EV “I*L are the induced by the horizontal differentials
d" of the double complex

(2) The first page is given by the cohomology computed from the zeroth page and the differ-
entials df’q : E{”q — E{’+1’q are naturally induced by the vertical differentials dV of the
double complex.

Moreover, for each (p, q) € N? there exists a R(p, q) such that for r > R(p, q) we have
EPT = EL? =G, HP* (Tot C**).

Remark 4.5.13. Of course, we could have derived a homological spectral sequence associated to
first-quadrant homological double complexes. We obtain two types of spectral sequences, which we
described in words:

(1) The first spectral sequence is obtained by filtering columns. The zeroth page is the double
complex, and the differentials are the vertical (downward facing) maps from the double
complex. The first page is the homology of the first page and the maps are the horizontal
(rightward facing) maps induced from the double complex.

(2) The first spectral sequence is obtained by filtering rows. The zeroth page is the ‘transposed’
double complex, and the differentials induced by the horizontal differentials from the double
complex. The first page is the homology of the first page and the differentials are the vertical
maps induced from the double complex.

We will freely use the analogous results below.

4.6. Applications

Why all the fuss about homological algebra, and in particular spectral sequences? Their signifi-
cance stems from the ability to systematically decompose complex computations into more tractable,
stepwise analyses. Let us now apply the machinery we have developed.
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4.6.1. Diagram Chasing Lemmas. We first establish several diagram-chasing lemmas that
play a foundational role in homological algebra.

Proposition 4.6.1. (Five Lemma) Consider the following diagram of R-modules:
ALy —5c—5D—25E
Lol o

A/ f’) Bl >Cl >D/ 8 > E/

be a commutative diagram with exact rows of R-modules. We have the following:

(1) If a is a surjective homomorphism and (8, are injective homomorphisms, then vy is an
injective homomorphism.

(2) If € is an injective homomorphism and [, are surjective homomorphisms, then vy is a
surjective homomorphism.

Remark 4.6.2. We use the homological spectral sequence associated with a first-quadrant homo-
logical double complex in the argument below.

Proor. We only prove (1), noting that the proof of (2) proceeds analogously. To construct the desired
double complex, we begin with the given diagram, reflect it appropriately, and adjoin the necessary
kernels and cokernels on the left and right. By assigning zero objects to all remaining entries, we
obtain a first quadrant homological double complex.

AN
N

A
A
A
A
A

coker g’

1

coker g’ <

ker f <— 0

1

¢ ker f/ <— 0

If we consider the homological spectral sequence arising from filtering the double complex by rows,
the E'-page is computed by taking homology in the horizontal direction. Since the double complex
is exact along rows, it follows that all entries on the E'-page vanish. Consequently, the spectral se-
quence converges weakly to zero. Similarly, the homological spectral sequence obtained by filtering
the double complex by columns also converges weakly to zero. In this case, the E' page is obtained
by taking the the homology of the double complex in the horizontal direction:

AN
AN
AN
AN

AN
AN

A
Yo
Aot
X 4 O
— B o

B o

AN
AN

i i
A) A)

x <—— kere < ker§ < kery <—— kerf < ker a < *

* <—— cokere <— cokerd <— cokery <— coker 8 <— cokera ¢— =

By assumption ker § = ker 8 = coker @ = 0. By taking homology once more, we arrive at the E?

page:
* * * \O *

*
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As the spectral sequence converges weakly to 0, we know that on the E* page, no entry can remain.
But this means that ker y must vanish, since otherwise it could never disappear on the subsequent
pages. This proves the claim. O

We now prove the Snake Lemma using homological spectral sequences. The Snake Lemma is
a fundamental result in homological algebra, playing a crucial role in the construction of long exact
sequences that arise naturally from short exact sequences of chain complexes.

Proposition 4.6.3. (Snake Lemma) Consider the following diagram of R-modules:

ALsp tyc 0
a \Lﬁ Y
0— 4 Ly pr & o

Then there is an exact sequence of R-modules:

kera —» ker8 —» kery —é> coker @ —» coker 8 —» cokery

The map ¢ is called the connecting homomorphism.

Proor. The proof proceeds analogously to that of Proposition 4.6.1. As in that case, we construct a
first quadrant homological double complex by adjoining kernels and cokernels to the given diagram
and assigning zero objects to the remaining entries.

N
=

o4 4o

AN

AN
AN
AN
AN

oot
oo

ya
N

Q— a0
B O
R N e
CL—oO—o0&— -

0 <— cokerg’ < ¢ <
If we consider the homological spectral sequence obtained by filtering the double complex by rows,
the E'-page is computed by taking homology in the horizontal direction. Since the double complex
is exact along rows, all horizontal homology R-modules should vanish, and thus the E!-page consists
entirely of zero objects. Consequently, the spectral sequence converges weakly to zero. Similarly,
the homological spectral sequence obtained by filtering by columns also converges weakly to 0. For
this spectral sequence, the E' page is obtained by taking the the homology of the double complex in
the horizontal direction:

0 <— cokerg < kery < z ker 8 (ff ker a

coker y (g—, coker 8 f% coker @ — ker f’ <— 0

The maps shown above are induced by the morphisms in the original commutative diagram. We
show that we have exactness at ker 8 and coker S.
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(1) Note that we have ker g = ker g N ker 8. By exactness of the original diagram, we have
ker g = im f. Hence, we have

kerg Nker 8 =im f Nker B

= f(f " (ker B))
= f(ker(Bo f))
= f(ker(f’ o))
= f(ker @)

The last equality follows since f” is injective. Hence, we have ker g = im f.
(2) By exactness of the original diagram, we have ker g’ = im f’. Note that we have

(g)'(imy) _(g) " (im(yog))

imf imf

_ (&)~ (im(g’ 0 B))
im B

im B+ ker g’

im g
impB+im f’

imf
The first equality follows since g is surjective, and the third equality follows from exactness
at B’. Hence, ker g’ = im f”’.

We take homology once more to examine the E2 page.

0 0 0k

er f/ 0

Since all entries must vanish on the E* page, the one remaining map must necessarily be an isomor-
phism. By inverting this isomorphism, we obtain a connecting homomorphism:

ker @ i) ker B i) kery ——6—> coker a i) coker 8 i) coker y
coker g — ker f’

1 T

0 0

Let’s show exactness at kery. Using the commutative square, we have that ker y = ker 7. But we
also have that ker 7 = im g. Hence, kery = im g. A similar argument shows that the sequence is
exact at coker a. O

We now provide a proof of the Braid Lemma using a diagram chasing argument. While spectral
sequences are powerful tools in homological algebra, I am not aware of a standard proof of the Braid
Lemma that relies on them. As we shall see, the Braid Lemma plays a crucial role in constructing
the long exact sequence associated with triples of topological spaces.



4.6. APPLICATIONS 89

Proposition 4.6.4. (Braid Lemma) Suppose three long exact sequences and a chain complex we
have a commutative diagram. Then the chain complex is also a long exact sequence

81 s D h3 y G Ja y 7
ING N N N
2 v E L SH LY ¢

Proor. WLOG, assume that the f maps describe the chain complex. By symmetry, it suffices to
show exactness at C, E and H:

(1) ker(fz) Cim(f1): Letx € ker(fz). Then 0 = fo(x) = jo fo(x) = goho(x) by commutativ-
ity. It follows that ss(x) € ker(go) = im(gy). So 3x; € A such that g1 (x1) = ha(x). By
commutativity, g1(x1) = hof1(x1). So we have that 0 = g1(x1) — ha(x) = ho(f1(x1) — x).
Let xo := f1(x1) — x € ker(h2) = im(hy). Then Ix3 € B such that s (x3) = x2. Note that

J1(x3) = fah1(x3) = fa(x2) = fo(fi(x1) —x) =0

where the last equality follows from f> o fi = 0 and fo(x) = 0. We therefore have that
x3 € ker(j1) = im(jg). So there exists x4 € O such that jo(x4) = x3. Considergg(x4). It
satisfies

f18o(x4) = h1jo(x4) = h1(x3) = x2 = fi(x1) —x
Therefore, we have x = f1(x1 — g¢ (x4)). This shows that x € im( f7).

go(xa),x1 t S ha(x)

/ / &1
X9, X 0
(2) ker(f3) € im(f2): Let x € E be such that f3(x) = 0. By commutativity, gsj2(x) = 0,
S0 jo(x) € ker(gs) = im(g2). Then dx; € D such that go(x1) = jo(x). It satisfies
h3(x1) = j3go(x1) = j3jo(x) =0, as (j;) is a chain complex. So x1 € ker(hs) = im(ho).
Therefore, there exists xo € C such that s2(x3) = x1. This element is such that js f5(x9) =
g2ho(x2) = ga(x1) = ja(x). We therefore have jo( fo(xe) —x) = 0. Let x3 := fo(x2) — x.
Then x3 € ker(j2) = im(j;1). Let x4 € B be such that j;(x4) = x3. x4 is such that

foh1(x4) = ji(x4) = x3 = fa(x2) — x. Finally, we see that x = fo(x2 — h1(x4)), so
x € im( f>) as required.

\/

X1t ks > 0
yl /&‘ %
hi(xy),x2 0, j2(x)
T
X4 il > X3, X | fs > 0
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(3) ker(f1) € im(f3): Let x € H be such that fy(x) = 0. Then 0 = hsfs(x) = g4(x). So
x € ker(g4) = im(gs). Let x; € F be such that gs(x1) = x. Then hyj3(x1) = f1g3(x1) =
f1(x) =0. So j3(x1) € ker(hy) = im(hg). Let x5 € D be such that h3(x2) = j3(x1). Then
J3(x1) = jogo(x2), such that x5 := go(x2) — x1 € ker(j3) = im(j2). Let x4 € E be such
that j2(x4) = x3. Then f3(x4) = g3j2(x4) = g3(x3) = g3(g2(x2) —x1) = —g3(x1) = —x.
Therefore, x = f3(—x4), and x € im( f3) as required.

h .
xg | > > J3(x1)
& %’ x
X3, X1 0
X4 b fs > —X,X | 84 > 0
This completes the proof. O

4.6.2. Short Exact Sequence via Spectral Sequences. Spectral sequences often encode a wealth
of homological information, organizing it across multiple pages of approximations. Even when the
data appears sparse, the structure of a spectral sequence can be leveraged to extract compact and
meaningful results. We show how they can also be employed to derive short exact sequences that
are both non-trivial and extremely useful in computations.

Proposition 4.6.5. (Two Column Sequence) Let {EF*?}, 1 be a cohomological spectral sequence
associated to a decreasing, exhaustive and separated filtration. Assume that Eg = 0 unless p =
0, 1. For each n € Z, we have a short exact sequence:

0— ES" — M, — E;"" — 0.

Proor. The E5 pages looks like the following:
0 O\K‘ E21,1 0 0
0 0 Ey" m 0

\ 2
0 0 EQJN 0

Hence, we see that E5°? = EZ?. Assume that the spectral sequence converges weakly to {M, },ez.
Hence, we have

P94 _ P4 ~ FpMp+q
B =k = FpiiMpiq
If p#0,1, we get
0=ED = LoMpr
FpiiMpiq

which tells us F,H .y = Fp11Hpyy for all g € Z such that p # 0, 1. Therefore the filtration looks
like
-wo=F oM, =F M, 2 FpM,, 2> Fi1M,, = FoM,, = - --
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Since the filtration is assumed to be exhaustive and separated, we have that

F M, =F oM, =---=M,,
FiM, =FoM,=---=0.
For p = 0, we notice that
EJ" = EY" = % = FoM,.

For p =1, we get

E2—1,n+1 — Ei;n—l ~ )
FWH, FoM,
For each n € Z, the short exact sequence

0— FM,, — M, — .
0Mn n FOMn
turns into the short exact sequence
0— Eg’" — M, — E;l’"ﬂ — 0.

O

Remark 4.6.6. If we had a homological spectral sequence, the analogous statement would be that
for each n € Z there is a short exact sequence:

0— B3, — M, — E2, , —0

4.6.3. Long Exact Sequence in Homology. We now employ an argument analogous to that of
Proposition 4.6.3 to demonstrate that any short exact sequence of chain complexes gives rise to a
long exact sequence in homology. As this reasoning is entirely algebraic in nature, we carry out the
proof in the general algebraic setting.

Proposition 4.6.7. (Long Exact Sequence in Homology) Consider a short exact sequence in Chainpody, -
0. — Ac 3 B2 Co -0,

For each n > 1, there exist connecting morphisms 8, : H,(Cs) — H,_1(As) such that there is a
long exact sequence in homology:

Hypi1(Bo) —> Hyps1(Co) —
o Tmelre =

(Sn+'l
" Hu(Al) Hy(B.) Hp(Co) —
o,
/ n
e Hn—l(AO) - Hn—l(B')
Exact Long

In fact, the above construction defines a functor from ChainMOdR to Chain the category of

long exact sequences of abelian groups.

Modpgr’

Proor. (Sketch) Note that a short exact sequence of chain complexes naturally gives rise to a first
quadrant homological double complex: the chain complexes are arranged in rows, with horizontal
maps given by the differentials within each complex and vertical maps given by the maps from
the short exact sequence at each degree. The resulting double complex lies in the first quadrant
because the indices of the R-modules in each chain complex are drawn from the natural numbers.
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The exactness at each degree ensures the resulting diagram satisfies the conditions for forming a
double complex. The short exact sequence of chain complexes can be drawn more explicitly as:

0 0 0

L

"'%An—lﬁAnﬁArHl(_“'
[P

"‘<_Bn—1<a_,BnTBn+1<_"‘
Lo ™ 1" L

e — Gy ch yclﬁl — -

. ) n+l .
B ™ 1 Lo

0 0 0

If we consider the homological spectral sequence obtained by filtering the double complex by rows,
the E'-page is computed by taking homology in the horizontal direction. Since the double complex
is exact along rows, all horizontal homology R-modules should vanish, and thus the E'-page consists
entirely of zero objects. Consequently, the spectral sequence converges weakly to zero. Similarly,
the homological spectral sequence obtained by filtering by columns also converges weakly to 0. For
this spectral sequence, the E' page is obtained by taking the the homology of the double complex in
the horizontal direction:

Let us focus on the sub-diagram involving only the indices n — 1 and n. Upon rotating the sub-
diagram, the resulting sub-diagram is as follows.

15 I 7
0 — Hy-1(A) — Hp-1(B) — H,-1(C) — 0

By applying Proposition 4.6.3, we obtain the following long exact sequence:

Hy(A) > Hy(B) = Hy(C) 25 H,_1(A) > Hy_1(B) = H,_1(C)

By assembling these short exact sequences via the connecting homomorphisms, we obtain the de-
sired long exact sequence in homology. In fact, we can explicitly describe the connecting morphism
0y, in this case, and the construction given below can be shown to be compatible with the abstract
existence of the connecting homomorphism in Proposition 4.6.3. The connecting morphisms ¢,, are
constructed as follows: let ¢ € C, be a cycle representative for [a] € H,(C). Then, since j, is
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surjective, there exists b € B,, such that ¢ = j,(b). Therefore, we have that 9),(b) € B, _;. By the
commutativity of the diagram, we know that

Jn=1(8;/ (b)) = 8/ (jn-1(D)) = 8}/ (c) =

since c is a cycle. Therefore, 0, (b) € ker j,—1 = imi,_1. So, there exists a (unique, since i,_; is
injective) a € A, -1 with 9),(b) = i,—1(a). We show that a is a cycle. Note that

in-2(0n-1(a)) = 0,_, (in-1(a)) = 8,_,(8,(b)) =

Since i,_o is injective, this implies that d,,_1(a) = 0. Finally, we define §,,([a]) = [a] € H,-1(A).
We have to show that this assignment is independent of all choices.

(1) Suppose we choose b’ € B,, such that j,(b’) = c. Then, b’ — b € ker j,, = im i,,. So, there
exists a’ € A, such that b’ — b = i,,(a’). Therefore,

9, (b") = 0,(b) + 8, (in(a’))
=9(b) +in-1(9u(a’))
=in-1(a) +in-1(0n(a’))
=in-1(a +0dn(a’)).
So we see that changing b to b’ amounts to changing abya homologous cycle a + 0, (a’).
(2) If instead of ¢ we use ¢ + 9,/ ,(c") for some ¢’ € Cp41. But then, ¢’ = j,41(b") for some
b’ € B,41. So,
c+ aﬂ.'.l (c)=c+ N+1 (Jns1(D"))
=+ jn(0,41 ("))
= jn(b + 0,1 (b))
Then b will be replaced by b+d; , (b’), which leaves d;, (b) unchanged, hence a unchanged.
We now show that the above construction defines a functor from Chamfﬁfz to Mod?{mg. Con-

sider the following diagram in Chainf/ﬁ’gi:

lo Jeo

Oe > A, > B. > Co > O
fe 8 he
l is \L Je l

0. > A, > B, > C. > O

We show that induces the following commutative diagram.

D Hy(A) 2 gy 2 g o) =2y By (A, (B) ——

\LHnUCn \LHn(gn \LH (hn) \LHn 1(fn-1) \LHn 1(gn-1)

n (Jn

ey Hy(A) P gy TR 0y s E (4 (B ——

The commutativity of the first two squares and the last square is obvious since n-th homology is a
functor. It suffices to check that the the diagram

H,(C) =25 H,_1(A)

H, (m)l lHH (Fou1)
6/

Hy(C") —— Hp-1(A")



94 4. HOMOLOGICAL ALGEBRA

is commutative. Recall that the map 6,, : H,(C) — H,,_1(A) was defined by 6,,[c] = [a] where
¢ =jn(b)andi,_1(a) = 9,,b. Consider h,(c) € C;. Note that
hn(€) = hn(jn(b)) = j,(gn(b))
iy_1(fa-1(a)) = gn-1(in-1(a)) = gn-1(0,(b)) = d;,(gn()).
Here d}, is the map from B}, to B, _,. Hence,

(670 ()] = [fa-1(a)] = [ fa-16n(c)]

This shows that the construction defines a functor from the Chainf,ﬁf‘gz to Mod;‘mg.

4.7. Convergence of a Spectral Sequence

We have seen in Section 4.5 that a bounded descending filtration naturally induces a convergent
cohomological spectral sequence, in the sense that the entries EZ*? stabilize for sufficiently large r,
as a function of (p, ¢), allowing us to define the limiting page of a spectral sequence. We now turn
to the question of convergence for a general spectral sequence. We first need to define the notion of
the limiting page of a general spectral sequence. If {EZ*?, d*?}, <y is a a cohomological spectral
sequence, we have a tower of R-submodules

BB By C.oCcooc Pzt c 70 3)

Here Z7*9, BP*? are defined as in Section 4.5. Define
(e8] [ee]
S et R P
r=1 r=1

Note that BY*Y ¢ zZP9 for each (p, q) € Z?. Clearly, the construction generalizes to the case where
we have a cohomological spectral sequence starting on the ro-th page, for some r¢ € N. This allows
us to define a potential candidate for the limit of a cohomological spectral sequence.

Definition 4.7.1. Let rg € N, and let {E/*?,d”*?},.,, be a cohomological spectral sequence of
R-modules. The E., page of {EF*?, d’*?},,, is defined such that

(o9

o _ P4
EP,CI T B®
pP.q

In the specific instances examined in Section 4.5, the spectral sequence was shown to converge to
the associated graded cohomology of a co-chain complex. This observation motivates the following
definition.

Definition 4.7.2. Let ry € N. Let {M,,},,cz be a family of R-modules, and let {EZ"?, d?},.,, be
a cohomological spectral sequence of R-modules.

(1) We say that {EF*?, d?"?},,, converges weakly to {M,},cz if there exists a decreasing
exhaustive filtration
-2 Fp \My 2 FyMy 2 Fpu M, 2 -

for each n € Z and furthermore, there exist isomorphisms
FpMpiq

F

EPT = G, (Mpsy) = .
P ptq p+1Mp+q

‘We write
El = Gp(Mpig)
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(2) We say that {EF"?, d?"?},,, approaches {M,,},cz if the filtration in (1) is exhaustive and
separated.

(3) We say that {EF*?, d?"}, ., converges strongly to {M,, } 7 if it approaches {M,, }, <z and
My, = lim (M) Fp M) .
PEZ
We have the following result:

Proposition 4.7.3. The cohomological spectral sequence associated to a decreasing, exhaustive and
bounded below filtration of a co-chain complex converges weakly.

Proor. The proof is skipped. O



CHAPTER 5

Singular Homology

We now discuss singular homology. Singular homology is a powerful tool in algebraic topology
that assigns a sequence of abelian groups to a topological space by studying continuous maps from
standard simplices into the space. It enjoys wide applicability due to its functorial properties and sat-
isfies the Eilenberg—Steenrod axioms, making it a foundational invariant in the subject. Section 5.1
presents the definition of singular homology, Definition 5.2.1 discusses the Eilenberg—Steenrod ax-
ioms, ?? addresses some basic computations, and Section 5.7 proves the equivalence between sim-
plicial and singular homology. References for singular homology include [Hat02; Lee10; May99].

5.1. Definitions

We define singular homology. Singular homology is difficult to compute, but singular homology
has nice theoretical properties which allows us to prove a host of properties about a homology theory.
It can be checked that simplicial homology and singular homology is coincide as we will do later
on. Hence, simplicial homology provides a computational tool to compute homology, and singular
homology provides a theoretical tool to study homology theoretically.

Definition 5.1.1. Let X be a topological space. A singular n-simplex is a continuous map o : A" —
X. The set of all such continuous maps is denoted as Hom (A", X).

Example 5.1.2. Since A? is a point, a 0-simplex in X is simply a point in X. Since A! is a closed
interval, a 1-simplex is a path in X. Since A! is a solid triangle, 2-simplex is the image of a solid
triangle.

Remark 5.1.3. The phrase ‘singular’ is used here to express the idea that o need not be an embed-
ding or a homeomorphism but can have ‘singularities’ where its image does not look at all like a
simplex. All that is required is that o be continuous.

We can express our constructions categorically. Consider the category A, whose objects are the
finite ordered sets

[n]={0<1<---<n}

for each integer n > 0, and whose morphisms from [r] to [m] are given by strictly increasing

functions. The assignment of the n-simplex as a topological space defines a functor
As : A — Top
that sends [n] to A”. A morphism « : [rn] — [m] in A is sent to the continuous injection
A" — A"
(20s ..o stn) > (85055 Sm)s

96
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where s4(;) = t; foreachi = 0,...,n, and the remaining coordinates are set to zero. For example,
the inclusion [n — 1] — [n] which skips the i-th entry induces the face inclusion
dr A — AT
(t0s s tu=1) = (t0s -5 1i-1, 0, tis s t01),

Note that we obtain the sets Hom (A", X) by considering continuous maps A" — X, and we have a
collection of functions

E:l : Hom(A", X) — Hom(A" !, X),
f= fod!.
The construction of the sets Hom(A”, X) and the maps between them is given by the composition
of functors
Sing,(X) := Hom(A.(-), X) : A — Top — SetsP.
Note that the second functor is a contravariant functor. Such functors are known as simplicial sets.
In words, a semi-simplicial set is a contravariant functor

Xo : A — Set°P
that consists of a collection of sets {X,, },,>0, where each X,, is called the set of n-simplices. Each
strictly order-preserving injection [n] — [m] in A induces a function f,, , : X — Xp.
Remark 5.1.4. Since every morphism in A can be written as a composition of elementary injections
of the form d!' : [n — 1] — [n], it suffices to specify the effect of each such d!'. The functor X,
assigns to each such injection a function 37 X, > X1,

The data of a semi-simplicial set can be encoded in a category.

Definition 5.1.5. The category ssSet consists of semi-simplicial sets, whose objects are contravari-
ant functors from X, : A — Set, and a morphism f, : X, — Y, of semi-simplicial sets is a collection
of functions f,, : X,, — Y, for each n > 0, such that for all» > 1 and 0 < i < n, the following
compatibility condition holds:

d; o fu=famrod!™".
Our construction can be summarized by noting that there exists a singular semi-simplicial set
functor
Sing, : Top — ssSet,
X — Sing,(X).
Sing, is defined as a composition of functors:
Top — Func(Top, Sets®®?) — Func(A, Sets°P)
X — Hom(-, X) — A; o Hom(—, X)

Here A} o Hom(—, X) is the functor that maps n to Hom(A", X). Singular homology studies a
topological space by probing it through Z-linear combination of singular simplices.

Definition 5.1.6. Let X be a topological space. The group of n-chains, C,,(X), is the free abelian
group with basis the set of singular n-simplices in X:

n
Cn(X) :=Z[Hom(A", X)] {Z nio; :ni € 2,0y : A" > X continuous}
i=0
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where each formal sum )", n;05 is finite, i.e., all but finitely many n; are zero. The n-th boundary
map
Op 2 Cu(X) = Cy-1(X)
is defined on the basis of C, (X) by the formula
n
On(0) = ) (~Dorodf
i=0
Remark 5.1.7. What is the meaning of the expression o o d!? Note that the image d;(A" 1) c A"
can be identified with the the i-th face of A". Hence, if o : A — X is a singular n-simplex in X,
then the composition o o d} restricts o to its i-th face. For the most part, however, we shall use the
notation |, v ] t0 refer to the map o o d'.

..........

Lemma 5.1.8. Let X be a topological space. The composition
On On-
=10y : Ca(X) = Cpor(X) = Cua(X)
is the zero map.

Proor. The crucial observation about the maps d;’s we need is that for every n > 2 and every
0 < j <i < n, we have:
dlodi™t =dlod! T AT o A"

Indeed, it is easy to verify that both maps are given by

(to, 115 - s tn=2) = (t0, ... 11,0, ..., ti=1,0,t4, ..., ty_2)
Note that
n-1 n
10 0p(0) = ZZ( 1)‘“0‘0d"0d" 1
j=0 i=0
n—1

M

( 1)1+]dn dn 1+Z Z( 1)z+]dn dn 1

J

Jj=0 i=0 Jj= Ol—]+1
n-1 J
:ZZ( 1)t+1dnodn 1+Z Z( 1)l+jdnod
Jj=0 i=0 j=0i=j+1
1 1n-1
(SR i+j gn n—1 LSAN i+j+1 gn n—1
ZZ( D)™ d o d! +ZZ( )" o d]
j=0 i= j=0 i=j
-1 J 1n-1
_n i+j gn n-1 ARRN i+j gn n—-1
=Y D DMaredl™ = Y Y (- d o d]
Jj=0 i=0 j=0 i=j

The second last equality follows by a shift of the inner summation index in the second nested sum.
If we now interchange the roles of i and j in the second sum, the two nested sums cancel. O

Remark 5.1.9. In what follows, we shall write the boundary operator as

n

(@) = > (1) pry.....i.... vl

i=0
Note that:
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S D DI gy o] + D DT 1y = 0.

J<i J>i

=)

The latter two summations cancel since after switching i and j in the second sum, it becomes the
negative of the first.

The discussion above can be summarized as extracting a chain complex Co(X) from the semi-
simplicial set Sing, (X). Therefore, the procedure described above can be viewed as being defined
as a functor:

Top — ssSet — Chain,y,.

We will discuss the second functor in more detail in Proposition 5.1.11. Purely algebraically, we
have a sequence of homomorphisms of abelian groups:

o 2 0 (X) =2y Gl (X) 2y (X)) 22

The boundary map 9, : C,(X) — C(X),-1 is such that
On ©0nt1 =0
That is:
im(n+1) € ker(dy,)
A sequence (C,(X), 0n)nen satisfying these properties is is called a singular chain complex. Ele-

ments of ker(d,) are called (singular) n-cycles and elements of im(d,.1) are called (singular) n-
boundaries.

Definition 5.1.10. Let X be a topological space. The n-th homology of the chain complex (C;, (X), 05 )nen
is
ker(d,)
iHl(an+l)
H, (X) is called the n-th singular homology group of X with Z coefficients.

Hn(X;Z) =

Why all the fuss about singular homology? Singular homology defines a functor from Top to
Ab. Thus, singular homology yields an invariant that can distinguish spaces. More importantly,
it provides a systematic and general way to study topological spaces using algebraic methods. Un-
like simplicial homology, which require specific decompositions, singular homology applies to all
topological spaces, making it a powerful and flexible theoretical tool in algebraic topology.
Proposition 5.1.11. For each n > 0,

H, : Top —» Ab
is a covariant functor for each n > 0.

Proor. H,, can be described as the composite functor:
Hp

Top mg'} ssSet Z(_)> Chain,y, i} Ab

We already know that Sing, is a covariant functor. The last functor is the homology functor which
computes the n-th homology of a chain complex of abelian groups. We already know from Propo-
sition 4.2.15 that this functor is covariant. Hence, it suffices to prove that the middle functor is
also covariant. Our construction of the chain complex C,(X) from Sing, (X) can be understood as
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arising from this middle functor. This functor extends naturally to any semi-simplicial set. Given a
semi-simplicial set X,, we define
Z(Xe)n = Z[ Xn],

the free abelian group generated by the set X,,. We equip this graded group with a differential given
in terms of the face maps by the formula

d: Z[Xn] - Z[Xn—l]

defined on a generator x € X,, by
n .
d(x)= > (1) Tp_in
i=0

Here, fr’;_l ,, denotes the map X,, — X;,_1 induced by the standard injection [n — 1] — [n]. For a
morphism f, : X, — Y, of semi-simplicial sets, the induced chain map

Z(fo)n : Z[Xn] — Z[Y,]

is defined on generators by sending x € X, to f,(x) € Y;,, extended linearly. This is a chain map as
can be easily verified. It can also be easily verified that Z preserves identities and composition. This
proves that the middle map

Z(-) : ssSet — Chainyp,
Xe — Z(X,)
is a functor. This proves the claim. O
Remark 5.1.12. We can collect all the functors in Proposition 5.1.11 to define a single homology

functor
H. : Top — GrAb,

where GrAb is the category of graded abelian groups. This functor takes a topological space X and
maps it to the graded abelian group

H.(X) = @Hn(X).
n>0

Calculation with singular homology is difficult because each C,, is generally a free abelian group
on uncountably many generators! Eventually, however, we will show that simplicial homology and
singular homology are isomorphic.

Remark 5.1.13. We will also introduce cellular homology which is isomorphic to singular homology
and is amenable to computation.

Here is a trivial computation:

Example 5.1.14. (Singular Homology of a Point) If X is a single point, then there is exactly one
map A, — X, and it is continuous, so C, (X) = Z for all n. Moreover,

n-1
. 0 for n odd
On(on) = D (D)o =
— o,-1 forneven

We end up with:
Z A Z—0

l M

z5% 7

i 113
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Thus, we can quotient out to get the homology:

Z forn=0
0 forn>1

H,(X;Z) = {

On the other hand, singular homology is much nicer theoretically, because we don’t have to worry
about choosing a A-complex structure, so it provides a convenient tool to prove various properties
about a homology theory. For instance:

Proposition 5.1.15. Let X be a topological space.
(1) Let (X4)aca are the path-connected components of X. Then,

Ho(X;Z) = (P Hy(Xa; Z)

acA

(2) (O-th Singular Homology Groups) If X is non-empty and path-connected, then Hy(X) = Z.
Hence, for any space X, Hy(X;Z) is a direct sum of Z’s, one for each path-component of
X.

Prookr. The proof is given below:

(1) Since A" is path-connected, and an n-simplex o : A" — X is a continuous map, we have
that im(o) C X, for some @. Therefore, we get a decomposition:

Ca(X) = (P Cu(Xa).

The boundary maps preserve this decomposition, i.e., 3,(C,,(Xy)) € Cn—1(Xo). Hence
ker(d,) and im(d,4+1) split similarly as direct sums, and the result follows.
(2) By definition, Hy(X;Z) = Cop(X)/im 9. Define a homomorphism
e:Cuy(X) > Z
n n
Z n;o; — Z n;
i=0 i=0
This is obviously surjective if X is non-empty. We claim that ker & = im 0, if X is path-

connected. Observe first that im d; C ker & since for a singular 1-simplex o : A! — X,
we have

g0 (o) = 8(0‘|[v1] - 0'|[V0]) =1-1=0
For the reverse inclusion, ker & C im 8y, suppose & (Y1, n;07) = 0, so Y7 qn; = 0. The
o;’s are singular O-simplices, which are simply points of X. Choose apath 7; : I — X

from a basepoint, xg, to 0;(vo), and let oy be the singular 0-simplex with image xo. We can
view 1; as a singular 1-simplex, a map 7; : [vg, vi] — X, and then we have d1; = 0y — 0.

Hence,
n n n n
0 an =Z”i0'i_zni0'0=2”i0'i,

i=0 i=0 i=0 i=0
since ), o n; = 0. Thus, X7, n;0; is a boundary, which shows that ker £ C im d;. Hence,
& induces an isomorphism Hy(X;Z) = Z.

This completes the proof. O
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It is often very convenient to have a slightly modified version of homology for which a point
has trivial homology groups in all dimensions, including zero. This is done by defining the reduced
homology groups, H,(X). Let {x} € X be a one-point space. There is a unique map X — {x}.
Moreover, a map {*} — X assigns a basepoint, xg, to X. Since the composition

{x} = X - {}
is the identity, for each n > 0 the induced maps on homology satisfy
Hp (xq)

also compose to the identity. Hence, H,,({*}) is an abelian subgroup of H,,(X) for each xy € X. For
each n > 0, we define the reduced homology to be

~ H,(X
Ba) = 0
By Example 5.1.14, we have
(0 - {Hn(x)/Z n=0
H,(X) n>0

Note that we have Ho(X) = Ho(X) @ Z because Hy(X) is a free Z-module.

5.2. Eilenberg-Steenrod Axioms

We have met two homology theories: simplicial homology and singular homology. Later on,
we will discuss cellular homology. In fact, there are many other homology theories in mathematics.
Eilenberg and Steenrod united the different homology theories by laying out a set of axioms that all
homology theories satisfy.

Definition 5.2.1. (Eilenberg-Steenrod Axioms) A homology theory with Z coeflicients consists of
(1) A family of functors H,, : Top? — Ab forn > 0, and
(2) A family of natural transformations
on:H, > H, 10p
where p is the functor sending (X, A) to (A, @) and f : (X,A) = (Y,B)to f|a: (A, @) —
(B, 2).
such that the following axioms are satisfied:

(a) (Homotopy invariance) If f,g : (X,A) — (Y, B) are homotopic maps, then the induced
maps
Hn(f), Hn(g) : HH(X$ A’ Z) - HH(Y’ B7 Z)

are such that H,,(f) = H,(g) forn > 0.
(b) (Long exact sequence) The inclusions

(A,0) = (X,0) — (X,A)
give rise to a long exact sequence

> Hy (X3Z) — Ho (X, A Z) 28 Hy(A;Z) — Hy(X3Z) —> -+

!In other words, H; may be regarded as a functor from hTop to Ab.
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(c) (Excision) If Z C A C X are topological spaces such that Z C Int(A), the inclusion of
pairs (X \ Z,A \ Z) C (X, A) induces isomorphisms
Hy(X\Z,A\Z;Z) — Hn(X, A; Z)

foralln > 0.
(d) (Additivity) If X =[], X is the disjoint union of a family of topological spaces X, then

Hy(X;Z) = ) Hu(Xa: Z)

for each n € N.
Additionally, if a homology theory satisfies the following additional axiom

(e) (Dimension Axiom) For any one-point set X = {e},
Z ifn=0
0 otherwise,

H,(X;Z) = {

the the homology theory is called an ordinary homology theory with Z coefficients.

5.2.1. Relative Homology. We introduce the notion of relative homology functors to make
sense of the family of functors in Definition 5.2.1:
H, : Top?> — Ab

Given (X,A) € Top?, we have C,(A) C C,(X) such that 8, restricts to a map from C,(A) to
C,-1(A). Therefore, we can consider a chain complex (Co(A), ds|4) Which is a sub-complex ? of
the chain complex (C., d.) The chain complex (Ce(A), ds|4) is usually drawn as:

O2|a d1la

Note that C,,(A) is an abelian subgroup of C,,(X). Hence, we e can consider quotient group
Cn(X)

Cn(X,A) = Cu(A)

Since the boundary map
O 2 Cp(X) » Cy—1(X)
takes C,,(A) to C,,—1(A), it induces a quotient boundary map
0n = Cu(X, A) = Cpo1 (X, A)

Since 0,41 09, =0 on C,.(X), we have that 5n+1 o 5n = 0on C,(X, A). Therefore, we get a chain
complex (Co(X, A), ds) The chain complex is usually drawn as:

e G(X, A) =2 (X, A) =2 Co(x, A)

The above discussion implies that the construction of relative singular chain complexes defines a
functor from Top2 to Chainpgy,.

Definition 5.2.2. Let (X, A) € Top?. The n-threlative homology group with Z coeflicients, H, (X, A),
is the n-th homology group of the chain complex (Co(X, A), d.). That is:

Ker 8
Hp(X,A;7) = —Ln

Im an+1

2Given a chain complex (Ce, de), a subcomplex of (Ce,d) is given by a family of subgroups C;, € Cj such that the
boundary operator d;, : C, — Cy,—1 restricts to a homomorphism C;, — C; _, for all n.
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Remark 5.2.3. It is clear that the n-th relative homology group with Z coefficients defines a functor
from Top? to Ab.

Remark 5.2.4. Since the homology of the empty set is trivial for all n > 0, we have:
Hp(X,0;Z) = Hy(X; Z)
for each n > 0. Similarly, we have
H,(X,X;Z)=0
for each n > 0.

By considering the definition of the relative boundary map we see that:

(1) Elements of H, (X, A;Z) are represented by relative n-cycles: n-chains @ € C,,(X) such
that d,,(a) € C,_1(A).

(2) Arelative n-cycle, a, is trivial in H,, (X, A; Z) iff itis arelative n-boundary: a = 9,41 (8)+y
for some B € C,+1(X) and y € C,(A).

5.2.2. Long Exact Sequence in Singular Homology. We now prove that singular homology
satisfies the long exact sequence axiom. The importance of the long exact sequence axiom is that is
allows us to compute homology groups of various spaces in using an ‘inductive’ and/or ‘bottom-up’
approach, as we shall see in various examples later on. We have a short exact sequence of chain
complexes:

0= (Ca(A), Bula) 5 (Cv,30) 25 (Cu(X, A),3.) — O

By Proposition 4.6.7, we have the following long exact sequence is homology associated to the pair
of spaces (X, A):

= Hya(X3Z) — Hon (X, AsZ) 2% Hy(A) — Hy(X;Z) — -

By Proposition 4.6.7, the boundary map ¢, : H,(X,A;Z) — H,_1(A;Z) has a very simple
description: if a class [a] € H, (X, A;Z) is represented by a relative cycle «, then §,,[@] is the class
of the cycle 6, in H,,_1(A;Z).

Remark 5.2.5. An easy generalization of the long exact sequence of a pair (X, A) is the long exact
sequence of a triple (X, A, B) € Top®. Indeed, we have (X, A), (X, B), (A, B) € Top®. The three
long exact sequences assemble in the following diagram:

Hyi2(X;Z) T > Hpio(X, A;Z) =——= Hp+1(A, B;Z) ---------}--> H,(B;Z)
\ / S 82 Js_ > \ y/
Hn+2(X’B§Z) P Hn+1(A;Z) P Hn+1(X’B;Z)

/ x j2//>( \\\33 % \
Hyan(A,BZ) ==~ o (BZ) ——L oy Ho(X:Z) ——- -5y Hyn (X, A2)

The braid lemma (Proposition 4.6.4) implies that the chain complex labeled with = arrows is a
chain complex. This is the desired long exact sequence in homology generated by (X, A, B).

We have demonstrated the existence of homology functors and the long exact sequence in ho-
mology within this section. In Example 5.1.14, we have already verified that singular homology
with coefficients in Z satisfies the dimension axiom. Furthermore, an argument analogous to that in
Proposition 5.1.15(a) establishes that singular homology also satisfies the additivity axiom. The goal
of the remainder of this section is to prove that singular homology satisfies the homotopy invariance
and excision axioms. Consequently, singular homology defines an ordinary homology theory.
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f(a)

The image is taken from [Alu21].

5.3. Homotopy Invariance of Singular Homology

We establish that singular homology groups satisfy the homotopy invariance axiom. To this end,
we begin with the non-relative case. Recall from Proposition 5.1.11 that for each n > 0, the singular
homology group H,, defines a functor from the category Top of topological spaces to the category
Ab of abelian groups. The homotopy invariance axioms amounts to the claim that H,, factors as
follows:

Top SR hTop
T,
Hy ~
Ab
Here, v : Top — hTop is the canonical projection functor that identifies homotopic maps. We we
will make use of the notion of a chain homotopy between chain complexes as introduced in ??.

Remark 5.3.1. What is the geometric interpretation of a chain homotopy? Let h: X X I — Y be
a homotopy between two continuous maps f,g: X — Y. Consider a 1-chain a € C1(X). Then
fi(a) and g.(a) are 1-chains in Y. The homotopy h interpolates between f and g, and thus maps
the endpoints of f.(a) to those of g.(a). To understand this, consider the boundary of the image of
a under h, as depicted in Figure 1. Traversing the boundary of h.(a) counterclockwise starting at
the bottom right, we observe:

Oah.(a) = g.(a) - 64 = fula) +6-,

where 6. and d_ correspond to the images under h of the endpoints of a. The difference 6+ — 6 -
precisely equals h.(01a). Therefore, we obtain:

O2h.(a) = g*(a) - f*(a) - h.(01a).

This expression illustrates that a chain homotopy mirrors the notion of a homotopy between maps at
the level of chain complexes.

For each n > 0, recall that the functor H, is given as the composite functor:

Hp

ing,\

Top > ssSet Z(_)> Chainpa, —— Ab

~_ s
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It suffices to show that the functor S, is homotopy invariant, since we already know from ?? that the
functor Chainaj, — Ab descends to a well-defined functor

hChainpp, — Ab.

In other words, it suffices to show that if f,g: X — Y are homotopic continuous maps, then the
induced chain maps f;, g.: Co(X) — C.(Y) are chain homotopic; that is, there exists a chain homo-
topy between them. A homotopy H: X X I — Y between maps f,g: X — Y determines the data
given in the following diagram:

X x {0}

XXIT>Y

X x {1} g

Since S, : Top — Chain,y, is a functor, applying it to the diagram yields the following equalities at
the level of chain complexes:

Se(f) = Se(H) o Sa(i0),

Se(g) = Se(H) 0 S4(i1).
Since composing a chain homotopy with a chain map? yields a chain homotopy it suffices to prove
that the maps

Se(i0), Se(i1): Co(X) — Co(X X I)

are chain homotopic. Thus, we need to construct a chain homotopy whose components

Cn(X) - Cn+1(X X I)
are defined for each n > 0. Given a generator o-: A" — X in §,,(X), it is natural to consider the map

oxId: A"xI— XxI.

