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1. CATEGORIES

In mathematics, we consider various types of structures - groups, rings, topological spaces, smooth
manifolds, Hilbert spaces etc. There are two basic ingredients: objects having the desired structure and
maps between objects which preserve the structure. The concept of a category axiomatizes this idea. The
goal of this section is to introduce some basic notions in category theory.

Definition r.1. A category & consists of a collection of objects, Obj(%). Forevery X, Y € Obj(%),
there is a collection Hom¢ (X, Y") of morphisms. For every X, Y, Z € ¥, there exists a composition
map

Hom¢ (X,Y) x Homg (Y, Z) — Homg (X, Z) (f,g)—gof
and a unit Idy € Homy (X, X) satisfying the following axioms:

(1) The Hom sets are pairwise disjoint; that is, each f € Home (X, Y) has a unique domain X and
aunique target Y.

(2) (Identity Axiom) Foreach X € Obj(%), thereisan identity morphismIdx € Hom¢ (X, X)
called the identity morphism, which has the property that

feldx =f  Idyof=/f
forevery f € Homy (X,Y).
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(3) (Associativity Axiom) Composition is associative whenever defined. Thatis, given f € Homg(X,Y), g €
Homgy (Y, Z) and h € Hom(Z, Z'), one has

(hog)of=ho(gof)

Remark 1.2. I[f X € Obj(€), wesimplysay X € €. If the categeory, €, is clear from context, we write
Home (X, Y) as simply Hom(X,Y).

Remark 1.3. Objects of a category are in bijective correspondence with the identity morphisms, which are
uniquely determined by the property that they serve as two-sided identities for composition.

A common practice is to diagrammatically represent objects and morphisms in a category. For instance,
objects in a category are represented as labels such as X, Y, Z etc. and morphisms between objects are
drawn as arrows between labels. For instance, a f € Home (X, Y) is drawn as:

Y Y
XLY or or Q?
X X

The first diagram should be read from left to right, while the second and third diagrams should be read

from bottom to top. We will utilize all diagrammatic notations as needed. Similarly, composition between

f € Homg (X,Y) and g € Homg (Y, Z) is drawn as
Z Z

xJ1sy 997 o Y o ¥
9
X X
Example 1.4. (Familiar Examples) A category is concrete if the objects have underlying sets and whose

morphisms are functions between these underlying sets. The following are examples of some familiar con-
crete categories:

(1) Sets: The prototypical example is the category of sets, denoted Sets. In this category, the objects
are sets, and Hom (X, Y) is the set of functions from X to Y.

(2) Sets,: The objects of Sets, are pointed sets, (X, (), which are sets with a distinguished point as
objects and morphisms are functions that preserve the distinguished point.

(3) Grp: The objects of Grp are groups, and Hom (X, Y) is the set of all group homomorphisms from
XtwY.

(4) Rings: The objects of Rings are rings, and Hom(X,Y") is the set of all rings homomorphisms
fromX toY.

(s) Veck: The objects of Vecy, are vector spaces over a given field, k, and Hom (X, Y) is the set of all
linear transformations from X to Y.

(6) pMod: Foraring, R, the objects of ;Mod areleft R-modules overagivenring, R,and Hom(X,Y)
is the set of all R-module homomorphisms from X to Y. When R = £, a field, it corresponds to
Vecy,. When R = 7, it corresponds to Ab, the category of abelian groups.
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(7) Modp: The objects of Mod, are right R-modules over a given ring, R, and Hom (X, Y') is the set
of all R-module homomorphisms from X to Y.

(8) Top: The objects of Top are topological spaces, and Hom (X, Y') is the set of continuous functions
fromX to Y.

(9) Top,: The objects of Top, are topological spaces with a distinguished point, and the morphisms
are continuous functions that preserve the distinguished point.

Remark v.s. Russell’s paradox demonstrates that there cannot be a set containing ‘all sets.” To addyress this, we
have adopted the broader term ‘collection’in defining a category. As category theory develops, the foundational
set-theoretical challenges become increasingly pronounced. To navigate these issues, category theorists often
extend the standard Zermelo-Fraenkel axioms of set theory by introducing axioms that distinguish between
Small’ and ‘arge’ sets, or between sets and classes. However, for simplicity, we disregard such foundational
concerns in these notes.