Although A" X I is not itself an (n+1)-simplex, we show that it can be expressed as a union of (n+1)-
simplices. This decomposition allows us to define the desired map by assembling it piecewise on
these simplices. Let’s provide an intuition foe the this construction. In A™ X I, let
A" x0=[vg,...,va]
A x1=[wq,...,wu]
where v; and w; have the same image under the projection A" x I — A”". We can pass from
[vo,...,vn] to [wo,...,w,] by interpolating a sequence of n simplices, each obtained from the
preceding one by moving one vertex v; up to w;, starting with v, and working backwards to vy. For
instance,
[VO’ LIRS ,Vi,Wi+1, LI 7Wl’l]
moves up to
[VD9 o 7vi—l’wi7 R ] Wl’l]
The region between these two n simplices is exactly the (n + 1) simplex
[VO,.. -aviawi7~ -->Wn]
Lemma 5.3.2. A" x I is the union of n + 1 copies of A**'.

3This is clear.
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Proor. Fori=-1,0,...,n—1,let g; : A" — I denote the map

gi(S(),Sl,...,sn) = Zsj.

i<j

Let G; € A™ x I denote the graph of g;. Then G; is homeomorphic to A" via the projection A" X1 —
A" surjective the first factor. Let us now label the vertices at the bottom (i.e., A" X {0}) of A" X I by
Vo, V1, - - .-, vV, and those at the top (i.e., A" x {1}) by wg, w1, ..., w,. Then G; is the n-simplex

Gi = [VQ,...,V,',W[+1,...,W,1].

Since G; lies below G;_1 as g; < g;_1, it follows that the region between G; and G;_1 is the (n+1)-
simplex [vq,..., Vi, Wi, ..., wy]; this is indeed an (n + 1)-simplex as w; is not in G; and hence not
in the n-simplex [vq, ..., Vi, Wi, ..., wy]. Since

O=gn<gn1<...58<g1=1,

we see that A" X [ is the union of the regions between the G, and hence the union of »n + 1 different
(n + 1)-simplices [vq, ..., Vi, Wi, ..., wy], each intersecting the next in an n-simplex face. O

We can now prove the desired result.

Proposition 5.3.3. (Homotopy Invariance) For each n > 0, the functor Hy in Proposition 5.1.11
descends to a functor H, : hTop — Ab.

Top SR hTop

|
I
m LHn

Ab
In other words, if X and Y are topological spaces and f,g : X — Y are homotopic maps, then
Hy(f) = Hn(g) : Hu(X;Z) — Hu(Y;Z)
for each n > 0.
Proor. As noted above, it suffices to prove that
Se(in), Se(i1): Ca(X) = Co(X X 1)
are chain homotopic. Given a o : A" — X in C,,(X), we can consider the map:
oxId:A"XI - XxI—>Y

We can define prism operators Py, : C,(X) — Cy41(X X I) by the following formula:

n+1

Pu(0) = D (=1 (0 X 1) [yg.. - v ol
i=0

Note that P, (o) € Cy+1(X X I) since Lemma 5.3.2 shows that [vq,...,v;,W;,...,wy] isan (n +
1)-simplex contained in A" X [. The prism operator is our proposed chain homotopy. A simple
computation shows that we have

(il)n - (iO)n = 8,,1+1Pn +Py_10,
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Indeed:
D1 Pu() = D" (1) (=17 (0 X Td) [y ... oy
j<i
+ Z(_l)i(_l)j*—l(o- X Id)l[vo ..... VisWisenny Wjsens wy |
Ji

The terms with i = j in the two sums cancel except for

Fo (0- X Id)|[Va,W0 = 0—|[w0 ..... wn] = (il)n(o—)a

Fo (o X1,y my = =M.l = ~(0)n(@)

The terms with i # j are exactly —P,_19, (o). Hence, the maps {P, },>0 define the desired chain
homotopy. O

Corollary 5.34. If f : X — Y is a homotopy equivalence, then H,(X;Z) = H,(Y;Z) for each
n > 0. In particular, if X is contractible, then H,(X;Z) = 0 for each n > 0.

Proor. Let g: ¥ — X be a homotopy inverse of f. Then g o f ~ Idx and f o g ~ Idy. By
Proposition 5.3.3, it follows that

Hy(f) o Hn(g) = 1dn, x;z),
Hy(g) o Hu(f) =1dm, (v;z) -
Hence, we conclude that
H,(X;Z) = H,(Y;Z).
for each n > 0. The second statement follows immediately from the first statement together along

with the fact that H, ({*};Z) = 0 foralln > 1. O

Corollary 5.3.5. Foreachn > 0, the functor H,, : Top®> — Ab descends to a functor H,, : hTop? —
Ab.

Top? LA hTop?

',
Hp ~
Ab

In other words, if (X, A), (Y, B) € Top?, and f,g : (X, A) — (Y, B) are homotopic maps, then
Hy(f) = Hn(g) : Hu(X, A;Z) — Hu(Y, B; Z)
foreachn > 0.
Proor. It suffices to prove that
Se(i0), Se(i1): Ca((X,A)) = Co((X X I, (AXT)

are chain homotopic. Consider the chain homotopy constructed in Proposition 5.3.3. The prism
operator P, : C,,(X) — Cp1(X X I) sends C,,(A) into C,41(A X I). Consequently, it induces a
chain homotopy between the quotient chain maps

Co(X x {0}) . Co(X X1) an S« (X x{1}) . S.(X x1I)

C.(Ax{0}) Co(AXI) S.(Ax{1}) S(AXI)

The claim follows. O
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Remark 5.3.6. The operation defined in Lemma 5.3.2 as a special case of a chain map
X:S,(X)®S.(Y) = S, (X xY),
defined for any two topological spaces X and Y, which is deifned such that
X: S(X) ®Su(Y) > Spam(X xXY),

for all n,m > 0. This construction will be discussed later and will prove useful for computing the
homology of the product space X XY in terms of the homology groups of X and Y.

5.4. Excision in Singular Homology

We now establish that singular homology satisfies the excision axiom. Excision is a statement
that homology is “localizable.” Intuitively, it asserts that if A C X, and if the n-chains in question
lie “sufficiently deep” inside A, then removing a suitable subspace of A does not alter the relative
homology groups H, (X, A;Z). We now state the formal version of the excision property that we
aim to prove:

Proposition 5.4.1. Suppose Z C A C X are topological spaces such that Z C Int(A). Then there
is an inclusion of the pair (X \ Z, A\ Z) C (X, A), and the induced map

H,(X\Z,A\Z;Z) - H,(X,A;Z)

is an isomorphism for all n > 0. Equivalently, for subspaces A, B C X whose interiors cover X, the
inclusion (B, AN B) — (X, A) induces isomorphisms

H,(B,ANB:;Z) = H,(X, A;Z)

Remark 5.4.2. To see that the two statements of the Excision Theorem are equivalent, just take
B=X\Z(orZ=X\B) Then AN B = A\ Z, and the condition Z C int(A) is equivalent to
X =int(A) U int(B).

To build some intuition, suppose that X = int(A) U int(B). In this setting, we might expect that
the relative homology group H, (X, A) remains unaffected when we excise A, i.e., remove it from
consideration. This expectation is valid when all singular chains lie entirely within either A or B.
However, complications arise when a chain does not lie completely within either A or B. To address
this, we employ the technique of barycentric subdivision, which systematically replaces “large” sim-
plices with “smaller” ones that are sufficiently localized to lie within A or B. This technique is also
called the locality principle.

Proposition 5.4.3. (Locality Principle) Let X be a topological space, and let U = {U;} be a
collection of subspaces of X whose interiors form an open cover of X. Consider the chain map
te : CH(X) < C.(X) such that i, is the inclusion map for eachn > 0. Then i, is a chain homotopy.

Proor. The proof is lengthy. See [Hat02] for the the proof. O
We can now prove the excision theorem:

Proor. (Proposition 5.4.1) Assume that X = A U B. WLOG, assume that A and B are open sets.
We have

CH(X) = Ca(A) + Cu(B),
C,(ANnB)=C,(A)NC,(B).
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Therefore, we have
Gi(B) _ GCuB)  _ Cu(AH+Cu(B) _ CH(X)
Ca(ANB)  Cu(A) NCyu(B) Cn(A) Cn(A)
All the maps appearing in the proof of ?? take chains in A to chains in A. So these maps induce
quotient maps when we factor out chains in A and the quotient maps satisfy all the corresponding
formulas in the proof of ??. There, ?? implies that the inclusion
CH{(X)/Ca(A) = Ca(X)[Cu(A)

induces an isomorphism on homology. Since

u __Gu(B)
CHX)/CoA) = & s
we have that
H,(B,ANB:;Z) = H,(X,A;Z)

for each n > 0. This completes the proof. O

The case of an open cover U = {A, B} consisting of two subsets gives rise to an alternative
formulation of the excision principle, known as the Mayer—Vietoris sequence. This is a long exact
sequence in homology that provides a powerful computational tool, especially in inductive argu-
ments. Specifically, if a homological property is known to hold for A, B, and their intersection
A N B, the Mayer—Vietoris sequence can be used to deduce that the same property holds for the
union A U B.4

Proposition 5.4.4. (Mayer-Vietoris Sequence) Let A, B C X be open sets such that X = AU B. Let
ir: A—> X,
ip:B—X,
ja:ANB— A,
js:ANB— B

denote inclusions maps. Then there is a long exact sequence

oo — H,(ANB;Z) —% H,(A;Z) ® H,(B;Z) SN H,(X;Z) SRR H, 1(ANB;Z) — ---
where a,, = (H,(ia), H,(ig)) and B, = H,(ja) — H,(jB).

Proor. Let U = {A, B}. Consider the long exact sequence associated to the short exact sequence
of chain complexes:

0— Co(ANB) S Cu(A) @ C(B) D cH(x) — 0,
Invoking Proposition 5.4.3, the associated long exact sequence in homology yields the desired result.
m|

Remark 5.4.5. By using augmented chain complexes, we also obtain a corresponding Mayer-Vietoris
sequence for the reduced homology groups.

We end this section by proving the suspension theorem. This result provides a fundamental link
between the homology of a space and the homology of its suspension, allowing us to relate different
dimensions of homology groups. It also plays a key role in the study of stable phenomena in algebraic
topology.

4The Mayer—Vietoris sequence can also be interpreted as an abelian analogue of the Seifert—van Kampen theorem.
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Proposition 5.4.6. (Suspension Theorem)> Let X be a topological space and let SX be its suspen-

sion.
SX = XxI
(X x {0}, X x{1})
We have _ _
Hn(XaZ) = Hn+1(SX;Z)
forn > —1.

Proor. Forn = —1, H_1(X;Z) is the trivial group. Since SX is path-connected, Ho(SX;Z) is also
the trivial group. Let n > 0. Let P, Q denote the collapsed spaces X X {0} and X x {1} respectively.
Let A=SX - {P}andlet B=SX - {Q}. Each of A and B are homeomorphic to the cone space

CX=(XxI/(Xx{0})

By the Mayer-Vietoris sequence for reduced homology, since AN B = X x (0, 1), we obtain the exact
sequence

- = Hyi1(A;2) © Hyi1 (B; Z) — Hpa1 (SX;Z) — Hy(ANB;Z) — Hy(A;Z) ® Hy(B;Z) — -+ -

for all n. Note that CX is contractible®. Moreover, X X (0, 1) deformation retracts down to X. Hence,
the sequence simplifies to:

: =0 > Hy1 (SX;Z) — Hy(X;2) 50— -

This proves the claim. O

5.5. Interpretation of Relative Homology

We examine relative homology in greater depth in order to develop a clearer understanding of
its structure and significance.

Lemma 5.5.1. Let A C X be topological spaces. Consider an exact sequence of abelian groups:
A—-B—->C—-D-—>E

(1) C =0 ifand only if the map A — B is surjective and D — E is injective.
(2) For a pair of spaces (X, A) € Top?, the inclusion A — X induces isomorphisms on all
homology groups if and only if H,,(X, A;Z) = 0 for all n > 0.
Proor. The proof is as follows:
(1) Let @, B, v, 0 be the corresponding maps. By exactness,

im(a) = ker(8), im(B) =ker(y), im(y) = ker().
Note that « is surjective iff ker(8) = B iff im(8) = 0, and § is injective iff im(y) = 0
iff ker(y) = C. Putting both together, « is surjective and ¢ is injective iff C = 0, since
im(B) = ker(y).
(2) Consider the following part of the the long exact sequence in homology:

s — Hn+1(A;Z) — Hn+1(X;Z) — Hn+1(X’A;Z) — Hn(AaZ) — Hn(X,Z) —

The maps H, (A;Z) — H,(X;Z) are isomorphisms for all n > 0 if and only if they
are both injective and surjective for all n > 0. By re-indexing, this is true if and only if
the leftmost map in our five-term exact sequence is surjective and the rightmost map is

5Suspension is defined formally later on.
SIndeed, the homotopy %; (x, s) = (x, (1 — t)s) continuously shrinks CX down to its vertex point.
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injective for all n > 0. But (1), this is true if and only if the middle group vanishes for all
n > 0.

This completes the proof. m]

As per Lemma 5.5.1, we can think of H,,(X, A;Z) as measuring the failure of the induced mor-
phism H,,(A;Z) — H,(X;Z) to be an isomorphism for each n > 0. Based on Lemma 5.5.1, we can
characterize relative homology groups for n = 0, 1.

Proposition 5.5.2. Let A C X be topological spaces.

)

(2
3)

Ho(X, A;Z) = 0 if and only if A meets each path-component of X. In other words,
Hy(X, A; Z) = Z[path-components of X not intersecting A]

Hi(X,A;Z) =0ifandonlyif H1 (A;Z) — H1(X;Z) is surjective and each path-component
of X contains at most one path-component of A.
Let (X, xq) be a pointed topological space. Then

H,(X,x0;Z) = Hy(X;Z) = H,(X;Z)

foreachn > 1.

Proor. The proof is given below:

(1)

2)

We first prove the special case that if X is a non-empty path-connected space and A C X,
then Hy(X, A;Z) = 0 if and only if A is not-empty. Consider the end of the long exact
sequence for the pair (X, A;Z):

Hy(A;Z) > Z — Hy(X,A;Z) - 0
If A is empty, the sequence is,
0—>2Z—> Hy(X,A;Z) >0

Hence, Z = Hy(X, A;Z) and Ho(X, A;Z) must be non-zero. If A is non-empty, pick a
point a € A and consider the homology class [a] € Hy(A;Z). The image of [a] under

Ho(A;Z) - Z

is the homology class of a point, which generates the co-domain. So Hy(A;Z) — Z is
surjective. Hence

Ho(A;Z) — Ho(X,A;Z)
is surjective as well implying that and Hy(X, A;Z) = 0. More generally, suppose X has
multiple connected components. Assume that A meets each path component of X. If X; is
a component of X, then Hy(A N X;;Z) — Hy(X;;Z) is surjective. But then

Ho(A;Z) = @) Ho(A 0 X5 Z) — @) Ho(Xi;Z) = Ho(X; Z)

is surjective. Therefore, So Hy(X, A;Z) = 0. Conversely, if A does not meet a component
of X, say X, then Hy(X;, A;Z) # 0. But then Ho(X;, A;Z) # 0 is a direct summand of
Hy(X, A;Z). Hence Hy(X, A; Z) must be non-zero.

If Hi(X,A;Z) =0, then Hi(A;Z) — H1(X;Z) is surjective and Hy(A;Z) — Hy(X;Z)
is injective by Lemma 5.5.1. This last statement can’t be true if some path component X;
of X contains multiple components of A because then Hy(A N X;) = Z" for some n > 2
while Hy(X;) = Z. So then

Ho(A N X;) — Ho(X;)
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can’t be one-to-one, and the same follows for
Ho(A;Z) — Ho(X;2Z)

If Hi(A;Z) — H(X;Z)is surjective, then the kernel of the map Hy(X;Z) — H1(X, A;Z)
is H1(X;Z). So the map H1(X;Z) — H1(X, A;Z) is the O map. Similarly, if each compo-
nent of X contains at most one component of A, then Hy(A;Z) — Hy(X;Z) is injective.
So its kernel is 0, so the image of H1(X, A;Z) — Hy(A;Z) is 0. But then by exactness,
0= Hl(X, A; Z)

(3) Ifn = 2,then H,(X;Z) = 0and H,,—1(x; Z) = 0, and thus we immediately see H,, (X, xg) =
H, (X;Z) by inspecting the long exact sequence in relative homology. For n = 1, consider
the following part of the long exact sequence in relative homology:

0 — Hi(X;Z) - Hi(X,x0;Z) = Ho(X;Z) = Z — Ho(X;Z) — Ho(X,x0;Z) — 0
Proposition 5.5.2(1) readily implies that
0— H{(X;Z) > Hi(X,x;2)
is surjective if and only if
Ho(X;Z) =Z — Ho(X;Z)

is injective if and only if it is not-the zero map. The last equivalence follows from the obser-
vation that Hy(X; Z) is a free abelian group. If it were the zero map, the map Hy(X;Z) —
Hy(X, xo; Z) will be injective. However, this is not the case since the point xo € X defines
a generator (xg) of Hyo(X;Z) that is is in the kernel of the map Hy(X;Z) — Hy(X,xp).
Therefore, the claim is true for n = 1 as well.

This completes the proof. O

Definition 5.5.3. Let (X, A) be in Top?. If A C X is a closed subspace such that there exists a
neighborhood V of X such that A is a strong deformation retract of V, we say that (X, A;Z) is a good
pair.

The next proposition provides an alternative interpretation of relative homology in many cases of
interest. Intuitively, it asserts that for nice pairs of topological spaces (X, A), the relative homology
group of (X, A) is isomorphic to the homology of the quotient space X /A.

Proposition 5.5.4. Let (X, A) € Top? such that there exists B C X such that the following conditions
are satisfied:

(D é CcBcCX,
(2) A € Int(B),
(3) A is a strong deformation retract of B.

For each n > 0, we have
Hy(X,A;Z) = Hy(X/A, % Z) = Hy(X/A; Z)

Remark 5.5.5. A (X, A) satisfying the hypothesis in Proposition 5.5.4 is called a good pair. The
associated triple (A, B, X) is called an excisive triple. Note that these conditions are satisfied is A
is a closed subspace and there exists an open neighbourhood of A that retracts surjective A.
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Proor. Consider the following diagram:

| | |

Hy(X/A,%;Z) —— Hu(X/A,B/A;Z) <—— Hu(X/A\ x,B/A\ %;Z)

We make the following observations:

(1) The upper-left horizontal map is an isomorphism by virtue of the long exact sequence of
the triple (X, B, A) (see Remark 5.2.5) since the groups H, (B, A) vanish for all n > 0. This
vanishing follows from the fact that a deformation retraction of B surjective A induces a
homotopy equivalence of pairs (B, A) =~ (A, A) =~ (x,*). Hence, H,(B,A) = H, (*,*) =
0.

(2) The deformation retraction of B surjective A descends to a deformation retraction of the
quotient B/A surjective the point A/A’. Therefore, the same reasoning as above applies to
show that the lower-left horizontal map is also an isomorphism.

(3) The remaining two horizontal maps are isomorphisms by the excision property.

Since the right-hand vertical map is an isomorphism, it follows by the five lemma (Proposition 4.6.1)
that the left-hand vertical map must also be an isomorphism. This completes the proof. O

Corollary 5.5.6. If (X, A;Z) is a good pair, then there is an exact sequence:
c = Ho(A52) = Hy(X52) = Hy(X/A;Z) — Hyot(A;Z) — Hoot(X5Z) — -+
Proor. This is clear. O

Corollary 5.5.7. Let (Xq,Xa)acr be a collection of good pairs in Top,. Let X =\ yc; Xo With the
basepoint x = (x4 ) ey in Top,. Then

H,(X;Z) = (P Hy(Xa; )

ael

forn > 1.
Proor. Since (X4, Xq)aer be a collection of good pairs, (X, x) is also a good pair. We have:

]J%/Uhﬁz

acl acl

U Xa, U{xa}; Z

acl acl

= @ Hn(Xaa xa;Z)

ael

> @Hn(Xa;Z).

ael

ﬁn(X,Z) = ﬁn

=~ H,

The first and third equivalences follow by Proposition 5.5.2. The second equivalence follows by
observing that the additivity axiom holds in Top? as can be checked. O

7This uses the fact that taking the product with / commutes with taking quotients, since / is a compact Hausdorft space.
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5.6. First Computations

We now turn to some fundamental computations and illustrative applications of singular ho-
mology. These examples will help clarify the behavior of the theory and demonstrate its utility in
distinguishing and analyzing topological spaces.

Example 5.6.1. (Homology of Spheres) We now are now in a position to compute the (reduced)
homology groups of spheres. The reduced homology groups of spheres are given as:

_ 7. ifk=n
Hi (S ;Z)E{o ifk %0

Since (D", S"!) is a good pair and D"/S"~! = $”", the long exact sequence in relative reduced
homology yields:
= Hi(8"12) - Hi (D™ Z) — Hi(S"2) — Hi-r (85 2) — Hiea(DB2Z) — -
Since D" is contractible, Hy (D"; Z) = 0 for k > 0. Therefore,
Hi(8"™52) = 0= Hi(SBZ) - Hiea (8"752) > 00— -

Hence, we have: _ _

Hi(S";Z) = Hy-1(S™;2)
The result now follows via induction and the observation that

Ho(s%2) =7 Hi(S%:2) =0 k>0

The computation above readily implies the following:

Z®Z, iftk=0,n=0

Z if k=0, 1
Hy(8";2) = : "

Z ifk=n>0

0 otherwise

Remark 5.6.2. We can also use the Mayer-Vietoris sequence to compute the homology groups of
sphere. Indeed, consider the following argument. Let X = S", A = $" \ {S}, and B = $" \ {N},
where S and N are the south pole and north pole, respectively. Then
A~R" B=R' ANB=§"!

From the Mayer-Vietoris sequence for reduced homology groups, we get Hi(S™) ~ Hi_1(S"Y) for
all i. By induction, we find as before:

~ Z, k=n

H (S":7Z) ~{ "

K ) {0, k # n.

Using the homology groups of spheres, we can distinguish spheres from Euclidean spaces of
arbitrary dimension.
Corollary 5.6.3. Let m # n.

(1) S™ and S™ are not homotopy equivalent.
(2) R™ and R" are not homeomorphic.
(3) IfU C R™ and V C R" are non-empty homeomorphic open sets, then m = n.

Proor. The proof is given below:
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(1) This follows from Example 5.6.1 since the homology groups are not isomorphic for m # n.

(2) If m or n is zero, this is clear. So let m,n > 0. Assume we have a homeomorphism
f :R™ — R", WLOG assume that f(0) = 0. This restricts to a homeomorphism R \
{0} - R™\ {f(0)}. But these spaces are homotopy equivalent to spheres of different
dimension, yielding a contradiction.

(3) For all x € U and for all k € Z, we have

Hi (U, U\ {x}) = H(R™,R™ \ {x})

by the Excision Theorem. Combining this with the long exact sequence for the reduced
homology of (R”,R"™ \ {x}) and the fact that R \ {x} is homotopy equivalent to $""~!,
we obtain for all x € U and all k € Z:

~ Z, k=m
Hi(U, U\ {x}) = Hi(R™,R™ \ {x}) = He_1 (R™ \ {x}) =
0, k#m
Similarly,
n pn 7 n Z’ k=n
Hi(V,V\ {x}) = HeR™, R\ {x}) = He1 (R"\ {x}) =
0, k#n.
If U,V are homeomorphic via f : U — V, then
Hi (U, U\ {x}) = H (V. V\{f(x)})
The claim follows by comparing homology groups.
This completes the proof. O

Remark 5.6.4. If X is a topological space, x € X, and U C X is an open neighborhood of x, then
for all n € Z, the excision theorem yields that

Hp (X, X\ {x}) = Hy(U,U \ {x}).

In particular, for alln € Z, the group H, (X, X\{x}) depends only on the topology of a neighborhood
of x. Therefore, these homology groups are called the local homology groups of X at x.

Using the discussion about the homology groups of spheres and Corollary 5.6.3, we can prove
the invariance of dimension (Remark 1.3.2) and the invariance of boundary (Remark 1.3.9) results
about topological manifolds.

Proor. Let X be a topological n-manifold.

(1) Working in local coordinate charts, this follows from Corollary 5.6.3(2).
(2) Skipped.

This completes the proof. O

Example 5.6.5. Let A C X be a finite set of points in X. We compute H,(S?, A;Z). Assume |A| = k
for k > 1. Since A is assumed to be non-empty, Proposition 5.5.2 implies Hy(S?, A;Z) = 0. The
long exact sequence in relative homology implies we have:

coo = Hyw1(A;2) — Hpi1(S%2) — Huaa (S A,2) — Hu(A3Z) — Hy(S%32) — -
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Noting that,

Hi(S%72)=0
Ho(S*:2)=2Z
Ho(A;Z) = ZF

the right most end of the long exact sequence becomes

e =50 =0 Hi($%A42) - ZF -Z —0—0
Since Z is a free abelian group, the sequence above splits and implies that
7ZF = H(S%,A;Z) o Z.

Hence,
H,(S? A;Z) = 7K1,
For n > 2, H,(A;Z) = 0 implies that we have the sequence

s =0 = Hp1(S32) — Hy1(S2,4,2) — 0 — Hu(S%2) — Hu(S%A;Z) — -

By Lemma 5.5.1, H,(S?) — H,(S?, A) is surjective. But the map is also injective. Hence by
exactness and the first isomorphism theorem, Therefore,

H,(S% A;Z) = H, (5% Z).

Hence, we have:

0 ifn>3
Z ifn=2

H SZ,A;Z =
n ) 71 ifn=1
0 ifn=0

Example 5.6.6. We compute H; (R, Q). We have the following exact sequence in homology,
s Hn(Q) — Hn(R) - Hn(R, Q) - Hn—l(Q) —
Since Q is a totally disconnected set, every point g € Q is a path-component. Hence, we have

EBQGQZ ifn=0,
0 otherwise.

H,(Q) = {

Since R is contractible, the long-exact sequence on the right becomes

O—>H1(R,Q)—>@Z—>Z—>O.

This implies that the map H (R, Q) — P . o Zis injective, and since subgroups of free groups are
free, H1 (R, Q) is a free abelian group. Since Z is a free Z-module, we have

Prz=mroez=H®RQ =Pz
acQ acQ
If oy : A — Q, the set {0 — 0y | g € O} is a basis for H1 (R, Q).
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5.7. Equivalence of Simplicial & Singular Homologies

Let X be a topological space that admits a A-complex structure. We say that a subspace A C
X admits a A-subcomplex structure on X if A is a union of simplicies of X. Relative simplicial
homology group can be defined in the same way as relative (singular) homology groups. That is,
the n-th relative simplicial homology group, H5 (X, A;Z), is the n-th homology group of the chain
complex:

ey M) /M)~ AV JAL(A) s AG(X:Z)/B0(A)
That is:

—A
Kerd
HA(X,A;Z) = ——on

Im an+1
As before, this yields a long exact sequence of simplicial homology groups for the pair (X, A;Z) by
the same algebraic argument as for singular homology. We now show that the simplicial homology
groups of X corresponding to any A-complex structure on X coincides with its singular homology
groups of X.

Proposition 5.7.1. Let X be a topological space that admits a A-complex structure and let A be a
A-subcomplex of X. The inclusion map
An(X$A) — CH(X’ A)
induces an isomorphism
H(X,A;Z) = H,(X, A; Z)
for each n > 0.

Remark 5.7.2. Taking A = 0, we obtain the equivalence of absolute singular and simplicial homol-
0gy.

Our strategy will be to proceed by induction X,f consisting of all simplices of dimension k or
less.
Proor. We proceed in multiple steps:

(1) First suppose that X is finite dimensional. That is, X2 = @ for m > n for some n € N,
Assume that A = (). Consider the following diagram:

HY (X2, X | Z) — HY(XP | Z) — HY(X} Z) — HY(XP,XP | Z) — HA_(XP |, Z)

lfl lfz \Lfs \Lf4 lfs)

Hn+1(XAa X]é_l Z) — Hn(Xlé_l Z) — Hn(X]é Z) — Hn(XA’ X]é_l Z) — Hn—l(Xﬁ_l Z)

Note that Ag (X2, X2 ) is afree abelian group generated by k-simplices and A, (X¢, X2 ) =
0 for n # k. Therefore, we have:
Ac(XD. X lé—l) _ free abelian group generated by k-simplices %f n=k
0 ifn+k
A simple calculation shows that:
Z#k—simplicies ifn==k

HA (X2, X2 7)) =
n k-1 2) {0 ifn#k
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It is easy to check that (X2, X ,f_l) is a good pair and
#k—simplicies
xp/xp, =\ ¢
i=1
Therefore, Corollary 5.5.7 implies
#k-simplicies £ ) —

H, (X2 X2 7) =
n( k-1 2) {o ifn#k

Therefore, both f; and f; are isomorphisms. An induction argument shows that f5 and f;
are isomorphisms. The five lemma (??) then implies that f3 is an isomorphism.

(2) Suppose that X is possibly infinite-dimensional. Assume that A = (). Note that a compact
set C € X can meet only finitely many open simplices of X. If not, C would contain an
infinite sequence of points x;, each lying in a different open simplex. Then the sets

Ui =X - o)
i#]
which are open since their pre-images under the characteristic maps of all the simplices

are clearly open, form an open cover of C with no finite sub-cover. This can be applied to
show the map

HZ(X;Z) — Ha(X;Z)
is bijective. For surjectivity, let [c] € H2(X;Z). Choose a representative n-cycle, a,
of [c]. Now « is a linear combination of finitely many singular simplices with compact

images, meeting only finitely many open simplices of X. Hence, a in X ,f for some k. We
have shown that

H, (X2 Z) = HY(X2 Z)

So there exists a n-cycle v € A, (X ,f) such that [v] gets mapped to [c]. This proves surjec-
tivity. Injectivity is similar so we omit details.
(3) Now consider the general case where A # (. Consider the following diagram:

Hy o (X, A;Z) — Hp(AZ) —— HR(X;Z) — Hp(X,A;Z) — H,_ | (A;Z)

\Lfl lfz lfs lf4 \Lff)
Hp1 (X, A;Z) —— Hu(A;Z) —— Hu(X;Z) —— Hp(X,AZ) —— Hy1(A;Z)
By (2), fa, f3, f5 are isomorphisms. The claim now follows by induction and the five-
lemma.
This completes the proof. O

Example 5.7.3. Let X = st x S!. Note that X is homemorphic to the torus, 7T, considered in
Section 4.1. Hence, Proposition 5.7.1 implies that

Z®7Z forn=1
H,(X;Z) = HNT;Z) ={Z forn=0,2
0 forn > 3



120 5. SINGULAR HOMOLOGY

Example 5.7.4. Let A C X be a finite set of points in X. We compute H,,(S! x S!, A;Z).It can be
checked that S' x S! is homemorphic to the torus, 7', considered in Section 4.1. As in Example 5.6.5,
Ho(S'xS',A;Z) =0and H,(S' x S', A;Z) = H,(S' x S!) for n > 2. For n = 1, noting that,

Hi(S'xshZ)=ZeaZ
Ho(S'xstz2) =2
Ho(A;Z) = ZF
the right most end of the long exact sequence in homology becomes
i >0 =>Z8Z — Hi(S'xS1,A4;2) 57K 572 —>0—=0
The reduced homology version of the sequence above is
e 3303 Z®Z — Hi(S'xSHA;Z) = 7z 5 0
Since Z is a free Z-module, the sequence above splits and implies that
Hi(S'x SY, A;Z) = Hi(S' xS, A) = 71,

Hence, we have:

0 ifn>3
Z ifn=2

H,(S'xS' A;7) =
n ) 7k ifn=1
0 ifn=0

Remark 5.7.5. Let X = S' x St and Y = S' v §! v §2. We have
Ze&Z forn=1
H,(Y)=1Z forn=0,2
0 forn >3
We see that
Hu(X;Z) = Hy(Y)
for n > 0. It can be checked that the covering spaces of X and Y have different homology groups.

Hence, X and Y are not homotopy equivalent. Therefore, homology groups might not be able to
distinguish topological spaces that are not homotopy equivalent.



CHAPTER 6

Computations & Applications

6.1. Cellular Homology

We define the cellular homology of a CW complex X in terms of a given cell structure, then we
show that it coincides with the singular homology, so it is in fact independent on the cell structure.
Cellular homology is very useful for computations. Before discussing cellular homology, we com-
pute the relative homology groups of a topological space, X, that can be given the structure of a CW
complex.

Lemma 6.1.1. Let X be a topological space that can be endowed with the structure of a CW complex.
Then:

(1) The relative romology Hi (X", X"~1; Z) is given by:

0, if k
Ho(X", X"Z) = Jlezn
Z#n—cells’ lfk =n.
fork > 1.
(2) Hi(X™;,Z) =0ifk > n > 1. In particular, if X is finite dimensional, then Hy(X;Z) = 0 if
k > dim(X).

(3) The inclusion i : X" — X induces an isomorphism Hi(X";Z) = Hi(X) if k < n.
Proor. The proof is given below:
(1) Since (X", X"~1) is a good pair, we have:
H(X", X" Z) = Hi (X" X" Z)
= Hi(X"/X""1,Z)

#n-cells {o, if k #n,

~ \/ Sn ~
x>~ v = Z#n-cells’ ifk =n.

(2) Since (X", X" !) is a good pair for each n > 1, we can consider the following portion of
the long exact sequence:

Hp (X", X"57) — Hi (X4 7) —— Hi (X" Z) —— Hp (X", X" 1, 7)

If k+1 # nand k # n, we have from (1) we have that Hy. (X", X" 1,Z) = 0 and
Hi (X", X" 1) = 0. Thus

Hi(X"17Z) = H (X" Z)

Hence, if k > n (so in particular, n # k + 1 and n # k), we get by iteration that

H(XMZ) —— Hi(X"52) — - —— Hi (X% 2)

121
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Note that XV is just a collection of points, so Hy(X?;Z) = 0. Thus, when k > n > 1, we
have Hy (X";Z) = 0 as desired.

(3) We only prove the statement for finite-dimensional CW complexes. Let k < n, and consider
the following portion of the long exact sequence:

coo = Hin (X" XM Z) — Hi (X 2) = Hi(X™52) = H (XML XM2) — -

Since k < n, wehave k+1 # n+1 and k # n+1, so by part (1), we get that Hy1 (X”+1, X" Z) =
0 and Hy (X", X":Z) = 0. Thus, H(X") = H,(X"*';Z). By repeated iteration, we ob-
tain:
Hy(X™Z) = H (X" Z) = H (X Z) = - = Hi(X™2) = Hi(X;2),
where [ is such that X' = X since we assumed X is finite dimensional. See [Hat02] for
the case when X is infinite-dimensional.
This completes the proof. O

In what follows we define the cellular homology of a CW complex, X, in terms of a given cell
structure, then we show that it coincides with the singular homology.

Definition 6.1.2. The cellular homology HW (X) of a CW complex X is the homology of the
cellular chain complex (C.(X), d.) indexed by the cells of X, i.e.,

Cn(X):=H,(X", Xn_l; Z) = Z#n—cells,

and with differentials d,, : C,(X) — C,,—1(X) defined by the following diagram: d,, etc. are defined
in the obvious way to make the diagram commute. It is easy to check that d,+1 o d,, = 0 since the
composition of these two maps induces two successive maps in one of the diagonal exact sequences.

H, (X", X" 7Z) =0

0=H,(X""%2Z) ;n(X"”;Z) = H,(X;Z)
5 H,(X";Z) ‘
nﬂ/ \Jn
Hpr (X", X, Z) Sy H (X", X" Z) & s H,o (X", X2, Z)
% JV
Hn—l(Xn_l;Z)

H, 1(X""%2)=0

Proposition 6.1.3. Let X be a topological space that admits a CW-complex structure. We have:
HWY(X) = Hy(X;2)

foralln > 0, where H,(X; Z) is the singular homology of X.

Proor. We present an argument based on spectral sequences. Let Co(X) denote its singular chain
complex. We filter C,(X) by setting

FPCu(X) = {0 € Cu(X) | olc,(xp) = 0} = ker (Cu(XP) — Cu(X)),
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where the map C,,(X?) — C,,(X) is the natural restriction map. This defines an increasing filtration.
By the analog of Proposition 4.5.5, we get a homological spectral sequence such that

EY) =GP Cpig(X) = Hpig(X).

We claim that EB, q = p+q(XP+1, X7). Note that we have a homomorphism of short exact se-
quences:

0 — FP7ICH14(X) — Cpig(X) —> Cpag(XPTHy — 0

I e |

0 —> FPCpig(X) —> Cpig(X) —> Cpig(XP) —5 0

Since the middle map is an isomorphism, the snake lemma (Proposition 4.6.3) tells us that the left
map is injective, and that its cokernel is isomorphic to ker(Cp4 (X p+ly Cp+q(XP)). Hence, we
have

o . F PCphig(X)

P = Fp-1C,, . (X) = ker(Cpag (XPH) = Cpig(XP)) = Cpig(XPH, XP)

Hence, the E! page is defined such that:
E}),q = P+q(Xp+1’ X7)
Recall that Hp4, (XP*, XP) = 0if ¢ # 1, so the only nontrivial differentials on the E; page are

dl

1 Hpg(XPYLUXP) — Hp o (XPH2, XPH),

One easily checks that these agree with the differentials defining cellular homology, so the Eo page
is given by

EPa _ Hgf’l(X) ifg=1,
2 0 otherwise.

Since there are no further non-trivial differentials in the spectral sequence, we have E, 2 pq = Ep
Moreover, because each diagonal p + ¢ = n contains at most one nonzero term, it follows that the
associated graded pieces stabilize, and we obtain an isomorphism

Hp(X) = E5 4, = HW (X).
Therefore, the singular and cellular cohomology groups of X are isomorphic. O

Let’s make some observations which are immediate:

(1) If X has no n-cells, then H,,(X; Z) = 0. Indeed, in this case we have C,, = H,(X", X"~ 1;7Z)
0. Therefore, HSW (X;Z) =0
(2) If X is connected and has a single 0-cell, then d; : C; — Cj is the zero map. Indeed, since
X contains only a single 0-cell, Cy = Z. Also, since X is connected, Hy(X) = Z. So, by the
above theorem, Z = Hy(X;Z) = ker dy/Im dy = Z/Im d;. This implies that Im d; = 0, so
d; is the zero map as desired.
If X has no cells in adjacent dimensions, then d,, = 0 for all n, and H,,(X;Z) = Z#"lIs for all

n. Indeed, in this case, all maps d,, vanish. So for any n, H,(EW(X) = C, = Z#meells Tet’s look at
two examples:
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Example 6.1.4. When n > 1, S" X S” has one 0-cell, two n-cells, and one 2n-cell. Since n > 1,
these cells are not in adjacent dimensions. Hence:

Z, ifk=0,2n
Hi(S"xS"7) =472, ifk=n
0, otherwise.
Example 6.1.5. Recall that CP" has one cell in each even dimension 0, 2,4, . .., 2n. So CP" has no

two cells in adjacent dimensions. Hence:

zZ, ifk=0,2,4,...,2n

Hi (CP";Z) =
K( ) {0, otherwise.

We next discuss how to compute, in general, the maps
dy : Cp(X) = 27l 5 ¢, 1 (X) = z#(n=D)-cells

of the cellular chain complex. Let us consider the n-cells {e; }, as the basis for C,(X) and the
(n—1)-cells {e’g_l}ﬁ as the basis for C,,_1(X). In particular, we can write:

du(ef) = dap-eb_ |  dapel
B

Proposition 6.1.6. (Cellular Boundary Formula) The coefficient d, g is equal to the degree of the
map Ao g : sl — SE‘I defined by the composition:

1 collapse

sit= gD, 5 Xt = X2y, Dt S X (X2 0, DY) = S
where ¢ is the attaching map of D, and the collapsing map sends X n=2 Uyzg Dg_l to a point.

Proor. We will proceed with the proof by chasing the following diagram:

(D, 85752) —=— H,(8572) Qork A(syh2)
(%)*l (@) Tan.
Ho(X", X"52) — 2y Hy oy (X712) —— 25— H, (X7 /X"7%2)
x It 3

H, 1 (X", X""%Z) —— Hp 1 (X"71/ X2, X2 X" 72, Z)

The maps are as follows:
(1) @7% is the characteristic map of the cell e, and ¢, is its attaching map.
(2) The map

g. : Hyot (X" Z) = Ho (X7 X"7%2) = @5 Haa (D /0D 2)
B

is induced by the quotient map ¢ : X"~ 1 — X"~1/x"2,
(3) gp: X"1/Xx"2 > Sg‘l collapses the complement of the cell eg‘l to a point, the resulting

quotient sphere being identified with Sg‘l = Dg,‘l / 8DZ,‘1 via the characteristic map @g‘l.
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4) Agp - sl — SE‘I is the composition gg o g o ¢, i.e., the attaching map of e, followed
by the quotient map X"~ — Sg‘l collapsing the complement of ]Dg‘l in X"~ ! to a point.

The top left-hand square commutes by naturality of the long-exact sequence in reduced homol-
ogy. The top right-hand square commutes by the definition of A, g. The bottom left-hand triangle
commutes by definition of d,, . The bottom right-hand square commutes due to the relationship
between reduced and relative homology. The map (®".), takes the generator [D”] € H,, (D", S"~1)
to a generator of the Z-summand of H,,(X", X"~1) corresponding to D", i.e.,

(@) ([D]) =D

Since the top left square and the bottom left triangle both commute, this gives that

D da Dy = dp(D) = dy o (P).([D5]) = ju-1 © (93).([DG]).
B

Here we have implicitly identified H,(D",S" 1) with H,(S"~!). Looking to the bottom right
square, recall that since X is a CW complex, (X", X"~1) is a good pair. This gives the isomorphism

Hoy (X" 1 X"42) = Hy o (XX 2)
o~ Hn_l(Xn—l/Xn—Z’ Xn—Q/Xn—Z, Z)
Notice that the map gg, collapsing all the n — 1 cells of X to the n — 1 cell Sg‘l, induces the map

qp,+» which projects linear combinations of {ID)Z,‘l} onto its summand of Dg‘l. Therefore, the value

n-1 In

of d,(D}) is going to be the sum of the projections gp . on the n — 1 dimensional cells e e

other words:

D da gDy = dn(DF) = Y gp. 0.0 (¢5). 0 [DF].