Definition 1.6. We list a number of relevant definitions below:

(1) €’ is a subcategory of ¢ and we write 6 C ¥ if:
e Ob(%¢”) is a sub-collection of Ob(%);
e Forall X, Y € Ob(%”), we have Homy» (X, Y) is a sub-collection of Homg (X, Y);
e The composition of ¢” is the restriction of the composition of &
%" is additionally a full subcategory if, forall X, Y € Ob(%”), we have Hom¢» (X, Y') coincides
with Hom¢ (X, Y).
(2) A category, €, is called discrete if it contains no morphisms apart from identity morphisms.
(3) A category, €, is called small if both obj(%¢") and Homg (X, Y") are sets foreach X, Y € €.
(4) A category, @, is locally small if Hom¢ (X, Y) isasetforeach X, Y € %
(s) Let € be a category. An isomorphism in a category is a morphism f € Hom(X,Y') for which
there exists a morphism g € Hom(Y, X) such that g o f = Idx and f o g = Idy. The objects
X and Y are isomorphic whenever there exists an isomorphism between X and Y, in which case
one writes X ~ Y.
(6) A category, €, is a groupoid if every morphism is an isomorphism. Note that every category,
¢, contains a maximal groupoid, the subcategory containing all of the objects and only those
morphisms that are isomorphisms.

Example 1.7. Here are some instances of full subcategories:

(1) The full subcategory of Sets whose objects are finite sets is called the category of finite sets and is
denoted by SetsFin.

(2) The category of finite-dimensional k-vector space, Vec,Ed, is a full subcategory of the category of
k-vector spaces , Vecy,.

(3) The category of abelian groups, Ab, is a full subcategory of the category of groups, Grp.

(4) The category of commutative rings, CRings, is a full subcategory of the category of rings, Rings.

Example 1.8. The following is a characterization of isomorphisms in various categories:

(1) The isomorphisms in Sets are precisely the bijections.

(2) The isomorphisms in Group/Ring, are bijective group/ring isomomorphisms.

(3) The isomorphisms in the category Top are homeomorphisms, i.e., the continuous functions with
continuous inverses. Note that, in contrast to the situation in Grp and Rings, a bijective continu-
ous map in Top is not necessarily an isomorphism. A classic example is the map

[0,1) — S,

t s 27t
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which is a continuous bijection but not a homeomorphism.

Remark 1.9. Let € be a category. Here are some basic properties of morphisms 6 :
(1) Consider a morphism f € Hom(X,Y"). Assume there exists g, h € Hom(Y, X ) such thatgo f =
Idx and f o h = Idy. Note that we bave,
g=goldy =go(foh)=(gof)oh=Idxoh=h,

Hence, g = h. Note that this readily implies that f is an isomorphism.
(2) Let f € Hom(X,Y') be an isomorphism such that there exist g, h € Hom(Y, X) such that both g
and h are inverse isomorphism for f. In particular, we have g o f = Idx and f o h = Idy. By (1)
g = h. Hence, f can have at most one inverse morphism.
(3) Consider three morphisms
xLhyvszhw
Assume g o f and h o g are isomorphisms. Since g o f is an isomorphism, there exists a morphism

(go f)~Y:Z — X such that
(gof)o(gof) ' =1dz and (gof)'o(gof)=1Idx.

Similarly, since h o g is an isomorphism, there exists a morphism (h o )" : W — Y such that
(hog)o(hog)™ =TIdw and (hog)'o(hog)=Idy.

Note that we have

(hogof)o((gof) ™ ogo(hog)™) =Idy,
((gof)togo(hog) M o(hogo f)=1dx.

This shows that h o g o f is an isomorphism. Since h o g is an isomorphism, f is an isomorphism as

well.

In all of the above examples, the objects of the categories were in obvious ways sets with additional
structure. This need not be the case, as the next example shows.

Example r.10. A pre-ordered set (S, <) consits of a set, S, equipped with a binary relation < on S that
satisfies the following properties:

(1) (Reflexivity) z < x
(2) (Transitivity) x < yandy < zimplyz < z
A pre-ordered (.S, <) can be interpreted as a category whose objects are the elements of .S, and there

is a single morphism from x to y if and only if < y (and no morphism otherwise). The following are
examples of such categories:

(1) Let S = {e}. This is a pre-ordered set and the the corresponding category is with one object and
one identity arrow.

(2) Let S = {*1,*2} be a two-element set. There are three pre-orderes on S corresponding to the
categories shown below:

A AR
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(3) Forsomen € N, consider the partially ordered set whose elements are S = {0,1,--- ,n — 1}

with the usual partial order that 0 < 1 < --- < n — 1. By the example above, this is a category
which can be visualized as follows:

[ ] [ ] [} [ ]
0 1 n—1 n

Identity morphisms, which can be depicted by loops, are not drawn in the diagram above.
(4) Consider S = Z, the set of integers, to be the partially ordered set with the usual partial order.
This also forms a category which can be visualized as follows:

[ ] [ [ ]
—1 0 1
Identity morphisms, which can be depicted by loops, are not drawn in the diagram above.
(s) If X is a topological space, then the open subsets form a partially ordered set, where the order is
given by inclusion. Informally, if U C V, then we have exactly one morphism U — V in the
category (and otherwise none). We write the corresponding category as €' ( X).

Remark v.ax. An ordered set is a pre-ordered set S satisfying the anti-symmetry axiom:
Ifx <yandy < x, then v = y (antisymmetry).
Note that the only isomorphisms in an ordered set are the identity morphisms.

Example r.12. (Less familiar examples of a category) The following are examples of some ‘lesser known’
categories. We will mention these categories from time to time for illustrative purposes.

(1) Let R be aring. Then Matp, is the category whose objects are positive integers and in which the
set of morphisms from n to m is the set of m X n matrices with values in R. Composition is by
matrix multiplication with identity matrices serving as the identity morphisms.

(2) Let G beagroup. The category BG is the category whose set of objects is a singleton {*} and such

that Hompg(*, *) = G the composition law is given by the multiplication of G. Note that BG
is a groupoid.

0
BZ, : xC ° Dx3
@)

x

(3) Chpg has chain complexes of R-modules as objects and chain maps as morphisms.

(4) Htpy, like Top, has spaces as its objects but morphisms are homotopy classes of continuous maps.

(s) Htpy, has based spaces as its objects and basepoint-preserving homotopy classes of based contin-
uous maps as its morphisms.

(6) Let X be a topological space. The fundamental groupoid, II; (X), of X is the category whose
set of objects is X and such that, for z,y € X, the set of morphisms from z to y is the set of
continuous maps 7y : [0, 1] — X such that y(0) = z and (1) = y modulo homotopies fixing
the endpoints (i.e., continuous paths from x to ¥ modulo homotopy). The composition law of
IT; (X)) is given by concatenation of paths. Note that IT; (X) is a groupoid

We conclude this section with an important construction: the product of two categories:

Definition 1.13. Let ¢ and & be two categories. The product category, ¢’ x 7, is defined such that:
e Ob(% x Z) are ordered pairs (X,Y), where X € € and Y € 2,
e Forall (X,Y), (X", Y') € Ob(% x Z), wehave Homy, »((X,Y), (X', Y")) are ordered pairs
(f,g) where f € Homg (X, X’) and g € Homg (Y, Y").
e Composition and identities are defined componentwise.
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2. PRINCIPLE OF DUALITY

A category is a mathematical object in its own right. Therefore, one can ask the question: how can
one construct new categories out of old categories? If we visualize the morphisms in a category as arrows
pointing from their domain object to their codomain object, we might imagine simultaneously reversing
the directions of every arrow.

Definition 2.1. Let % be a category. The opposite category, 6 °P, is defined by

Obj(*?) = Obj(%)
Homgop (A, B) = {f°P?| f € Homy (B, A)}

If f € Homg (X,Y), then f°P € Homgop (X, Y') is graphically denoted as'

X X
X<TY or or Qé
Y Y

Remark 2.2. It is an easy matter to check that €°P is indeed a category. For instance, for each X € €,
the arrow IdgéJ serves as its identity in € °P. Moreover, composition of morphisms is defined as follows. The
morphism

A-t.p AL B

NPT e

The associativity and identity axioms are clear because the analog of these axioms hold in €.

Example 2.3. The following are examples of opposite categories:

(1) Mat is the category whose objects are non-zero natural numbers and in which a morphism from
m ton is an m X n matrix with values in R.

(2) The opposite category of (.S, <) is (S, <) where the binary relation <’is such that z <’ y if and
onlyify < .