B B
As noted before, we have defined (Aqg)s = ggs © ¢+ © (¢y; )«. The result now follows. O
Example 6.1.7. Let X = S%. We S? with D?/~ such that

(e, y) ~ () =x" y =1

This induces a cell decomposition into one 2-cell, the image of the interior, one 1-cell, the image
of S'\ {(0,1), (0,-1)}, and two O-cells, the images of (0,1) and (0, 1) which are N and S. Let
A = {N, S}. Since A is a sub-complex, X /A inherits a CW complex structure with one one 2-cell,
one 1-cell and one 0-cell. We have

0-2%272%7 59

Since X /A is connected as has a single O-cell, d; = 0. The attaching map of the two-cell in either

N Vv

S Vv

X =§2 X =S?/{N, S}
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case can be identified with the map:

e’ 0<¢p<n
e g<¢p<2w

¢1,2(e?) = {

The map has degree 0. Hence, d2 = 0. As a result, we have

H, (SN, $):Z) = {Z’ o =0.12

0, otherwise.
Example 6.1.8. Recall that RP" has a CW structure with one k-cell DX in each dimension 0 < k < n.
The attaching map for D* is the standard 2-fold covering map ¢ : S¥~1 — RP*~! identifying a point
and its antipodal point in S¥~!. To compute the boundary map dj, we compute the degree of the
composition

f . Sk—l N RPk_l — ﬁk_z — Sk_l

We consider a neighborhood V of y and the two neighborhoods U; and Us given to exist by the
local homeomorphism property of f. One of the homeomorphisms is the identity map and the other
homemorphisms is the anti-podal map. Then by the local degree formula implies

di =1+ (-1)k
It follows that
0 if k is odd,
d = e
2 if k is even,
and therefore we obtain that
Zs ifkisodd,0< k <n,
Hy(RP";Z) =yZ if k =0,nis odd,
0  otherwise.
Example 6.1.9. Let M, be the closed oriented surface of genus g, with its usual CW structure:

one O-cell, 2g 1-cells {a1, b1, ...,aq, bg}, and one 2-cell attached by the product of commutators
[a1,b1] - ... [ag, bg]. The associated cellular chain complex of M, is:

08,78, g2 4,5 Do

Since M, is connected and has only one 0-cell, we get that d; = 0. We claim that d> is also the zero
map. As the attaching map sends the generator to a; blaflbfl . .agbgaglbgl, when we collapse
all 1-cells (except a;) to a point, the word defining the attaching map a1b1a7'b7" ... agbgag'by!
reduces to a,-al.‘l. Hence, the coefficientd,,, = 1 — 1 = 0. Altogether, d2(e) = 0. So the homology
groups of M, are given by
Z forn=0,2,
H,(Mg;Z) =17°8 forn=1,

0 otherwise.

For g = 3, see the figure below to visualize the 2g = 6 generators of H; (M3):
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6.2. Euler Characteristic

Definition 6.2.1. Let X be a finite CW complex of dimension n. The Euler characteristic of X is
defined as:

x(X) = Zn:(—ni - #n —cells = Zn:(—ni - # rank(CEW)
i=0 i=0

Here C l.CW is the i-th abelian group in the chain complex that determines cellular homology. We
show that the Euler characteristic does not depend on the cell structure chosen for the space X. As
we will see below, this is not the case.

Proposition 6.2.2. The Euler characteristic can be computed as:
n
x(X) = > (=) - rank(HEW (X; 2))

i=0
In particular, x(X) is independent of the chosen cell structure on X.

Proor. We use the following notation: B; = im(d;+1), Z; = ker(d;), and Hl.CW = Z;/B;. The
additivity of rank yields that

rank(C;) = rank(Z;) + rank(B;-1)
rank(Z;) = rank(B;) + rank(HiCW)

Substitute the second equality into the first, multiply the resulting equality by (—1)?, and sum over i
to get that

n
x(X) = ) (=1 - rank(H™Y)
i=0
Since cellular homology is isomorphic to singular homology and the latter is homotopy invariant,
the result follows.. O

Proposition 6.2.3. Let X,Y be finite-dimensional CW complexes and let

X(X) =) (-Dia;
i=0

x(¥) = (-1)/b;
j=0

Here a; is the number of i-cells in X. Similarly, b; is the number of j-cells in B The Euler charac-
teristic enjoys some nice properties:

(1) x (X xY) = x(X) X x(¥)
(2) If X = AU B such that A, B are sub-complexes of X. Then

x(X) =x(A)+x(B) - x(ANB)
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3) Ifp: X — X is an n-sheeted covering space, then
x(X) = ny(X)
Proor. The proof is given below:

(1) For any index k, k-cells in X X Y are created by considering products of r-cells and k — r
cells from X and Y respectively where 0 < r < k. Hence the number of k-cells is

k

Z arbk—r

r=0
Therefore,

m+n k

X(X) X x(¥) = (Z(—l)iai) x (Z(—l)fb,-) = > (D! Y arbir = x(X xY)
i=0 j=0 k=0 0

r=

(2) Let a? denote the number of i-cells in A. Similarly, let alB be the number of i-cells in B.
Similarly, let a;.‘mB be the number of i-cells in A N B. We have

B aAﬂB

ai=a+ab - a

fori =1,---,n. Therefore, we have,

x(X) =) (-Da;
i=0

n n n
= > (=Diat+ Y (-Diaf = > (~1)ap®
i=0 i=0 i=0
=x(A)+x(B) - x(ANB)
(3) Recall that if D’fl is a k-cell in X, then X has n k-cells. Therefore, it is clear that

x(X) = nx(X)
This completes the proof. O
Example 6.2.4. Let M, be the oriented surface of genus g, and let N, be the oriented surface of
genus g. We have

XM, =2-2¢

XN, =2-8

Thus all the Mg, N, are distinguished from each other by their Euler characteristics. There are only
the relations

x(Mg) = x(Nag)
6.3. Tor Functor

We now discuss the Tor (derived) functor which will play an important role in the discussion of
homology with coefficients. Further details on derived functors and related topics can be found in
Chapter 15.

Remark 6.3.1. We work with commutative rings below. Hence, we don’t make any distinction be-
tween the categories of left R-modules and right R-modules. We use the generic phrase ‘R-module’
to refer to a left/right R-module.
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Recall that the tensor product, ®g, defines a functor from the category of R-modules to itself
such that if N is a R-module, then
—Qr M(N)=N®r M
Moreover, if f : N — N’ is a R-module morphism, then

®rld
—®RM(f):N®RMfR—M>N,®RM

It can be checked that — ®g M is a right exact functor. However, — ® g M is not a left exact functor
in general.

Example 6.3.2. The functor — ®g M need not be left exact functor. Let R = Z. Consider the
sequence:

057257
Here -n is the multiplication by n map. Let M = Z/nZ we obtain a map:

n®z1dz/nz
Z|nZ =7 ®z Z|nZ ————— Z ®z Z/nZ = Z/nZ

However, this is the zero map since we have
‘n®z1dz/uz(1®zm) =n®zm=1®&znm=0.
The zero map is not injective.
Remark 6.3.3. A R-module M is called flat if — ®g M is a left exact functor. If M is a projective
R-module, then —®g M is a left exact functor. This follows because a projective R-module is a direct

summand of a free R-module, a free R-module is a flat module and that a R-module is flat if and
only if each summad is a flat R-module.

Since the — ®g M functor is a right exact functor which in general is not a left exact functor, we
can consider its left derived functor.

Definition 6.3.4. Let R be a ring and let M be a R-module. The i-th Tor functor is the i-th left
derived functor of — ®g M. It is denoted as
TorlR (=, M)

By definition, TorlR(—, M) is computed as follows. If N is a R-module, take any projective
resolution
5Pl PP S NSO,

and form the chain complex:
o> P?RrM > P' @ M—>P e M
Then Torf (N, M) is the homology of this complex at position i.

TorR(N, M) = H;((P' ®& M).)

Remark 6.3.5. General results about derived functors (Chapter 15) show that the homology is in-
dependent of the choice of the projective resolution.

If R is a commutative ring and M is a R-module, we can define another functor M ®g —. The
definition is similar to that of the functor defined above. It can also be checked that M ®g — is right
exact functor that is, in general, not left exact. Hence, we can attempt to construct a left-derived
functor associated to M ®g — as above. We label that derived functor Torf (M, -). We have the
following result:
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Proposition 6.3.6. (Balanacing Tor) Let R be a ring, M, N be R-modules. Denote by Tor® (N, -)
the left-derived functors of the tensor product functor N ®g —, and by TorR(—, M) the left-derived
functors of — Qg M. We have that

TorR(N, M) = TorR(M, N)
Proor. We provide an argument based on homological spectral sequences of double complexes. We
choose projective resolutions
-—> Py > Py —>Py—>N-—-QO,
> 02> 01 > 00> M—0
of N and M, respectively. We define a first quadrant homological double complex C, . by
Cpg=Pp®Qy,

where the maps are the induced ones coming from the maps in the projective resolutions. The double
complex can be visualized as follows:

~ ~ ~

Py®Q2 <— P1®0Q02 <— P2®Q <— -~

~ 2 ~

Piy®0Q1 ¢— P1®Q1 ¢— P,®Q1 &— -

/ 2 ~

Py®Qo <— P1®Qp <— P2®Qp <— -+~

Since projective modules are flat modules, the rows and columns of this double complex are in-
deed complexes, and the squares in the double complex are commutative. We first filter this double
complex by columns. Note that the homology in the vertical direction determines the E' page such
that
1 _ R
E, ,=Tor, (Pp, M).

Since P, are projective and hence flat modules, we have Torg (Pp, M) =0forg > 0,and Torg (Pp, M) =
P, ® M. Thus, the E' page is:

PoOM <—— P1OM <— Po®OM <— ---
Taking homology of the E! page yields the E? page:

Torg(N,M) Torlf(N,M) Torg(N,M) Torg(N,M) Torff(N,M) Torg(N,M)
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In a similar manner, we can filter the double complex by rows, and we obtain a spectral sequence
whose E?-page looks like:

Torg(M, N) Torf(M,N) Torg(M, N) Torg(M, N) Torff(M,N) Torg(M, N)
For both spectral sequences, we have E;’ 4 = EP. Since both spectral sequences converge to the
associated graded object, we can conclude that

Tor®(N, M) = Tor® (M, N).
This completes the proof. m]

Remark 6.3.7. In light of Proposition 6.3.6, we can identify the two Tor functors. This allows us to
compute projective resolutions of either N or M to compute TorlR (N, M) for eachi > 0.

Proposition 6.3.8. Let R be a commutative ring and let M be a R-module. The Tor functor satisfies
the following properties:

(D Torg(N, M) = N ®r M for any R-modules M, N.
(2) If N is a projective R-module, then TorlR (N,M)=0foralli > 1
(3) Any f : N1 — Ny R-module homomorphism induces a morphism

fi Torf(Nl,M) — Torf(Ng,M)
foreachi > 0.

(4) Any short exact sequence 0 — Ny i Na LR N3 — 0 of R-modules induces a long exact
sequence:

-+ — TorR (N1, M) — TorR (No, M) — TorR (N3, M) — Ny ® M — No ®g M — N3 ®g M — 0

Proor. (1) and (2) follow from general properties of derived functors (Corollary 15.4.15). For (3),
let P} be a projective resolution of N1 and P3 be a projective resolution of No. General properties
about projective resolutions imply that that f lifts to a chain map ¢°* : P} — P3. Then, ¢* induces
a morphism of chain complexes P} ®g M — P35 ®g M which, in turn, induces a morphism:

fi: TorR(Ny, M) —s Tor®(No, M)

for each i > 0. For (4), let P* be a projective resolution of M. Then there is an induced short exact
sequence of chain complexes:

0> N QrP*—> No®r P*—> N3 P* —> 0

because each module P' is projective. Applying the long exact sequence in homology produces the
required long exact sequence. O

We now specialize to the category of Z-modules. In what follows, we fix G to be an abelian
group. We have the following result:

Lemma 6.3.9. For any abelian group A, we have Torl-Z(A, G)=0 ifi>1.

Proor. Recall that any abelian group, A, admits a two-step free resolution.
0— F1 — Fg —A—-0
Thus, Tor?(A, G) = 0if i > 1. O
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Remark 6.3.10. Only Tor%(—, G) encodes any interesting information. In what follows, we adopt
the notation: Tor(—,G) := Tor%(—, G).
Proposition 6.3.11. If R = Z, the Tor functor satisfies the following properties:

(1) Tor (6P, Ai, G) = B, Tor(A;, G).

(2) If A is a free abelian group, then Tor(A, G) = 0.

(3) Tor(Z/nZ,G) = ker(G - G).

(4) For a short exact sequence: 0 - B — C — D — 0 of abelian groups, there is a natural

exact sequence:

0 — Tor(B,G) — Tor(C,G) — Tor(D,G) > BOr G - C®r G > D®r G — 0.

Proor. The proof is given below:
(1) This follows from the identity,

[+

and noting that taking direct sums of projective resolutions of A; forms a projective reso-
lution for @, A’, and that homology commutes with direct sums.
(2) If A is free, then0) — A — A — ( is a projective resolution of A, so Tor(A,G) = 0.

®7G = @(Ai ®7z G)

(3) The exact sequence 0 — Z 575 Z/nZ — 0 is a projective resolution of Z/nZ.
Tensoring with G and dropping the right-most term yields the complex:

-n®r1lg

G=2ZrG —>G=Zr G — 0,

Thus, Tor(Z/nZ,G) = ker(G 5 G).
(4) This follows from Proposition 6.3.8(4).
This completes the proof. m]

6.4. Homology with Coefficients & Universal Coefficient Theorem

In this section, we discuss homology with coefficients and the universal coefficient theorem in
homology.

Definition 6.4.1. Let G be an abelian group and X a topological space. The homology of X with
G-coefficients, denoted H,(X; G) for n € N, is the homology of the chain complex:
Co(X;G) =Co(X) ®2 G
consisting of finite formal sums }; n; - 03 with n; € G, and with boundary maps given by
0% =0, ®;1dg .

Remark 6.4.2. Since 0, satisfies 0,,0 0,41 = 0, it follows that 8,16 0%

7, = 0. Hence, (Co(X); G, a%)
is indeed a chain complex.

We can construct versions of the usual modified homology groups (relative, reduced, etc.) in the
most natural way.

(1) (Relative homology with G-coefficients) Consider the augmented chain complex:
Ci(X;G) - Cy(X;G) -G -0

where €(3; n;07) = X2; ni € G. Reduced homology with G-coefficients is defined as the
homology of the augmented chain complex.
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(2) (Relative chain Complex with G-coefficients) Define relative chains with G-coefficients
by:
Cn(X,A;G) = Cu(X;G)/Cn(A; G),
Consider the chain complex:

C1(X,A;G) = Co(X,A;G) —» 0

The relative homology with G-coeflicients is defined as the homology of the augmeneted
chain complex.
(3) (Cellular homology with G-coefficients) We can build cellular homology with G-coefficients
by defining
Cr? (X) = H, (Xn, Xi—l; G) ~ G(number of i-cells)

The cellular boundary maps are given by:

dy (en) = Zdwﬂe?—l’
B

where d,p is as before the degree of a map Ayp : s"~1 — §"71. As it is the case for
integers, we get an isomorphism:

HSY(X;G) = Ho(X; G)

Example 6.4.3. Let’s look at some examples:
(1) By studying the chain complex with G-coeflicients, it follows that:

iftn=0,

Hu({+}:6) = {(? ifn 0.

(2) (Sketch) The homology of a sphere as before by induction and using the long exact sequence
of the pair (D", S") to be:

G ifi=0,n,

0 otherwise.

Hn(Sna G) = {

The result will follow more easily from our discussion of the universal coeflicient theorem below.

We now prove an important theorem that relates how homology with different coefficients are
connected. Changing the coeflicient group in homology can alter the resulting invariants, and un-
derstanding this relationship is essential for computations and deeper theoretical insights. The theo-
rem we present provides a precise mechanism—often involving universal coefficient theorems—for
translating between homology groups with various coefficients.

Proposition 6.4.4. (Universal Coefficient Theorem) If a chain complex (C., 0s) of free abelian
groups has homology groups H, (C,), then the homology groups H,,(C.; G) are determined by the
short exact sequence:

0 — H,(C.) ® G — H,(Co: G) 25 Tor(H,_1(C.),G) — 0
Proor. Choose a projective resolution for G:

-— Py — Py — Pp— G — 0.
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We define a first quadrant homological double complex C, , by C, , = P, ® C,, where the maps
are the induced ones coming from the maps in the projective resolutions. The double complex can
be visualized as follows:

~ ~ ~

Py®@Cy «— P1®Cy <— P2 ®Cy &— -+

~ ~ ~

Pi®Ci <— P1®C1 <— P2®C; <— ---

~ ~ ~

Py®Cy+—— P ®Cy <— Py ®Cy +—— ---

We first filter this double complex by columns. Taking the homology in the vertical direction, we
obtain the E! page:

Py ® Hy(C) <—— P1 ® H2(C) <— P2 ® Hy(C) <—— -~
Poy® H{(C) <— P1®H(C) $— P2 ® Hi(C) — ---

Py ® Ho(C) <—— P1® Hp(C) <—— P2 ® Hy(C) <— -

This follows because P, ® — is an exact functor. The rows here correspond to the complexes used to
calculate TorZ(G, -), so the (p, g)-th entry on the E? page is Tor%(G, H,(C)). Let’s examine this
more closely. Applying G ® — to the short exact sequence of chain complexes

0 — im doe — kerdy — Ho(C,) — 0

and deriving gives a long exact sequence:

= Tor%(G,Hn(C)) — Tor%(G, imd,_1) — Tor?(G,ker d,) — Tor%(G,Hn(C)) — Tor%(G,im dy_1) — -

But since im d,,—; and ker d,, are subgroups of the free abelian group C,, they are themselves free.
Therefore, the higher Tor groups vanish. By the long exact sequence, it follows that Tor%(G, H,(C)) =

0 for all ¢ > 2. Hence, the E? page looks as follows:

Tor5(G, Hz(C.)) Tor? (G, Hz(C.)) 0 0
TorZ(G, Hi (C.)) %r%((;\m(c))\o 0

T

Tor5 (G, Ho(C.)) Tor(G, Ho(C.)) 0 0
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By Remark 4.6.6, we have
0—Ej,— M, —E}, ,—0

Note that Eg’n = Tor5(G, H,(C.)) = G ® H,(C.) and Ein_l = Tor?(G, Hy-1(C.)). Hence, the
exact sequence becomes

0 — G ® H,(Cs) — M, —> Tor?(G, H,_1(C,)) — 0

To identify M,,, we now filter the double complex by rows. This amounts to considering a spectral
sequence whose E page is the transposed double complex:

~ ~ ~

Pi®Ch«— P1®C1 <— P1®Cy &— -+

~ ~ ~

Py@Cyp &— Pp®C; <— Pj®Cy &— ---

Here the vertical maps are induced by the horizontal maps of the double complex. Hence, taking
the homology in the vertical direction of the transposed double complex is equivalent to taking the
homology of the double complex in the horizontal direction. Thus, the (p, ¢)-th entry of the E! page
is Tor, (G, Cy). For p > 1, this vanishes because each C, is a free abelian group. Moreover, we
have Toro(G, C,) = G ® C,. Hence, the E* page is given by:

GRCp+— GR(C| <+—— G®(Cy

Here the horizontal differentials are induced by the vertical differentials of the double complex.
Taking homology, on the E? page, everything except the bottom row is zero. In the bottom row, we
have:
Ho(G ® C.) Hl(G ® C.) HQ(G ® Co)

This shows that M,, = H,,(G ® C,). Therefore, we obtain the short exact sequence:

0— G ® H,(Co) — Hn(G ® C.) — Tor? (G, Hy—1(C.)) — 0
This completes the proof. O
Remark 6.4.5. It can be checked that the sequence in Proposition 6.4.4 splits.

Remark 6.4.6. There is also a universal coefficient theorem for homology where Z is replaced by a
PID, R and G is a R-module. In this case, we have

0 — H,(C.) @ G — H,(C.;G) —— TorR(H,_1(C.),G) — 0
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This comes from first establishing that TorlR vanishes for i > 2 for when R is a PID, and then going
through a proof for universal coefficient theorem essentially as above.

Example 6.4.7. Suppose X = K is the Klein bottle, and G = Z/4. Recall that H1(K;Z) = Z & Z/2,
and Ho(K;Z) = 0, so:

Hy(K;Z/4) = (H2(K; Z) ®2 Z/4) @ Tor(H1(K), Z/4)

=Tor(Z,7Z/4) ® Tor(Z/2,7Z/4)

=00 Z/2

=7/2.

Example 6.4.8. Let X = RP" and G = Z/27Z. Recall that we have
Z2/2Z ifkisodd,0 <k <n,
Hi (RP*:Z) =4Z if Kk =0,nis odd,

0 otherwise.

We compute Hy (RP"; Z/27Z). We consider multiple cases. For k = 0, we have:

Hy(RP":Z/27) = Hy(RP";Z) ®7 Z/27. = 7. ®7 7] 27 = Z|]2Z.

For k = 1, we have:

H{(RP";Z/27Z) = H(RP";Z) ®7 Z/2Z & Tor(Hy(RP"), Z/27Z)
=(Z/2Z ®7 Z/27Z) & Tor(Z,7Z/2Z)
=Z2Z&0=2/2Z.

For 1 < k < n, such that k is an odd integer, we have
H; (RP",Z/2Z) = (Hi(RP";Z) ® Z/2Z) & Tor(Hy_1(RP"*;Z),Z/2Z)
=(Z/2Z ®7 Z/27Z) & Tor(0, Z/27Z)
=2Z/27Z
For 1 < k < n, such that k is an even integer, we have
Hi (RP";Z/2Z) = (H;(RP"; Z) ®7, Z/2Z) & Tor(Hy_1(RP";Z),Z/2Z)
= (0®z 2/27Z) & Tor(Z/27Z,Z]27Z)
=2Z/27Z
For k = n even, we have
Hi(RP*;Z2/2Z) = (0 ®7 Z/2Z) ® Tor(Z/2Z,Z2/2Z) = Z]2Z
If kK = nis odd, we have
Hi (RP";,Z/2Z) = (Z ®7 Z/27) & Tor(0,2/27) = Z/2Z

All in all, we have
Z/2Z iftk=0,---,n

Hi (RP";Z/27Z) =
K /22) {0 otherwise.
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6.5. Kiinneth Formula
6.6. Equivalence of Homology Theories

We have encountered various homology theories, including singular, simplicial, and cellular ho-
mology, and have seen that they all coincide in specific cases. For instance, if a topological space
admits a A-complex structure, the singular and simplicial homologies coincide. Similarly, if a topo-
logical space admits a CW-complex structure, the singular and cellular homologies coincide. We
now demonstrate that this is a specific instance of a more general principle: homology theories are
uniquely determined on well-behaved topological spaces, particularly within the category of CW
pairs.

Proposition 6.6.1. Let h. be a homology theory in the sense of Definition 5.2.1 with Z coefficients
defined as a collection of functors

h, : CW? — Ab
If hy(%;Z) = 0 for n # 0, then there exists a natural isomorphism
hn(X,A) = H,(X,A;G)
for all CW-pairs (X, A) and for all n > 1, where G := ho(*;Z) € Ab.
Proor. Since (X, A) is a good pair, we have an isomorphism
ho(X,A;Z) = h,(X/A;Z)

for all n > 0. This is a formal consequence of Eilenberg-Steenrod axioms that we have verified for
singular homology. Hence, we only need to check the absolute case. Just as for singular homology,
we have

™ (XGZ) = ha(X;2)
The hypothesis that A, (*; Z) = 0 for n # 0 is used here. The long exact sequences of &, homology
groups for the pairs (X,,, X,,—1) give rise to a cellular chain complex.

dn
= Y (X, Xnm13Z) =5 0 (X1, Xn2:2) = -+
We also have 5
g HSW(Xna Xn—l; G) — HSY\l/(Xn—la Xn—2; G) —
The individual groups are isomorphic, since
I (X, Xn-13Z) = GFelt = HIW (X0, X215 G).

Thus, it remains to show that d,, = 9, forn > 1. For n = 1, we can pass from X to S2X since
suspension is a natural isomorphism in any homology theory. S2X has no 1-cells, so immediately
di =0 = 01. Now let n > 1. The calculation of cellular boundary maps d,, for n > 1 in terms of
degrees of certain maps between spheres works equally well for 4., where degree now means degree
with respect to the /. theory. But a map

f:8" - 8"
of degree m in the usual sense is simply multiplication by m on H,,(S";G) = G = h,(S";G). The
claim follows. O
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CHAPTER 7

Singular Cohomology

7.1. Definitions

In parallel with the theory of singular homology, we develop the theory of singular cohomology.
Let G be an abelian group and let X be a topological space with a singular chain complex (Ce, d.)
of abelian groups:

an+ 6n an— an—
S Cu(X) = G (X) = Croa(X) — -+

Consider C;;(X) = Hom(C,(X), G), the group of singular n co-chains of X with G-coefficients.
This defines the dual chain complex:

%
n+l

0 . o . Op1 . 0,2
—— Cp(X) —C,_(X) —C, _5(X) e——---

Remark 7.1.1. We write (C*®, 0°) for the above diagram which is called a singular co-chain complex.
We often abbreviate (C*,0°%) as C*. We write C" for C,, = Hom(C,, G). Moreover, we shall also
write the boundary map 8, _, as 6" for the boundary map.

The boundary maps are d,, : C;,_; — C,, defined as:

(0)(@) = (Wody)(a) YyeC,y, acly.
Note that the boundary map are such that 9, o 9, = 0 for n € Z. Indeed,

(0541 00,) W) =¥ (Ons100,) =0 Y eC,_4
We can now make the following definition:

Definition 7.1.2. Let G be an abelian group, and let (C,, d,) be a chain complex of free abelian
groups. The n-th cohomology group of (C,, d.) with G-coeflicients is defined as

H"((C., d.); G) := H,((C*,0°); G)

Elements of ker g, , are called n-cocycles, and elements of Im g, are called n-coboundaries.
We shall write Z" (X) for ker g, = ker 6" and B"(X) for Im d;; = ker on L

Remark 7.1.3. Recall that chain complexes of abelian groups for a category, Chainay. The dual
gg, is called the category of co-chain complexes of abelian groups. Singular co-
chain complexes are elements of Chaingg. It can be checked that both Chainpy, and Chaingg are
abelian categories. Thus, all results that hold for Chainay, or singular chain complexes in particular

category, Chain

continue to hold in Chaingg, or singular co-chain co-chain complexes in particular. For instance,
we have various diagram-chasing lemmas such as the five lemma, the nine lemma, and the snake
lemma. We shall not repeat these details in these notes. In any case, the proofs are similar to those

discussed in the context of homology.

Proposition 7.1.4. Singular cohomology with coefficients in G defines a contravariant functor Top
to Ab.

139
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Proor. Recall thatif If f : X — Y is a continuous map, we have induced chain maps f,, : C,,(X) —
C,(Y) satistying f,, 0 Op41 = 0, © f41 for each n > 0.

On+ On
s 1 (X) =5 Ca(X) —= Cpo1(X) —— -+
\Lfnﬂ , \Lfn , \Lfn—l
6n+1 6n
e —— Cn+1(Y) — Cn(Y) — Cn—l(Y) —_—
Apply the Hom(—, G) functor, we get maps such that
[ CY;6) - C'(X;6)
defined such that

") =y(ful0) =y(feo)
fory : C,(Y) —» G and o : A" — X a singular n-simplex in X. We claim that

P of” — fn+1 o(«)-n’

e CMU(X,G) 2 (X, G) & X, G) — -
T T T
e O G) 4= CMYL6) o CTHYLG) S -
Indeed, we have
(8" 0 f™)(¥) = Bps1 © fa(¥) = 0y © frr (7) = f 06" ()
fory: C,(Y) —» G. If y € Z"(Y) then we claim that f"(y) € Z"(X). Indeed,
8" (f™ () = fH(8" (o) = f*(0) = 0.

fory : C,(Y) — G. Similarly, if y € B"(Y) then f"(y) € B"(X). Thus f, induces a map
H,(f): H,(Y,G) — H,(X,G). One easily sees that

Hn (Idx) = IdHn (X)
and thatif f : X - Yand g :Y — Z then
H"(go f)=H"(f)oH"(g)
This completes the proof. O

7.2. Ext Functor

We now discuss the Ext (derived) functor, which arises as a derived functor of Hom(—, G), and
plays a crucial role in the formulation of the universal coefficient theorem for singular cohomology.

Remark 7.2.1. We work with commutative rings below. Hence, we don’t make any distinction be-
tween the categories of left R-modules and right R-modules. We use the generic phrase ‘R-module’
to refer to a left/right R-module.

In the category of R-modules, recall that the Hom (X, —) functor defines a covariant functor from
the category of R-modules to itself. If M is an R-module, then

Hom(X, -)(M) = Hom(X, M).
Moreover, if f : M — M’ is a morphism of R-modules, then the functor acts on morphisms by
Hom(X, -)(f) : Hom(X, M) — Hom(X, M")



7.2. EXT FUNCTOR 141

defined. It can be checked that Hom (X, —) is a left exact functor. However, Hom (X, —) is not a right
exact functor in general.

Example 7.2.2. The functor Hom (X, —) is not a right exact functor in general. Let R = Z. Consider
the short exact sequence of abelian groups:

052357 52/22 0.
Apply the functor Hom(Z/2Z, —) to this sequence. We obtain:

0 — Hom(Z/2Z,7) 2 Hom(Z/2Z,Z) — Hom(Z/2Z,Z/27Z)
The resulting sequence is:
0—->0—-0-—>7Z/2Z,
which is not an exact since Z/2Z — 0 is not a surjective function.
Definition 7.2.3. Let R be aring and let X be a R-module. The i-th Ext functor is the i-th left derived
functor of Hom(X, —) := hx. It is denoted as
Exté (X,-)

Remark 7.2.4. The subscript I denotes that we have taken an injective resolution.

By definition, Extf,(X ,—) is computed as follows: for an R-module Y take any injective resolu-
tion

O—)Y—)Io—>11—>
and form the co-chain complex:
Hom(X, Iy) —» Hom(X, ) — ---
For each integer i, Ext’ (X, Y) is the homology of this co-chain complex at position i:
Ext}(X,Y) = H;(Hom(X, I;)*)

Similarly, we can consider the contravariant Hom functor and consider its right derived functor.
Since it is a contravariant functor, we take projective resolutions now.
Definition 7.2.5. Let R be aring and let Y be a R-module. The i-th Ext functor is the i-th left derived
functor of Hom(—,Y) := AY. It is denoted as

Ex’ci,J (-,Y)

Remark 7.2.6. The subscript P denotes that we have taken a projective resolution.

By definition, Ext‘};( —,Y) is computed as follows: for an R-module X take any projective reso-
lution
s> Pls PP X 50,

and form the co-chain complex:
Hom(P°,Y) —» Hom(P,Y) — --- .
Then Ext’f (X,Y) is the homology of this co-chain complex at position i:
Exth(X,Y) = H;(Hom(P',Y)*)

The left exact Hom(—, —) functor can be thought of as a bifunctor which is covariant in the
second variable and contravariant in the first variable. The discussion above seemingly provides us
with with two different strategies to compute the Ext functor. Fortunately, it turns out that we can
use either strategy as formalized by the following proposition.
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Proposition 7.2.7. (Balancing Ext) Let X,Y be R-modules. Then
Exth(X,Y) = Ext}(X,Y)
foreachi > 0.

Proor. A spectral sequence argument analogous to that used in Proposition 6.3.6 can be employed
to establish this result. ]

Therefore, one can work with either strategy mentioned above. Therefore, we can now unam-
biguously write Ext' (X, Y).

Proposition 7.2.8. The Ext functor satisfies the following properties:

(1) Ext%(X,Y) = Hom(X,Y) for all R-modules X, Y ..

(2) If X is a projective R-module, then Ext' (X,Y) = 0 forall i > 1
(3) IfY is an injective R-module, then Ext'(X,Y) = 0 forall i > 1
(4) Any [ : X1 — X5 induces a morphism

o0 Ext! (X2, Y) — Ext'(X1,Y)

foreachi > 0.
(5) Any g : Y1 — Yo induces a morphism

gl Ext'(X,Y1) — Ext'(X,Ys)
foreachi > 0.
(6) Any short exact sequence 0 — Yy i) Yo i> Ys — 0 induces a long exact sequence:

0 — BExt%(X, Y1) —» Ext’(X, ¥») » Ext?(X, ¥3) —» Ext'(X,Y;) » Ext®(X,Y2) — - - -

(7) Any short exact sequence 0 — X3 i> Xs i X3 — 0 induces a long exact sequence:
0 — BExt%(X3,Y) = Ext’(Xs,Y) — Ext’(X;,Y) » Ext!(X3,Y) = Ext?(Xy,Y) — - -

Proor. (1), (2) and (3) all follow from general properties of derived functors (Corollary 15.4.15).
For (4) Let P} be a projective resolution of X; and PS be a projective resolution of X». General
properties about resolutions implies that f lifts to a chain map ¢°® : P} — P3. Then, ¢* induces a
morphism of chain complexes Hom(P3,Y) — Hom(P3,Y) which, in turn, induces a morphism:

50 Bxt!(X2,Y) — BExt!(X1,Y)

for each i > 0. For (5), let P* be a projective resolution of X. Then, there is a morphism of chain
complexes 8°* : Hom(P*®,Y;) — Hom(P®,Y>) induced by g, which, in turn, induces a morphism:

gl Ext'(X,Y;) — Ext/(X,Ys)

for each i > 0. For (6), let P* be a projective resolution of X. Then there is an induced short exact
sequence of chain complexes:

0 — Hom(P*,Y;) —» Hom(P*,Y2) —» Hom(P*,Y3) — 0
because each module P! is projective. Indeed, at each degree i, P’ this sequence is
0 — Hom(P',Y;) —» Hom(P',Y,) — Hom(P',Y3) — 0

obtained by applying the functor Hom(P?, —), which is exact as P’ is projective. It is then easily
checked that this gives a short exact sequence of chain complexes. Thus, applying the long exact
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sequence in homology produces the required long exact sequence. For (7), Let P® be a projective res-
olution of X; and let Q° be a projective resolution of X3. By the horseshoe lemma (Lemma 15.4.16),
there exists a projective resolution R® of X, and a short exact sequence of chain complexes

0—>P°" >R —>0°—0,
Since Q' is projective, applying Hom(—,Y) yields
0 — Hom(Q',Y) — Hom(R',Y) — Hom(P",Y) — 0
for each i > 0. It follows that there is a s.e.s. of cochain complexes
0 —» Hom(Q°®,Y) —» Hom(R*,Y) —» Hom(P*,Y) — 0.
The associated long exact sequence in cohomology is the required long exact sequence. O

The above proposition show that the Ext groups ‘measure’ and ‘repair’ the non-exactness of the
functors Hom(—,Y) and Hom(X, —). Let us now specialize to R = Z. In what follows, let G be a
fixed abelian group.

Lemma 7.2.9. For any abelian group A, we have that
Ext"(A,G) =0ifn > 1,
Proor. Any abelian group, A, admits a two-step free resolution.
0> F oF—oA—>0
Thus, Ext"(A,G) =0ifn > 1. m|

Remark 7.2.10. Only Ext'(A, G) encodes interesting information for abelian groups. We write
Ext(4, G) := Ext!(4, G).

Proposition 7.2.11. The Ext functor satisfies the following properties:
(1) Ext (@l A;, G) = [1; Ext(A;, G).
(2) If A is free, then Ext(A,G) = 0.
(3) Ext(Z/nZ,G) = G/nG.
(4) If H is a finitely generated abelian group, then:

Ext(H, G) = Ext(Torsion(H), G) = Torsion(H) ®z G

(5) Fora short exact sequence: 0 > A — A" — A" — 0 of abelian groups, there is a natural
exact sequence:

0 —» Hom(A”,G) —» Hom(A’,G) — Hom(A,G) — Ext(A”,G) — Ext(A’,G) — Ext(A,G) — 0

Proor. The proof is given below:
(1) This follows from the identity,

Hom ( @ A;, G) = l_[ Hom(A;, G),

and noting that taking direct sums of projective resolutions of A; forms a projective reso-
lution for (P, A', and that homology commutes with arbitrary direct products.
(2) If A is free, then
0>A—>A—>0

is a projective resolution of A, so Ext(A, G) = 0.
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(3) Consider the projective resolution of Z/nZ given by
05252 —>7Z/nZ—0

dualize it and use the fact that Hom(Z, G) = G to conclude that Ext(Z/nZ, G) = G /nG.
(4) This follows at once from the previous statement.
(5) This follows from Proposition 7.2.8.

This completes the proof. O

Remark 7.2.12. The discussion above implies has dealt with the case of Z-modules (abelian groups).
The general case can be more involved. For instance, consider Zo as a Z4-module. Let Z4 4, Zo

2
denote the quotient map. Let Z4 = Z4 denote multiplication by 2. Zg has the following free

resolution over Z4:
X2 X2 X2 X2 q
2Ly — Ly —> Ly — Ly — Zo — 0.

Since Homy, (Z4,Z2) = Zg (by mapping the generator of Z4 to either 0 or 1), the dual of X2 : Zy —
Zy4 is simply the zero map. Hence, we have the dual sequence
0 0 0
0>2Z 5Zo—>Zo—>Zo—>2Zg— -+

Consider the truncated sequence

0 0 0

Z& i Zb 4 Z& 4 ZQ A
The homology of this complex is Zo for every degree. Hence,
n ~

EXtZ4 (Z9,Z) = Zo

is nonzero for all n € N. This is stark contrast Remark 7.2.10.

Remark 7.2.13. The name Ext comes from the phrase extension. We say X is an extension of A by

Bif
0-»B—-X—>A—->0

is exact. Given A and B, there is always the trivial extension X = A ® B, corresponding to the
isomorphism class of the split exact sequence. It can be shown that isomorphism classes of exten-
sions of A by B are in 1-1 correspondence with elements of Ext'(A, B), with the trivial extension
corresponding to 0.

7.3. Universal Coefficient Theorem

Recall the construction of singular cohomology in Section 7.1. Since everything is determined in
terms of (C,, ds), can we compute cohomology groups using information about homology groups?
The answer is a qualified yes. This is the universal coefficient theorem (UCT) for cohomology, which
we now discuss. We first motivate the statement of UCT. As a first guess, we might think that

H"(C,;G) := H,(C*;G) = Hom(H, (C,), G)
This turns out to be almost true. We indeed have a natural map:
¢ : H'(C,,G) — Hom(H,(C,),G).

Denote Z,, = kerd,, € C,, and B, = Im 9,41 C C,,. We have B,, C Z,,. A class in H*(C*;G) is
represented by a homomorphism ¢ : C, — G such that 9, ;¢ = 0. That is, ¢d,4+1 = 0, or in words,
¢ vanishes on B,,. The restriction ¢g = ¢|Z,, then induces a quotient homomorphism

QEO : Zn/Bn - G’
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an element of Hom(H,(C.), G). If ¢ is in Im 8, say ¢ = 0, for some ¢ € C;,_,, then ¢ is zero
on Z, since 8, © dp+1 = 0. So ¢ = 0 and hence also ¢g = 0.

On

On+2 On+1 On-1
"'—>Cn+1 >Cn > n—1—>"'

Y \L¢ 7
$o0nt1 Ny LY
G

Thus, there is a well-defined quotient map
h:H"(C,,G) » Hom(H,(C),G)
sending the cohomology class of [¢] to ¢g. Obviously 4 is a homomorphism.

Proposition 7.3.1. (Universal Coefficient Theorem) If a chain complex (C., 3s) of free abelian
groups has homology groups H,,(C,), then the cohomology groups H" (C,.; G) of the cochain com-
plex Hom(C,,, G) are determined by the short exact sequence:

0 — Ext(H,_1(C.), G) — H"(Cs: G) == Hom(H,,(C.), G) —> 0
Proor. The proof is based on a spectral sequence argument and is similar to Proposition 6.4.4. O
Remark 7.3.2. It can be checked that the sequence in Proposition 7.3.1 splits.

Corollary 7.3.3. Let (C,, 3s) be a chain complex so that its Z-homology groups are finitely gener-
ated. Let T,, = Torsion(H,). We have

This sequence splits', so:
H"'(C*;Z) = T,—1® H,/T,.

Proor. Clear. o

Let us now derive some immediate consequences of the UCT:
(1) If n =0, we have

H°(X;G) = Homz(Hy(X), G) = Homg (Z#P*h components, G
(2) If n = 1, the Ext-term vanishes since Hy(X) is free, so we get:
H'(X;G) = Homz(H,(X),G)

Remark 7.3.4. There is also a universal coefficient theorem for cohomology where Z is replaced by
a PID, R and G is a R-module. In this case, we have

0 — ExtL(H,-1(X; R),G) = H"(X;G) - Homg (H,(X; R),G) — 0.

This comes from first establishing that Ext}, vanishes for n > 2 for when R is a PID, and then going
through a proof for universal coefficient theorem as above.

ISince H, /T, is free and hence projective.
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7.4. Eilenberg-Steenrod Axioms

We have defined singular cohomology. There are many other cohomology theories: sheaf co-
homology, Cech cohomology, etc. All these cohomology theories satisfy the Eilenberg-Steenrod
axioms. The purpose of this section is to state these axioms and prove that singular cohomology
satisfies these axioms.

Definition 7.4.1. (Eilenberg-Steenrod Axioms) Let G be an abelian group. A (unreduced) coho-
mology theory consists of

(1) A family of functors H" : Top?> — Ab for n > 0, and
(2) A family of natural transformations y" : H" — H"*! o p, where p is the functor sending
(X,A)to (A,@)and f: (X,A) —> (Y,B) to f|g: (A,2) — (B, D).

such that the following axioms are satisfied:

(a) (Homotopy invariance) If f,g : (X,A) — (Y, B) are homotopic maps, then the induced
maps
H"(f),H"(g) : H"(X,A) — H"(Y, B)

are such that H"(f) = H"(g) for n > 0. In other words, H" may be regarded as a functor
from hTop to Ab.
(b) (Long exact sequence) For every pair (X, A), the inclusions

(4,0) <5 (X,0) <5 (X, A)
give rise to a long exact sequence
S HY(X,A) DS B () D HrA) D HRL(X, A) T E () Y L (A) —
(c) (Excision) If Z C A C X are topological spaces such that Z C Int(A), the inclusion of
pairs (X \ Z,A \ Z) C (X, A) induces isomorphisms
H"(X\Z,A\ Z) — H" (X, A)

forall n > 0.
(d) (Multiplicativity) If X = [[, X, and A = ][, A, is the disjoint union of a family of
topological spaces X, then

H'(X, A) = | | H" (Xa» Aa)

foreachn > 0.
Additionally, if a cohomology theory satisfies the following additional axiom

(e) (Dimension Axiom) For any one-point set X = {e},

G ifn=0
0 otherwise,

H"(X) ={

the the cohomology theory is called an ordinary cohomology theory.

The purpose of the remainder of this section is to show that singular cohomology satisfies the
Eilenberg-Steenrod axioms.
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7.4.1. Relative cohomology groups. We first contruct the relative cohomology group that shall
allow us to construct the appropriate functors from Top to Ab. We apply the Hom(—, G) functor to
the the relative singular chain complex to get

C"(X, A;G) = Hom(Cn(X, A),G).

The group C"(X, A; G) can be identified with functions from the set of n-simplices in X to G that
vanish on simplices in A, so we have a natural inclusion

C"(X,A:;G) — C"(X;G)
The relative coboundary maps
5" CM(X,A;G) - C™(X, A; G)
are obtained by restricting 6”. We have a co-chain complex (C*(X, A), 5').

Definition 7.4.2. Let A C X be a subspace of a topological space X. The n-th relative cohomology
group, H" (X, A), is the n-th homology group of the chain complex (C*(X, A), 5.). That is:
Ker§"
H' (X, A) = ——
Im

n+1

Similar to Proposition 7.1.4, it is easily checked that each H" is a functor from Top? to Ab. This
effectively checkes the first two conditons in the definition of the Eilenberg-Steenrod axiom:s.

Remark 7.4.3. Since the cohomology of the empty set is trivial for all n > 0, we have:
H"(X,0)=H"(X), Vn=>0.

Remark 7.4.4. Universal coefficient theorem continues to hold true for relative cohomology. The
proof is identical as the one given before.

We now prove that singular cohomology satisfies the long exact sequence axiom. The importance
of the long exact sequence axiom is that is allows us to compute cohomology groups of various
spaces in using an ‘inductive’ and/or ‘bottom-up’ approach. Applying by the Hom(—, G) functor to
the short exact sequence,

0= Ca(A) 2 Co(X) L5 Cu(X, A) — 0,

we get another short exact sequence?

0 — C"(A;G) <= C"(X;G) <= C"(X, A; G) — 0.
Since i, and j, commute with the boundary maps, it follows that i, and j; commute with co-
boundary maps. So we obtain a short exact sequence of cochain complexes:

0 C*(A:G) = C*(X;G) &= C* (X, A;G) — 0.

By taking the associated long exact sequence of homology groups, we get the long exact sequence
for the cohomology groups of the pair (X, A):

i*
n+l

= H'(X.ASG) D3 HNXGG) B HMASG) D HMU(X,ALG) TS HTU(X:G) Y
This shows that the long exact sequence axiom is satified.

2Hom(—, G) is only a left exact functor in general. But it can be checked in this case that the resulting sequence is both
left exact and right exact.
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7.4.2. Homotopy Invariance. We now show that singular cohomology satisfies the homotopy
invariance property.

Proposition 7.4.5. (Homotopy Invariance) Let X,Y be topological spaces, and let G be an abelian
group. If f ~ g : X — Y are homotopic maps, then
H"(f)=H"(g) : H"(Y,G) - H"(X,G).
Proor. Recall from the proof of the similar statement for homology that a chain homotopy between
C.(X,A;G) and C, (Y, B; G) is given by a prism operator
Tn : Ca(X, A;G) = Cpa (Y, B; G)
satisfying
fn—8n=Ty-100, +6;L+1 oT,
with f,, and g, being the induced maps on singular chain complexes. The claim about cohomology
follows by applying the Hom(—.G) functor to the prism operator to get
" : C"(Y,B;G) - C"(X, A;G)
which satisfies
fn_gn =620Tn—1+Tnoa*

Hence, we have a chain homotopy between C*(X, A; G) and C"1'+(1Y ,B; G). It is now a standard fact
that a chain homotopy induces the same maps on homology groups. Hence,

H"(f) = H"(8)
foreachn > 0. O
Corollary 7.4.6. If X is contractible, then H"(X) = 0 foralln > 1.

Proor. Immediate from the homotopy invariance of singular cohomology and that H" ({*}) = 0 for
n>1. O

7.4.3. Excision. We now prove that singular cohomology satisfies the excision axiom. The
important of the excision axiom is that if A € X and n-cochains are “sufficiently inside” of A,
we can cut A out without affecting the relative cohomology groups H" (X, A). Here is the formal
statement we’d like to prove in this section:

Proposition 7.4.7. (Excision) Given a topological space X, suppose that Z ¢ A c X, with Z C
int(A). Then the inclusion of pairsi : (X\ Z,A\ Z) — (X, A) induces isomorphisms:

i":H"(X,A;G) > H'(X\Z,A\ Z;G)

for all n. Equivalently, if A and B are subsets of X with X = int(A) U int(B), then the inclusion map
(B,A N B) — (X, A) induces isomorphisms in cohomology.

Proor. Excision for singular homology implies that left and right maps in the diagram below are
isomorphisms.

[ I 1

0 3 Ext(H,_1(X\ Z,A\ Z2),G) > H"(X\ Z, A\ Z:G) - Hom(H,(X\ Z,A\ Z),G) = 0

The five-lemma then implies that the middle map is also an isomorphism. This completes the proof.
m]
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7.4.4. Dimension Axiom. Let X = {«} be a single point space. By Proposition 7.3.1, we have:
H"(X;G) =Hom(H,(X),G) & Ext(H,-1(X), G).
Since
z, ifn=0
H,(X) =
n(X) {0, otherwise
we get
G, ifn=0
Hom(H,(X),G) = mn=r
0, otherwise

Furthermore, since H,, (X) is free for all n, we also have that Ext(H,,_1(X), G) = 0, for all n. There-
fore,

G, ifn=0
0, otherwise

H'(X;G) = {

7.4.5. Multiplicativity Axiom. The multiplicativityaxiom is easily seen to hold using the uni-
versal coeflicient theorem in relative cohomology. Let X = [, X, and A = [, A,. We have:

H"(X,A;G) = Ext(H,_1(X, A); G) ® Hom(H, (X, A); G)
= Ext(Hp-1(| | Xa: | | A0); G) @ Hom(Hy (| | Xas | | 40)i 6)

= Ext((P) Hu-1(Xa. Aa): G) © Hom(EP) Hy (Xa. Aa); G)
= l_[ Ext(H,-1(Xa,Aq);G) @ ]_I Hom(H,(Xqa,Ao); G)
= [ [ Ext(Ha-1(Xar Aa); G) © Hom(Hy(Xa, Aa); G) = | | H" (X Aas G)

Hence, we see that singular cohomology satisfies the Eilenberg-Steenrod axioms.

Remark 7.4.8. The Mayer-Viertoris sequence is a formal consequence of the Eilenberg-Steenrod
axioms. Therefore, we have that Mayer-Viertoris holds for singular cohomology: if X be a topolog-
ical space, and A and B are open subsets of X such that X = int(A) U int(B), then there is a long
exact sequence of cohomology groups:

S H'(X:G) L HY(A;G) @ H'(B;G) 5 H'(ANB:G)— ---
We also have a Mayer-Vietoris sequence in relative cohomology groups.

Remark 7.4.9. We can also define reduced cohomology. Consider the augmented singular chain
complex for X:
03 02 o1 e
> Cy—>C —C—2Z—-0
where £(X; nix;) = >,; n;. After applying the Hom(—, G) functor, we get the augmented co-chain
complex:
o

3 . 9% L0 &
<—C2<—C1<—CO<—Z<—O
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Note that since € o 01 = 0, we get by by applying the Hom(—, G) functor that 0] o € = 0. The
cohomology of this augmented cochain complex is the reduced cohomology of X with G-coefficients,
denoted by H"(X; G). It follows by definition that

H"(X:G)=H"(X;G) n>0
and by the universal coefficient theorem (applied to the augmented chain complex), we get
H'(X;G) = Hom(H’(X), G).

Remark 7.4.10. If (X, A) is a good pair, then the long exact sequence in reduced cohomology holds
true. This is because the analogous result is a formal consequence of the Eilenberg-Steenrod axioms.

o> H'(X,A;G) > H'(X;G)— H'(A;G) —» H™ (X, A;G)— - -
In particular, if A = {+} is a point in X, we get that
H"(X:G) = H'(X, x0; G)
forn > 1. Moreover, we have
H"(X,A;G) = H'(X/A;G)

for all n € N. The proof is the same as in the homology case since it is a formal consequence of the
Eilenberg-Steenrod axioms and the hypothesis on the space. Also, if each X, is path-connected, we

have
H'"(\/ Xo) = | | A" (Xa)

for n > 0. Once again, the proof is similar to the proof in the case of singular homology. We also
have a Mayer-Vietoris sequence in reduced cohomology.

Remark 7.4.11. We can define simplicial cohomology and cellular cohomology in exactly the same
way as expected. As expexted, simplicial cohomology and cellular cohomology are isomorphic to
singular cohomology. The proofs are identical in the homology case.

7.5. First Computations

The purpose of this section is to compute cohomology groups of some topological spaces. We
begin by looking at some specific examples.

Example 7.5.1. (Contractible Spaces) Let X be a contractible topological space. We have:

G, ifn=0
0, otherwise

H"'(X;G) = {
This follows immediately by the homotopy invariance of cohomology groups since X homotopy
equivalent to a point.
Example 7.5.2. (Spheres) Let X = S”. Then we have

ZoZ, iftk=n=0
Hi (S"Z) =12, ifk=n>0,k=0,n>0
0, otherwise
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Since, Z and Z & Z are free-abelian groups, the Ext term in the UCT for cohomology vanishes for
each k. Hence,

GoG, ifk=n=0
H*(S",G) = Hom(Hk(S",G),Z) =1 G, ifk=n>0k=0,n>0.
0, otherwise

for each k > 0.

Remark 7.5.3. We can also compute the cohomology groups of S™ by using the above Mayer-Vietoris
sequence. Cover S"™ by two open sets A = S" \ {N} and B = S" \ {S}, where N and S are the North
and South poles of S". Then we have

AnNB=§"! A=B=R"
Thus, by the Mayer-Vietoris sequence for reduced cohomology, homotopy invariance, and induction,
we get:
G, ifk=n
0, otherwise

H*(S",G) = Hy_n(8%;G) = {

foreach k > 0.

Example 7.5.4. (Mobius Band) Let M denote the Mobius band. Since M is homotopic to St we

have,
G, ifk=0,1
H*(M,G) = nE=uE
0, otherwise

for each & > 0.
Example 7.5.5. (Torus) Let X = S! x S'. Recall that we have,
Z&7Z forn=1
H,(S'xs',72) =47 forn=0,2
0 forn >3

Since, Z and Z @ Z are free-abelian groups, the Ext term in the UCT for cohomology vanishes for
each k. Hence,

GoeG forn=1
H"(S' x S',G) = Homz(H,(S' x S$',2),G) ={G forn=0,2
0 forn >3

Example 7.5.6. (Klein Bottle) Let X = K be the Klein bottle. Recall that we have,

Z forn=0
H,(KZ)={Z®Zy forn=1
0 forn > 2

Note that we have,
Ext(Hy(K,Z),G) =0,
Ext(H,(K,Z),G) = Ext(Zs,G) = G/2G

Therefore, we have
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H"(K,G) = Homgz (H,(K,Z),G) ® Ext (H,_1(K,Z),G)

G, forn =0,
_JG®G/2G, forn=1,
~ 1G/26, forn = 2,
0, forn > 3.
The case G = Zs is important. Then,
Zo forn=0,2,
H"(K Zy) = {Zy®7Zy forn=1
0 forn >3

Example 7.5.7. (Real Projective Space) Let X = RP". Recall that we have,

Zy ifkisodd, 0 < k < n,
Hi(RP",Z) =4Z ifk =0,nis odd,
0  otherwise.

Note that Homyz(Zo, G) = G2 = {g € G | 2g = 0} and Ext(Zs, G) = G/2G. If n is odd, we have:

G ifk=0,n,

HE(RE"G) = G/2G %fk %s even, 0 < k < n,
Goy ifkisodd, 0 < k < n,
0 otherwise.

If n is even, we have:

G if k =0,

HE(RP", G) = G/2G %fk %s even, 0 < k < n,
Go ifkisodd, 0 < k < n,
0 otherwise.

Remark 7.5.8. The case G = Zs in Example 7.5.7 is important. We have

Zo k=0,---.n,
H*(RP" Z) = {72 cen
0  otherwise.

Example 7.5.9. (Complex Projective Space) Let X = CP". Recall that we have,

Hy(CP" Z) = Z, ifk=0,2,4,...,2n
‘ - 0, otherwise.

Since Z is a free abelian group, all the Ext terms in the UCT for cohomology vanish. Hence,

G, ifk=0,2,4,...,2n

H*(CP",G) = Homz(Hy(CP",Z),G) = .
0, otherwise.



CHAPTER 8

Cohomology for Smooth Manifolds

This chapter assumes knowledge of smooth manifolds theory.

8.1. de-Rham Cohomology

Singular cohomology is quite abstract and somewhat useless unless we develop algebraic com-
putational tools to compute singular cohomology. We now discuss de Rham cohomology for smooth
manifolds. If we restrict our attention to smooth manifolds, singular cohomology admits a natural
geometric interpretation via its isomorphism with de-Rham cohomology. The latter is defined in
terms of differential forms and provides a cohomological perspective grounded in differential geom-
etry. Specifically, the k-th de-Rham cohomology group H §R (M) of a smooth manifold M measures
the failure of the Poincaré lemma to extend globally: it is the quotient of the space of closed k-forms
by the subspace of exact k-forms. Since every closed differential form is locally exact by the Poincaré
lemma, de-Rham cohomology reflects the broader principle underlying cohomology theories:

To what extent can local data be extended or promoted to global data?

This interpretation emphasizes the utility of cohomology in encoding obstructions to globalizing
locally defined structures.

8.1.1. Definitions. Let M be a smooth manifold. Since
P=dod: (M) L k(M) L Q1 (m)
is the zero operator for every k > 1, we have
im (d QM 1(M) — Qk(M)) C ker (d . QF (M) — Qk”(M)) .
Thus, im d is a subspace of ker d for all k > 1.

Remark 8.1.1. Let M be a smooth n-dimensional manifold. For convenience, we set QX(M) = {0}
forall k < 0 and k > n. Moreover, we set

d=0:QM) — Q1 (M)
forall k < 0and k > n. Then the inclusion above holds for all k € Z.
Definition 8.1.2. Let M be a smooth manifold. The quotient vector space
ker(d : QX(M) — QK1 (M)) _{we QK (M) : dw =0}
im(d : Qk-1(M) — Qk(M)) {dw : w € QkK-1(M)}
is the k-th de Rham cohomology group of M.

HZ;R(M) =

Let M be a smooth manifold. A form w € QX(M) is closed if dw = 0 and exact if there exists a
(k = 1)-form T € Q*¥~1(M) for which dr = w. Since d o d = 0, every exact form is closed. hus,
{closed k-forms in M}

H (M) =
ar (M) {exact k-forms in M}

153
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This suggests that Definition 8.1.2 measures the failure of closed forms to be exact forms. Indeed,
every closed form need not be exact:

Example 8.1.3. Consider the 1-form on R? \ {0} defined by:
xdy—ydx
w=——

x2+y2
Then,
deo = (dx Ady —dy A dx)(x® +y?) — (2x dx + 2y dy)(x dy — y dx)
(x2 + y2)2
3 2(x%2 +y%) dx A dy — (2x% dx A dy — 2y dy A dx) _0
(x2 +y2)?

So, w is closed. But writing w in polar coordinates and integrating around a circle centered at 0 in

R2\ {0} gives
/ w = 27.
Sl

If w = dn were exact, Stokes’ theorem would imply
O:/n:/ r]:/dn:/a):27r.
0 ast st st

Remark 8.1.4. Elements H*(M) are equivalence classes of k-forms. Given w € ker(d : QK(M) —
QX*L(M)), we denote the equivalence class by

[w] = {w+dT € QX(M) : T € QK1 (M)}

Hence, w is not exact.

Therefore, H SR(M ) is a vector space that classifies the closed k-forms in M up to exact forms.

8.1.2. Properties of de Rham cohomology. We now discuss several algebraic properties of
de Rham cohomology, which are analogous to the properties of singular cohomology for general
topological spaces. We first show that the de Rham cohomology defines a contravariant functor
from the category of smooth manifolds, Man, to the category of abelian groups, Ab.

Proposition 8.1.5. Let M, N be smooth manifolds and let F : M — N be a smooth map. For each
k € Z, let F* : QK(N) — QK(M) be the pullback map.
(1) For each k € Z, F* descends to a linear map F# : HZJ‘R(N) — H§R(M) between the de
Rham cohomology groups given by F# [w] = [F*w].
(2) (Functoriality) For each k € Z, H §R : Man — Ab is a contravariant functor.

Proor. We shall use the fact that the exterior derivative commutes with pullbacks. The proof is
given below:

(1) Let w is a closed form. Then
d(Frw) = F'(dw) =0
Hence, F*w is also closed a form. This shows that F*w restricts to a map
F* : {closed k — forms on N} — {closed k — forms on M}
Now let w = dn be an exact form. Then

F*w = F*(dn) = d(F*n),
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Hence, F*w is also an exact form. This shows that F* descends to a well-defined map map
F# . Hiy(N) - Hi (M)
given by F# [w] = [F*w].
(2) This follows from (1).
This completes the proof. O

Proposition 8.1.6. (de Rham Cohomolgy of Disjoint Unions) Let {M;} jc; be a countable collec-
tion of smooth n-dimensional manifolds. Let M = | |;c; M;. For each k € Z, the inclusion maps
ij: Mj — M induce an isomorphism

HE (M) = anR(Mj)
JjeJ
Proor. The pullback maps i : H*(M) — H*(M,) induce an isomorphism from
 HY (M HY(M;), i ( ) :( )
i HY( )ell M), i@ e (i) = (o)

This map is injective because any smooth k-form whose restriction to each M; is zero must itself
be zero, and it is surjective because giving an arbitrary smooth k-form on each M; defines one on
M. O

We now discuss the homotopy invariance of de Rham cohomology, allowing us to show that de
Rham cohomology is a topological invariant. If M and N are smooth manifolds, and F,G : M — N
are smooth maps, we shall show homotopy invariance by constructing a co-chain homotopy between
F# and G* which are given by linear maps

hy : QK(N) - Q< 1(M)
for each k € Z such that
F#(w) - G*(w) = d(hw) = hisr (dw)
for each w € QX(N) and k € Z.

s 4y k(N —L s Qk(N) —4y kt(y) —L s ..

hi h
F#_G# K F# _G# kel F#_G#

} XS XS

L} Qk=1(M) % Qk(M) # Qk+1(M) %

The key to our proof of homotopy invariance is to construct a homotopy operator first in the
following special case. Let M be a smooth manifold, and for each ¢ € I, let

it M —>MxI
be the map i;(x) = (x,¢). We first construct a co-chain homotopy between i# and ifé.

Lemma 8.1.7. Let M be a smooth n-dimensional manifold. There exists a co-chain homotopy be-
tween the two maps i# and i#.
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Proor. For each k € Z, we need to define a linear map
hy s QK (M x I) — QF1(M)

such that
hiet (dw) +d(hxw) = i (w) - i ) (*)

for each w € QK(M x I). Let S be the vector field on M x R given by S(p,s) = (0, %|S). Given
w € QK(M x I), define hy(w) € QK1 (M) by

hi(w) = /01 i (Saw) dt.

We shall verify the formula in (*) in local coordinates. For p € M, let U = (x!,---,x™) denote a
co-ordinate chart containing then. Then U X R = (x!,---,x™,5) is a co-cordinate chart containing
(p, s) for each s € R. In coordinates:

w= Zw}(x,s)ds Adx™ A - A dx® +Zw%(x,s)dxj1 A A dylk
T J
where I, J range over all increasing k-multi-indices over {1, --- ,n}. We have,
Saw = Zw}(x, ) dxt A - A dx®
T
ifb(S_:w) = ifﬁ (Z w}(x, S)dxt A - A dxi") = Z w}(x, $)dxt A - A dx'
T T

‘We have,

1
d(hkcu)zd/ i (Saw) dt
0

owy(x,t . ) )
/(Zan(xt)dx‘l/\ Adx‘k)dl_Z/( I( )a’f/\dx‘l/\---Adx’k dt.

We now compute A1 (dw). Here d is the exterior derivative on M X I. First note that,

2(x 5)

dwy(x, w4 (x, s )
dw = Z % dx/ AdtAdx A - /\dx‘k+z # dx! AdxTIA- - Adxfk+z L dsndx A

7 xJ

We now find /1 (dw), which is given by the expression:

1
i1 (dw) = / i (Sadw)di
0

‘We have,

Aw3(x, s . .
S_nda):z%ds/\dx“/\---/\dx]"—z
J 5 1

8a)} (x,9)

o dt Adx? Adx™ A - A dx®
X

Therefore, we have,

1
st (dw) = / i (Sadw)dt
0

1 dw?(x,t . ) Owr(x,t . . .
:/ Z#dxh/\.../\dxﬂc_z H )dJ/\dxll/\.../\dxlk dt
0 i as 7 OxJ

./\d_xjk
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‘We have,
ow

1 2(x,1) .
d(hew) + his1 (dw) = f Z i A A i dn
0 7

Noting that,

i?(w) = Zw?(x,t) dxV A - A dik,
J

we have,

di? (w) _ Z dwi(x,1)

d/l/\/\dlk
dt ot o *

As a result, we have,

1 d#
d(hw) + hie (dw) = / - dﬁ“’) dt = if (0) - i ()
0
Hence, (%) holds in every co-ordinate chart. This proves the claim. O

Proposition 8.1.8. Let M and N be smooth manifolds. If F,G : M — N are smoothly homotopic
smooth maps, then the induced cohomology maps F*,G* : H §R(N ) > H §R(M ) are equal for each
k e Z

Proor. There exists a homotopy H : M X I — N from F to G such that F = Hoiy,G = Hoi; We
have,

F#* = (Hoig)* =i o H,

G* =(Hoiy)* =if o H".
By Lemma 8.1.7, we know the maps i# and if are equal from Hé‘R(M x I) to H(’;R(M) for each
k € Z. Therefore,

F#=(Hoi))* =i oH" =il oH' =G*

This proves the claim. o

Corollary 8.1.9. (Smooth Homotopy Invariance) Let M and N be smoothly homotopy equivlaent
smooth manifolds. Then

HY (M) = H . (N)
for each k € Z.
Proor. Let F: M — N and G : N — M be smooth maps such that

GOledM
FOGﬁldN

‘We have,
(G o F)# = F* o G* = 1d7, = ldyx (1),
(FoG)* =G% o F#* = 1d7, = ldy(y).
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Since Idf; is a surjective map, then F# is surjective. Moreover, since Idﬁ is an injective map, then
F7 is an injective map. Hence, F7 is a linear map bijection, and hence an isomorphism. Hence, we
have
k ~ gk
Hg (M) = Hyp (N)

for each k € Z. O

Itis clear that if M = {x}, then H (’i‘R(M ) = 0forall k > 0. We will verify this explicitly later on.
If M is a star-like manifold, then by smooth homotopy invariance, H (’i‘R(M ) =0 for all £ > 0 since
M is contractible. This is immediately implies that the famous Poincaré lemma which states that if
U is an open star-shaped subset of R", then every closed form on U is exact. A consequence of the
Poincaré lemma is that every closed form on a smooth manifold, M, is locally exact. This suggests

that the the obstruction of solving the equation
dn = w,

is connected to a global problem. This hints that the de Rham cohomology group is not affected by
the differential structure that is of local nature. This is made precise below:

Corollary 8.1.10. (Topological Invariance of de Rham Cohomology) If M and N are homotopy
equivalent,

H (M) = H . (N)
for each k € Z.

Proor. By Whitney’s approximation theorem, every topological homotopy equivalence can be ap-
proximate is homotopic to a smooth homotopy equivalence. The result then follows from Corol-
lary 8.1.9. O

8.1.3. Mayer—Vietoris Sequence. Suppose M is a smooth manifold, and let U and V be open
subsets of M such that U UV = M. The main goal of using the Mayer-Vietoris Sequence is to
compute Hé‘R(M) in terms of H(’i‘R(U), H(’i‘R(V), and H§R(U N V) where {U, V} is an open cover of
M. We have the following inclusions:

UﬂV/UXM
NS

For each k € Z, these inclusion induce pullback maps on differential forms
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Note that these pullbacks are in fact just restrictions. If we take some w € Q% (M) and apply the map
k* & ", we get
k* @ " (w) : QX (M) —» QX (U) & QX (v), k* @ (w) = (K*w, 0*w) = (0|y, w|y)
Furthermore, if we take (w,n) € QP (U) & QP (V) and apply the map i* — j*, we have
=N e (V) - QfUnY) (=) W) = 0l =~ lyay

In other words, we have the following diagram

Q5 (V)

o

i k*
QKU NV) L k) e Qk(v) +X2  ok(m)

QK (V)

Proposition 8.1.11. (Mayer-Vietoris Sequence) Let M be a smooth manifold, and let U,V be open
subsets of M such that M = U U'V. For each k € Z, there is a linear map 6% : H§R(U nv) -

H 51; Y(M) such that the following sequence, called the Mayer-Vietoris sequence for the open cover
{U,V}, is exact:
Mk k k ok A Kor#
-—— Hj (M) HdR(U)EDHdR(V)———>H (UOV) M) —— -+
Proor. Consider the following sequence:

0 of ) 225 ok @ (V) =L @ (U n ) — 0

We show that this sequence is a short exact sequence. We first show that k* @ [* is injective. Suppose
that o € QP (M) satisfies

(k*®@1")(0) = (olu, olv) = (0,0)
This means that the restrictions of o to U and V are both zero. Since {U, V'} is an open cover of M,
this implies that o is zero. We now show exactness at Q*(U) @ Q¥ (V). Note that

(" =j)e (k" @) (o) = (iej)(olu,olv) = oluny = olunv =0,

This shows that Im(k* @ [*) C ker(i* — j*). Conversely, suppose we are given (@, ') € QX(U) &
QK (V) such that (i* o j*)(a,a’) = 0. This means that a|yny = @'|yny. So there is o € QX(M)

defined by
{a onU,
o =
@’ onV.

Clearly, (a,a’) = (k®l)(0). So ker(i* — j*) C im(k* & [*). We now show that i* — j* is surjective.
Let w € QX(UNU). Let {¢, ¥} be a smooth partition of unity subordinate to the open cover {U, V'}
of M. Define @ € QF(U) and o’ € Q¥(V) by

Oon U \ suppy

_JYywonUNYV, , _J—pwonlUnNV,
B B Oon U \ supp ¢

‘We have
(@ = jWNa,a') = aluny — ' lunv = Yw = (—pw) = (¥ - p)w = w.
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Hence, the sequence is indeed a short exact sequence. Because pullback maps commute with the
exterior derivative, above short exact sequence induces the following this will show that we have the
following short exact sequence:

O—>HkR(M) HkR(U)eaH (V) —>Hk L(UNU) -0

Since this is true for each k € Z we get a short exact sequence of co-chain complexes involing the
de-Rham cohomology groups. The Mayer—Vietoris theorem then a formal consequence of the snake
lemma. m|

The snake lemma defines the connecting morphism

Hi(UN v) S Hggl(M)

A characterization of the connecting homomorphism is given in the proof of the snake lemma. Re-
calling it and adapting it to our case, we have that 6¥[w] = [o], provided there exists (@, @) €
QK (U) ® Q*(V) such that

i'a—j'd =w, (kK'o,l'0c) = (da,da’).

a, @’ can be defined as in Proposition 8.1.11 to satisty the first equation. Given such forms (e, o),
the fact that w is closed implies that da = da’ on U NV. Thus, there is a smooth (k + 1)-form o on
M that is equal to de on U and da’ on V, and it satisfies the second equation.

8.1.4. de Rham cohomology in Degrees Zero & One. It is quite easy to characterize the de
Rham cohomology in degree zero.

Proposition 8.1.12. Let M is a connected smooth manifold. Then HSR(M ) is equal to the space of
constant functions. Therefore,

HSR(M) =R
Proor. Note that

HgR(M) = {closed 0 formson M} = {f € C*(M) | df =0}

Since M is connected, df = 0 if and only if f is constant real-valued function. Therefore,

Hy (M) =R
This completes the proof. O
Corollary 8.1.13. Let M be a smooth manifold. Then

HY% (M) =RV,

where |J| is the number of connected components of M.

M= |m,

jeJ
where each M; is a connected component of M and J is at most countably infinite. By Proposi-
tion 8.1.6 and Proposition 8.1.12, we have,

Hc(i)R(M) HHR(M )HR;RUI

JjeJ JjeJ

Proor. We have,

This completes the proof. O
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Another case in which we can say quite a lot about de Rham cohomology is in degree one. Let
Hom (71 (M, p), R) denote the set of group homomorphisms from 71 (M, p) to the additive group R.
We define a linear map ®: HéR(M ) — Hom(m1(M, p),R) as follows: given a cohomology class
[w] € HéR(M), define ®([w]): 71 (M, p) — Rby

®awnaﬂ)=/}L

Y
where [y] is any path homotopy class in 71 (M, p), and vy is any piecewise smooth curve repre-
senting the same path class.

Proposition 8.1.14. Suppose M is a connected smooth manifold. For each g € M, the linear map
D: HéR(M) — Hom(m1 (M, p),R) is well defined and injective.

Proor. (Sketch) Given [y] € n1(M, p), it follows from the Whitney approximation theorem that
there is some smooth closed curve segment y in the same path class as y. We use without proof the

fact that
l/ /
Y Y

for every closed forms, w and every other smooth closed curve v in the same path class as y. If @
is another smooth 1-form in the same cohomology class as w, then w — w = df for some smooth

function f, which implies
G- | w= [ df =f(q)- f(q)=0.
fo o Jar=rw -

Thus, © is well defined. It follows from properties of the line integral that ®([w]) is a group ho-
momorphism from 71 (M, p) to R, and that @ itself is a linear map. Suppose ®([w]) is the zero
homomorphism. This means that fyw = 0 for every piecewise smooth closed curve y with base-

point g. If y is a piecewise smooth closed curve starting at some other point gg € M, we can choose
a piecewise smooth curve a from g to gg, so that the path product « - y - @ is a closed curve based
at g. It then follows that

A R e K O Y 2

Thus, w is conservative and therefore exact. m]

Corollary 8.1.15. If M is a connected smooth manifold with finite fundamental group, then H(liR(M )=
0.

Proor. There are no nontrivial homomorphisms from a finite group to R. The claim follows from
Proposition 8.1.14. O

Remark 8.1.16. If M is a connected smooth manifold whose fundamental group is a torsion group,
then HéR(M ) = 0. This is because R has no torsion elements. Hence, Hom(n1(M, p),R) = 0 in
this case.

8.2. Examples & Applications

We discuss some example computations of de Rham cohomology.
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Example 8.2.1. (0-Dimensions) Let M be a 0-dimensional smooth manifold. We have,
M= U{*}
iel
where |I] is the cardinality! of M. Then
RUI, ifk=0
0, otherwise -

H(]icR(M) = {

where || is the cardinality of M. This follows at once from Proposition 8.1.6 and Proposition 8.1.12.
Example 8.2.2. (Contractible Manifolds) Let M be contractible manifold. Then,

RV ifk=0
0, otherwise -

HgR(M) = {

where |J| is the number of connected components of M. This follows immediately from Exam-
ple 8.2.1 and Corollary 8.1.13.

Remark 8.2.3. If M is a star-like manifold, then by homotopy invariance, H fR(M )=0forallk >0
since M is contractible. This is immediately implies that the famous Poincaré lemma which states
that if U is an open star-shaped subset of R", then every closed form on U is exact. A consequencee
of the Poincaré lemma is that every closed form on a smooth manifold, M, is locally exact.

Example 8.2.4. (Circle) Let’s compute the de-Rham cohomology of S'. Clearly, H, (S') = R since
St is connected. Write S' = U U V, where U, V represent the ‘nothern hemisphere’ and ‘southern
heisphere’. U, V are contractible and U NV = {+1}. The Mayer-Vietoris theorem implies

0 —>R—>ROR —> ROR —— Hy(Sh) >0 > 0

This clearly implies that H (’;R(Sl) = 0 for k£ > 2. We can immediately conclude via exactness that
HéR(Sl) = R. Hence,

R, ifk=0,1

0, otherwise

Hi (sY) = {

We can compute the generator for H(}R( S1). The generator of is the angular 1-form d6. Notice that
d@ is not globally defined on the circle since it is a multiple-valued function. Therefore, d6 is not
zero in cohomology and generates H o (S1).

Example 8.2.5. (Spheres) Let’s compute the de Rham cohomology of S” for n > 1. We proceed
by induction on k to show that

Hé‘R(S”) - {I(;&, i)ftlllcerw(z;: '
We have verified the claim for k = 1 in Example 8.2.4. Now assume the claim is true for n — 1. Let
U=S"\{N}andV ="\ {S}. We have
Unv=s"! U=V=R"
The Mayer-Vietoris sequence implies

> 0> Hé‘lgl(S”_l) — Hé‘R(S”) -0

1|1| is at most countably infinite.
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This implies that H é‘R‘ sH=H (’fR(S”). The claim now follows via induction and Example 8.2.4.

Example 8.2.6. (Punctured Euclidean Space) Let p € R” for n > 2. WLOG, we can assume that

p = 0. We have
R, ifk=0,n-1
0, otherwise '

Hig (R"\ {p}) = {

Indeed, the inclusion $"~! — R” is a homotopy equivalence. The claim now follows from Exam-
ple 8.2.5.

We can now discuss some elementary applications of de-Rham cohomology. We can now prove
the topological invariance of the dimension of smooth manifolds.

Proposition 8.2.7. Ifm # n, then R" is not homeomorphic to R™. In particular, if M be a topological
n-manifold then its dimension is uniquely determined.

Proor. Assume that R™ = R"™. If f : R® — R™ is a homeomorphism, then f : R" \ {0} —
R™\ {f(0)} is a homeomorphism. So,

Hig (R"\ {0}) = Hig (R \ {f(0)}).
for each k € Z. But R \ {0} = " land R\ {£(0)} = $"L. So,
Hgp(8"™1) = Hp (5"7)

for each k € Z. This is a contradiction by Example 8.2.5. The claim for a topological manifold
follows by working in co-ordinate charts. O

We can also show that the rank of the de-Rham cohomology groups is finite for most manifolds.
We first need a definition:

Definition 8.2.8. Let M be a smooth n-manifold and {U, } e an open cover of M. We say {Uqy }aen
is a good cover if for any finite subset / = {1, ..., ar} C A of indices, the intersection

Uy:=Uy NUgy N---NUg
is either empty or diffeomorphic to R".

Remark 8.2.9. By using the theory of geodesically convex neighborhoods in Riemannian geometry,
one can show that any open cover of any smooth manifold M admits a refinement which is a good
cover. In particular, if M is compact, then M admits a good cover which contains only finitely many
open sets. See [BT13].

Proposition 8.2.10. Let M be a smooth n-manifold. If M admits a finite good cover, dim H §R(M ) <
oo for each k € Z.

Proor. We proceed by induction on the number of sets in a finite good cover of M. If M admits
a good cover that contains only one open set, then that open set has to be M itself. In this case,
M is diffeomorphic to R", and the conclusion follows. Now suppose the theorem holds for any
manifold that admits a good cover containing £ — 1 open sets. Let M be a manifold with a good
cover {Uy,...,Ur}. We denote

U=U,U---UUi_.; and V =VU,.
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Then U NV admits a finite good cover {U; N Uy, ...,Ur_1 N Ui}. By the induction hypothesis,
all the de Rham cohomology groups of U, V, and U NV are finite-dimensional. Now consider the
Mayer-Vietoris sequence:

6]{71

S HSUAY) L B () S B (U) @ HE (V) -
The conclusion follows since
dim Im(ax) < dim HX, (U) ® HA, (V) < o,
dim ker(ay) = dim Im(6x—1) < dim HS; ' (U N V) < 0.
This completes the proof. O

Corollary 8.2.11. If M is a compact manifold (or M is homotopy equivalent to a compact manifold),
then dim H[II‘R(M) < ooforall k € Z.

Proor. This follows from Proposition 8.2.10. O

8.3. Compactly Supported de-Rham Cohomology

Let M be an orientable smooth manifold. Integration is a pairing between compactly supported

forms and oriented manifolds. This observation motivates that H'j, (M) is important for studying

orientations on M. Unfortunately, if M is non-compact, the integration of a n-form is not nicely
defined unless the differential form is compactly supported. This observation motivates the study of
de-Rham cohomology with compact support.

Definition 8.3.1. Let M be a smooth n-manifold and let w € Q¥(M). The support of w is
supp(w) ={p e M | w,, # 0}.
w is compactly supported if supp(w) is a compact set.

We set,
Qif(M) = {w € Q¥(M) | w is compactly supported},
be the set of all compactly supported smooth k-forms. Clearly, the following facts are true:

(1) if w1, wo are compactly supported k-forms, so is c1wy + caw2;
(2) if w is compactly supported, then dw is also compactly supported.

So Q’c‘.(M ) are real vector spaces for each k € Z, and the exterior derivative makes these vector
spaces a co-chain complex:

d d d d
0= QUM) = Qu(M) = QUM) = QXM) = -
Definition 8.3.2. Let M be a smooth manifold. The quotient vector space

ker(d : QE(M) — Q1(M))  {w e QE(M) : dw = 0}
im(d : Qk-1(M) — QX (M)) - {dw : w e Q-1 (M)}
is the k-th de Rham cohomology group with compact support of M.

k
HdR,C(M) =

Example 8.3.3. Let M be a smooth manifold. For £ = 0, by definition
HYp (M) ={f € C*(M) | df =0and supp(f) is compact}.
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But df = 0 if and only if f is locally constant, i.e., f is constant on each connected component.
Moreover, a locally constant compactly supported function has to be zero on any non-compact con-
nected component. So we conclude

H((i]R,c(M) = R"™e s
where m, is the number of compact connected components of M. In particular,
HgR,C(pt) =R, and HgR’C(R") =0
foralln > 1.

Remark 8.3.4. Since R" is homotopy equivalent to {pt}, we conclude that HgR’C(M ) is no longer a
homotopy invariant.

We now discuss the analog of the Mayer-Vietoris sequence for the compactly supported case. If
F : M — N is a smooth map between smooth manifolds, note that by definition,

supp(F*w) C F! (supp(w)).

Soifw € Q’g(N), in general we may have F*w ¢ Q’g(M ). Hence, we cannot expect to pull back
compactly-supported cohomology classes on N to compactly-supported cohomology classes on M'!

Remark 8.3.5. If F : M — N is proper map, then the pull-back F*w of a compactly supported
differential form w € Q’C“ (N) is still compactly supported. In this case, we have an induced map:

F: H§R,C(N) - HSR,C(M)

In this case, one can prove that if Fy,F1 : M — N are proper smooth maps that are properly
homotopic, then the induced maps are equal:

* * ., rrk k
F1 :F2 'HdR,C(N) _)HdR,C(M).

Note that any homeomorphism is proper. So, in particular, the compactly supported de Rham coho-
mology groups are still topological invariants up to homeomorphisms. That is, if M = N as smooth
manifolds, then

HE(M) = HE(N)
for each k € Z. We have aready seen that compactly supported de Rham cohomology groups is not
a topological invariant up to homotopy equivalence.

So how do we prove an analog of the Mayer-Vietoris sequence for the compactly supported
case. Note that we can now instead pushforward compactly supported differential forms and hence
cohomology classes. If U C M is an open set, the inclusion i : U < M induces a map

i, QU U) - Q"(M)

that sends a compactly supported differential form on U to the same differential form extended by
zero outside of U.

Lemma 8.3.6. For each k € Z, the map i, commutes with the exterior derivative.

Proor. Forw € Q*(U), we have dw € Q"1 (U). Thus, applying (i. od) to w results in dw extended
by zero outside of U. If we first apply i.., we obtain

. 0, onM\U,
b(w) = w, onU
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Taking the exterior derivative, we get

0, on M\ U,

() = {da) onU

Thus, i, commutes with d. Thatis, i, od = d o i,. m]

Lemma 8.3.6 allows us to establish the following version of the Mayer-Vietoris sequence for the
compactly supported case.

Proposition 8.3.7. Let M be a smooth n-manifold and let U,V C M be open sets such that U UV =
M. Then there exists linear maps 63, H*Y(M) — HXY(U nV) so that the following sequence is

exact:
k k k k Ok k4
S HUNV) > HYU) o H (V) > H*(M) 5 H* U nV) - -+

Proor. The proof is so much like the original Mayer-Vietoris proof, and it involves a diagram chase.
We omit details. m]

Example 8.3.8. We compute H §R’C(R") for k < n. We have seen HgR,C(]R") = 0. Now we show
that
Hip (R") =0
for 1 < k < n. We identify R” with then open set S” — {N}. Then we get an inclusion map
t:R"—> §",
(1) Let k = 1. Let w € QL(R") such that dw = 0. Since d commutes with i as seen above, we
have that t,w € QL(S") such that d(t.w) = 0. Since?
Hip (8") = HR(S") =0

there exists n € QU(S") = C2(S") such that t,w = dn. Noting that t,w is supported in
S"™ — U for open set U containing N, we have dn = ¢*w = 0 on U. This implies that n|y = ¢
for some constant ¢ € R. It follows that if we take 7 = n — ¢, then 7j € Q2(S" — {N}) =
QY(R™) and dij = w.

(2) Let k > 1. Let w € Q(R") such that dw = 0. As above, .w € Qf (R") such that
d(t,w) =0, and t,w is supported in S" — U for open set U containing N. Since?

Hiy o (8") = i (8") = 0

there exists n € Q*~1(S") such that t,w = dn. By shrinking the neighborhood U of N,
we can assume that U is contractible. Then the fact that dn = t,w = 0 in U implies that
there exists a u € QX~2(U) such that n|yy = du. Now pick a bump function  on §" which
compactly supported in U that equals 1 on N. Then

q=n-dyp) € Q' (")

and 77 = 0 near N. By construction, dij = dn = w.