(3) If we identify a group, G, with the category BG, then (BG)°P is a category with one object such
that each morphism is an isomorphism. Hence, (BG)°P can be identified with a group. We write
(BG)°P =~ BG®P The group G°P is called the opposite group. It can be identified as a group with

the multiplication rule given as
g*goe h=hxgg, g,heqG

The definition of an opposite category may seem artificial. However, it underpins a key principle in
modern mathematics: duality. If € is a category, then €’°P is a category and it is easy to see that (€°P)°P is
the category ¢ ". This suggests that one move back and forth between a category and its opposite category.
This duality has significant implications. For instance, any theorem that holds in a category € extends to
a dual theorem in €"°P. In order to put this idea to work, we discuss an example where we construct a new
category and then apply the duality principle to construct another category.

"The second and third diagrams are to be read from top to bottom.
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Example 2.4. (Slice Category) Let € be a category and let X € ¥". The X -slice category, denoted
as €%, isa category whose objects are morphisms f : X — Z; with target Z; € %, and in which a
morphism from f1 : X — Zyto f1 : X — Zaisamap ay,f, : Z1 — Z3 such that the diagram

X

LN
7 ®f1 fa Zo

commutes. Let’s verify that this is indeed a category. If f1 : X — Z3, fo : X — Zaand f3: X — Z3
are objects in €%, then morphsisms v, 7, and aif, £, can be composed to define a morphism af, f, =
Qf, f, © O, since these morphisms can be composed in €. As a result, the following diagram

LI

7 7
L agp,” 92 Tagyy

Z3
Qfaf3

commutes in €. The associativity axiom holds in €"* as well. This is best seen visually since the following
two diagrams

X X
fi / \ fa f1 / \ fa
f2 f3 f2 f3
Qf1f2°%f2f3 Qfo f3O0f3fy

are the same via the associativity axiom in €. For an object f : X — Z, the identity morphism is simply
represented by the morphism Idy : Z — Z such that the diagram

X
N
ZLZ

commutes and the identity axiom holds in %X since the following two diagram

e e

7 Z Z
1 a7, ldy,y 2

Z3

L 3dz,” 71 ang

f1f2 Af1f2
commutes in €. An example of a slice category is Top,,, where {*} is the one-point space.

Example 2.5. (Coslice Category) Let 4" be a category and let X € €. The X -coslice category, denoted
as G'x, is a category whose objects are morphisms f : Z1 — X with domain Z; € ¢, and in which a
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morphism from f1 : Z1 — X to fo: Zo — Xisamap ayg : Z1 — Za such that the diagram

Zl afi1fe Z2
fi
\ A
X

commutes. It turns out that we don’t need to go through the pain of verifying that this is indeed a well-
defined category since the category €x is simply ((¢"°P)* )°P, which we know to be a category.

Example 2.6. Below are several examples of slice and coslice categories.
(1) Top, is a *-slice category, where {x} is a one-point topological space.
(2) If Risaring, Algp isa Rslice category in CRing. It consists of rings 7" equipped with an additional
structure of amap R — T'.
(3) If S is a scheme, Schg is the S-coslice category in Sch, the category of schemes. This reflects
the Grothendieck perspective of algebraic geometry, where geometry is studied relative to a base
scheme.

Let’s now invoke the principle of duality to study properties of morphisms in a category.

Proposition 2.7. Let G be a category. The following are equivalent:
(1) f:X =Y isan isomorphism in €.
(2) Forallobjects Z € €, post-composition with f defines a bijection f, : Hom(Z, X) — Hom(Z,Y').
(3) Forall objects Z € €, pre-composition with f defines a bijection f* : Hom(Y, Z) — Hom(X, Z).

Proof. We prove the equivalence of (1) and (2). Assume f : X — Y is an isomorphism with inverse
g :Y — X, then, post-composition with g defines an inverse function

g« : Hom(Z,Y) - Hom(Z, X)
for fi.Indeed, forany h : Z — X andk : Z = Y,
g*of*(h):gofoh:h,

and

feoguk)=fogok=k.
Conversely, assuming (2), there must be an element ¢ € Hom(Y, X') whose image under f is Idy. By
construction, Idy = f o g. By associativity of composition, the elements g o f,Idx € Hom(X, X)

have the common image f under the function f, : Hom(X, X) — Hom(X,Y'), whence go f = Idx.
Thus, f and g are inverse isomorphisms. The equivalence of (1) and (3) follows by a duality argument. [

Remark 2.8. In the language of representable functors introduced later, Proposition 2.7 shows that isomor-
phisms in a locally small category can be described representably through isomorphisms in Sets. Specifically,
a morphism f © X — Y in an arbitrary locally small category € is an isomorphism if and only if the
post-composition function f, : Hom(Z, X) — Hom(Z,Y") between hom-sets defines an isomorphism in
Sets for each object Z € C. Similar remarks as above apply to the that the pre-composition function.