2Note thatk =1 <n
30nce again, note that k < 1 < n
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8.3.1. Top Degree Cohomology. We now set up the machinery to argue that the degree k de
Rham cohomology with compact support is related to the orientation of smooth manifolds. First, an
example:

Example 8.3.9. Let’s compute Hcl1R (R). Consider the integration map

/:Qi(R)—ﬂR, w|—>/a).
R R

This map is clearly linear and surjective. Moreover, if w = df is a compactly supported exact form,
then
0o R df
[ arar= [ Lav=gw-s-m.
—oo -R dx
for each R > 0. Since f € C°(R), f(R) = f(—=R) = 0 for R large enough. So it induces a surjective
linear map

/R : HéR’C(R) - R.

Moreover, if fR f(t)dt =0, where f € C°(R), then consider the function

s= [ m f(2)dr

Clearly, g is smooth. If we choose 7 > 0 and R < 0 large enough, we get

T (o]
F(T):/_ f(t)dt:/_ f(t)dt=0.

F(R)z/_:f(t)dt:/_ROdIZO.

Hence, g € C°(R). Since dg = f, we have [ f(t)dt] in Hcl.iR .(R). Thus, fR is an isomorphism
between H!(R) and R, i.e.,
H!(R) = R.

The same method as in Example 8.3.9 works generally. Let M be a connected, oriented n-
manifold, and let w € QZ (M) be a compactly supported n-form. Then w is closed, and we have
defined the integral / iy W- SO we get a map

/:QZ(M)—>R, w»—>/cu.
M M

Suppose w = dn for some i € Q"1 (M). We can take a compact set K € M such that supp(n) € K.

By Stokes’ theorem,
/w:/ dn:/dn:/ n=0.
M M K oK

Thus, /M induces a linear map

/M:HSR’C(M)—HR, [w]0—>/Ma)

Proposition 8.3.10. Let M be an oriented smooth n-manifold. Then the map fM t HY

R.c (M) > R
is surjective.

Proor. Fix a n-form (a volume form) w on M. For any ¢ € R, one can find a smooth function f that
is compactly supported in a coordinate chart U, such that fU fw=c. O
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We can prove the following corollary based on Proposition 8.3.10:

Corollary 8.3.11. The following statements are true:
(1) If w € Q*(S") and /S" w =0, then w is exact.
(2) We have
R, k=n,

k ny _
Han.o (1) = {0 k#n.

(3) Let M be a smootn n-manifold. if M admits a finite good cover, then dim H SR’C(M ) < o0
forall k € Z.

Proor. The proof is given below:

(1) Note that
Hi(S") = Hjg (S") =R
Hence, the map in Proposition 8.3.10 is in fact a linear isomorphism. In other words, if
fsn w =0, then [w] =0, i.e., w is exact.
(2) Example 8.3.9 proves the case n = 1 and Example 8.3.8 takes care of the case 1 < k < n
for n > 2. We discuss the case k = n > 2. It suffices to show that the surjective linear map

[t =R el [
is in fact an isomorphism. We show that the map is injective. Assume that ./R" w = 0 for
some w € Q?(R"). Automatically, we have dw = 0. As before, consider the inclusion map
t:R" — S". Then t,w € Q*(S™). Since

/ L*w:‘/ w =0,
Sn n

by (1), we see t.w = dn for some n € Q"*~1(5™). The rest of the proof is similar to that of
Example 8.3.8(2).

(3) We can use Mayer-Vertoris sequence compactly supported de Rham cohomology and in-
duction and the number of open sets in a good cover. The same as the proof for the ordinary
de Rham cohomology.

This completes the proof. m]

We now reach the punchline for this section. We argue that Proposition 8.3.10 is, in fact, a linear
isomorphism if the underlying smooth manifold is connected and orientable.

Proposition 8.3.12. Let M be a smooth connected orientable n-manifold. The map in Proposi-
tion 8.3.10 is an isomorphism. In particular,

HSR’C(M) =R

Proor. In Proposition 8.3.10, we have already checked that the map is a surjective linear isomor-
phism. We check that it is injective. Let w € QS(M) such that fM w = 0. Since M is connected
and supp(w) is compact, we can take a connected compact set supp(w) € K. If we can cover
K, by a good cover which contains only one chart, then Corollary 8.3.11(2) implies that w = du
for some u € Q"~1(M). We can now proceed by induction. Suppose the claim is true if K, can be
covered by k —1 ‘good charts,” and suppose w € Q' (M) satisfies the property that K, admits a good
cover {Uy,...,Ui}. There exists one U;, say Uy for simplicity, such that both U = U1 U - - - U Ug_1
and V = Uy are connected®. Pick a partition of unity {py, py} of U U V subordinate to the cover

4This needs proof.
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{U,V}, and let w|y = pyw, w|y = pyw. Since K, is connected, U NV # (. We pick an n-form
wo compactly supported in U NV so that

/wO:/wly.
M M

Then w|y — wyp is compactly supported in U, which is connected and admits a good cover of

k — 1 good charts, and
/ (wly = wo) =0.
M

wy —wo =dnly

So by the induction hypothesis,
for some ny € Q*~1(M). Similarly,

/M(Mv+wo)=—/Mwlu+‘/Mwo=O

wy +wo = dnly
for some 7|y € Q71 (M). It follows that

implies

w=wy +wy =dnu +nv),
where |y + |y € Q*~1(M). This completes the proof. O
8.4. de-Rham’s Theorem
8.4.1. Smooth Singular Homology.
8.4.2. Proof of De-Rham’s Theorem.
8.4.3. Applications.



CHAPTER 9

Products & Duality

9.1. Cup Product

Let’s revert back to singular cohomology. However, we will keep on referring to de Rham coho-
mology for some down-to-earth motivation. We have worked with coefficients G, where G is some
abelian group. Cohomology groups with G-coefficients can be ‘summed up’ to yield a direct sum
decomposition:

H*(X;G) = @ H'(X;G)
n>0
We now show that if we take G = R to be a commutative ring R, then the singular cohomology with
coefficients in R also forms a ring under the cup product operation. This suggests that cohomology
is a stronger topological invariant than homology. First, let’s define the algebraic object over which
we define the ring structure.

Definition 9.1.1. Let X be a topological space, and let R be a commutative ring. The total coho-
mology of X with coefficients in R is given by

H*(X:R) := @H"(X; R).
n>0

Our aim is to make H*(X; R) into a graded ring when R is a commutative ring. We shall do this
by first making

C*(X;R) := P C"(X; R)
n>0
into a graded ring, and then showing that the ring structure descends to cohomology. This will be
done by introducing a cup product structure on C*(X; R).

Example 9.1.2. We first discuss the special case of de Rham cohomology. The advantage here is
that we can directly work at the de Rham cohomology groups. Let M be a smooth manifold, and let
w € QK(M), n € Q' (M) be closed forms. If [w] = [«’] and [5] = [1’], we have

w =0 +da, n=n"+dp
for @ € QK~1(M) and B € Q!~1(M). Note that we have
wAn= (0 +da) A (n' +dB)

=W A+ ANdB+daAn +d(a A P)

=w AR —dBAW +da A’ +d(a A B)

=w' AR —dBAD)+d(aAn)+d(aAp)

=w' A —dBAO +a AR +a AP).
Hence, [w A 1] = [w’ A 1’]. This shows that the wedge product

A QF (M) x QL(M) — QK (M)

170
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descends to a well-defined bilinear map
—: HS, (M) x Hiy (M) — HS (M),
[w] — [n] = [wAn].
This is called the cup product in de-Rham cohomology.

Let’s now move back to the singular cohomology case and define the cup product. We first define
it at the level of C*(X; R).

Definition 9.1.3. Let ¢ € C*(X;R) and ¢ € C'(X;R). The cup product ¢ — ¢ € CK*(X:R) is
defined by:

(¢ ~ (ﬁ)(O’ : Ak+l - X) = ¢(0—|[v0 ..... vk]) . l//(o_l[vk ..... Vk+l])

where -’ denotes the multiplication in the ring R.

Remark 9.1.4. Technically, these restricted maps in Definition 9.1.3 have the wrong domains; they
aren’t the standard k, l-simplices. But we just pre-compose with the ‘obvious’ maps from the standard
simplices. We shall not do this below.

The cup product extends by linearity to define a function C¥(X; R) x C!(X; R) — C**!(X;R)

y @MJVQMJ:;@VW

Let us first check this gives us a ring structure.

Lemma 9.1.5. Let X be a topological space and let R be a commutative ring. Then C*(X;R) is a
graded ring under the cup product. If R has an identity then C*(X; R) also has an identity.

PrOOF. Suppose ¢ € C¥(X;R)and ¢,y € C/(X;R). Weclaimthat p — (y+7y) = ¢ — y+¢ — ¥.
For this, take o : AK*! — X. Then

(¢ — (W+y)(o) = ¢(O—[vo ..... ka) (Y + 7)(0—[vk ..... vk+l])
= ¢(O—[Vo ..... Vk]) : '70(0-[\% ..... Vk+1]) + ¢(0-[v0 ..... Vk])) : Y(O—[Vk ..... vk+[])

A similar computation shows that (¢ +i) — v = ¢ — y+¥ — y. Associativity follows by a similar
computation. Let 1 denote the identity in R. Define a cochainv € C%(X;R) by v(x) =1g Vx e X
and extend by linearity. It is clear that

v—p=¢=¢—v
for any ¢ € C"(X; R) and any n > 0. Thus, C*(X; R) is indeed a graded ring. O

Unfortunately, the ring structure on C*(X; R) is not very useful, as it is too “large” and almost
impossible to compute. However, as we will now see, the total cohomology H*(X; R) also inherits
a ring structure, and this structure is much nicer. We need the following result:

Lemma 9.1.6. Let ¢ € C*(X;R) and ¢ € C'(X;R)
(g —y) =60 — Y+ (-1)*¢ < 5y
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. Ak+l+1

Proor. For o — X, we have

k
(6k¢ ~ lﬁ)(o') = Z(_l)i¢(0-[vo ..... Viyees vk+1]) : ‘p(o-[vkﬂ ..... Vk+l+1])a
i=0

k+l+1

When we add these two expressions, the last term of the first sum cancels with the first term of the
second sum, and the remaining terms are exactly 6*/(¢ — ) (o) = (¢ — ¥)(Oks1410) since

k+l+1

_ i
Ok41410° = Z (-1) Ov0seeesVigees Viair1 1+
i=0

This completes the proof. m|

Corollary 9.1.7. The following statements are true:
(1) If ¢ € CK(X; R) and y € C'(X; R) are cocycles, then §**' (¢ — ) = 0.
(2) If € CX(X:;R) and y € C'(X;R) are such that one of ¢ or Y is a cocycle and the other
a coboundary, then ¢ — W is a coboundary.

Proor. The proof is given below:
(1) Since 6¥¢ = 0 and 6" = 0, we have that that

8 (¢ — ) =60 — Y+ (-D*p — 'y =0
(2) Say 6*¢ = 0 and ¥ = 6'"'5). Then
S g —m = (-Dfe T = (D¢ —y
The other case is similar.
This completes the proof O

It follows that we get an induced cup product on cohomology:
— : H*(X;R) x H(X; R) —» H**'(X; R)
(o] x [y] = [¢ — ¥]
Well-definedness follows from Corollary 9.1.7. Indeed, if [¢] = [¢’] and [¢] = [¢’], then
¢:¢’+a/’ l//ZlV‘",B
where @, 8 are co-chains. We have
p—y=(¢+a)— (Y +p)
=¢ — '+ (¢ = pra—y' +a—p)
Corollary 9.1.7 implies that the term in paranthesis is a coboundary. Hence,
[¢ —vl=1¢"—¥']
The operation is distributive and associative since it is so on the co-chain level. If R has an identity
element, then there is an identity element for the cup product, namely the class [1] € H°(X;R)
defined by the 0-cocycle taking the value 1x on each singular O-simplex. Considering the cup product

as an operation on the direct sum of all cohomology groups, we get a (graded) ring structure on
H*(X;R).
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Definition 9.1.8. Let X be a topological space and let R be a commutative ring. The cohomology
ring of X is the graded ring

H*(X;R) := (@H"(X;R),v)

n>0
with respect to the cup product operation. If R has an identity, then so does H*(X; R).
Remark 9.1.9. We can also define the relative cup product. The cup product on cochains
CK(X;:R)x C'(X;R) - C*!(X; R)

restricts to cup products

CK(X,A;R) x C'(X;R) - C* (X, A;R),

CK(X,A;R) x CH(X, A;R) — C* (X, A;R),
CK(X;R) x C'(X,A; R) — C* (X, A; R).

since C'(X, A; R) can be regarded as the set of cochains vanishing on chains in A, and if ¢ or
vanishes on chains in A, then so does ¢ — . So there exist relative cup products:

H*(X,A;R) x H'(X;R) - H**'(X, A; R),
H*(X,A;R) x H (X, A; R) —» H**(X, A; R),
H*(X:R)x H'(X,A;R) —» H*'(X,A;R).
In particular, if A is a point, we get a cup product on the reduced cohomology ﬁ*(X; R). More
generally, we can define
H*(X,A;R) x H (X, B;R) —» H*"*{(X,AUB;R)
when A and B are open subsets of X or sub-complexes of the CW complex X.

Normally, no one computes cohomology rings using the definition of the cup product, as this
can be quite tedious for the most part. However, we compute a couple of basic examples:

Example 9.1.10. (Spheres) Let X = S" forn > 1 and R = Z. We have

Z, ifk=0,n
0, otherwise -

HY(S";Z) = {

The generating element in H%(S"; Z) is the identity element. We label the generators of H’(S";Z))
and H"(S";Z) as 1 and x respectively. We have the following relations

1—-1=1, 1l—x=x, x—1=x, x—x=0
The last relation is true since H*"(S";Z) = 0. Hence, we have
Zlx] _
(2

Here Az[x] is the exterior algebra on two generator over Z.

H*(S";Z) = Z[x]/(x*) = Az[x]

Remark 9.1.11. We can define a cup product for simplicial cohomology by the same formula as for
singular cohomology. It can be checked that the isomorphism between simplicial and singular coho-
mology respects cup products. Hence, we can compute cup products using simplicial cohomology.
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Example 9.1.12. (Real Projective Plane) Let X = RP? and R = Z,. We have

Zo k=0,1,2,

HY(RP* Z,) = )
0 otherwise.

Let « be the generator of H' (RP?; Z,). Consider
@? = a — a € H*(RP?; Zy).
We claim that @2 # 0, so a2 is in fact the generator of H?(RP?; Zy) = Z,. Consider the cell structure

on RP? shown in the figure below. The 2-cell Ty is attached by the word e; e, le=1 and the 2-cell Ty

is attached by the word egefle‘l.

¢ =
o
AN
<

€1 rel

> ®
1 €2 w
Since a is a generator of H' (RP?;Z/2Z) = Homz(H,(RP?;Z),Z/27Z), it is represented by a cocycle
¢ : C1(RP?) — Z/2Z
with ¢(e) = 1, where e represents the generator of H;(RP?;Z) = Z,. The co-cycle condition for ¢
translates into the identities:
0= (6¢)(T1) = ¢(dTh) = ¢(e1) — p(e2) — ¢(e),

0= (6¢)(T2) = ¢(dT2) = ¢(e2) — p(e1) — p(e1).

As ¢(e) = 1, we may WLOG take ¢(e1) = 1 and ¢(e3) = 0. Note that a? is represented by ¢ — ¢,
and we have:

(¢ — @)(T1) = p(e1) - p(e) = 1.
Similarly,

(¢ — ¢)(T2) = p(e2) - p(e) = 0.
Since the generator of Co (RP?) is T} + T», and we have

(e— @)1 +T2)=(p —@)(T) + (¢ — )(T2) =1+0=1,

it follows that a® = [¢ — ¢] is the generator of H?(RP?;Z/2Z). Let I denote the ideal generated
by the relations. Hence, we have
2l s 2o

Let’s prove some important facts about the cup product.

H*(RP"; Zo) =

Proposition 9.1.13. Ler X, Y be topological spaces and let let f : X — Y be a continuous map. For
each n € Z, the induced maps

fa =H"(Y;R) — H"(X;R)
are ring homomorphisms. That is,

Jala —B) = f(a) — f*(B)
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for each a, B € H*(Y; R).
Proor. It suffices to show the following co-chain formula:
e —v) =7 (p) = [T W).
For ¢ € CK(Y;R) and ¢ € C!(Y;R), we have:
(fFe = P (o : A = X) = (f70) (@ live, o)) - PRl i)
= (N vgree) U (T 1)

= (¢ = ) (f*o)
= (/" (¢ — ¥)(0).

This completes the proof. O

Corollary 9.1.14. If f : X — Y is a continuous map, then there is a ring homomorphism
ff:H(Y;R) > H*(X;R).

Proor. We have

H*(Y;R) = ED H"(Y;R), H'(X;R) =P H"(X;R)

n>0 n>0

If we define f* such that f*|gn(y.r) = fn, the claim follows via Proposition 9.1.13. m]

Remark 9.1.15. The discussion above implies that the operation of taking the cohomology ring is a
(contravariant) functor from Top to CRing.

Example 9.1.16. The isomorphisms

H* UXQ;R

a

= [ [H (Xas R)

whose coordinates are induced by the inclusions i, : Xo — [[, Xa., is a ring isomorphism with
respect to the coordinatewise multiplication in a ring product, since each coordinate function i3, is a
ring homomorphism. Similarly, the group isomorphism

H'(\/ Xa: B) = | | H'(Xa; R)

is a ring isomorphism.
We now show that the cup product is graded anti-commutative.

Proposition 9.1.17. Let X be a topological space and let R be a commutative ring. Letaw € H*(X; R)
and B € H (X; R). We have

a—B=(-1)"B—a

Proor. See [Hat02]. o
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Example 9.1.18. Let X = S' x S! = 72, We can use Proposition 9.1.17 to compute H*(T?; R).
Consider the following simplicial complex structure on 72

The generator 1 € H%(T?;Z) is the unit. By examining the dimensions of the other generators,
the only non-identity generators which could multiply together and give something non-zero are the
generators of H'(T?;Z). Let a, 8 € H'(T?;Z) be generators of H'(T?;Z). We compute

a—a a—pfp, PB—a B-—p.

By Proposition 9.1.17, we must have @ — @ = f — B = 0. But let’s verify it explicitly. « is
represented by a cocycle

Yo :Ci1(T?) - Z

with 9o (a) = 1,94 (b) = 0. Here a, b are generators of H;(T?;Z). The co-cycle condition for ¢
translates into the identities:

0= (590(1)(X) = ‘;Da/(X) = ‘PQ(a) - SDQ(C) + SDQ(b),

0=(0¢a)(Y) =¢a(Y) =¢a(b) — palc)+¢ala).

As po(a) =1, ¢q(b) =0, we must have ¢, (c) = 1. Note that o? is represented by ¢ — ¢, and we
have:

(0o — ¢a)(X) = a(b) - pala) =1.
(o — @a)(Y) = pala) - pa(b) = 1.
Hence, ¢, — ¢, = 0. This shows that @ — a = 0. If we choose S to be represented by a cocycle
ep Ci(T? - Z
with pg(b) = 1,¢g(a) = 0, we similarly have 8 — 8 = 0. We now compute @ — . Note that
« — pis represented by ¢, — ¢g. We have
(0o — ©p)(X) = pa(b) - gala) = 0.

(‘10(1 ~ (,Dﬁ)(Y) = ‘pw(a) : ()D(Z(b) =1.

Since the generator of C2(7?) is X +Y, and (¢ — ¢5)(X +Y) = 1, it follows that @ — S is the
generator of H?(T?;7Z). By Proposition 9.1.17, we have 8 — « = —a — 3. Hence, we have

Z[x,y]
(x2,y2,xy + yx)

Here Az[x, y] is the exterior algebra on two generator over Z.

H* (T Z) = = Az[x,y]
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9.2. Poincaré Duality for Smooth Manifolds

We discuss Poincaré duality for smooth, oriented, n-manifolds in this section. We can prove
this special case by leveraging de Rham cohomology. Using Stokes’ theorem, Poincaré duality for
smooth, oriented n-manifolds asserts that there is a non-degenerate pairing between de Rham coho-
mology groups:

Hip (M) x Hig¥(M) > R, ([e]. [B]) — /M a A B.

It is easily checked that the pairing defined above is well-defined. The pairing above can be equiv-
alently defined as a linear map from H (’fR(M ) to (Hjg ’C‘(M ))*. We show that this linear map is an
isomorphism.

Proposition 9.2.1. Let M be a smooth, oriented, n-manifold that admits a good finite cover. Then
Hip(M) = (Hggt (M)
foreach0 < k < n.

9.3. Poincaré Duality

Poincaré duality is a fundamental result in algebraic topology that relates the homology and
cohomology groups of an orientable closed manifold. It states that for an n-dimensional orientable
manifold M, there exists an isomorphism

Hi(M;Z) = H' ™M (M;Z)

This duality provides deep insights into the topology of manifolds, constraining their possible ho-
mology groups and aiding in the computation of topological invariants. It also plays a crucial role in
intersection theory. Before defining Poincaré duality, we need to define the notation of a fundamen-
tal class. In order to define a fundamental class, we need to define the notation of an orientation.
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CHAPTER 10

Categorical Nuances

The category hTop is the appropriate framework for studying homotopy theory. However, not
all concepts from the category Top carry over directly to hTop. For instance, we have the following
pushout diagram in Top:

8" = {x)
D" — S*
On the other hand, we also have the pushout diagram in Top:
8" = {x)
{x} — {+}

Therefore, even though D" is homotopy equivalent to {*}, the two pushouts are not homotopy equiv-
alent. Therefore, contrary to expectation, the pushout diagrams in hTop are not the same. This
example suggests that further analysis and applications of the homotopy notion require a certain
amount of formal (categorical) considerations. In this section, we discuss some basic constructions
of a categorical nature. More advanced constructions such as homotopy pullbacks and homotopy
pushouts will be discussed as necessary later on.

10.1. Cones & Suspensions

In this section, we discuss the the categorical constructions of cones and suspensions.

10.1.1. Cone & Suspension. Let / = [0,1] € R. The space X X [ is called a cylinder over X,
and the subspaces X x {0}, X x {1} are the bottom and top “bases”. Now we will construct new
spaces out of the cylinder X X I.

Definition 10.1.1. Let X be a topological space. The cone of X is the quotient space:
CX=XxI/(Xx{0})

Remark 10.1.2. CX has a natural basepoint given by the collaposed space X x {0}. Hence, we
have a functor

C : Top — Top.,

Indeed, if f : X — Y is a continuous map, we have a continuous map f X idy: X X1 — Y XY and
if we define C(f) to be the map

C(f):CX - Cy,
[x,7] = [f(x), 1],

179
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We have C f o gx = qy o (f X idj) where qx, qy are quotient maps defining CX and CY.

id
Xx1 2%y

ln o«

cx <Y cy

The universal property of quotient topology implies that C f is continuous.
The cone of a topological space is always a contractible space.
Proposition 10.1.3. Let X € Top. Then CX is contractible.
Proor. A homotopy between the identity on CX and the map to the basepoint is given by:

F:CXxI—- CX,
([x,t],5) — [x, (1= 9)¢]

This completes the proof. O

The motivation for introducing the cone of a topological space is given by the following propo-
sition:

Proposition 10.1.4. Let X, Y € Top. Amap f : X — Y is nullhomotopic if and only if it extends to
amap f: CX =Y.

Proor. Consider a continuous map H : X x [0,1] — Y with H(-,0) = f(:). Note that H(x, 1)
is constant for all x € X if and only if X X {1} is contained in a fiber of H, which in turn, by the
universal property of quotient spaces, says that H factors uniquely through the canonical quotient
map X X [0,1] — CX. This proves the claim. ]

Remark 10.1.5. Proposition 10.1.4 implies that a continuous map f : S™ — X is null-homotopic if
and only if f extends to a continuous map f : D"\ — X. This is because CS" = D"+

We now define the suspension of a topological space.
Definition 10.1.6. Let X € Top. The suspension of X is the quotient space:
SX=XXI/(Xx{0},Xx{1})

Remark 10.1.7. S defines a a functor S : Top — Top This follows by a similar reasoning that cone
is a functor.

Example 10.1.8. The suspension of S" = {x, x1} consists of two lines (one over each point in S”)
joined at 0 and 1, giving S'. In fact,

sl = sgn
in general. To see this, WLOG, replace I = [0, 1] by I = [-1, 1]. Define
f:S"x[-1,1] — s**!
by
£ xn) ) = (- V1=22, . xn - V1= 12,1)
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It is clear that f is continuous and surjective. Moreover, f agrees on the fibers of SS”. Hence, f
descends to a continuous bijection f from SS" to S"**!. Since SS" is compact and $"*! is HausdorfF,
f is a homemorphism.

S"x [-1,1]

10.2. Compact Open Topology, Path & Loop Spaces

10.2.1. Compact Open Topology. If (X, xq) € Top, , note that 71(X, xg) is, in particular, a
space of continuous functions. Hence, we would like to discuss what appropriate topology to put on
the function space of continuous maps between topological spaces.

Definition 10.2.1. Let X,Y € Top and let C(X,Y) denote the set of of continuous maps X —
Y. C(X,Y) carries a natural topology, called the compact-open topology, generated by a subbasis
formed by the sets of the form

B(K,U)y={f:X—>Y]| f(K)cU}
where K C X is a compact set and U C Y is an open set.

Remark 10.2.2. The topological space given by this compact-open topology will be denoted by

Maps(X,Y).

Remark 10.2.3. Foramap f : X — Y, one can form a typical basis open neighborhood by choosing
compact subsets K1, . . ., K,, € X and small open sets U; C X with f(K;) C U; to get a neighborhood
Oy of f,

Of =B(K,U;)N---NB(K,,U,).

The collection of all such sets forms a basis for the compact-open topology.

What is the motivation behind the definition of the compact-open topology? If X is compact
Hausdorft and Y a metric space, then one can consider the supremum norm on (C(X,Y), || - ||c). It
can be checked that in this case Maps(X,Y) = (C(X,Y), || - ||c). We prove a slightly more genral
claim:

Proposition 10.2.4. Let X,Y € Top such that (Y, d) is a metric space. The compact-open topology
and the topology of uniform convergence on compact sets coincide on C(X,Y).

Proor. We first prove that the topology of compact convergence is finer than the compact-open
topology. Let B(K, U) be a subbasis element for the compact-open topology, and let f € B(K, U).
Because f is continuous, f(K) is a compact subset of U. Therefore, we can choose £ > 0 so that
the e-neighborhood of f(K) is contained in U. Then, as desired,

Ex(f,e) € B(C,U).

Here

Ex(f.e) ={g € C(X. V) | |If — gllo.x <&}
is a basis element of the topology of compact convergence. We now prove that the compact-open
topology is finer than the topology of compact convergence. Let f € C(X,Y) and consider Ex (f, €)
for some &£ > 0. Every x € X has a neighborhood V, such that £(V,) lies in an open set Ug(x) of Y
having diameter less than &. For example, choose V, so that f(V,) lies in the &/4-neighborhood of
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f(x). Then f(Vy) lies in the £/3-neighborhood of f(x), which has diameter at most 2& /3. Cover
K by finitely many such sets V, say for x = x1,...,x,. Let K, =V, N K. Then K, is compact, and
the basis element

B(Ky,,Ux,) N---NB(Ky,,Uy,)

contains f and lies in Ex (f, €), as desired. O

Remark 10.2.5. IfY is not a metric space, we need to redefine the notion of proximity between maps.
Suppose f,g € Maps(X,Y) are two continuous maps. Let K C X be a compact subset and U C Y
be an open subset such that f(K) C U. Assume that Y is Hausdorff, which ensures that closed
sets in Y behave well under continuous maps. Since f(K) is compact and Y is Hausdorff, f(K) is
closed inY, and intuitively, small perturbations of f (K) should remain within U. Thus, to define the
topology on Maps(X,Y), we say that a neighborhood of f is the set of maps g € Maps(X,Y) such
that g(K) C U. This formalizes the notion that g is ‘close’ to f if it maps the compact set K into the
same open set U that contains f(K).

Proposition 10.2.6. (Exponential Law) Let X,Y,Z € Top. If X is Hausdorff and Y is locally
compact, then

¢ : Maps(X x Y, Z) — Maps(X, Maps(Y,Z)), ¢(g)(x)(y) =g(x,y)
is a continuous bijection.

Proor. We first show that ¢ is well-defined. Suppose g is continuous, and choose an arbitrary sub-
basis open set B(K, U) in Maps(Y, Z). Choose x € ¢(g) "' (B(K,U)), so g({x} xK) C U. Since K
is compact and g is continuous, there are open sets V 3 x and W 2 K such that g(Vx W) C U. Then
V is a neighborhood of x with ¢(g)(V) € B(K, U), showing that ¢(g) "' (B(K, U)) is open. Hence,
¢ is well-defined. ¢ is obviously an injection. We now show that ¢ is continuous and surjective.

We first show that ¢ is continuous. Let g : X XY — Z be a continuous map. Let K; C X and
K5 C Y be compact subsets, U C Z be an open set. Let

B(K1,B(K32,U)) = {g : X = Maps(¥,Z) | g(K1)(K2) € U}

be an open neighborhood of ¢(g). Then [K; X K», U] is an open neighborhood of g in Maps(X X
Y, Z)" such that

¢(B(K1 X K3,U)) € B(Ky, B(K2,U))

This shows that ¢ is continuous. We now show that ¢ is surjective. Let f : X — Maps(Y, Z) be a
continuous map. Let (x,y) € X x Y and W be an open neighborhood of ¢~ ( f)(x, y) in Z. We find
neighborhoods x € U € X and y € V C Y such that ! (f)(U x V) € W. Since f(x) : Y — Z is
continuous, f(x)~!(W) is an open neighborhood of y in Y. Since Y is locally compact, there exists
a compact set K C f(x)~'(W) such that y € Int(K) € K. Then [K, W] is an open neighborhood
of f(y), and since f : X — Maps(Y, Z) is continuous at x, there exists an open neighborhood
x € U C X such that f(U) C [K,W]. This implies that F (U x K) C W. We can take V = Int(K),
and thus we have F(U x V) C W. m|

Remark 10.2.7. If X is locally compact Hausdorff, the continuous bijection in Proposition 10.2.6
is in fact a homeomorphism.

'We need that X is Hausdorft here. See Lemma XII.5.1 (a) of Dugundji’s Topology.
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Corollary 10.2.8. Let X,Y € Top such that X is locally compact and Y is Hausdorff. The evaluation
map
Evxy : X xMaps(X,Y) > 7Y,
(x, ) = f(x).
is continuous.

Proor. We take for granted the statement that Y is Hausdorff implies that Maps(X, Y) is Hausdorft.
Proposition 10.2.6 implies there is a continuous bijection:

Maps(Maps(X,Y) x X,Y) = Maps(Maps(X,Y), Maps(X,Y))
The inverse image of Idyaps(x,y) is Evx y. O
Remark 10.2.9. Here is an important observation. If X,Y € Top, then a homotopy between two
maps f,g : X — Y as an element of Maps(X X 1,Y). Based on Proposition 10.2.6, it is possible to

reinterpret a homotopy between two maps f,g : X — Y as an element of Maps(X, Maps([,Y)) or
Maps(I, Maps(X,Y)). The latter says that a homotopy is a path in Maps(X,Y).

Proposition 10.2.10. If X,Y € Top are locally compact Hausdor{f spaces, then the function
Dy y.z : Maps(X,Y) x Maps(Y, Z) — Maps(X, Z)
given by composition is continuous.

Proor. By Proposition 10.2.6 we have the bijection
Maps(Maps(X,Y) x Maps(Y, Z), Maps(X, Z)) = Maps(Maps(X,Y) x Maps(Y, Z), xX, Z)

Hence, ®x y,z is continuous if and only if the image of ®x y z, denoted @ ,, ., , under the expo-

nential law is continuous. Let (f, g) € Maps(X,Y) x Maps(Y, Z) and x € X. We have
Dy z((f.8),x) = (T(f,8)(x) = f(g(x)).

We can decompose @;(’Y’ as the following composition:

zZ

Maps(¥, Z) x Maps(X, ¥) x X ~LE22EE0D, vy, 7y xy B8, 7

The first map is just Idyaps(y,z) X Evx,y and the second map is Evy z. Both these maps are con-
tinuous by Corollary 10.2.8. The claim follows. O

10.2.2. Path & Loop Spaces. We can consider special instances of the function space discussed
above to define loop spaces. For instance, if X € Top, the space A(X) = Maps(S!, X) € Top is the
free loop space of X. Similarly, the space P(X) = Maps(/, X) € Top is the free path space of X.

Remark 10.2.11. If X =1 = [0, 1], Y is locally compact and Z is a topological space, then Propo-
sition 10.2.6 reads

Maps(Y, Maps(1,Z)) = Maps(I XY, Z)
= Maps(I, Maps(Y, Z))

This is called the cylinder-free path adjunction. This is because 1 X Y is a cylinder on Y and
(Maps(1, Z))) is the path space on Z. Note that Maps(I XY, Z) = [Y, Z].

We now make the following definition:

Definition 10.2.12. Let (X, xg) € Top,.
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(1) The path space P(X,xq) € Top, of (X, xp) is the pointed space given by
P(X,x0) ={y € P(X) | y(0) = xo}.

with the constant path c, at x as the base point.
(2) The loop space Q(X, xg) € Top, of (X, xq) is the pointed space

Q(X,x0) ={y € P(X) | y(0) =xo =y(1)}
with the constant loop c, at x as the base point.

Remark 10.2.13. Note that Q(X, xq) consists of pointed loops (S', ¥) — (X, xg). Moreover, note
that P(X,xq) can be thought of as a pullback:

P(X,XO) — Xl

| \LEVO

{xo} —— X
Proposition 10.2.14. Ler X € Top. The path space, P(X, xq), is contractible.

Proor. A homotopy between the identity on P(X,x() and the map to the basepoint (the constant
path) is given by:
F:P(X,xg) xI — P(X,xq),
(7.5) = (1 = y((1=5)1)).
This completes the proof. O
Remark 10.2.15. We discuss some applications of function space Maps(X,Y) to establish some
basic facts:

(1) A point in X can be identified with a map x : * — X sending the unique point * to Xx.
Hence, we have a bijective correspondence

X = Maps(x, X).
(2) In the case of a pointed space, we have a bijective correspondence
(X, x0) = Maps (({*,*'}, ), (X, x0))
= Maps ((S%, 1), (X, x0)).
(3) Note that we have
[X,Y] = mg(Maps(X,Y))
(4) Let X,Y be locally compact Hausdor{f spaces. Consider the continuous function
T : Maps(X,Y) x Maps(Y, Z) — Maps(X, Z)
Hence, T induces a map
[X,Y] X [Y,Z] = rp(Maps(X,Y)) x rg(Maps(Y, Z))
= mo(Maps(X,Y) x Maps(Y, Z))
— mg(Maps(X, Z2))
=[X,Z]
In particular, a continuous function f : X — Y induces a map

f* Y,z - [X,Z]
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and a continuous function g : Y — Z induces a map
g+ [X,Y] = [X,Z].

(5) Let f : X — Y be a homotopy equivalence with homotopy inverse and g : Y — X. Using
(3), we have two induced maps

[, Z] = [X,Z]  fu:[Z,.X] - [2,Y]

The maps g* and g« are inverses of f* and fu respectively. Hence, we have a bijection
of sets
[Y,Z] = [X,Z], [Z,X] = [Z2,Y]

10.3. Smash Products

We introduce the notion of a smash product that forces us to take basepoints seriously. The need
for the smash product arises based on the need to consider the pointed analog of Maps(-, -).

Definition 10.3.1. Let (X, xq), (Y, yo) € Top,. The pointed space Maps((X, xp), (Y, yo)) is defined
to be subspace of Maps(xg, yg) consisting of pointed maps, along with the natural basepoint given
by constant map X — yg.

Remark 10.3.2. We have [(X, xqg), (Y, yo)] = mo(Maps((X, xo), (Y, y0))).
We now define the smash product:

Definition 10.3.3. Let (X, xg), (Y, yo) € Top,. The smash product is defined as the quotient space

(X,x0) A (Y, y0) = (X XY, (x0,y0)) /(X VY)
Remark 10.3.4. The wedge sum X V'Y of two pointed spaces is naturally a pointed subspace of
(X, x0) X (Y,yq). For pointed spaces (X,xq) and (Y, yq), the pointed product (X X Y, (xg, yo))
comes naturally with an inclusion map of (X, xo) given by
(X,X()) - (X XY, (XO’ yO))a

x = (x, yo)-
There is a similar map (Y, yg) — (X XY, (xg,y0)). Since X VY is a pushout in Top,, we obtain a
pointed map X VY — (X XY, (xg, yo)) which yields the desired inclusion.
Remark 10.3.5. It can be checked that the smash product defines a functor

A : Top, — Top,

The motivation behind the definition of a smash product is to extend Proposition 10.2.6 to Top,.
Let (X,x0), (Y, y0),(Z,z0) € Top,. Since yg and zg are basepoints in Y and Z, respectively, then
Maps((Y, yo), (X,xp)) has a basepoint given by the constant function X — z5. We want a map
[ (X,x0) = Maps((Y, yo), (Z, z0)) to preserve basepoints, meaning that it must satisfy

f(x0)(y) =z0 forallyeY.

Additionally, for any x € X, the map f(x) : ¥ — Z must also preserve basepoints, i.e.,
f(x)(yo) =z9 forallx € X.

Therefore, if Proposition 10.2.6 is to be extend to Top,, thenaamap f : X XY — Z f must be
constant on

({xo} X ¥) U (X x {yo}),
sending it to zg. This is exactly how we have defined the smash product, which yields the following
result:
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Proposition 10.3.6. Ler (X, xq), (Y, y0), (Z,z9) € Top,. IfY is locally compact and X is Haus-
dorff, then the smash product satsifes the pointed version of the exponential law. That is we have a
continuous bijection:

Maps*((X,xo) A (Y’ yO)? (Z’ Z)) = Maps*((X,xO),Maps((Y, yO)? (Z’ Z)))

Proor. Clear. Invoke the discussion above, and note that Proposition 10.2.6 descends to yield the
desired result. O

Remark 10.3.7. If X is locally compact Hausdorff, the continuous bijection in Proposition 10.3.6
is in fact a homeomorphism.

Remark 10.3.8. Let M, N be locally compact Hausdorff spaces. Then their one-point compactifi-
cations My, Noo are compact Hausdorff spaces, and each is equipped with a canonical basepoint.
We continue to write (Mo, ) as M. The product M X N is locally compact Hausdorff and we
have the basic relation
(M XN)eo = Mo A Neo.
Indeed, there is canonical continuous map
U: My XNoo = (MXN)o

which maps M X N C My X N via the identity onto M X N C (M X Y)e and maps Mo X {con} U
{copr} X N to {ooprxn }. Therefore it induces a continuous bijection

W Mo AN = (M XY)e
on the quotient space Mo AN of Moo X Noo. This space is comapct, therefore u’ is a homeomorphism.
Example 10.3.9. Each (S", =) is a pointed topological space. We have
(8",%) = (81,9 A (S, %)

Note that (S, *) x (S, #) is a torus. Visualizing the torus as quotient of a square with endpoints
identified appropriately, S' v S! corresponds to the to the boundary of the square. The smash product
identifies all these boundary points to a single point, yielding (S2, ). More generally, we have

(8", %) = (SLx) Ao A (S %)
Indeed,
(S™,%) = (R™")eo

= (R" X R")e

= (R™Moo A (R = (8™, %) A (S", %).
Example 10.3.10. Let (X, x) € Top,. We can define the reduced cone of (X, xq) as

C(X,x0) = (X, x0) X (I,0)/((X,x0) X {xo} U {x} x (,0)).

Essentially by definition, B

C(X,x0) = (X, x0) A (1,0)

We can also define the notion of a reduced suspension.

Definition 10.3.11. Let (X,xq) € Top,. The reduced suspension (X, xg) € Top, is the pointed
space

E(X,x0) = (X,30) X (8%, 9)/({x0} x (81,9 U (X,x0) x {1}),

where the base point is given by the collapsed subspace.
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Remark 10.3.12. Using the quotient map I — 1/81 = S', an alternative description of the reduced
suspension (X, xqg) is given by

2(X, x0) = ((X,x0) X (1,0))/({x0} x TU X x{0,1}),
Example 10.3.13. Let (X, xq) € Top,. We have
(X, x0) = (X, x0) A (S1, %)
Indeed, consider the quotient map f : (1,0) — (S!, ) given by f(f) = 2™, and the diagram:

(X.20) X (1.0) —L5 (X.x0) x (5", )
pl \Lq
2(X,x0) (X,x0) A (Sh, %)
It can be checked that We show that 1 X f is a quotient map. The characteristic property of the
quotient topology now implies that
2(X,x0) = (X,x0) A (S, %)
Remark 10.3.14. Along with Example 10.3.9, the previous examples readily implies that we have
T(S", ) = (8", %)
Corollary 10.3.15. Let (X, xq), (Y, yo) € Top, such that X is Hausdorff. Then there is a continuous
bijective correspondence
Maps, (2(X, x0), (¥, y0)) = Maps, ((X,x0), (Y, yo))
Passing to my, we have
[2(X, x0), (¥, yo)] = [(X,x0), Q(Y, yo)].
Proor. This follows from Proposition 10.3.6 and that Remark 10.3.14. O

10.4. Compactly Generated Spaces

The bijection in Proposition 10.2.6 relies on the fact that Y is locally compact. A number of
topological spaces in homotopy theory are non-locally finite CW complexes. Fundamental examples
include RPP* and CP*. We now look at a category of topological spaces where we expect homotopy
theoretic propositions to be true without additional assumptions.

10.4.1. Compactly Generated Spaces. Informally, a compactly generated space is a topolog-
ical space whose topology is determined by all continuous maps from arbitrary compact spaces.

Definition 10.4.1. Let X € Top. A subset A C X is called k-closed in X if, for any compact
Hausdorff space K and continuous map f : K — X, the preimage f~!(A) C K is closed in K.

The collection of k-closed subsets of X forms a topology, which contains the original topology
of X. Let kX denote the topological space whose underlying set is that of X, but equipped with the
topology of k-closed subsets of X. Because the k-topology contains the original topology on X, the
identity function Id : kX — X is continuous.

Definition 10.4.2. Let X € Top. X is compactly generated (CG) if Id : kX — X is a homeomor-
phism.

Let CG denote the full subcategory of Top consisting of compactly generated spaces. Let’s
discuss categorical properties:
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Proposition 10.4.3. Let X € Top.

(1) The k-ification is a functor.
(2) For any space X, the map k*X — kX is a homeomorphism. Hence, k?X = kX.
(3) The k-ification functor is right adjoint to the forgetful functor. That is,

Homce (X, kY) = Homrep(X,Y)

forall X € CG andY € Top.

(4) The k-ification functor commutes with limits. Hence, limits exist in CG.

(5) Disjoint unions of compactly generated spaces are compactly generated. Quotients of com-
pactly generated spaces by equivalence relations are compactly generated.

(6) Colimits exist in CG and can simply be computed in Top.

Proor. The proof is given below:

(1) Suppose f : X — Y is any continuous map and A C Y is compactly closed. For any map
u:K — X, theset u '(f~1(A))is closed in K. Thus, f~'(A) is compactly closed in X.
This means that f : kX — kY is continuous.

(2) Given a compact Hausdorff space X and a (set) map f : K — X, the map f is continuous
if and only if f : X — kX is continuous. So the compactly closed sets of X are the same
as the compactly closed sets of kX. In other words, kx = k2X. -

(3) It suffices to show that f : X — Y is continuous if and only if f : X — kY is continuous.
Since the k-ification topology is finer, we assume that f is continuous and show that f is
continuous. But k(f) : kX — kY is continuous and kX = X.

(4) This follows from (3) and categorical arguments. Indeed, we have:

Homce (X, k({in Y;)) = Homrop (X, @ Yy)
l 1
= gn Homrop (X, Y;)
1
= ELHHOHICG(X, kY;) = Homcg (X, {gn kY;)
l 4
for all X € CG and Y € Top. Hence,
k an Y;) = @ kY;
l l

(5) Let X = [[; X; such that each X; is compactly generated. Let A C X be k-closed. Then A
has the form [ [; A;, where A; = A N X;, and it is sufficient to check that A; is closed in X;.
As X; is CG, it is enough to check that A; is k-closed in X;. Consider amap f : K — X;.
Then the composite i o f : K — X; — X) is continuous and

FTHA) = (o f)7HA),
which is closed because A is k-closed in X. Now let X be compactly generated and let

q : X — Y a quotient map. Since X is compactly generated, ¢ induces a continuous map
q : X — kY as shown below:

q

me

[

Let A C Y be a k-open subset of Y. Hence, Id"*(A) C kY is open in kY. Then the
preimage
q~'(A) = (Idog) ™ (A) =g (1d"(A) € X
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is open in X since ¢ : X — kY is continuous. Therefore, A C Y is open in Y since ¢ is a
quotient map.

(6) Colimits in Top can be constructed by taking disjoint unions and quotients. The colimit of
compactly generated spaces in the category Top is a compactly generated space. Thus, it
is also the colimit in CG.

This completes the proof. O

Remark 10.4.4. In Proposition 10.4.3(3) we have shown that f : X — Y is continuous if and only
if f : X — kY is continuous for all X € CG and Y € Top. This can be summarized such that
following diagram commutes:

ky — My

A
e
X

Note that f has the same underlying function as f. This exhibits kY — Y as the ‘closest approxi-
mation’ of Y by a CG space.

Proposition 10.4.5. Every locally compact Hausdor(f space and CW-complex is CG.

Proor. Let X be alocally compact space assume f~'(A) C K is closed for every compact Hausdorff
space, K. We show A is closed by showing that A€ is open. Let x € A¢. By local compactness,
there exists a compact neighbourhood of x, say K. Let U, be an open neighbourhood of x such that
x € Uy C K,. Because K, N A is closed by hypothesis (consider the inclusion map i, : K, — X),
we have that (K, N A)€ is open. Therefore,

(KxNA)NU, =Ug :=Vy

is an open neighbourhood of x not intersecting A. We have

A=),
X€EAC

and therefore A€ is open. A CW complex is a colimit constructed by consideting closed disks. Since
closed disks are in CG and CG is closed under taking colimits, every CW complex is in CG. ]

Corollary 10.4.6. Let X € Top. Then X € CG if and only if X is a quotient space of a locally
compact space.

Proor. Let X € CG. The converse follows from Proposition 10.4.3. Consider the following collec-
tion:
K ={fk(K) | fx : K — X is continuous and K compact Hausdorft}

LetY = B Fr(K)ek Jfk (K) where each fx(K) € K has the subspace topology inherited from X.
Then Y is a locally compact space. Let
qg:Y—X

be the map maps each fx(K) onto the corresponding compact subset fx(K) C X by the identity
map. We claim that the quotient topology, 7, generated by this mapping coincides with the original
topology, 7, on X. Clearly, T C 7, since g is a continuous map. Let U € 7,. Let g : L — X be
continuous such that L is compact. Since U € 7,, we have that ¢~1(U) is open in Y. Since g(L) is
open in Y, it follows that g1 (U) N g(L) is openin Y. But ¢~ (U) N g(L) = g~ ' (U). Thus, g~ (V)
is open in L and consequently, U € 1. O
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Remark 10.4.7. Limits in CG need not coincide with limits in Top. Let X,Y € CG such that
X =R\ {1,1/2,1/3, ...} with the subspace topology, and let Y = R/Z with the quotient topology.
X € CG since X isa CW complex?> andY € CG by Corollary 10.4.6. In fact, Y is also a CW complex
since Y is an infinite bouqet of circles. However, X X Y is not compactly generated. Let

® (1 a . 05 11 :

A= Ja={] {(—_+“—_‘,i+—_) EXXY:j GN}, a; = (—,—.—)10-1.

) N i1 J i i+1
i=1 i,j=1

The closure of A closure contains (0,0). Hence, A is not closed. But for any compact subset K C

X XY, the set AN K has only finitely many points. This is because for fixed i € N, there are only

finitely many j € N, and also there can be only finitely many i. Hence A k-closed. This shows that

X XY is not in CG. See [Eng89] for details.

Remark 10.4.8. We have

CW ¢ CG ¢ Top
as inclusion of categories. The inclusions are in general strict. Indeed, the Hawaiian earring is in
CG since it is compact and hence locally compact. However, we have already seen that it admits no
CW decomposition. For the inclusion CG C Top, consider the example in Remark 10.4.7.

We can now discuss the mapping spaces with the notion of a compactly generated space in place.
We need to modify the definition given in the previous section a bit since we deal with compact
Hausdorff spaces in this section.

Definition 10.4.9. Let Cy(X,Y) be the set of continuous functions from X to ¥ with the compact-
open topology that is generated by a subbasis formed by the sets of the form

B(u,K,U)={f:K—>Y | f(u(K)) CU, u: K — Xiscts. s.t K is cpt. Hausdorft}
We define C(X,Y) = kCy(X,Y).

Remark 10.4.10. If X,Y € CG, then X X Y might not be in CG. See Remark 10.4.7. In this case,
we can consider k(X X Y). Below, we write k(X XY) as X X Y.

Remark 10.4.11. If X € CG and Y € Top is locally compact, it turns our that X XY € CG. Since
X € CG, we have X = Z [~ such that Z is locally compact by Corollary 10.4.6. In other words, we
have a quotient map q : Z — X. Consider the map

gxIdy : ZxY - X XY

It is a standard fact that g X Idy is a quotient map since Y is assumed to be locally compact. It is

clear that
ZXY

’ bl

Z
XXY=—xY-=

where (z,y) ~' (z',y’) if and only if 7 ~ 7'. In other words, we have “ ~'=~ x1d"”. Here we have
implicitly used the fact that the bijection of sets

Z Z XY
XXY =z —xY= -

~ ~

is in fact a homeomorphism in Top essentially because the product topology (left hand side) and the
quotient topology (right hand side) are the same. Since Z XY is locally compact, the claim follows
from Corollary 10.4.6.

Proposition 10.4.12. Let X,Y,Z € CG.

Right?
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For X,Y € CG, C(X,") is a covariant functor from CG to Sets. Similarly, C(-,Y) is a
contravariant functor from CG to Sets.
The evaluation map
EVX’Y ZXXC(X,Y) —Y
and the injection map
iX’y Y - C(X Xk C(X, Y))
are continuous.
(Exponential Law) The map
¢: C(XxxY,Z) = C(X,C(Y,2)),

as discussed in Proposition 10.2.6 is a homeomorphism.
The composition map

Oxyz:C(X,Y)x C(Y,Z) > C(X,Z)

is continuous.

Proor. The proof is given below:

)

2)

3)

We prove the the covariant case. It suffices to check that Cy(X, -) is a covariant functor.
We have to check that if g : ¥ — Z is a continuous map, then g. = Co(X,Y) — Co(X, Z)
is continuous. But we have

(g 'B(u,K,U) = B(u,K, g (V))

The claim follows.

It suffices to show that ¥ — Cy(X, X X ¥) or equivalently that i ~*B(u, K, U) is openin Y.
AsY € CG, it is equivalent to check that v=1i~'B(u, K, U) is open in L for every test map
v:L — Y, where L is a compact Hausdorff space. Note that u X v : K X3 L — X X Y is
a test map, so (u X v) "1 (U) is open in K X L. By the Tube Lemma, the set

{beL:Kx{b}C (uxv) ' (U)}

is open in L. It is easy to check that this set is the same as v~'inj ' B(u, K, U), which
completes the proof.

Consider an open set U C Y, and amapu : K — X X C(X,Y). We show that
V =u'BEv ! (U)isopenin K. Letv : K —» Xandw : K — C(X,Y) be the two
components of u, so

V={aeK:w(a)(v(a)) € U}.

Suppose that a € V. As w(a) ov : K — Y is continuous, we can choose a compact neigh-
bourhood L of a in K such that w(a)(v(L)) € U. This means that w(a) € B(v,L,U) C
C(X,Y). Asw : K — C(X,Y) is continuous, the set N = w™(B(v, L,U)) is a neigh-
bourhood of a in K. If b € N N L, then w(b)(v(b)) € w(b)(v(L)) C U,so b € V. Thus,
the neighbourhood N N L of a is contained in V. This shows that V is open, as required.
We first show that it is a bijection at the level of sets. If f : X — C(Y, Z) is continuous,
then its image

Id E
xx. v 2 o, z)y s ¥ =5 7

is continuous. On the other hand, if g : X Xcg Y — Z is continuous, then its image

inj’ Evx,
X 2 o, X x V) —
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is continuous. This shows that the exponential map is bijection. Moreover, if W € CG we
have bijections:

C(W,C(X,C(Y,Z))) = C(W xx X,C(Y,Z))
~ C(WXkXXkY,Z)
= C(W,C(X xx Y,Z)).

This means that C(X, C(Y, Z)) and C(X X Y, Z) represent the same contravariant functor
and the claim now follows by Yoneda’s Lemma.
(4) The proof is similar to Proposition 10.2.10.

This completes the proof. O

Thus, we have obtained a category CG that contains all locally compact Hausdorft spaces, CW-
complexes, admits all limits and colimits, and is Cartesian closed.

10.4.2. Weakly Hausdorff Spaces. The category CG still contains some bad topological spaces,
like the Sierpinski space. These do not satisfy the Hausdorff condition and we would like to exclude
them by imposing a Hausdorff like condition.

Definition 10.4.13. Let X € Top. Then X is weakly Hausdorff (WH) if for every compact Hausdorff
space K and every continuous map u : K — X, the image u(K) C X is closed in X.

Example 10.4.14. If X is a Hausdorff space, then X is weakly-Hausdorff since u#(K) is compact and
thus closed in X. Every CW-complex is Hausdorff, hence in particular weakly Hausdorff.

Proposition 10.4.15. Let X be a weakly Hausdor{f topological space.

(1) Any finer topology on X is still weakly Hausdorff. In particular, kX is weakly Hausdorff.
(2) Any subspace of X is weakly Hausdorff.

Prookr. The proof is given below:

(1) Let x be the set X equipped with a topology containing the original topology, i.e., the
identity function Id : x — X is continuous. For any compact Hausdorff space K and
continuous map u : K — x, the composite Id ou : K — X is continuous, and so its image
(Id ou)(K) C X is closed in X. Thus, u(K) = Id™' ((Id ou)(K)) is closed in x.

(2) Leti : A — X be the inclusion of a subspace in X. For any compact Hausdorff space K
and continuous map u : K — A, the composite i o u : K — X is continuous, and so its
image (i o u)(K) C X is closed in X, and thus in A as well.

This completes the proof. O

Let CGWH denote the full subcategory of CG consisting of compactly generated weakly Haus-
dorft spaces. We have

CW ¢ CGWH ¢ CG ¢ Top
as inclusion of categories. The inclusion CGWH ¢ CG is strict since the Sierpinski space is in CG

but not in CGWH. Similarly, the inclusion CW ¢ CGWH is strict. Simply consider the Hawaiian
earring.

Proposition 10.4.16. Let X € CG. Then X € CGWH if and only if the diagonal subspace Ax =
{(x,x) | x € X} is k-closed in X x; X.
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Proor. Suppose that X is weakly Hausdorff. First, observe that every one-point set {x} C X is
certainly a continuous image of a compact Hausdorft space and thus is closed in X, so X is T;.
Next, consider a test map u = (v,w) : K — X X; X. It will be enough to show that the set
u'(Ax) = {a € K : v(a) = w(a)} is closed in K. Suppose that a ¢ u~'(Ax), so v(a) # w(a).
Then the set
U={b:v(b) #w(a)}

is an open neighbourhood of a (because {w(a)} is closed in X). Now K is compact Hausdorff and
therefore regular, so there is an open neighbourhood V of a in K such that V C U, or equivalently
w(a) ¢ v(V). This means that a lies in the set

W =w (v (V)°).

The weak Hausdorff condition implies that v(V) is closed in X, and thus W is open in K. We claim
that (VN W) Nnu"'(Ax) = 0. Indeed, if b € V N W, then v(b) € v(V) but w(b) € v(V)¢ by
the definition of W, so v(b) # w(b), which implies u(b) = (v(b),w(b)) ¢ Ax. This shows that
u~1(Ax) is closed in K, as required.

Conversely, suppose that Ay is k-closed in X X X. Letu : K — X be a test map. Given any
other test map v : L — X, we define

M ={(a,b) e KXL:u(a)=v(b)} CKXL.

This can also be described as (uxv)~!(Ax), soitis closed in K x L and thus compact. It follows that
the projection 7z (M) is compact and hence closed in L. However, it is easy to see that 7y (M) =
v~Y(u(K)). This shows that u(K) is k-closed in X, and hence closed. This means that X is weakly
Hausdorft. O

Remark 10.4.17. Proposition 10.4.16 is an important characterization of weakly Hausdor{f spaces.
In Top, the criteria in Proposition 10.4.16 is exactly the characterization of a Hausdorff space. That
is X € Top is Hausdor{f if and only if Ax = {(x,x) | x € X} is closed in X X X. Here X X X is the
product in Top.

We now have two additional functors. The first is the forgetful functor from CGWH to CG.
Another is weak-Hausdorffification, dented as 4, from CG to CGWH. We need to construct this
functor s. We fist need some additional facts about wtaking quotients in CG.

Lemma 10.4.18. Ler X,Y € CG and let ~ be an equivalence relation on X.
(1) We have
(XX ¥)/(~ xId) = (X/~) X ¥
(2) Let q be the map
q: XX X = (X/~) Xk (X/~)
The set g~ (Ax/~) € X Xx X is closed if and only if X/~ € CGWH.

Proor. The proof is given below:
(1) The standard map
f:XXkY—>(X/~)XkY
respects the relation ~ X Id and thus factors as
fi(XxeY)/(~%xId) = (X/~) xx ¥
Let g1 be the projection map.
g1 (X/~) Xx Y = (X X Y)/(~ x1d)
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Using the exponential law, we get a map
g : X > C,(XxY)/(~xId))
This respects ~ on the level of sets, and so factors to give a map
82 : X/~ C (Y, (X%, Y)/(~ x1d))
Using the exponential law again, we get a map
g:X/~x Y - (XX Y)/(~ xId)
7 and g are clearly inverses.
(2) By applying (1) twice, we have
(X Xk X)/(~ X ~) = (X/~) X (X/~)
Thus, Ax;.-. is closed if and only if q‘l(AX/N) is closed if and only if X/~ is in CGWH.
This completes the proof. m]
Proposition 10.4.19. There exists a functor h : CG — CGWH that is a left adjoint to the forgetful
functor CGWH — CG. That is,
Homcg (h(X),Y) = Homcewn (X, Y)
forall X € CG andY ¢ CGWH.

Proor. We first construct . For X € CG, consider the smallest equivalence relation on XXy X that is
closed. We can take the intersection of all closed equivalence relations. Then 1 X := X/~ CGWH
and there is a natural projection map p: X — X /~. We now show that 4 is left-adjoint to the forgetful
functor. It suffices to show that every f : X — Y factors through X — hX. Since Y ¢ CGWH
Ay C Y X Y is closed and hence f _1(Ay) is closed in X Xy Y. This is an equivalence relation that
contains ~ since it is closed. Thus X — Y respects ~ and factors through X — hX. Moreover, h
is a functor since for f : X — Y such that X,Y € CG, we have X — Y — hY which in turn gives
hX — hY. O

Remark 10.4.20. The functors discussed are summarized in the diagram below:

k h

~ R
Top CG CGWH
\_/(
Forgetful Forgetful

Corollary 10.4.21. The following properties hold:

(1) Limits exist in CGWH and can simply be computed in CG. In fact, small colimits in
CGWH can be computed in CG.

(2) h commutes with colimits. In particular, colimits in exist in CGWH and are obtained
by applying h to the colimit in CG. In particular, the category CGWH is admits small
colimits exist because CG admits admits small colimits.

(3) For X e CG andY € CGWH, C(X,Y) € CGWH. Hence, CGWH is Cartesian closed.

Prookr. (Sketch) The proof is given below:
(1) (Sketch) This is because an arbitrary product in CG of CGWH spaces is still WH, and so
is an equalizer in CG of two maps.
(2) This follows since £ is left adjoint to the forgetful functor.
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(3) Define
Ev,:C(X.Y) = {x} x C(X,Y) — X x C(X,¥) 2 v
We have
Ac(xy) = m (Evy X Evy) ™' (Ay)
xeX
This is closed. Hence, C(X,Y) € CGWH,
This completes the proof. O

Thus, we have obtained a category CGWH that contains all locally compact Hausdorff spaces,
CW-complexes, admits all limits and colimits, and is Cartesian closed.

Remark 10.4.22. All results about Maps(X,Y) that hold under the hypothesis of locally compact
and Hausdorff hold without any additional assumptions in C(X,Y).



CHAPTER 11

Fibrations

We adopt the following conventions from now on:

(1) We will assume that we work in the category CGWH.
(2) Abusing notation, we will write CGWH as Top.
(3) We will write X X Y simply as X X Y.

These assumptions will allow the theory of fibrations to be developed without further restrictions.

11.1. Fibrations

Fibrations play a fundamental role in homotopy theory. In a sense, fibrations can be thought
of as ‘homotopically nice projections,” a notion made precise below. We will introduce two types
of fibrations - the Hurewicz fibrations and Serre fibrations - which are both obtained by imposing
certain homotopy lifting properties. Prominent examples of fibrations are fiber covering spaces and
fiber bundles, which are introduced in the next section. These fibrations provide powerful tools for
understanding the relationships between the base and total spaces, and they allow us to analyze the
homotopy type of complex spaces by studying simpler ones.

11.1.1. Definition & Examples.

Definition 11.1.1. Let X, E € Top. A continuous surjective map p : E — X satisfies the homotopy
lifting for A € Top if for any homotopy H : A X I — X and map f : A X {0} — E, there exists a
homotopy H : A X I — E such that the following diagram commutes:

Ax{O}L\}(E

Ax] —H v x

(1) We say a continuous surjective map p : E — X is a Hurewicz fibration if it satisfies the
homotopy lifting property for any A € Top.

(2) We say a continuous surjective map p : E — X is a Serre fibration if it satisfies the
homotopy lifting property for any /" € Top for each n > 0.

Remark 11.1.2. Clearly, a Hurewicz fibration is a Serre fibration. It is clear that a fibration is a
generalization of the notion of a covering space since covering spaces satisfy the homotopy lifting

property.
196
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Remark 11.1.3. A continuous surjective map p : E — X satisfies the homotopy lifting property for
A € Top if and only if the following diagram commutes:

E ;) X
Here Evy is the evaluation at 0 map and X' denotes Maps(I, X).
Remark 11.14. If p : E — X is a fibration and x € X, then Fy := p~'(x) C E is called the fiber
of p over x. We write
F,—>F—>X
Example 11.1.5. Let’s look at some examples of fibrations:

(1) For any X € Top, the unique map X — = is a Hurewicz fibration. This is clear.
(2) Any projection p : X XY — X is a Hurewicz fibration. For A € Top, let H : AX ] — X
be a homotopy such that Hy lifts to amap A — X X Y. We can define H by

H:AxI— XxY,
(a,t) — (H(a,t),H(a,0)).

It is clear that H satisfies the definition.

(3) A homeomorphism f : X — Y is a Hurewicz fibration since we can simply define H =
floH.
(4) Consider the evaluation map

Evo1 : Maps(I,X) - X x X
v = (v(0), (1))
We show that Evg 1 is a Hurewicz fibration. Consider the diagram:

A=Ax{0} L} Maps(7, X)

oy
\Lio H EVO’I\L

AxI — My xxX
Equivalently, we are given a continuous map
p: (AXx{0}xHU(AxIx{0,1}) > X
which we wish to extend to A x I/ X I. But
({0} x DU (Ix{0,1}) :=J; C I?

is aretract of 72. The argument is similar to Example 2.1.17. Hence sois AXJ; of AXIXI.
Therefore, we can simply pre-compose ¢ with the retraction

r:AXIXI—>AXJp

to find the required extension.



198 11. FIBRATIONS

Proposition 11.1.6. The following statements are true:

(1) The composition of Hurewicz fibrations is a Hurewicz fibration.

(2) The product of Hurewicz fibrations is a Hurewicz fibration.

(3) The pullback of a Hurewicz fibration is a Hurewicz fibration.

(4) (Universal Test Space) Let p : E — X be a continuous surjective map and let N, be the

following pullback:
N, 5 x!
71 Evo
E—L3x
Here

Np = Exx X' ={(e;y) e ExX"| p(e) =y(0)}.

If p satisfies the homotopy lifting property for N, € Top, then p : E — X is a Hurewicz
fibration.

Proor. The proof is given below:
(1) Let p1 : E1 — X and py : E9 — E; be fibrations and consider the following diagram:

Since p; is a Hurewicz fibration, H exists to make the right-hand side of the diagram

commute. Since ps is a Hurewicz fibration, H exists to make the left-hand side of the
diagram commute. The claim follows.

(2) This is clear. The same argument as in covering space theory applies here.

(3) Let p : E — X be a Hurewicz fibration and consider a pullback square:

El —— E
b
X — X
Consider the diagram below:
f /
A x {0} > E s E
2 G B
io\L CI pl
Axl —H o x > X

The unmarked dotted arrow from A X I to E can be completed since p is a Hurewicz
fibration. The fact that the square is a pulback square then implies the existence of H.
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(4) Consider the following diagram:

El L x!
B Bw)
E—l+x
Suppose p satisfies the homotopy lifting property for N,,. Then the map s exists as in the

diagram. By the universal property of pullbacks, there exists amap g : ¥ — N, such that
the diagram commutes. Then s o g :— E' solves the problem.

This completes the proof. O

Remark 11.1.7. We give N, the subspace topology with respect to the compact open topology. We
say that N, is a universal test space p : E — X.

11.1.2. Mapping Path Space. N, is an instance of the construction of a mapping path space
which we now describe.

Definition 11.1.8. Let f : X — Y be a continuous map. The mapping math space is the topological
space
Np=Xxy Y ={(x,y) e XxY"| f(x) =y(0)}.

We give N the subspace topology with respect to the compact open topology.
Note that N is defined as a pullback:

Ny 257!
bl
x Ly
We can now use the mapping path space construction in Proposition 11.1.6(4) to argue that any

continuous map f : X — Y can be decomposed as a composition of a homotopy equivalence and a
Hurewicz fibration.

Proposition 11.1.9. Let f : X — Y be a continuous map. Then f can be decomposed as

f

where i is a homotopy equivalence and p is a Hurewicz fibration.

Proor. We have X C Ny via mapping x — (x, ¢ ¢(x)), Where ¢ s(y) is the constant path based at the
image of x under f. Call this map 7 as in the diagram above. Define

p:Ny—>Y
(x,7) = y(1)



200 11. FIBRATIONS

Clearly, f = poi. We first show that i is a homotopy equivalence. Let 11 : Ny — X be the projection
onto X. Then 71 o i = Idx and we have a homotopy

H:NfXI—>Nf
((X,’y),t) = (X,S = 7((1 —t)S))

from i o 7y to Idy,. We now check that p is a Hurewicz fibration. Consider the following diagram:

Ax {0} —25 Ny

IR
AxI —2 5y

First note that we have the following commutative diagram:

A= Ax {0y —2°

AXIT > A = Ax{0}

If we write Hy(a) = (I(a),J(a)),then s o (moHy)(a,t) = I(a). Hence, we identify 74 o (11 0 Hy)
with /. Moreover, using Example 11.1.5(4), we have the following commutative diagram:

Ax{O} LN syl
EV01

AxI (fol.H) Y><Y

Hence, we can define ﬁ(a, t) = (I(a,t),K(a,t)). The image of H isin Ny. This is because
f(I(a)) = Evo(K(a,1))
Moreover, the intended diagram commutes since
(poH)(a,t) =K(a,1) =Ev, K(a,t) = H(a,1),
Hoiy(a) = H(a,0) = Hy(a).
This completes the proof. O

Motivated by Proposition 11.1.9 we can make the following definition of the homotopy fiber of
any arbitrary continuous map f : X — Y.

Definition 11.1.10. Let f : X — Y be a continuous map. Let p : Ny — Y denote the map as in
Proposition 11.1.9. The homotopy fiber of f over yg € Y is

hFiber (yo) := p~ () = {(x,¥) | ¥(0) = f(x),7(1) = yo}

Remark 11.1.11. For each yy € Y, note that there is a canonical map from the fiber of f over x to
the homotopy fiber of f over x:

/™ (y0) — hFibers(yo)

x = (x,crx))
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Thus, the fiber sits in the homotopy fiber while the homotopy fiber can be thought of as a ‘relaxed’
version of the fiber: a point of the homotopy fiber is a pair (x,7y) consisting of x € X together with
a pathy inY ‘witnessing’ that x ‘lies in the fiber up to homotopy.’

Remark 11.1.12. Let f : X — Y be a fibration. We check that the canonical map
£~'(v0) — hFiber; (yo)
is a homotopy equivalence in this case. Define a homotopy
H:NgxI—Y
((x,7),1) = y(1)

Note that Ho(x,y) = y(0) = f(x), and H lifts through f by Hy: Ny — X, Ho(x,y) = x. That is,
f o Hy = Hy. Because X — Y is a fibration, there is a full lift

H:NpxI—X
of H through f. In other words, H, satisfies the following equation:
f(Hi(x, 7)) = y(1)
Now restrict everything to the fibers. Let
h; : hFiber(yo) — hFiber ¢ (yo)
(6, 9) = (Hi (6, 9),v)1017)

Then hg is the identity, whereas hi(x,y) = (Hi(x, ¥).Cy,) is in the image of i : Ly —
hFibers(yo). Now that h; is a homotopy between i o hy and the identity, while the restriction of
hy is a homotopy between hy o i and the identity. This verifies the assertion.

11.1.3. Fiber Homotopy Equivalence. It is important to study fibrations over a given base
space X € Top, working in the category of spaces over X which we denote as Topy. An object in
Topy is a continuous map p : E — X. Moreover, a morphism in Topy is a commutative diagram

EL— 5 F

N A

A homotopy in Topy is commutative diagram

E1XI—>E2

such that for all # € I, we have the following commutative diagram:

|F1><{t}

Eyx{t} ——— E»

P1 |E1m IA
X
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Definition 11.1.13. Let X € Top and E1, E2 € Topy. Anobject f : E; — E9 in Topy is homotopy
equivalent if there exists another object g : E2 — E7 in Topy such that

gof~Idg,  fog~Idg,
in Topy. The maps f and g are called fibre homotopy equivalences.
The following result will be useful later on:

Proposition 11.1.14. Let X € Top. Let p1 : E1 — X and po : Eo — X be fibrations in Topy. Let
f : Ey — Eg be amap such that ps o f = p1. Suppose that f is a homotopy equivalence in Top.
Then f is a fiber homotopy equivalence in Topy.

Proor. The proof is skipped. O

11.1.4. Characterization of Fibrations. We end with a criterion that allows us to recognize
Hurewicz fibrations. The criterion will also allow us to deduce that covering spaces and fiber bundles
over nice spaces are Hurewicz fibrations.

Definition 11.1.15. Let U be an open cover of X € Top. We say that U is numerable if there are
maps Ay : X — [ for each U € U such that /lzjl((O, 1) =U.

Proposition 11.1.16. Let p : E — X be a continuous surjective map and let U be a locally finite
numerable open cover of X. Then p is a Hurewicz fibration if and only if p|ly : p~"(U) = Uis a
Hurewicz fibration for every U € U.

Proor. The proof can be found in [May99]. We will see in Proposition 11.2.4 that fiber bundles are
Serre fibrations. This suffices for most purposes. O

11.2. Fibre & Principal Bundles

In this section, we discuss fiber bundles providing the key definitions required to introduce some
important examples of interest. Our primary interest in fiber bundles arises from the fact that impor-
tant examples of Serre fibrations are given by fiber bundles.

11.2.1. Definitions.
Definition 11.2.1. Let £, X, F' € Top. A continuous surjective map p : E — X is a F-fibre bundle
if it satisfies the following conditions:

(1) There is an open cover {Ugy } o
(2) There are homeoomorphisms ¢, : p~1(U,) — U, x F such that the following diagram
commutes:

PN Ug) 255 Ug X F
pl /
pry
Ug

Remark 11.2.2. If p : E — X is a continuous surjective map, we will henceforth use the term fibre
bundle to refer to a F-fiber bundle when the fiber F is clear from context.

Example 11.2.3. Here is a basic list of examples of fibre bundles:
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(1) A trivial fibre bundle is of the form F' x X with fibre X. It is clear that this is a fibre bundle
since p : F' XX — X is a continuous surjective map and the following diagram commutes:

XxF 2y xxF
P\L/
pry
X

(2) Let p : E — X be a covering space with a discrete fibres, F. Then p : E — X is a fibre
bundle with fibre F.

(3) Let K =R,C. Let p : E — X be arank n K-vector bundle. Then p : E — X is a fibre
bundle with fibre K".

Why are we interested in fiber bundles in homotopy theory? We demonstrate that a fiber bundle
is a Serre fibration.

Proposition 11.2.4. Let p : E — X be a fibre bundle. Then p : E — X is a Serre fibration.

Proor. Consider the following diagram:

mx {0y 2%

b
H

rxi — s x

Since 7 : E — B is a fiber bundle, there exists an open covering by subsets U, such that p~1(U,) =
Uy X F (over Ugy). We can cover I"*! by the open subsets H~'(U,). Since I"*! is compact, the

Lebesgue number lemma implies there exists a k € N such that, for any sequence (j1, ..., j,) of
numbers 0 < jq,...,j, < k — 1, the small cube

i) [ et

k' k k™ k

is mapped by H into an open set U, C X. We construct the lift H incrementally, one cube at a time.
Thus, we may assume that no further subdivision of I"*! is necessary and that H maps I"**! entirely
into some U,. Moreover, we are given Hy defined on I x {0} that can be extended onto 91" X I.
Consequently, we can also assume that p is the trivial fiber bundle U, X F. Thus, we can construct
such a lift as

H:I"' S ULXF; (x1,...,%p41) — (H(x1, ..o sXne1)s f(X150 0, X0)),

where f is the composition It — 1" x {0} U dI" x I — I" x {0} — U, x F — F. Here the first
map is a deformation retraction. O

Remark 11.2.5. Proposition 11.1.16 implies that fibre bundles with paracompact base spaces are
Hurewicz fibrations. Recall that a paracompact space is a topological space in which every open
cover has an open refinement that is locally finite. Moreover, every open cover on a paracompact
space can be shown to be numerable by working with the existence of bump functions guaranteed to
exist by Urysohn’s lemma.

Let us consider some examples. We construct examples of fiber bundles (and hence Serre fi-
brations) via group actions. In fact, the examples we construct will be principal bundles, which are
specific instances of fiber bundles. To proceed, we first define the notion of a principal bundle.
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Definition 11.2.6. Let p : E — X be a fibre bundle with a topological group, G, as its fibre. Then
p : E — X is a principal G-bundle if the following hold:

(1) There is a continuous, free group action £E X G — E,

(2) For each x € X, the action of G preserves the fibre £, and the orbit map G — E, is a
homeomorphism,

(3) The locally trivalizing cover {Ug, ¢4}« is such that each ¢ is G-equivariant. That is,

900(6 : g) = ‘;Da(e) -8
The group G is called the structure group of the principal G-bundle.

The examples of principal G-bundles we construct will be derived from the category of smooth
manifolds. Consequently, the remainder of this section is adapted for the category of smooth mani-
folds. We will use the following important result:

Proposition 11.2.7. Let G be a Lie group and M be a smooth manifold. A smooth, free, properly
disctontnuous action of G on M induces a smooth manifold structure on M |G such that the map
M — MG is principle G-bundle.

Proor. The proof is skipped. O

Example 11.2.8. (Hopf Fibrations) We discuss the all important example of Hopf fibrations over
k=R,C,H.

(1) Let S* C R™!. Let Zj acts on S” via
S"XZy — ST (w, 1) > 2w,

The action is free. Since Zy is compact, the action is proper as well. Proposition 11.2.7
implies that the S"/Z; is principal Zy-bundle. In fact, we have

Zy — S" — S"/Zy = RP"
is a principal Zp-bundle called the real Hopf bundle. By letting n — oo, we get:
Zo — ST — RP”
(2) Let S$?"*! ¢ C™*! be a sphere of odd dimension. Let S' = U(1) C C acts on S?"*! via
§21+ 5 sl 5§24 (4 7Y s e

The action is free. Since S' is compact, the action is proper as well. Proposition 11.2.7
implies that the S?**!/U(1) is principal S'-bundle. Hence,

st g2, §20+115(1) = CP"
is a principal S'-bundle called the complex Hopf bundle. By letting n — oo, we get:
St — $® - CP*
(3) Let S3 C H. and S***3 ¢ H"*!. An argument as in (2) shows that
§3 s gin+d _, gined /g3 o ppn
is a principal S3-bundle called the quarternionic Hopf bundle. By letting n — o, we get:

§% - §®° — HP®
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Remark 11.2.9. For n = 1, the Hopf fibrations reduce to:

S0 5 st st
Sl —>S3HS2,

38" - st

There is also an octonionic fibration:

87 — 815 — 88,

but there are no higher octonionic versions of the Hopf fibrations.

Let G be a Lie group and H C G is a closed Lie subgroup. The natural of H on G by right mul-
tiplication is smooth, free and proper. Hence, Proposition 11.2.7 implies that G/H is a H-principal

bundle.

Example 11.2.10. (Homoegenous Spaces) The following is a list of examples of homogenous space
which are principal bundles.

)

2)

3)

Consider O(n — 1) a closed subgroup acting naturally on O(n). Note that
O(n)/O(n—-1) = §"!

This follows from the standard transitive action of O(n) on S"~!, the orbit-stabilizer theo-
rem and the characteristic property of smooth submersions. Hence,

O(n-1) - O(n) - s*!

is a principal O(n — 1)-bundle.
Consider SO(n — 1) a closed subgroup acting naturally on SO(n). Note that

SO(n)/SO(n—1) = §"!

This follows from the standard transitive acton of SO(n) on $"~1, the orbit-stabilizer the-
orem and the characteristic property of smooth submersions. Hence,

SO(n—-1) = SO(n) — ™!

is a principal SO(n — 1)-bundle.
Consider U(n — 1) a closed subgroup acting naturally on U(7). Note that

U(n)/U(n-1) = g2n-1

This follows from the standard transitive acton of U(n) on S?"~1, the orbit-stabilizer theo-
rem and the characteristic property of smooth submersions. Hence,

Un-1) - Un) - §21
is a principal U(n — 1)-bundle.

We can generalize the above examples by introducing the notion of Stiefel manifolds.

Definition 11.2.11. Let K = R,C,H. A k-frame in K" is an ordered orthonormal set of vectors
{vi,...,vi} € K", The set of all k-frames, Vi (K"), is called the Stiefel manifold.

Remark 11.2.12. It can be verified that Vi, (K") is a compact smooth manifold. Note that we have
the following identifications:

)

Vi(R") = st

'Here we take the standard inner product.
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(2) Vi(C") = gt
(3) Va(R") = O(n)
(4) Va(C") = U(n)

Example 11.2.13. Consider O(n — k) a closed subgroup acting naturally on O(n). Note that
O(n)/O(n - k) = Vi(R")
The group O(n) acts on the set Vi (R") via
A-(vi,...,vi) = (Avy,..., Avg).

Since the vectors vy, ..., v can be completed to form an orthonormal basis of R”, and O(n) acts
transitively on orthonormal bases, it follows that the action of O(n) on Vi (R") is also transitive. The
isotropy group of the point

p=(e1,...,ex) € Vi(R")

oo

The characteristic property of smooth submersions now implies that

Vik(R") =0(n)/O(n - k).

is given by

A€ O(n—k)} = O(n-k).

as smooth manifolds. The discussion of homogenous spaces implies that
O(n-k) > O(n) - Vi (R")
is a principal O(n — k)-bundle.
Remark 11.2.14. Similarly, it can be shown that
Vi(C") =U(n)/U(n - k),
Vi(H") = Sp(n)/Sp(n — k).
Hence, we have additional examples:
U(n - k) = U(n) = Vi(C"),
Sp(n — k) — Sp(n) — Vi (H").

We can also define the notion of a Grassmannian that can be used to generated additional prin-
cipal G-bundles.

Example 11.2.15. Let K = R, C, H. The set of all k-dimensional subspaces of K", G (K"), is called
the Grassmannian.

There is a natural surjection
p: Vi(K") — G (K")
{Vi,...,vn} o span{vy,..., v, }.

The fact that p is onto follows from the Gram-Schmidt procedure. Thus, G (K") is a topological
space endowed with the quotient topology via p.
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Example 11.2.16. (Sketch) Note that O(k) acts on Vi (R") smoothly, freely and properly discontin-
uously. We have that
Vi(R")/O(k) = Gr(R")
Hence,
O(k) = Vk(R") — Gi(R")
is a principal O(k)-bundle. If we let n — co, we get:
O(k) = Vk(R®) = Gr(R%)
Here G (R*) is the infinite Grassmannian.
Remark 11.2.17. Similarly, it can be shown that we have the following examples:
U(k) = Vi(C") — Gi(C")
If we let n — oo, we get:
U(k) = Vi(C®) = Gr(C%)
11.3. Based Fibrations

Fibrations discussed above are called unbased fibrations. We can now define pointed fibrations.

Definition 11.3.1. Let (E, e¢g), (X,x9) € Top,. A pointed in p : (E,eq) — (X, xq) is a based
fibration if all the relevant maps in Definition 11.1.1 are pointed maps.

Remark 11.3.2. F = p~!(xq) is called the pointed fiber of p over x. We have a sequence
FSED X
Remark 11.3.3. Let (X, xq), (Y, yo) € Top,. If f : (X,xq9) — (Y, yo) is a pointed map, we redefine
Ny to be
Np=XxpYh:{(xy) € X xY!| f(x) =y(D)}.
The proof in Proposition 11.1.9 goes through and f can be decomposed as:
f

/—\

(X.20) — Ny —5 (¥.y0)

Here i is a homotopy equivalence as defined in Proposition 11.1.9 and p is a (Hurewicz) fibration
such that

p:Ny—>Y
(x,7) = y(0)

Example 11.3.4. Let (X, xq) € Top, and let f : {xo} — X denote the inclusion of a singleton. In
this case, Ny = P(X, x¢). Here Ny is as redefined in Remark 11.3.3. We have

f

/_\

{xo} — P(X,x0) —— (X,x0)

Here p is a fibration called the path space fibration. Note that we have p~!(xg) = Q(X, xo). Hence,
we have the following sequence

Q(X,)CO) - P(X,x()) — (X,Xo).
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Remark 11.3.5. We shall only use the phrase fibration when working with a based fibration.

We would to generate a long exact sequence of homotopy groups associated to a continuous map.
Here is the strategy. Let f : X — Y be a pointed continuous map of pointed topological spaces.
Using Remark 11.3.3, we can decomopose f as:

f
X Ny —3Y

Consider the homotopy fiber:

hFiber(yo) := (p) 7' (y) = {(x,7) € X X P(Y,y0) | ¥(1) = £(x),7(0) = yo}
For brevity, we write hFiber ¢ (yo) and hFib ;. Note that hFib is a pullback:

hFiby — P(Y, o)

L e
x —L sy
Therefore, Proposition 11.1.6 implies that the projection p : hFiby — X is a fibration. We get a
sequence
. I4 f
hFiby - X —Y
We would like to iterate this construction. Since x € X is the basepoint of X, note that the fiber of
the fibration p is
P~ (x0) = {x0} x {y € P(Y,y0) | ¥(1) = f(x0) = y0,¥(0) = yo} = Q(Y, yo)
Hence, the usual fiber of p over xg can be identified with Q(Y, yg). As before, we have an inclusion

of p~!(xp) into the homotopy fiber hFib,. Since p is a fibration, this inclusion is a homotopy
equivalence by Remark 11.1.12. Hence, we have a sequence

Q(Y.y) —— hFib, —23» x L5y

[

hFib, —22%% hFib, —25 X —L 5y

Here i is the inclusion mapping vy — (xg,7). The left most square commutes by construction.
Hence, the diagram above commutes in Top,. How shall we extend the sequence? The answer is
given by the following result:

Lemma 11.3.6. Let (E, eq), (X,xq) € Top, and let f : (E,eq) — (X,x0) be a pointed map. Let
F = p~(xo) and
g S
F—-FE—>X
be the associated fiber sequence. The homotopy fibre hFiber, of g is homotopy equivalent to
Q(X, xo).
Proor. Using Remark 11.3.3, decompose f as:

(E,e0) . > Ny
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Since i is a homotopy equivalence and f, p are fibrations, Proposition 11.1.14 implies that i is in fact
a fiber homotopy equivalence. It follows that
i|r : F — hFibery

is a homotopy equivalence. From the discussion above hFibers is defined as a pullback and the
projection hF'iber  — E is a fibration. We can furthermore decompose g as:

F—>Ng > E

We know that N, is also defined as a pullback, the map ' — N, is a homotopy equivalence and
Ng — E is a fibration. The fiber of the fibration N, — E is hFiber, and the fiber of the fibration
hFibery — E is Q(X, xo). Allin all, we have the following diagram:

hFiber, <« N,

FoS

F—FE

[

Q(X,x9) — hFibery

Since the map from N, — hFibery, Proposition 11.1.14 implies that the map is in fact a fiber
homotopy equivalence over E. In particular, the map restricts to a homotopy equivalnce between
hFiber, and Q(X, xp). m|

We can now use Lemma 11.3.6 to continue to construction of the sequence.