Example 2.9. Here is another example of the principle of duality. Let (.S, <) be a poset category. We can
define the notion of an upper bound and a lower bound of a sub-collection of objects, A, in (5, <) as
follows. First, we say that U € S is an upper bound of A if

X <U <= Thereexistsamorphism in Hom(X, U),
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for all objects X in A. A lower bound of A is defined to be an upper bound of A in the opposite category,
(S, <') . In other words, we say that L € .S is a lower bound of A if

L <X <= Thereexistsamorphismin Hom(L, X),

for all objects X in A. Let F' denote be the collection of all upper bounds of A. The supremum of A, if it
exists, is defined to be a lower bound of F' contained in F'. The infimum of A, if it exists, is defined to be
the dual of the supremum.

Remark 2.10. If (S, <)isa partially ordered set, the condition of containment implies that the supremum,
if it exists, is unique. Suppose we have two lower bounds L and L of F. Then L < L' and L' < L since both
are contained in L. Since (S, <) is partially ordered, we have that L = L'.

2.1. Monomorphisms and Epimorphisms. Before concluding this section, we discuss some important
examples of morphisms in a category and once again invoke the principle of duality to prove properties
about these special morphisms. In an arbitrary category, the notion of an injective and surjective mor-
phisms may not make sense; after all, morphisms in a category need not be functions. On the other hand,
it is often convenient to have purely categorical understanding of injective and surjective maps, which al-
lows us to make a categorical definition of such notions in an arbitrary category. This leads to the definition
of monomorphism and epimorphisms.

Definition 2.11. Let € be a category. A morphism f : X — Y is a monomorphism (or is monic) if
f can be canceled from the left; that is, for all objects Z and all morphisms g, h : Z — X, we have that

fg = fhimplies g = h.

Z # x -ty
Example 2.12. Consider Fld, the category of fields. Let f € Hompiq(X,Y). Its kernel is an ideal in X
Since X is a field, there are only two ideals: {0} and X itself. The kernel of cannot be X since this would
be the zero morphism which is not a field morphism. Thus, ker f = {0}, and from this, f is injective,

and in particular, it is left cancellable. If g, h € Hompi4(Z, X) such thatgo f = ho f,then h = k by
the above argument f being left cancellable. This shows that every morphism in Fld is a monomorphism!

Proposition 2.13. [n a concrete category, an injective morphism is a monomorphism. In Sets, a monomor-
phism is an injective morphism.

Proof. Suppose that f : X — Y isinjective. Suppose further that we have mappings g, h : Z — X such
that g # h. Then necessarily there exists some 2z € Z such that g(2) # h(z). As f is injective, it follows
that:

fg(2)) # f(h(2))

Hence, f o g # f o h, implying that f is a monomorphism. In Sets, assume f is a monomorphism. Let
x,2' € X suchthatz # 2’ and Z = {x}. Define:

g:{x} = X, g(x) ==z
h:{x} =X, g(x) =2
In particular, g # h. Since f is a monomorphism, f o g # f o h. It follows that it must be that
fz) # f(2')

Hence f is injective. O
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Remark 2.14. The converse of Proposition 2.13 is true in any category in which a singleton object exists such
that an arbitrary map x — x is a morphism in the category. In particular, the converse of Proposition 2.13 is
true in Top*, Grp, Ring > *. However, the converse of Proposition 2.13 need not be true in an arbitrary concrete
category. Let € = Div be the full subcategory of Ab of divisible groups. The groups Q and Q7 are divisble,
and the canonical projection map f = Q — Q/Z is not injective, but we show that o is a monomorphism.
Let g, h = A — Q be morphisms and assume that g # h. Then g(a) — h(a) =  for somea € A and
r,s € Zwithr # 0and s # 0. Since A is divisible, there exists b € A such that a = nb, wheren = 2r.

Then

r

nlg(b) — h(b)] = g(nb) — h(nd) = —,

s0 g(b) — h(b) = % ¢ 7. Therefore, f o g # f o h, and the daim follows. Note that the proof given in

Proposition 2.13 breaks down since a generic map x — x or x — &' need to be a group homomorphism.

Definition 2.15. Let € be a category. A morphism f : X — Y is an epimorphism (or is epic) if f
can be canceled from the right; that is, for all objects Z and all morphisms g,h : Y — Z, we have that
gf = hf implies g = h.