Q(X,x0) —L5 QY. yo) ——> hFib, —— X Ly

Jromr ] |1,

hFib; —22 s hFib, 2 hFib, 25 x —L sy

Here j is the homotopy equivalence discussed above and j’ that exists by Lemma 11.3.6. Moreover,
inv is the map
inv : Q(X,x9) — Q(X,x0),
Yy

Since hFib,, = Q(Y, yg), we identify proj’ to be simply the projection onto (Y, yo). We claim that
the diagram above commutes in in hTop,. The first and second squares are clearly commutative.
The third square commutes as discussed above. It suffices to consider the left most square. Let

k = proj’ o(j o inv)
We claim that k£ ~ j o Qf. Note that we have

k[y] = (cyos [y ']
Jof[yl = ([f oyl cx)

The desired homotopy is given by
H(yL,t) = (O, Iy Mol
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Iterating the above construction, we get the following sequence in hTop, :

Qp1

- —— Q(WFiby) 2 Q(X.xg) —L3 Q(Y,y0) —— hFiby 25 x Ly

RN

... —— hFibg; —— hFib; —— hFib, — hFib; — X —> Y

For each pair of adjacent maps, the first is the inclusion of the homotopy fibre of the next, up to
homotopy equivalence. What now? For a fixed Y, w can take the homotopy classes of maps [V, —].,
where - is a space in the sequence above. We need the following lemma and a definition.

i

Definition 11.3.7. A sequence of functions of pointed sets

(Aa) L (B.b) S (C.o)
is exact if f(A) =g ' (c).
Lemma 11.3.8. Let (E, eq), (X,x0),(Z,z9) € Top,. Let p : (E,ep) — (X, xg) be a fibration and
let F = p~Y(xo). The sequence

FLSED X
induces an exact sequence of sets?:
1z.Fl. % (2. E1. 25 [z x1.

Proor. Let [g] € [Z, F].. Then

puoin(lgl):Z—X

Yy = X0

and so
ix([Z, F).) € p4' ([ex])
where cy, is the constant map £ — xo. Now, let [ f] € p;#l([cx()]). So f : Z — E is such that

p#(LfD =[p o fl=lexl

That is p o f is homotopic to cx,. Let G : Z X I — X be the corresponding homotopy. Now define
H : Z x I — E via the homotopy lifting property as in the following commutative diagram.

Zx{0) —L s E

Zxl —S 5 X
Then
poH(z,1)=G(z,1) = cx,
Hence H(Z,1) C F. So z — H(z, 1) can be restricted to amap f’ : Z — F. But H(z,0) = f(z),
so we have

f=iof
Thatis, [f] =ix([f']) and so [f] € ix([Y, F]). This completes the proof. O

Let’s now use Lemma 11.3.8 to get the following result:

2A sequence of functions of pointed sets (A, a) L (B, D) LN (C, ¢)is exact if f£(A) =g~ 1(c).
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Proposition 11.3.9. (Exact Puppe Sequence) Let (X,xq), (Y,yo) € Top, and let f : (X,x9) —
(Y, yo) be a pointed continuous map. The sequence

.- —— Q(UFiby) P Q(X,x) —L5 Q(Y, yg) —— hFiby L x Ly
is exact.

Proor. Let (Z, zg) € Top,. First consider

wFib 5 x Ly

Instead consider the sequence

hFiby - N; 5 Y
Here the map p’ is an honest fibration and hFiby is the fibre of p’. For Y € Top,, we can apply
Lemma 11.3.6 to get an exact sequence of sets:

[Z,hFibs]. — [Z,Nf].— [Z,Y].

However, note that [Z,N¢]. = [Z, X]. since P(Y,yq) is contractible. Hence, we find that the

sequence
f

hFib 5 x Ly
is exact. Moreover,
QK (hFib) 2> QX (X, x0) L QX (Y, yo)

is exact for each k > 1. This is because the sequence

[Z,Q(hWFib)]. — [Z,Q%(X,x0)] = [Z,Q"(Y, yo)]
can be written as

[ZXZ,hFib]. — [Z*Z, (X,x0)]. — [Z*Z, (¥, y0)].
which is know to be exact. Hence, the given long exact sequence is an exact sequence. O
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Cofibrations
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CHAPTER 13

Higher Homotopy Groups

As before, we adopt the following conventions from now on:

(1) We will assume that we work in the category CGWH.
(2) Abusing notation, we will write CGWH as Top.
(3) We will write X Xz Y simply as X X Y.

Let’s finally get to higher homotopy groups.

13.1. Definitions
In this section, we generalize the definition of the first homotopy group.

Definition 13.1.1. Let (X,xg) € Top, be a path-connected pointed topological space. The n-th
homotopy group of (X, xg), denoted as 7, (X, xq), is defined as

mn (X, x0) = [(S", %), (X, x0)] := [S", X].

X is or n-connected if i (X, x¢) for 1 < k < n. We say that X is weakly contractible or co-connected
if 7 (X, x0) =0 for all k € N.

Remark 13.1.2. Note that
(Ijort,or"/ort) = (", )

Hence, we have the following commutative diagram:

(1", 01" —L— (X.x0)
\Lq /
(rjort,ar/or)
Equivalently, m,(X,x0) consists of homotopy classes of maps f : I — X for which 01" is mapped

onto xg. This is because the properties of the quotient topology imply that every f in the diagram
above uniquely factors through a g in the same diagram.

Remark 13.1.3. Ifn = 0, then ng(X, xo) is the set of connected components of X. Indeed, we have
10 = {«} and 1° = 0. Hence,

mo(X,x0) = {[y] | y € X}

Moreover, [y] ~ [V'] if and only if there is a path between y and y’. Hence, my(X,xq) consists of
homotopy classes of maps from a point into the space X.

Proposition 13.1.4. Let (X, xg) € Top,. Then there is a bijection of pointed sets:
-1 (€2(X, x0), o) = mn (X, x0)
for eachn > 1. Here cy, is the constant loop at x.

213



214 13. HIGHER HOMOTOPY GROUPS

Proor. We have:

71 (X, x0), €xp) = 70 (Maps (8", %), Q(X, x0)))
= 71o(Maps(Z(S"71, %), (X, x0)))
= mo(Maps((S", *), (X, x0)))
=1, (X, x0).

foreach n > 1. |

1

1

Remark 13.1.5. We can also make the following computation:
mn (X, x0) = mo(Maps((S", %), (X, x0)))
= 7o (Maps((S', %) A (8”71, %), (X, x0)))
=~ 7o(Maps((Sh, #), Q'"1(X, x0)))
= (QH(X, x0)).
for each n > 1. Here we denote
Q' H(X,x0) == [(5"71, %), (X, x0)].

Note that we have

IR

Q"1 (X, x0), cx) = [(8%, %), Q"1 (X, x0)]
= [2771(8%, %), (X, x0)]
= [(8"71, %), (X, x0)]
= QX xp).

This identification follows since Q"1 (X, xo) is a pointed topological space with the constant loop
as the base point. Hence, we have

(X, x0) = ﬂl(Q”_l(X,xo), Cxp)
forn > 1.
Proposition 13.1.6. Let (X, xg) € Top,. The set n,,(X, xq) forms a group for n > 2.

Proor. This follows immediately from the fact that 7, (X, x0) = 71 (Q""1(X, x0), ¢x,) and 1 (-) is
a group. We can also give a more direct argument. Consider the following map:

) f(2s1,82,...,51) ifOSsls%
»8n) = .
" g(2s1 —1,82,...,8,) 1f%£s1$1

(f+8)(s1,52,...

Note that since only the first coordinate is involved in this operation, the same argument used to prove
that 71 (X, xg) is a group is valid here as well. In particular, the identity element is the constant map
taking all of I" to xg and the inverse element is given by

—f(s1,52,...,8) = f(L=51,52,...,8,).
This completes the proof. O

The additive notation for the group operation is used because 7, (X, xo) is abelian for n > 2.

Lemma 13.1.7. (Eckmann—Hilton Argument) Let X be a set equipped with two binary operations,
o and ®, such that:
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e o and ® are both unital. That is, there are identity elements 1, and 1g such that
lcoa=a=aol,
lg@a=a=a®]1g

forall a € X.
e We have,

(a®b)o(c®d)=(aoc)®(bod),
foralla,b,c,d € X.

Then o and ® are the same and in fact commutative and associative.
Proor. Observe that the units of the two operations coincide:

lo=1lo0olo=(1lg® 1) 0 (lo®1g) =(lgo1le) @ (loolg) =1g ® 1g = 1g.
We denote the common identity as 1. Now, let a, b € X. Then
aob=(1®a)o(b®1)=(1lob)®(acl)=bRa=(bol)®(loa)=(b®1)o(1®a)=boa.
This establishes that the two operations coincide and are commutative. For associativity,

(a®b)®c=(a®b)®3(1®c)=(a®1)®(b®c)=a® (b®c).

This completes the proof. O
Proposition 13.1.8. Let (X, xg) € Top,. If n > 2, n,(X, xq) is an abelian group.

Proor. Weuse Lemma 13.1.7. Touse Lemma 13.1.7, we define an alternative binary operation. Let

[f], [g] € m,(X,xp). Then define [ f] X [g] to be the homotopy class of the map f X g defined by
f(t1,2t2,13,...,1,) if 1o € [0,1/2],

(fxg)tr,....1n) = " .
g(t1,2t0 — 1,t3,...,t,) ifto € [1/2,1].

It is clear that X is a well-defined operation on 7, (X, xg). Moreover, X is a unital operation with the
identity element given by the constant map taking all of /" to xg. To make use of Lemma 13.1.7, it
remains to prove that for any [ f], [g], [#], [k] € 7. (X, x0),

(LT [gD) + ([r] x [k]) = (Lf] + [A]) x ([g] + [k]).
The left-hand side is defined to be the homotopy class of

f(2l1,22‘2,2‘3,. . .,tn) ift; < l, 1ty < l,
2 2
g(2t1,2t9 — 1,13, ..., 1) ifr) <3, 00> 1,
X + ([A] X [k])(t1,....tn) = .
(L7 Ll + (LAl > LkD) ) h(2t — 1,212, 13, .. ., 1y) ity > 3,10 < 4,
k(200 = 1,2t — L3, ... 1) ift1 > 3, 19> 1.
The right-hand side is the homotopy class of
f(2t1,2t9,15,...,th) ift1 < %, 1o < %,
h(2t1 — 1,219, 13, ..., ty) ifty >4 1<,
+ [h]) x + [kD)) (11, ... 1) = 2 2
((LfT + [AD) x ([g] + [kD) (11 n) (201,200 — 1131 . 1 11) i<l s,
k(200 = 1,2t — L3, ... t,) ift1 > 3, 19> 1.
Both these maps are exactly the same map. By Lemma 13.1.7, + is commutative, so 7, (X, xg) is

abelian for n > 2.

O
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Remark 13.1.9. The proof of Proposition 13.1.8 makes it clear why m1(X, xo) need not be abelian.
We simply do not have “enough space” in [0, 1] to carry out the same argument.

We end this section is devoted to discussing various properties of higher homotopy groups that
are analogous to those of the fundamental group.

Proposition 13.1.10. Ler (X, xg) € Top,. The following are some properties of 7,,(X, xo) forn > 1.
(1) For each x(; € X, such that x|, € mo(x), we have

ﬂn(X7x0) = ﬁn(X>x,)

(2) Forn > 2, m, is a functor from Top, to Ab, the category abelian of groups.
(3) Foreachn > 1, nt,, preserves products. If (Y,y) € Top, then

ﬂn(X X Y7 (XO,YO)) = ”n(X,xO) = ”n(Y,YO)

That is, i, preserves products for n > 1.

@@ If f: (X,x9) — (Y, yo) is a pointed homotopy equivalence, then the induced homomor-
phism f, : m,(X,x0) — n,(Y,yg) is an isomorphism.

(5) If (X, %0) € Top and p : X — X is a covering map, then p, : m,(X, %) — mn(X, p(Z0))
is an isomorphism for all n > 2.

Proor. The proof is given below:
(1) This follows because

(X, x0) = 11 (Q"1 (X, x0), €xp) = 11 (Q" (X, x(), €)= 7 (X, x0)

Here we have used the fact that Q"~1(X, xo) and Q" 1(X, x{,) are homeomorphic topolog-
ical spaces.

(2) Let ¢ : (X,x9) — (Y, y0) be a continuous map. If f ~ g, then ¢ o f ~ ¢ o g as before.
Hence, the induced map ¢. : 7,(X,x9) — n,(Y,y) is well-defined. Moreover, from the
definition of the group operation on r,,, it is clear that we have

po(f+g)=(pof)+(pog)

Thus, ¢.([f +g]) = ¢«([f]) + ¢«([g]). Hence, ¢, is a group homomorphism.
(3) The proof in the case of 71 goes through as before.
(4) Letg : (Y,yo) — (X, x0) be an inverse pointed homotopy equivalence so that we have:

gof~Idxrelxg and fog ~ Idyrelyg.

Homotopy invariance gives! g. o fi = (g o f). = Ids, (x,x,), and similarly f, o g, =

Idz, (v.y0)-
(5) First, we show that p., is surjective. Let xo = p(Xg) and consider f : (S", %) — (X, xg).
Since n > 2, we have 71 (S", x) =0, so

fo(mi(8",%)) = {0} € pu(mi(X,5)).

By the path lifting criterion, f admits a lift to (X, %o). That is there exists f : (S", %) —
(X, %) such that p o f = f. Then [f] = [p o f] = p«([f]). Next, we show that p, is
injective. Suppose [ f] € ker p,.. So [po f] =0. Let po f = f. Then f ~ Cx, Via some
homotopy

H; : (Sn’ *) - (X’XO)

is easy to see that homotopic maps induce identical homotopic maps and hence identical maps on homoto roups.
1t y t that h top ps ind dentical h top ps and h dentical map: h topy group
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with ¢1 = f and ¢y = Cxo- By the homotopy hftlng criterion, there is a unique H, :
(S", %) - ()2' X0) withpoHt H,. Then we havepoH1 =H; = fandpoHo = Hy = cx,,
so by the uniqueness of lifts, we must have Hi = fand Hy = ¢ %- Then H; is a homotopy
between f and cg. So [f] = 0. Thus, p, is injective.

This completes the proof. O

Remark 13.1.11. Proposition 13.1.10(5) can be interpreted as mentioning that covering spaces
cannot be used to compute higher homotopy groups!

How does one compute higher homotopy groups? In general, this is a difficult problem. But we
can at the very least state some trivial calculations for definition and basic properties:
Proposition 13.1.12. The following are calculations of some higher homotopy groups:

(1) If X = {e} is a one-point space, then m,(X) = {0}, is the trivial abelian group for n > 2.
(2) If (X, x0) is contractible, then m, (X, xq) = {0} is the trivial abelian group for n > 2.

(3) We have
Z, ifn=0,1,
mash = {07
0, ifn>2
(4) We have
(81 X 8L (e, w)) = {0)
N———
k -times
forn > 2.

(5) We have m,(RP¥, %) = 1,,(Sk, %) forn > 2.
(6) We have n,,(RP*, %) =0 forn > 2.

Proor. The proof is given below:

(1) A one-point space has only the constant loop. Hence, each higher homotopy group is trivial.
(2) This follows from the Proposition 13.1.10(5) and (1) above.
(3) Consider S! with its universal covering map p : R — S!. If n > 2, we have

(St %) = 1, (R,0) =0

We already know the result for n = 0, 1.

(4) This follows from (3) and Proposition 13.1.10(3). We can also apply a covering space
argument as in (3).

(5) This is because S* — RP" is a covering map.

(6) This is because S® — RP™ is a covering map and S* is contractible.

This completes the proof. O

13.2. Cellular Approximation

Homotopy theory of CW complexes is more tractable. For instance, a key results includes the
cellular approximation, which allows for approximating maps by cellular ones. We prove the cellular
approximation theorem in this section. Since CW complexes are built inductively, the following
strategy will not come as a surprise. Given a map f : X — Y of CW complexes, we will try
to deform f cell by cell into a cellular map. As an important building block for the proof of the
theorem, there is the following case of a single cell.



218 13. HIGHER HOMOTOPY GROUPS

Lemma 13.2.1. Let X,Y € Top such that we have a pushout diagram

st —— X
R
D" —— Y

Any map f : (D™, S™ 1) — (Y, X) with m < n is homotopic relative to S™ ' to a map g satisfying
g(D™) C X.

Let us describe the strategy of the proof. The attaching map y : D" — Y restricts to a homeo-
morphism y1,t(pn). Hence, we identify Int(D") C Y. We show that we can construct a homotopy
relative to S” ! such that f ~ h and 0 ¢ h(DD"™). Here 0 is the origin of Int(D"). To see that this is
enough, consider Y \ {0}. The inclusioni : X — Y \ {0} is the inclusion of a strong deformation
retraction 7 : Y \ {0} — X induced by collapsing Int(D") \ {0} onto S"~!. Hence, we have

Idy_qoy =ior
relative to X which induces the desired relative homotopy
h=Idy_joyoh~ioroh=g
relative to S~ 1. Putting these two homotopies together, we conclude that f ~ g relative to S"~!.

Proor. We induct on n. Let n = 1,m = 0. In this case, $”~! = ¢ and D" = {*}. A map

[ {xh0) - (Y, X)
is essentially the same as a point y € Y. For some x € X, there is a path w : I — Y with w(0) =y
and w(1) = x € X. This path defines the desired homotopy. Assume the claim has been prove for
n — 1. We list the following consequences of our inductive assumption:
(1) Any map S¥ — §"7! for k < n — 1 is homotopic to a constant map. Indeed, apply the
inductive hypothesis to for n — 1 to the standard map (DX, S¥71) — (D"~ [[gn-2 *, *).
(2) Any map S¥ — S§"7! x (a, b) for k < n — 1 is homotopic to a constant map. This follows
from (1) and that (a, b) is contractible.
(3) Any map Sk — §"1 x (a, b) for k < n—1 can be extended D¥. This follows from (2) and
Proposition 10.1.4.
We now construct a homotopy f =~ h : D™ — Y relative to S~ ! such that 0 ¢ #(ID™).Consider the
subsets

Uo = {x e D" | |Ix|| < 2/3},
Vo={xeD"||lx|| > 1/3}.

and define two subsets of Y by setting U = x(Up) and V = X [[gn-1 x(Vp). Note that
Unv =S8""1x%x(1/3,2/3).

We construct a homotopy f =~ h such that the image of % entirely lies in V, and hence avoids the point
0 € Y. WLOG replace (D™, S"~1) by (I"", 0I"™). Note that {U, V} is an open cover for Y. Pulling
back the open cover of Y along f induces an open cover f~1(U), f~1(V) of of I"*. The Lebesgue
number lemma implies there exists a N > 0 such that the image of each m-cube

[k ke [km e + 1
k1 -

N’ N

, OSki<N
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under f is contained in either U or V. We construct homotopies to modify f only on those / ]'(’i
which are not entirely mapped to V. We define a filtration on /™,

orm" c Z(_l) C Z(O) c...C Z(m) =
Let J~! be the index set for all /-dimensional sub-cubes, 0 < I < m, of all cubes It ., whichare

already completely mapped to V by f. Let us denote the /-dimensional sub-cube corresponding to
such an index ¢ € J~! by I.,. We then set

7(=1) U Il,
peJ1

and it follows from our assumption on f that dI"* C Z(~1). We now take care of the remaining sub-
cubes, and this will be done by induction over the dimension of these sub-cubes. Foreach0 < k < m,
let Ji be the index set for all k-dimensional sub-cubes, / f; for ¢ € Ji, of the cubes [ ,’g which

satisfy f(If;) Z V. Set
7(k) — 7(k=1) U U [é‘

peJi

..... k

This defines a filtration for X. We now want to inductively construct maps hy : Z*K) — Y, k > -1,
such that:

e The map /_; is obtained from f by restriction.
e The map A, sends the cubes If; toUNVforall ¢ € Jp and k > 0.
e The map hy extends hg_1, i.e., we have hg|,«-1) = hg_1 forall & > 0.

For hy, note that Z(©) is obtained from Z(~1) by possibly adding some vertices which are mapped
to U. For each such vertex, choose a path to a point in U N V. This defines hg. Inductively, assume
that A _1 has already been constructed. For each ¢ € J, we have that hk_l(al;f) c UnNYV. Since
UNV = §"~1x(1/3,2/3), the induction hypothesis and (3) above implies that we can find extensions
as indicated in the following diagram:

o1k N unv
R ¢

\L hi,o

k
Iy

These maps Ay, , and /i1 can be assembled together in order to define amap hy : Z (k) — Y with the
desired properties. If we set i = h,, : I = X(™) — Y, then we have h(I"™) C V. Hence, it suffices
to show that f = h relative to 91". We show that in fact we construct such a homotopy relative to
Z=1 . Both maps f and % coincide on Z(~1). Moreover, the restrictions of both maps to I — Z(-1)
can be considered as maps taking values in U. But, U is homeomorphic to an open n-disc, hence
convex, so that the two restrictions are homotopic via linear homotopies. This homotopy, together
with the constant homotopy on Z(~1), can be assembled together to give the desired homotopy f ~ &
relative to Z(~1), O

We now state and prove the cellular approximation theorem.

Proposition 13.2.2. Let (X, A) be a finite-dimensional CW pair, let Y be a CW complex. If f : X —
Y is a continuous map such that f|a : A — Y is a cellular map, then f is homotopic to a cellular
map g : X — Y relative to A. In particular, any map of CW complexes is homotopic to a cellular
map.
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Proor. We have a filtration

A=XD cxO cx®c  xm=x,
Similarly, we also have a filtration for Y. Let g_; = f. We construct maps g, : X — Y and
homotopies g,-1 =~ g, such that

(1) The map g,, sends the relative n-cells to Y ).
(2) The homotopy g,—1 = g, is relative to X 1),

We proceed by induction. Let J,, denoting the set of relative n-cells. We have a pushout diagram:

Ugey, ODE — X(n7D)

l |

Uepes, D — X0,

For each such cell D?,. such that g,_1 (D”) is not contained in Y (n=1) "there is a finite relative sub-
complex Y’ with
y™"Wcy cy

such that g,_1(D?.) € Y’. Choose a cell of maximal dimension in Y’ which has a nontrivial in-
tersection with g,_1(D?). By Lemma 13.2.1, this cell can be avoided up to relative homotopy.
Repeating this finitely many times and gluing the relative homotopies together, we obtain a homo-
topy Hp.o : 8n-1 = 8&n,o : D? — Y relative to 0D, such that g, ,(D?) C Y™ Recalling that
X x [0,1] carries the quotient topology with respect to the map

Lo

oel,

XDy x [0,1] — X x [0,1].

We can glue the homotopies H,, .-, the constant homotopies on g,—1 : D?. — Y for all n-cells with
gn-1(e™) € Y and the constant homotopy on g,,_1|x-1) together in order to obtain a homotopy

H,: X" x[0,1] > Y.
relative to X", Since X" — X is a cofibation, we obtain a homotopy
H,: Xx[0,1] -»Y.

which admits a solution since the inclusion X ") — X is a cofibration. We set g, = H,,(—, 1). Since
X(m = X it suffices to compose the finitely many homotopies Hy, 0 < k < n, to obtain a homotopy
H: f ~g=g,relative to A such that g : X — Y is a cellular map. O

Remark 13.2.3. Proposition 13.2.2 can be extended to the case where X is infinite-dimensional.

13.3. Relative Homotopy Groups

We define relative homotopy groups. We also state and prove the long exact sequence in homo-
topy groups, which is a crucial tool for computations.

Definition 13.3.1. Let (X, A, x) € Top;, such that A contains the basepoint xq. For n > 1, the n-th
relative homotopy group, denoted as 7, (X, A, xg), is defined as

ﬂn(X’ A,XQ) = [(Dn7 Sn_17 *)’ (X’ Ae-XO)]
We say (X, A, xq) is n-connected if 7z (X, A, xg) for 0 < k < n.



13.4. FREUDENTHAL'S SUSPENSION THEOREM 221

One can think about relative homotopy groups differently. Consider the relative path space
P(X,A,x0) ={y € P(X,x0) | y(1) € A}.
Note that P(X, A, xo) is a based topological sapce with basepoint the constant path at I — x¢. Con-
sider m,—1(P(X, A, x0), cx,) Anelement of w,,_1 (P(X, A, xp), Cx,) isamap (S" 1, %) = P(X, A, Cxp)
up to homotopy that sends * to c,,. Equivalently, it is a map (S"~%,%) x I — X up to homotopy
that:

(1) Maps (S"1, %) x {0} to x, as every path starts at x.

(2) Maps {*} x I to cx,

(3) Maps (S"1, %) x {1} into A as paths end in A.
This is nothing but the data of a map

(D", 8", %) — (X, A, x0)
defined up to homotopy. Hence,
ﬂn(Xa A, xO) = ”n—l(P(Xa A,XO)e Cxo)

This shows that 7, (X, A, xp) is a group for n > 2 and an abelian group for n > 3. We have a long
exact sequence in relative homotopy groups:

Proposition 13.3.2. Let (X, A, xo) € Top? such that A is a closed subspace. Then there is an exact
sequence of homotopy groups:

- > (A, xg) = 1,(X,x0) = 1, (X, A, x0) = mp-1(A,x0) — - -
Proor. Consider the inclusion map i : A — X. The homotopy fiber of i is P(X, A, xp). Note that
[(S°, %), Q" (P(X, A, x0), cxp)] = [EM(S%, %), (P(X, A, X0), )]
= [(8%,%), (P(X, A, x0), cxo)]
= mn(P(X, A, x0), ¢x,) = Tna1 (X, A, x0).d
The claim now follows by letting (Z, zg) = (S°, #) and applying [(S?, %), —] to the exact sequence
in Proposition 11.3.9. O

Remark 13.3.3. Using Proposition 13.3.2 and some algebraic manipulations, one can show if (B C
A C X) € Top? such that B C A C A and B contains the base point x, then there is a long exact
sequence:

> ﬂn(A,B,)CO) - ﬂ-I’L(Xe B,XO) - ﬂn(X’A,XO) - ﬂn_l(A,B,XO) —
13.4. Freudenthal’s Suspension Theorem

The purpose of this section is to prove Freudenthal’s suspension theorem. We first state a notion
of the excision theorem for homotopy groups. Recall that a remarkable fact about homology groups
is that the relative homology groups satisfy the excision property. However, this is not the case for
relative homotopy groups. However, there is a version of excision that holds for CW complexes that
have rather strong connectedness properties.

Proposition 13.4.1. Let X be a CW complex such that X = A U B and A N B is non-empty and
connected. If (A, A N B) is k-connected, (B, A N B) is l-connected, andi : (A,AN B) — (X, B) is
the inclusion map, then for any xo € A N B, the induced map

iv:m (A, AN B,xg) — m,(X, B, xgp)

is an isomorphism when n < k + [ and is a surjection when n = k + 1.
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Proor. The proof is lengthy and technical. See [May99; Hat02]. O
We now state and prove Freudenthal’s Suspension Theorem:

Proposition 13.4.2. Ler (X,x0) be an (k — 1)-connected pointed CW complex. For any map f :
Sk - (X, xg), consider its suspension,

Tf:2st = 8" 5 N(X, x).
The assignment

T (X, x0)) = 71 (E(X, x0))
/1= [2f]

is a homomorphism which is an isomorphism for n < 2k — 1 and a surjection for n = 2k — 1.

Proor. We can think of XX as two copies of CX, which we call C*X and C~X, identified along
their bases. Define j to be the composition of the following three maps drawn in the diagram below,
each of which is induced by the obvious inclusion maps.

70 (X, %0) = 7s1(C*X, X, x0) = Tps1 (EX, C™X, x0) = Tps1(EX, x0)

For any n, the leftmost and rightmost maps are isomorphisms because of the long exact sequences of
the CW pairs (C*X, X) and (£X, C~X), respectively, since 7, (C*X) is always trivial. Also, when
X is (k — 1)-connected, the CW pair (C*X, X) is k-connected by the long exact sequence of the pair
(C*X, X). This allows us to apply Proposition 13.4.1, so the middle map in the diagram above is an
isomorphism when n + 1 < 2k and a surjection when n + 1 = 2k. O

Remark 13.4.3. Let X be a k-connected CW complex. For any n € N, consider the sequence of
maps:
s (X, x0) = Ts1 (EX,x0) = Ma2(E2X, x0) — ...
Since X is an k-connected CW complex, the Proposition 13.4.2 implies that us that n,, (X, xg) =
a1 (ZX, x0) n < 2k + 1. We make the following observations:
(1) In particular,
ﬂ'n(ZX’XO) = ﬂ'n—l(X,-XO) =0
if0 < n < k+1. If X is O-connected (path-connected) then 2X is also 0-connected
(path-connected). Hence, we have that

X is k-connected = ¥ X is (k + 1)-connected

More generally, we have that "X is (k + n)-connected for any n € N,

(2) Let N(k,n) = n—1—2k, and observe that wheni > N(k,n), we have n+i < 2(k +i) + 1.
Thus, the groups m,.;(X'X) are isomorphic for all i > N(k,n). Let N = N(n, k), and
define m,.n (EN X, x0) as the n-th stable homotopy group of X.

More generally, the n-th stable homotopy group of any X € Top,,

T (X) = h_I)nﬂn+k(ZkX’x0)~
keN
Observe that since X is always 0-connected, we do not actually need X to be 0-connected, so every
space X has n-th stable homotopy groups for all n € N. Moreover, Proposition 13.4.2 proves this
colimit is realized after finitely many elements along the sequence. This is the start of the subject of
stable homotopy theory.
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13.5. Some Computations

The purpose of this section is to compute the homotopy groups. Our main computational tool
will be the long exact sequence associated with a fibration, as proved below. We begin by considering
a basic example.

Example 13.5.1. (Spheres) Let k > 2. We compute 7,,(S¥, %).

(1) Let 1 < n < k. Let S” — S* be a continuous map. WLOG, we can assume that f is
a cellular map by Proposition 13.2.2. If S* is given the standard cellular structure with a
0-cell and a k-cell, then the n-th skeleton of S¥ for n < k is simply the O-cell. Therefore,
f : §" — S¥ is homotopic to the constant map. Hence, ,,(S¥, %) =0 for 1 < n < k.

(2) Letn = k. Since S" is (n—1)-connected by (1), Proposition 13.4.2 implies that 7 ; (S", *) —
b j+1(S”+1, ) is an isomorphism for j < 2n — 1. Therefore,

(8", %) = mpe1 (8™, %)

for n > 2. Moreover, Proposition 13.4.2 implies that Z = m1(S', ) — m5(S?, #) is sur-
jective. We will show that in Example 13.5.5 that in fact this map is an isomorphism since
72(S?, %) = Z. Therefore, we have

Z = 71'2(82,*) = ﬂ3(83’ *) = 7T4(S4’ *) =
That is, m,, (S", *) = Z.

Hence, for k > 2 we have

nn(Sk)= 0, %f1$n<k,
Z, ifn=k.

Remark 13.5.2. Example 13.5.1 implies that it remains to compute n,,(S¥) for n > k. This turns
out to be a very difficult problem.

Remark 13.5.3. We can now also argue that homotopy groups are not a perfect topological invari-
ant. Consider

X =S*xRP?, Y=RP?xS>
By Example 13.5.1, we have:
7 (X) = m1(S?) x m (RP?) = 0 X Zo = Zy
1 (Y) = 1 (RP?) x 11 (S?) 2 Zo x 0 = Zy
The universal cover of both X and Y is homeomorphic to S°. Hence,
T (X) = 7, (Y)

for n > 2. Hence, X and Y have same homotopy groups. However, X and Y are not homotopy
equivalent. Indeed,

H5(X)=2Z, H5(Y)=0
since X is compact and orientable, and Y is compact and non-orientable.
We now establish the long exact sequence associated with a fibration. Notably, we can leverage

the properties of fibrations along with the exact Puppe sequence (Proposition 11.3.9) to derive a long
exact sequence of homotopy groups.
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Proposition 13.5.4. Let (E, eq), (X,x) € Top, and let p : (E, eq) — (X, x0) be a based fibration.
Let F = p~(xg). Then we have an exact sequence of homotopy groups:

> (F,e0) = ma(E, e0) = mu(X,x0) = mn-1(F, e0) = mp-1(E, €0) = mn-1(X, e0) — -+

Proor. Since p is a fibration, we have that the homotopy fiber of p is homotopy equivalent to F.
Observe that

[(SO’ *)’ Qn(X9 xO)]* = [Zn(s()’ *)7 (X,XO)]*
= [(Snv*)v(X9x0)]*
= ﬂ'n(X’xO)

The claim now follows by letting (Z, zg) = (S°, #) and applying [(S?, %), —] to the exact sequence
in Proposition 11.3.9. O

We can perform further computations by exploiting the long exact sequence of homotopy groups
associated to fibrations.

Example 13.5.5. (Hopf Fibration) Consider the Hopf Fibration:
st - 8% - s
Barring g, the long exact sequence reads:
o> 0> 3(S?) > 3(8?) 5 0> 0> 1(S?) 5 Z—>0—-0
Hence,
712(82, ¥) =7
T (S3, %) = m,(S%, %), n>2
In particular,
n3(S% %) = Z

Remark 13.5.6. The computation in Example 13.5.5 is independent of the computation in Exam-
ple 13.5.1. This shows that the claim r,,(S", %) = Z made in Example 13.5.1 is correct.

Example 13.5.7. Consider the fibration
st — 8° — CP®
Barring 7, the long exact sequence reads:
-0 > 13(CP”) - 0 > m3(CP*) »Z—>0—->m(CP¥) > Z—>Z—>Z

Hence,
Z k=0,2
CP%) = ’
n( ) {0 otherwise
Example 13.5.8. (Special Orhthogonal Group) Consider the fibration:
SO(k — 1) — SO(k) — Sk-1

We have a long exact sequence of homotopy groups:

<+ = 1 (SO(k=1)) = 1, (SO(k)) = m, (87 — 7,21 (SO(k=1)) = 7,1 (SO(K)) = 7p1 (8*71) — -+

Forn < k — 3, we have
- = 1, (SO(k - 1)) = 1, (SO(k)) > 0 — ---
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This implies that
mn(SO(k)) = m, (SO(k - 1))

for k > n + 3. This isomorphism doesn’t hold for k =n+2 (n = k — 2). Indeed, if k =3 and n = 1,
we have

Zo = m(RP?) = 11(SO(3)) # m1(SO(2) = 1 (SH) = Z
In any case if k > n + 3, we have

7 (SO(k)) = 7, (SO(k - 1)) = 7,(SO(n +2))

In particular, we have

0
7(SO(K) =Z,  m(SO(K)) = ZQ

Ly

;X
vVl
NGV R

Example 13.5.9. (Unitary Group) Consider the fibration:
Uk —1) - U(k) — S

We have a long exact sequence of homotopy groups:

- = 1 (U(k=1)) = 1, (U(K)) = 7 (S*71) = 701 (U(k=1)) = 1,1 (U(k)) = 11 (8771 — -

For n < 2k — 3, we have
o, (U(k—1)) - m,(U(k)) > 0— -+
This implies that
m,(U(k)) = 7, (U(k - 1))
for n < 2k — 3. This isomorphism doesn’t hold for n = 2k — 1. Indeed, if k = 2 and n = 3, we have
Z = m3(S%)
n3(SU(2))
m3(SU(2)) x m3(S")
73(SU(2) x §1)
n3(U(2)) # m3(U(1))
m3(Sh) = 0.

IR

IR

IR

1R

I

In any case if k > [(n + 3)/2], we have
mn(U(k)) = 70 (U(k = 1)) = 7, (U([(n +3)/2] = 1))

In particular, we have

2 pel 0 k=1 0 k=
mo(U(k)) = Z, 7r1(U(k))E{Z k;2 ma(U(k) =40 k=2 m(U(k) =4Z k=
- 0 k>3 Z k>

w N~
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13.6. Classification of Principal G-bundles

We can use homotopy theory to provide a homotopy-theoretic classification of principal G-
bundles. More precisely, we show that the functor taking a topological space to the set of principal
G-bundles on it is representable in the homotopy category. Recall that a principal G-bundle is defined
as follows:

Definition 13.6.1. Let E, X € Top such that p : E — X be a fibre bundle with a topological group,
G, as its fibre. Then p : E — X is a principal G-bundle if the following hold:

(1) There is a continuous, free group action £ X G — E,

(2) For each x € X, the action of G preserves the fibre £, and the orbit map G — E, is a
homeomorphism,

(3) The locally trivalizing cover {U,, ¢4}« is such that each ¢ is G-equivariant. That is,

(pa/(e : g) = 900(8) -8
The group G is called the structure group of the principal G-bundle.
We now define the notion of morphisms of principal G-bundles.

Definition 13.6.2. Let p; : E; — X; be two principal G-bundles. A morphism of principal G-
bundles is given by a pair of smooth functions f : Ey — Esand g : X3 — Xz such fis a
G-equivariant map and the diagram

Eq L) E>
T
X1 —— Xo

commutes. A morphism of principal G-bundles is an isomorphism of principal G-bundles if f, g
are diffeomorphisms.

Remark 13.6.3. If p; : E; — X; be two principal G-bundles for i = 1,2, any G-equivariant map
f : E1 — E5 defines a morphism of principal G-bundles. This is because

fler-g) =g(e1) g
implies that f maps fibers of E1 to fibers of Eo. Hence, defining
g: X1 — Xo
x1 > pa(f(er))
is well-defined for any choice of e € P1_1 (x1) and uniquely determines the base map g : X1 — Xo.

Remark 13.6.4. An important special case we will consider is when X1 = Xo = X. In this case,
g = Idx.

Before stating the classification theorem, we need to introduce some constructions of principal
G-bundles, with the first important one being the pullback construction.

Example 13.6.5. The following are examples of constructions of principal G-bundles.
(1) Let X1, X> € Top and let p; : E; — X; be a principal G-bundles for i = 1, 2. Then

p1Xp21E1XE2—)X1XX2
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is a principal G-bundle. Indeed, p1 X ps is a fibre bundle. This is in my other notes. The
group action on E; X Es is given by the diagonal action:

(e1,e2)-g=(e1-8,e2-8)

It is clear that Definition 13.6.1 is satisfied.
(2) Let X € Top and let p : E — X be a principal G-bundle. If X’ C X is a subspace of X,
then

plx i p I (X)) > X
is a principal G-bundle. Indeed, p|x- is a fibre bundle. This is in my other notes. Moreover,
Definition 13.6.1 is easily satisfied.
(3) (Pullback) Let X,Y € Top and let p : E — Y be a principal G-bundle. Consider a
continuous map f : X — Y. We construct a principal G-bundle f*p : f*E — X that fits
into the following commutative diagram:

f'E -5 E
ol
X T> Y
Consider
fE={(x,e) e XXE| f(x)=p(e)} =XXy E

We endow f*E with the subspace topology of the product topology. Let f*p and w2 be
projections onto first and second factors respectively. Consider the product principal G-
bundle.

Idyxp: X XE - X XY
Consider the graph of f:
Ip={(x,y) eXxY|y=f(x)} S XxY

Note that we have

(x,e) € (Idx xp)"'(Ty) &= f(x) = ple).
Hence, the inverse image of I'y is f*E. This shows that f*E is a principal G-bundle.
Uniqueness follows from categorical nonsense.

We now prove the important fact the pullbacks of principal G-bundles along homotopic maps
are isomorphic.

Proposition 13.6.6. Let X,Y € Top be paracompact Hausdorff topological spaces. Letp : E — Y
be a principal G-bundle. If ho, h1 : X — Y are homotopic maps, then hy(E) = hj(E).

Remark 13.6.7. We will invoke the following facts on principal G-bundles in the proof of Proposi-
tion 13.6.6.

(1) Every morphism of principal G-bundles is an isomorphism.
(2) There is a bijection between morphisms of G-bundles E1 — Eo over a common base and
global sections of the associated bundle E1 Xg E2? over X with fiber Es.

These constructions and facts are covered in my other notes.

2Here E9 is endowed with the left action g - eo = eg - g_l
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Proor. Consider a homotopy
H:XXI—->Y

such that Hy = hg and Hy = h;. Pulling back p : E — Y along H, we get a principal G-bundle
H*E — X x I such that

H'E|xx(0y = ho(E)

H'E|xx {1y = hi(E)

Hence, it suffices to sow that for any principal G-bundle ¢ : F' — X X I, the restrictions g|xx o} and
qlxx{1} are isomorphic. Denote the restrictions as

qgo:Fop—-> Xx{0} =X

gr:F1 > Xx{l} =X
It suffices to prove that F = Fjx I as prinicpal G-bundles over X X I, since then restriction to X X {1}
gives the isomorphism

Flxxq1y = F1 = (Fo X I)|xx{1} = Fo.
It suffices to find a global section of F' Xg (Fo X I) — X X I. Now, F X (Fy % I) has a section over
X x {0}, since
Flxx(o0y = Fo = Fo X I|xx{0}

Since X is paracompact Hausdorft, X x [ is paracompact Hausdorft. Hence,

Fxg (FoxI)— XxI

is a fibration by Remark 11.2.5. The claim now follows from the homotopy lifting property of fibra-
tions.

Xx{0} —— Fx¢g (Fopx1I)

Lo
Xx1 — 5 xx
This completes the proof. O

Let (X, G) denote the set of isomorphism classes of principal G-bundles over X, and let (G)
denote the isomorphism classes of all principal G-bundles. The assignment
Top — P(G)
X - PX,G)
is a contravariant (set-valued) functor. Indeed, this follows from the pullback construction. Propo-
sition 13.6.6 states that the functor actually descends to the homotopy category:
Top — P(G)

The homotopy theoretic classification of principal G-bundles argues that this functor is representable.
We restrict ourselves to the category CW complexes. The representability below can be generalized
to other categories. We need the following facts about CW complexes.

Lemma 13.6.8. Let (X,Y) be a CW pair and let p : E — X be a fiber bundle with fiber F. Assume
that pi(F) = 0 for each k such that X \'Y has cells of dimension k + 1.

(1) Everymap f :Y — F extendstoamap f : X — F.
(2) Every section s € I'(Y, E) can be extended to a global section s € I'(X, E). In particular
(taking Y = 0) p : E — X admits global sections if F is k-connected where k = dim(X).
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Remark 13.6.9. Let p : E — X be fiber bundle with fiber F. We will invoke the following facts in
the proof of Lemma 13.6.8.

(1) There is a bijection between local sections defined over a locally trivial cover U, and
smooth maps Uy, — F

This is proved in my other notes.

Prookr. The proof is given below:
(1) We have a relative CW-complex structure:

Yycz(DczOc...czim=x,

We induct on k. Assume that f has been extended to Z%). The base case k = —1 follows
by assumption. For each k + 1-cell D¥*! C X with attaching map ¢ : Sk — Z (k) the
composition

fop: sk F
is nullhomotopic by assumption. Hence f o ¢ can be extended to D¥*! and hence to Z (%) Uy
D**1. Extending f in this way for each k + 1-cell completes the induction.

(2) If E = X X F, the claim follows from (1) and Remark 13.6.9. Generally, we proceed as
above by induction on k. Assume a section has been extended to Z(X), so s € I'(Z¥), E).
Given a k + 1 cell Dg4q of X, we can subdivide Dy, = I**! into sufficiently small cubes
and reduce to the case Dy, C U,, where Uy, is a locally trivial open set. The claim follows
as above.

This completes the proof. m]
We now state and prove the main result regarding classification of principal G-bundles.

Proposition 13.6.10. Let X be a CW-complex. For a topological group, G, pg : EG — BG be a
principal G-bundle such that EG is weakly contractible. There is a bijective correspondence

d: [X,BG] - P(X,G)
[f1+ [fpcl
BG is called the classifying space for principal G-bundles.
Remark 13.6.11. We will invoke the following facts on principal G-bundles in the proof of Propo-

sition 13.6.10.

(1) There is a bijection between morphisms of G-bundles E1 — X1 and Eo — X2 and global
sections of the associated bundle E1 Xg E2? over Xy with fiber Es.

This is covered in my other notes.

Proor. @ is well-defined by Proposition 13.6.6. We first show @ is surjective. Suppose p : E — X is
a principal G-bundle. We need to find f : B — BG and a principal G-bunle morphism f : E — EG
such that the following diagram commutes:

E = f(EG) —— EG

1r Jre

Xf)BG

3Here E> is endowed with the left action g - eg 1= eg - g_l
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This is equivalent to the existence of a global section of the associated bundle £ Xg EG — X with
fiber EG. Since EG is weakly contractible, such a section exists by Lemma 13.6.8(2). We now show
® is injective. Suppose that fy, fi : B — BG are two maps such that Ey := fj(EG) = f{(EG) :=
Ei. Letpg: Eg — X and p; : E; — X. We show that fy ~ f1. We have a commutative diagram:

Eox{0,1} Y24 £g

\Lpo xId \ch

X x {0,1) L2 pg

We extend it to a commutative diagram:

Eox1 23 EG

\Lpo xId \LPG

XxI -2 BG

This yields the desired homotopy H : X X I between f; and g;. This is equivalent to finding a section
of the associated bundle bundle (Eg X I) Xg EG — X X I with fiber EG. We have already have a
section of the associated bundle (Ey X {0,1}) Xxg EG — X x {0, 1}. Under the obvious inclusion

(Ep % {O, 1}) Xg EG C (Eg x 1) Xg EG,

this section can be regarded as a section of (Eg X I) Xg EG — X X I over X x {0, 1}. Since EG is
weakly contractible, the section can be extended via Lemma 13.6.8(2). O

The question remains: how does one construct the universal bundle EG — BG? We will not
present a general construction ; rather, we will explicitly find such universal bundles for specific
examples. However, we can prove that such a universal bundle is defined uniquely up to homotopy.

Proposition 13.6.12. Let G be a topological group. Then a universal principal G-bundle pg :
EG — BG such that EG is weakly contractible exists. Moreover, the construction is functorial in
the sense that a continuous group homomorphism u : G — H induces a bundle map

EG -t EH
\LPG lpH
BG -2 BH

Furthermore, the classifying space BG is unique up to homotopy.

Proor. (Sketch) There is a general construction due to Milnor of BG associated to any locally com-
pact topological group G. We don’t discuss it here. We first show that BG is unique up to homotopy.
Assume we are given two universal principal G-bundles

rc: EG — BG

pg : EG" — BG’

By regarding each as a universal principal G-bundle for the other principal G-bundle, we obtain the
following commutative diagram:
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EG —L5 B¢ L5 EG
e e e
BG — BG' — BG
By Proposition 13.6.10, f o g = Idpg and g o f = Idpg-. This shows uniqueness up to homotopy.

Functoriality is clear. O

How does one construct the classifying space BG? Note that if EG — BG is a principal G-
bundle, then G acts freely on EG such that BG = EG/G. Hence, it suffices to find a weakly
contractible space EG on which G acts freely.

Example 13.6.13. The following is a list of examples of some classifying spaces:
(1) Let G = Z. We can take EG = R since Z acts freely on R by translations. Hence, we have
BZ = EZ|Z
~R/Z = §!

(2) Let G =Z". We can take EG = R" since Z" acts freely on R" by translations. Hence, we
have

BZ" = EZ"|Z"
=R"/Z" = S'x .. xSt

———
n-times

(3) Let G = Zy. We can take EG = S™ since Zy acts freely on S and S* is contractible.
Hence, we have

BZQ = EZQ/ZQ
= SOO/ZQ = RP™

(4) Let G = S'. We can take EG = S since S! acts freely on S® and S* is contractible.
Hence, we have

BS' = ES'/s!
=~ §°/St = CP®

(5) Let G = O(k). It can be checked that Vi (R*) is contractible. Hence, we can take EG =
Vi (R*) since O(k) acts freely on Vi (R*). Hence, we have

BO(k) = EO(k)/O(k)
= Vi(R™)/O(k) = Gr(R™)

(6) Let G = U(k). It can be checked that V; (C*) is contractible. Hence, we can take EG =
Vi (C*) since U(k) acts freely on V;(C*). Hence, we have
BU(k) = EU(k)/U(k)
= Vi(C®)/U(k)
= G (C%)
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Remark 13.6.14. The following observation is quite useful. Since EG — BG is a principal G-
bundle, the long exact sequence in homotopy associated to a fibration reads:

= Tns1(BG) = 1, (G) = 1y (EG) — 710 (BG) — mp-1(G) — ...
As EG is weakly contractible, n,(EG) = 0 for n > 0. Hence, we see that
M1 (BG) = 1, (G)

forn > 1.

13.7. Eilenberg-Maclane Spaces

We can use homotopy theory to show that the singular cohomology functor is representable in
the homotopy category. If G is an abelian group, assume there exists a topological space Z,, such
that

H"(X,G) =X, Z,]
for all topological spaces and all X € Top. If X = S¥, note that
m(Zo) = [84.2,] = H'(5%,G) = {G =0k
0 otherwise

Hence, we see that 1 (Z,,) is non-trivial for exactly one value of k£ € N. This motivates the following
definition.

Definition 13.7.1. Let X € Top, G € Grp If X has only one non-trivial homotopy group such that
m(X)=G
for some n € N, then X is called an Eilenberg-MacLane space.
A generic Eilenberg-Maclane space is denoted as K(G,n). The question remains: how does
one construct an Eilenberg-Maclane space K(G,n). We will not present a general existence and

uniqueness argument; rather, we will explicitly find K(G, n) for specific examples. We first discuss
a link between classifying spaces and Eilenberg-Maclane spaces for discrete groups:

Proposition 13.7.2. Let G be a discrete abelian group. Then BG = K(G, 1).

Proor. Since G is discrete, we have

G ifn=0
G) =
7n(G) {0 otherwise

By Remark 13.6.14, we have 7,,(BG) = 0 for n > 2. Since EG — BG is a universal covering map
with discrete fibers G, covering space theory implies that 71 (BG) = G. This proves the claim. O

Example 13.7.3. The following is a list of Eilenberg-Maclane space:

(1) S!is a model of K(Z,1). This follows from Proposition 13.7.2 and that BZ = S'.

(2) RP* is a model of K(Zs,1). This follows from Proposition 13.7.2 and that BZ, = RP*.

(3) More generally, the cyclic group Z/m acts on S® when thought of as a direct limit of spheres
in complex vector spaces C”, where the action is by multiplication of each coordinate by
e27i/m We have a principal Z/m-bundle:

Z/m — S — S¥/Z/m

The quotient $°/Z/m is called the infinite-dimensional lens space, which is a K(Z/m, 1).
(4) CP* is a model of K(Z,2). This follows from Example 13.5.7.
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(5) The wedge sum of n-circles is a model space for K (F,,, 1), where F,, is the free group on n
generators. Clearly, we have

= Fy,

n
T (\/ Sl
i=1

Moreover, the higher homotopy groups of a wedge sum of n-circles vanish since its univer-
sal covering space, which is the Cayley graph on n generators, is contractible. By Propo-
sition 13.7.2, we also have
n
BF, = \/s!
i=1

The following is a basic list of properties of K(G, 1).

Proposition 13.7.4. Let G be a group.
(1) If G’ is another group, we have

K(G,n) xK(G',n) = K(GxG’,n)
(2) K(G, 1) exists for any finitely-generated abelian group.
3) If X = K(G,n), then QX = K(G,n - 1).
Proor. The proof is given below:

(1) This is clear m, is a functor that preserves products.

(2) We have constructed a K(Z, 1) and a K(Z/m, 1) for each m > 2. Thus, we can construct a
K(G, 1) for any finitely generated G by (1).

(3) This follows because 7, (QX) = 1,41 (X)

This completes the proof. O

Remark 13.7.5. If G is a finitely-generated abelian group, then if G has torsion, then the K(G, 1)
contains an infinite-dimensional lens space in the product. Since a K(G, 1) is unique up to homo-
topy equivalence (assumed without proof), a finite-dimensional K(G, 1) cannot exist if G is finitely
generated and has torsion.

We now use homotopy theory to show that the singular cohomology functor is representable
in the homotopy category in terms of Eilenberg-Maclane spaces. We will invoke the definition of
reduced cohomology. We first prove the following lemma:

Lemma 13.7.6. Let h* be an unreduced cohomology theory with Z coefficients defined as a collection
of functors

n": CW? — Ab
If W' (x;Z) = 0 for n # 0, then there exists a natural isomorphism
W(X,A) = H (X, A;G)
for all CW-pairs (X, A) and for all n > 1, where G := h%(x;Z) € Ab.

Proor. (Sketch) The proof is similar to the proof for homology theories defined on CW?. (Propo-
sition 6.6.1). See [Hat02] for the difference that needs to be accounted for. |

Remark 13.7.7. There is also a version of Lemma 13.7.6 for reduced cohomology.

We now prove the desired result:
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Proposition 13.7.8. Let H* be an unreduced singular cohomology theory with Z coefficients defined
as a collection of functors

H" : CW? — Ab
There exists a natural isomorphism
T, : H'(X;G) — [X,K(G,n)].
for all X € CW.,. and any abelian group G foralln > 1.

Proor. Using Proposition 13.7.4 we have that QK (G, n) = K(G,n — 1). Define the functors
L":CW, — Ab
X — [X,K(G,n)].
We claim that these functors define a reduced cohomology theory on CW...
(1) (Homotopy invariance) A map f : X — Y induces a map
Y, K(G,n)]. — [X,K(G,n)].
which depends only on the basepoint-preserving homotopy class. It can be checked that

f* is indeed a homomorphism by replacing K (G, n) with QK (G,n + 1).
(2) (Wedge sum axiom) Leti, : X, — V ,c4 X be the inclusion. We want to show that the

map
[T [ \/ X(,,K(G,n)]* - []Xa K(G.0)].

acA acA acA
is an isomorphism for all n. This follows from Remark 2.1.14.
(3) (Suspension Axiom) We have
L"™(=X) = [ZX,K(G,n+1)].
=[X,QK(G,n+1)].
=L"(X)
for all n. Hence, the suspension axiom holds.

(4) (Long Exact Sequence) This follows from the coexact Puppe sequence (which is not in-
cluded in the notes for now).

Hence, we have an reduced cohomology theory. The reduced version of Lemma 13.7.6 shows that
there exists natural isomorphism

T,: H'(X;G) — [X,K(G,n)].
This completes the proof. O

Remark 13.7.9. In the proof Proposition 13.7.8 we used the fact that the family of spaces {K(G,n)} >0
for a fixed G € Ab is such that

K(G,n) =2 QK(G,n+1)
We say that {K(G, n)},»o is an Q-spectrum. This suggests that Q-spectrum can be used to defined
cohomology theories. This is the start of the study of spectra in stable homotopy theory.



CHAPTER 14

Serre Spectral Sequence

14.1. Construction

The Serre spectral sequence is a powerful computational tool in algebraic topology that arises in
the study of the homology and cohomology of fibrations. It allows one to relate the (co)homology of
the total space of a fibration to that of its base and fiber, often turning otherwise intractable compu-
tations into manageable ones. We present the Serre spectral sequence and illustrate its use through
examples and applications. We will treat the general theory of spectral sequences largely as a black
box, relying on established results without reproving them here.!

Remark 14.1.1. There is a version of the Serre spectral sequence for both homology and cohomol-
0gy. In these notes, we focus on the cohomological version, as it is the one most commonly used in
practice. The homological version is very similar in structure and can be invoked when needed. For
further details, the reader is referred to [Hat04].

ISome of these general results are developed in more detail in my other notes.
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CHAPTER 15
Appendix

Throughout, let & be a locally small abelian category to ensure that the Hom functors are set-
valued.

15.1. Hom Functors
We briefly review the Hom functors.
Definition 15.1.1. Let A € &/. The Hom functor Hom(A, —) : &/ — Ab, is defined by
Hom(A, -)(B) = Hom(A, B),
forall Be .
Let’s verify that Hom(A, —) is indeed a functor.
Lemma 15.1.2. For A € o/, Hom(A, -) is a covariant functor.
Proor. If f : B — B’ is amorphism &, then Hom (A, —)(f) : Hom(A, B) — Hom(A, B’) is given
by h — f o h. Note that the composite f o 4 makes sense:
Alsp-Lyp
\fﬁ/

We call Hom(A, —)(f) the induced map, and we denote it by f.. If f is the identity map 13 : B — B,
then

Hence so that (1)« = 11om(a,B). Suppose now that g : B” — B”’. We have the following diagram:

(gof)oh

\_/ ~—~7
go(foh)

Clearly, g o (f o h) = (g o f) o h Therefore, we have (g o f). = g« © fi. O
We now discuss the contravariant Hom functor.

Definition 15.1.3. Let B € of. The contravariant Hom functor Hom(A, —) : &/ — Ab, is defined
by

Hom(—, A)(B) = Hom(A, B),
forall A € .

236
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Remark 15.1.4. It can be verified, similarly to Lemma 15.1.2, that the contravariant Hom functor
is indeed a well-defined contravariant functor.

We now show that the Hom functors are are also left and right exact depending on the choice of
the Hom functor.

Proposition 15.1.5. Let A € .

(1) The functor Hom(A, —) : o/ — Ab is a left exact functor.
(2) The functor Hom(—, A) : o/ — Ab is a left exact functor.

Proor. The proof is as follows:
(1) Let
f g
0>X—>Y—>7Z->0

be an exact sequence in &. Applying Hom (A, —), which we denote as % 4 in the rest of the
proof, we obtain homomorphisms

h h
0 — Homgy (A, X) ﬂ Homgy (A,Y) ﬂ Homgy (A, Z)

of abelian groups. We claim that this sequence is exact. If 14 (f) (@) =0, then f oa =0,
but f is a monomorphism, so @ = 0.

A
IEANS
0—sx I 5y

Since h4 is a functor, we have ha(g) o ha(f) = 0. If B € ker ha(g), then g o 8 =0. The
universal property of the kernel implies that 8 factors through a morphism X — ker g.

A
AN
f}Y g>Z

But we have canonical isomorphisms

0 > X

~
o

X = coim f — im f — ker g

the first as f is a monomorphism, the second by the first isomorphism theorem in a small
abelian category and the third because the sequence is exact at Y. The composite of the
composite of these with the canonical morphism ker g — B is g.

A
Y
X % Y
Therefore, we obtain a morphism a : X — A satisfying f o a = 8.
(2) The statement in (2) is the dual of the statement in (1).
This completes the proof. O

In fact, as the next lemma shows, exactness of a sequence can be checked by studying all possible
Hom functors. More precisely:
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Proposition 15.1.6. Let of be a small abelian category. A sequence

xLysz

is exact if every sequence

h h
Hom(A, X) ﬁ) Hom(A,Y) ﬂ Homy (A, Z)

is exact for each A € .

Proor. For A = X, we get
go f=hx(g)ohx(f)(ida) =0,
so we have a monomorphism s : im f — ker g.

X

Idxl )
X 1yy_8y7
~_o0

For A =ker g and ¢ : ker g < Y, we have hx(g) (1) = g o ¢t = 0, so there exists a : ker g — X with
foa=u

kerg
;//&
x L sy 247
Then ¢ factors as a morphism ¢ : ker g — im f which is the inverse to s. O

Corollary 15.1.7. Let o be a small abelian category. A sequence

xLy%

is exact if every sequence

h h
Hom(Z, A) ﬂ) Hom(Y, A) ﬂ) Homgy (X, Z)

is exact for each A € .
Proor. The statement is dual to the statement in Proposition 15.1.6. O

Example 15.1.8. The functor Hom(A, —) need not be right exact. To see this, let & = Ab be the
category of abelian groups and let A = Z/2Z. Consider the short exact sequence:

052325 72/22 0
Applying Hom(Z/2Z, —) and noting that
Hom(Z/2Z,7Z) =0
Hom(Z/2Z,7/27) = 7./2Z,

we obtain the sequence:
0-0—-50—-2/2Z—-0

This sequence is not right exact since 0 — Z/2Z is not a surjective map.
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15.2. Tensor Product Functor

Let’s now introduce the tensor product functor. We assume the construction of the tensor product
functor is known. Note that the tensor product functor is only defined in Modg, the category of left
R-modules. In what follows, we assume that R is a commutative ring, so we do not need to distinguish
between left and right R-modules. Using a clever argument exploiting the adjunction between the
Hom and tensor product functors, we can show the following:

Proposition 15.2.1. Let R be a ring and let Modg be the category of left R-modules. Let M be a
right R-module. The functor M Qg — is a right exact functor.

Proor. Let0 - A — B — C — 0 be an exact sequence in Modg. We show that
MRrA—->MErB—>MrC —0

is an exact sequence. Proposition 15.1.5 and Corollary 15.1.7 imply that
MQRA—>MRB—->MRC —0

is an exact sequence if and only if

0 - Hom(M ® C,X) —» Hom(M ®g B,X) — Hom(M ®r A, X)
is an exact sequence for each left R-module X. We have
Hom(M ®g N, X) = Hom(N, Hom(M, X)),
for all R-modules N. Hence, the sequence above can be written as
0 —» Hom(C,Hom(M, X)) —» Hom(B, Hom(M, X)) — Hom(A, Hom(M, X))
which is indeed exact by Proposition 15.1.5. O

Example 15.2.2. The functor M ®g — need not be left exact functor. To see this, take R = Z.
Consider the sequence:

0-Z—>Q
Letting M = Z and noting that,

Z®zQ=0

7.Q77 = 7,
we obtain the sequence:

0—-Z—0

which is not left exact since the map Z — 0 is not a surjective map.

15.3. Projective & Injective Objects

We now introduce special objects that can rectify the failure of the exactness of the Hom and
tensor product functors.
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15.3.1. Projective Objects. We first define the notion of projective objects.
Definition 15.3.1. An object P € & is called projective if the functor Hom(P, —) is an exact functor.

Remark 15.3.2. An object P is projective if and only if for every morphismY — Z — Qand P — Z,
there exists a morphism P — Y such that the diagram

K l
Y —Z —0
commutes.

Example 15.3.3. The following are examples of projective objects:

(1) The zero object in a small abelian category is projective.
(2) In Modg, the object R is projective: indeed, the functor

Hom(R,—) : ModR — Ab
M—-M

is just the forgetful functor, and hence clearly is exact.

Proposition 15.3.4. An object P in &/ is projective if and only if every exact sequence

0-xLyZpoo
in o splits.
Proor. Skipped. O

Proposition 15.3.5. A direct summand of a projective object is a projective object. Moreover, an
arbitrary direct sum of projective objects is a projective object

Proor. Let P1, P» € o such that P; & P such that P; & Ps is a projective object. Consider an
epimorphism f : ¥ — Z — 0 and a morphism 8 : Py — Z. Along with the zero morphism
from Py to Z, the universal property of the co-product implies that there is a unique morphism
v: P1® Py — Z. Since P1 & Ps is a projective object, there is a morphism y’ : P; @ Py — Y such
that the diagram

/ -

/ P s |

S bl

sy | 0
{ - f N2
Y : > Z > 0

commutes. The required morphism is then y’ o ¢p,. A similar argument as above shows that a direct
sum of projective objects is a projective object. O

Projective objects in Modg can be easily characterized in terms of free R-modules, which we
now define:
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Definition 15.3.6. A left R-module, F, is a free module if it is isomorphic to an arbitrary direct sum
of copies of R as a left R-module. That is,

F=PRrR:=R
iel
Remark 15.3.7. Any free R-module F has a basis B in bijection with its indexing set, and therefore
amap F — A for some left R-module A is prescribed uniquely by its (arbitrary) values on B.
HomModR (F, A) = HomSets(Ba A)

Proposition 15.3.8. A free R-module, F, is a projective module.

Proor. Consider 8 : F — Z and a surjective R-module homomorphism! f : Y — Z — 0. Let B
be a basis for F.

Iy
K
Y — 72 ——0
For each b € B, the element B(b) € Z has the form f(b) = p(ayp) for some a; € A, because f is
surjective. By the Axiom of Choice, there is a function u : B — Y with u(b) = a,, for all b € B. By

the remark above, we have an R-homomorphism g : F — Y with g(b) = ay, for all b € B. Clearly,
g is the required morphism. O

Proposition 15.3.9. The following statements are equivalent:

(1) P is projective in Modg.
(2) There is a module Q such that P& Q = R! for some set I. The module R! is a called a free
module.

Proor. Assume that P is a projective object and let I be the set of generators of P and let R’ denote
a free module on the set of generators of P. Consider the natural map 7 : R! — P. It clearly is a
surjective, and, since P is projective, it splits. Therefore,

Pdker 7 = R!

The converse follows since a free module is projective and a direct summand of projective module
is a projective module by Proposition 15.3.5. O

Remark 15.3.10. Every projective module need not be free. For example, consider
R=Z/6Z=7Z]/3Z&Z/2Z

Z|3Z is a projective Z]/6Z-module since Z/6Z is a projective Z/6Z-module. However, Z/3Z is not
a free Z/6Z-module: a (finitely generated) free Z/6Z-module F is a direct sum of, say, n copies of
Z[6Z, and so F has 6" elements. Therefore, Z|3Z is not a free Z/6Z since it has only three elements.

Example 15.3.11. Let &/ = Ab. The functor Hom(Z, —) is an exact functor. This is because Z is a
free object in Ab.

Example 15.3.12. Let & = Ab. The functor Hom(Q, —) is not an exact functor. This is because
Q is not a projective object in Ab since Q cannot be a summand of a free Z-module because a free
Z-module is not divisible but Q is a divisible group.

IEpimorphisms and surjective R-module homomorphisms coincide in the category of R-modules.
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15.3.2. Injective Objects. We now define the notion of injective objects.

Definition 15.3.13. Let & be a small abelian category. An object I € & is called injective if the
functor Hom(—, I) is an exact functor.

Remark 15.3.14. Injective objects in o are just projective objects in o/ °P.

Remark 15.3.15. An object 1 is injective if and only if for every morphisms 0 — X — Y and
X — Y, there exists a unique morphism Y — I such that the diagram

1

IS
N
T

0 — X —7Y

commutes.

Proposition 15.3.16. Let of be a small abelian category. An object I in & is injective if and only if
every exact sequence

015y L zs0
in o splits.
Proor. Skipped. O

Proposition 15.3.17. A direct summand of an injective object is an injective object. Moreover, an
arbitrary product of injective objects is an injective object.

Prookr. Let I, ®1> € of such that I @ I5 is an injective object. Consider a monomorphism f : 0 —
X — Y and a morphism y : X — I;. Note that ¢y oy is a morphism from X to E; & E5, where ¢;
is the canonical inlcusion map. Since E; & Es is injective, there is a morphism y’ : Y — E1 & E>
such that the diagram

L1

~ A
Eq E1 0 Es

K
)’T T v

|

0 v x — 1 sy

commutes. Then 71 o ¥’ is the required morphism, where m; is the canonical projection map. A
similar argument as above shows that a product of injective objects is an injective object. O

We now characterize injective objects in Modg.

Proposition 15.3.18. (Baer’s criterion) An R-module, 1, is injective if and only if for every left
ideal J C R and every R-module homomorphism g : J — I, there exists g’ : R — I such that the
following diagram

commutes.
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Proor. The forward implication is clear. For the reverse implication, consider the diagram:

0——J ——R

lg

1
Consider the set of all intermediate extensions:

S={(C,h)|J € C C R submodule, » € Hom(C,I) and h|; = g}
Set (C,h) < (C’,K) if and only if C € C’ and h’|c = h. Note that § # @ because we can
choose C = J. Suppose {(Cx, hx)}xer is a chain for an index set I such that for any x,y € I,
(Cx, hy) < (Cy, hy). Let
c=|Jo

xel
and define i : C — I by setting h(a) = hy(a) if a € C, for some x € I. This is well-defined by
assumption, and h|c, = hy for any x € I. Hence (Cy, hy) < (C,h) for any x € I, showing that
(C, h) is an upper bound. By Zorn’s lemma, the chain has a maximal element, (C, k). If C = R, we
are done. Otherwise, let b € R \ C. Consider the sequence:

0—>J£>R®C£>Rb€9C—>O fo(r,c)=rb+c fi(r)=(r,—rb)
where J = {a € R|ab € C}. Letg : J — I, g(a) = h(ab) and hence there exists a g’ such that the
diagram
0O——J —
i
K/ gl
1
commutes. Consider a morphism:
h:Rb®C — I
rb+c— h(c)+rg’(1)
We show that / is well-defined. If rb + ¢ = r’b + ¢/, then (r — r')b = ¢’ — ¢ € C. It follows that
(r —r’) € J. Therefore, h((r — r")b) and g(r — r’) are defined. Moreover,
h(c"=c)=h((r—r)b) =g(r=r)=g'(r=r") =(r-r)g’ (1).
Thus,
h(c’) = h(c) =rg'(1) = r'g'(1),
which implies that
h(c") +1'g"(1) = h(c) +rg’ (1)
Clearly, h(c) = h(c) so i’ extends h. With C = Rb + ¢, we have that (C, h) < (C, h), so (C, h) =
(C, h). Hence b € C, a contradiction. This completes the proof. O
Example 15.3.19. The following are examples of injective objects as can be easily deduced from
Proposition 15.3.18.

(1) Z/nZ is an injective Z/nZ-module for any n > 1.

(2) Z/3Z is an injective Z/6Z-module, but not an injective Z/9Z-module.

(3) Qs an injective Z-module. A homomorphism f: nZ — Q extends to a homomorphism
g:2Z — Q. Just take y € Q such that ny = f(n) and define g(z) = zy.
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Corollary 15.3.20. Let A € Ab. A is an injective Z-module if and only if A is a divisible group.

Proor. Assume that A is an injective Z-module. Let @ € A and n € Z. Consider the group homo-
morphism

finZ—>7Z
nm=—a

By assumption, f extends to a group homomorphism

f 1 Z—1
such that f(nk) = f(nk) for each k € Z. Note that we have

a=f(n)=f(n-1)=nf(1)

Hence, A is a divisible group. Conversely, assume that A is a divisible group. We show that the
criterion in Proposition 15.3.18 is satisfied. Let J C Z be an abelian subgroup and let g : J — A
be a group homomorphism. Let {((K, g’)} be the set of pairs (K, g’) such that J € K C Z and

g’ : K — Zis ahomomorphism with g’|;y = g. The set is non-empty since as it contains (J, J), and
it is partially ordered by

(K1,81) < (Ka2,85) © K1 CKsand gk, =g].

Itis clear that any ascending chain has an upper bound. By Zorn’s Lemma, the set contains a maximal
element (K, g’). We claim that K = Z. Suppose not. Let k € Z \ K. If

(k) N K = {0},

the sum K + (k) is in fact a direct sum, and we can extend g’ to K + (k) by choosing an arbitrary
image of k in Z and extending linearly. This is a contradiction. Hence, assume that

nk € (k)N K

for some n # 0. Choose ng such that ng is minimal. Since ny € K, and g’ is defined on K, g’ (nk) is
well-defined. Since A is divisible, there exists a € A such that

na = g’ (nk).

It is now easy to see that we can extend g’ to K + (k) by defining g’ (k) = a. This is also a contra-
diction. 0

Example 15.3.21. Let &/ = Ab and let k be a field of characteristic zero. The functor Hom(—, k)
is an exact functor. This is because k is a divisible group since for any g € k and n € Z, there exists
an h € k such that hin = g. since Q C k.

15.4. Resolutions & Derived Functors

An arbitrary R-module, M, might be quite complicated to study; however, one can always find a
set of (possibly infinite) generator for M?2. In other words, one can always find a surjective morphism
F9 — M — 0, where FY is a free R-module. Since M is not a free R-module, the morphism

FO5> M >0

is in general not injective; indeed, the any non-trivial relationship between generators of M will force
the kernel to be non-zero. However, we can repeat the construction as above: if we take a generating
set for the kernel of the morphism F® — M — 0, one can always find a morphism F' — F°, which

2A fact we used in a proof in the previous section.
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is surjective onto the kernel of the morphism F° — M — 0, and where F! is a free R-module on
the generating set of the kernel of the morphism F® — M — 0. We have the following sequence:

F'l 5 F' 5 M—0

We can repeat the above process unless it terminates, which only happens when there is no non-trivial
relationship among elements generating the free module at the left end of the sequence

Firs . . . S5 F S FP S5 M-0

This motivates the idea of taking a resolution of an object in a category by special types of objects
(free R-modules in the case considered above) in order to study the structure of the original object
in the category.

15.4.1. Projective & Injective Resolutions. For a object X € o, we will first discuss taking
a resolution of X in &/ by projective objects in &/. An arbitrary category may not have projective
objects, though.

Example 15.4.1. Let & = Abg, be the category of finite abelian groups. &/ has no projective
objects except for the trivial abelian group. Indeed, the exact sequence

0> Z/2Z - Z/2nZ — Z/nZ — 0

is non-split, since Z/2nZ is not isomorphic to Z/nZ & Z/2Z. Hence, Z/nZ is not projective. But
every other non-zero finite abelian group has a direct summand Z/n and the direct summand of a
projective object is a projective object.

This motivates the following definition:

Definition 15.4.2. &/ has enough projectives if for every X € & there exists an epimorphism f :
P — X — (0 where P is a projective object.

Example 15.4.3. Clearly, the category of R-modules has enough projective objects. Indeed, free
modules are projective objects and free module exist in abdundance in the category of R-modules.

Definition 15.4.4. A projective resolution of X € & is a nonnegative complex P*® together with a
morphism € : P° — M such that

os>PSsPPospPlsPP S M50
is exact and the P?’s are projective objects.
Example 15.4.5. In Ab, the abelian group Z/nZ has a projective resolution
05257 —7Z/nZ — 0.
Proposition 15.4.6. If of has enough projectives, then every object has a projective resolution.

Proor. Take any X € &/. There is an epimorphism P — X — 0 from a projective object. PY.
Taking the kernel K — P°, we have a projective P! with an epimorphism P! — K° — 0. We take
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its kernel K' — P! and again get a projective P2 — K' —. This way, we get that the diagram:

O\Kl/o
LN

~
>
~
o

> > PO
\ y
0 0
Continuing, this gives a projective resolution of X. O

We can similarly define injective resolutions.

Definition 15.4.7. &/ has enough injectives if for every X € & there exists a monomorphism f :
0 — X — I where [ is an injective object.

Proposition 15.4.8. The category of R-modules has enough injective objects.
Proor. See [Rot09, Theorem 3.38]. O

Definition 15.4.9. An injective resolution of X € &/ is a non-negative complex I, together with a
morphism € : 0 —» X — Ij such that

05XSlh>1L— -
is exact and the /;’s are injective objects.
Proposition 15.4.10. If o/ has enough injectives, then every object has a injective resolution.
Proor. The statement is the dual of the statement in Proposition 15.4.6, so it is clearly true. O

Example 15.4.11. In Ab, an injective resolution of Z is
0-Z—->Q—->Q/Z—0
and an injective resolution of Z/nZ is

0—>Z/nZ— Q/Z—Q/Z— 0

15.4.2. Derived functors. Derived functors provide us with a tool to quantitatively measure the
failure of a functor to be an exact functor. The philosophy behind derived functors is the following:
if # : o — D is aleft exact functor between two abelian categories, then any short exact sequence
in o,

0—-A—-B—->C—0,
gets transformed to a left exact sequence in 9:
0> F(A) > F(B) > F(0),
A right derived functor is a a sequence of functors R'F : &/ — D for all i > 0 and a functorial
isomorphism R°F = Z such that that for any short exact sequence,

0—-A—->B—->C—0,
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in &/ there is a long exact sequence,
0— R°F(A) - R°F(B) - R°F(C) - R'F(A) - R'F(B) - R'F(C) - R°F(A) — - - -,
for all i > 0. We expect that R' % (A) to quantitatively measure the failure of & to be a right exact
functor since R'% (A) = 0 if and only if the sequence,

0> F(A) > F(B) > F(0),

is a right exact sequence.

On the other hand, if ¥ : o — 9 is a right exact sequence, a left derived functor is a sequence
of functors L'F : o/ — P along with a functorial isomorphism L% = & yieldsing a long exact
sequence

> L'F(A) > L'F(B) » L'F(C) » L°F(A) —» L°F(B) —» L'F(C) — 0.

The theory of left and right derived functors is quite similar. Therefore, in what follows we
shall only focus on left derived functors of covariant functors. The theory of left derived functors of
contravariant functors is similar to the theory of left derived functors of covariant functors, which
we now describe. Left derived functors are constructed by means of projective resolutions.

Definition 15.4.12. Let & be a locally small abelian category with enough projectives, & be an
abelian category, and # : o/ — 9 be a right exact functor. Given X € &/, choose a projective
resolution of X:
PP 5P pP 5P S X 0.
Apply & to the above complex to obtain (the truncated) complex:
o F(PP) - F(PY) - F(PYH - F(PY).
The i-th left derived functor of & is defined as:
L'(F (X)) = Hi(F (P*)).
Here H; (% (P*®)) is the i-th homology (defined similarly to cohomology) of P*,

Remark 15.4.13. If F is a right exact contravariant functor, then the left derived functor is defined
by taking an injective resolution.

The above definition naturally begs the question: is the definition of a left-derived functor well-
defined? If this is the case, the definition of a left-derived functor should be independent of the
projective resolution chosen. We show that this is indeed the case.

Proposition 15.4.14. (Comparison Theorem) Let of be a locally small abelian category with enough
projectives and let f : X — Y be a morphism in . Let

X X X
a¥ d d?

> Pt —— PO > X

~
o

and
dy dr ay
> O > QO S Y 5 0

be projective resolutions for X and Y. Then there is a sequence of homomorphisms f* : P' — Q!
such that the following diagram commutes:

X X X
d} a} d

N
v

S

o
~
e
~
o

> P!

b
dY

s ot ——> 0" —> v 5> 0
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Furthermore, any two such extensions of f are chain homotopic.

Proor. (Existence) We proceed by induction on i. For the base case, note that since PV is projective,
the morphism f o dé‘ lifts to a unique morphism f° such that the right most square in the diagram
above commutes. Assume that f/ : P' — Q' has been constructed. Denote by ker le and ker dl’./
denote the kernels of dX and dY, respectively. Since dX, factors through imdX , which is isomor-
phicm to ker le , we can think of dl{l as mapping into ker le . Moreover, f factors into ker d?’ since
fi=taX = d" fi. Thus, consider the diagram:

i+1 dt')il X
Pl kerdX —— 0

|
: fi+1 \Lf’
v Y

i+1 dina Y
0 _— kerdl. — 0

The composition f "dl{l gives a map from P™*! to ker dlY, onto which d}:l surjects. Thus, the map
f*1is furnished by the defining property of the projective object P*1, completing the induction.

(Unlqueness) To show that two extensions { f'} and {g } are chain homotopic, we consider the
difference h' := fi — g’ and construct a chain homotopy s’ — Q™! such that

i-1 34X
h o= dHls +s5'77d;

We proceed by induction. Observe that 2~! = f — f = 0, so that 4° maps P° ker dg by the universal
property of kernels, and therefore lifts to a map s° : P — Q! as in the following diagram:

X

PO %
— 5 A

0 - 7
s /// \Lho [1// lh—l
/ L/

0! —> kerdf — 0

This gives the base case for the induction. Suppose that s’ : P' — Qi*! has been constructed such
that ' = d?, s + s~ 'dX. It follows that the map h'*! — s'd¥X | maps P™*! into ker d?,, since

dify (W =s'dRy) = h'dly — (' = s dR)dy = 'dly - h'di, =0,
Pi+1
Siil//// \LhHl_Sidi}il
Iig

Qi+? —) kerlerl — 0

l+2

hi+1 _
O

Thus we have the diagram above and projectivity furnishes the map s'*! such that d¥

X
§ dl+1

l+2s

As a consequence of the comparison theorem, if P* is a projective resolution for X and Q° is a
projective resolution for Y such that there is a morphism f : X — Y, we get a well-defined map

H;(F(P*)) — H;(F(Q%)),

which is an isomorphism by the chain homotopy conclusion in the comparison theorem. Similarly,
we have:
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Corollary 15.4.15. Let o/, D be abelian categories. The following are corollaries of Proposi-
tion 15.4.14:

(1) Suppose that P* and Q°* are projective resolutions of X € . Then there is a canonical
isomorphism between H; (% (P*)) and H;(F (Q*)) for eachi > 0.
() let F : d — D be a right exact functor. Forany X € of, L°F (X) = F (X).
(3) Let F : o — D be a functor. If P is a projective object in &, then L'F (P) = 0 fori > 1.
Proor. The proof proceeds as follows:

(1) If P* and Q° are two projective resolutions of X € &/, then Idx : X — X gives rise to
unique maps (up to homotopy) by the Proposition 15.4.14 such that the diagram

» Pl — P' —— X
g' gt ro
VT ] Yo
>0l — 0" —— X
commutes. Hence, there are two chain homotopies
s Ho(F(P*)) —» H (F(Q%)
q : Ho(F(Q%)) - H'(F(P*))

such that both sq and gs compose to the identity (by uniqueness up to homotopy). Hence
the derived functor is well-defined: for two choices of projective resolutions of objects, the
construction yields isomorphic derived functors.

(2) Choose a projective resolution of X:

S PPsPPospPl PSS XS0
Since & is right exact, the sequence
FPHY 5 7P L F(x) -0

is exact. Hence, ¢ is an epimorphism and ¢ is the cokernel of ¢. By the first isomorphism

theorem,

F(P%) _ F(P))
ker ¢ N img

F(X) = = cokerp
Hence, we have
L°F (X) = Hy(F (P*)) = cokerp = F(X).
(3) Consider the projective resolution:

-—>O---—>O—>PId—P>P—>O
Hence, we consider the homology of the complex:
>0 > 0> F(P)

and it is clear that
LIF(P) = Hi(F(P*)) =0

fori > 1.
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We now prove the horseshoe lemma (Lemma 15.4.16). The horsehoe lemma allows us to con-
struct a short exact sequence of projective resolutions given a short exact sequence of objects in an
abelian category. In the statement and the proof of the horseshoe lemma, for ease of notation we use
subscripts instead of superscipts to label indices of all projective objects.

Lemma 15.4.16. (Horseshoe Lemma) Let f be an abelian category and let
0—-A—>A —-A" >0

be a short exact sequence in . Assume that there are projective resolutions P* and (P"")*® of A
and A" respectively. Then there is projective resolution (P’)® of A’ such that the following diagram
commutes.

0 0 0
+ 4 +

» P — Po > A >0
1 1

> Pl —> Pj —> A — 0
i

> P — > A" — 0

e
o R+
Spa.

Proor. Composition gives a map Pp — A’, and a map Pg — A’ is furnished by projectivity. Using
the universal property of the co-product, these combine to give a map Py & Pg — A’, and we set
P =Py o Pg . The sequence Py — Py & P — Pg is obviously split exact, we will show that the
morphism Py & P — A’ is an epimorphism. This follows by applying the snake lemma to the two

right most exact columns, yielding a morphism ker & — 0 — coker &j.

0 0 0
1 \ N o N2 .
ker € > Py > A > 0
| |
k\‘/ ’ \l/ 144 86 \l/l \l/ ’
ere) —» Po® Pj ——> A" —— cokerg
| |
k v 77 \ \l:l 86, \ 4 \ \‘7,7
er € > Pj > A > 0
1 { {
0 0 0

By the snake lemma (Proposition 4.6.3), the left most column is exact and the connecting morphism
yields a sequence which has a subsequence of the form

- — 0 — cokergy - 0— -

Hence, coker g, = 0 and the morphism Py & P — A’ is an epimorphism. We then apply the same
procedure to the diagram with kernels to construct Py & P{" — kerg(j, where the product is projective
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and the map is an epimorphism onto the kernel.

0 0 0 0
1 1 Lol
P1 \—)kereo >P0 0 )A > 0
NN 4 o +
Pi@®P! — kere, —> Pg® P —> A’ —> 0
/?
o N +o
P/ — kere) » Pl ———5 A" — 0
1 1 1 {
0 0 0 0

We continue this way iteratively and construct P, = P, @ P, at the n-th step with the desired
properties.

O
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