X%Y%;Z

Proposition 2.16. [n a concrete category, a surjective morphism is an epimorphism. In Sets, an epimor-
phism is a surjective morphism.

Proof. Suppose that f : X — Y is surjective. Suppose further that we have mappings g, h : ¥ — Z
such that g # h. Then necessarily there exists some y € Y such that g(y) # h(y). As f is surjective,
thereisax € X such that f(x) = y. Hence,

9(f(x)) # g(f(x))

Hence, g o f # g o f, implying that f is an epimormphism. In Sets, assume f is a epimormphism.
Letg : Y — {0, 1} be the characteristic function of Im v, and let b : Y — {0, 1} be constantly 1.
Then g o & = h o « (both sides are constantly 1), so g = h since f is an epimormphism. It follows that
Im o =Y, thatis, f is surjective.

0

Remark 2.x7. The converse of Proposition 2.16 is true in some other concrete categories as well. For example,
the converse of Proposition 2.16 is true in Top, Grps. The converse of Proposition 2.16 need not be true in an
arbitrary concrete category. For example, consider Ring. The inclusion v : 7 — Q is an epimorphism® in

Ring. If Risa ring and f1, fo : Q — R are ring morphisms such that f1 01 = fyou, then fi = fo when

2

3The same proof as in Sets works for Top by noting that we can down {} with the discrete topology to ensure that an arbitrary
map * — Z is continuous.

+A slightly different proof'is required in Grp and Ring. Let & : G — H be a monomorphism in Grp. Let K be the kernel of o,
andlet 31 : K — Gand B2 : K — G be the inclusion map and the trivial map, respectively. Then av 0 1 = « o B2 since
each side equals the trivial map K' — H. Since « is monomorphism, it follows that 1 = B2, which is to say that the inclusion
map K — G'is trivial. This forces K to be trivial, which says that « is injective. The proof for Ring is similar.

SThe same proof as in Sets works for Top by noting that we can down {0, 1} with the indiscrete topology to ensure that the
indicator function is continuous. A slightly different proof is required for Grp. Details are skipped.

61t is also an monomorphism. Indeed, if Risaringand f1, fo : R — Z are ring morphisms such that ¢ o fi = ¢ o fa then
f1 = f2 necessarily since ¢ is simply the identity on f1(r), fa(r).
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restricted to 7, C Q. But then:

implies that f1 = fo. However, v is not surjective.

Since the notions of monomorphism and epimorphism are dual, their abstract categorical properties
are also dual, such as exhibited by the following proposition.
Proposition 2.18. Let 6 be a category. The following are properties of monomorphisms in € :

() Iff: X =Yandg:Y — Z are monomorphisms, thensoisgo f : X — Z.
) Iff: X =Yandg :Y — Z are morphisms so that g o f is a monomorphism, then f is a
monomorphism.

Dually, the following are properties of epimorphisms € :
) Iff: X =Yandg:Y — Z areepimorphisms, thensoisgo f : X — Z.
(4) Iff: X = Yandg : Y — Z are morphisms so that g o f is an epimorphism, then g is is an
epimorphism.
Proof. The proof proceeds as follows:

(1) Assume f, g are monomorphisms. Consider i1, ho : A — X such that

(gof)ohi=(gof)ohs
Note that
go(fohi)=go(fohs)

Since g is a monomorphism, f o hy = f o ha. Since f is a monomorphism, k1 = ha. Hence,
g o f is a monomorphism.

(2) Assume g o f is a monomorphism. Consider hi,hy : A — X suchthathy o f = hg o f.
Composing by g on the right, we have that

hio(fog)=hao(fog)
Since f o g is a monomorphism, we must have that h1 = ho. Hence, f is a monomorphism.

Since a monomorphism in ¢’ is an epimorphism in € °P, the statements about epimorphisms hold by

invoking the principle of duality. OJ

2.2. Split Morphisms. Split morphisms play a fundamental role in homological algebra and category
theory, as they provide a framework for understanding how certain morphisms can be 7nverted in a con-
trolled way. In homological algebra, split monomorphisms and split epimorphisms are crucial because
they ensure the existence of additional structure, such as direct sum decompositions, which are key to
many proofs and constructions.

Definition 2.19. Let 6 be a category and let f : X — Y be a morphism.
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(1) f: X — Y isasplit monomorphism if f admits a leftinverse g : ¥ — X, meaning g o f =
Idx.

The morphism g is called a section to f.
(2) f: X — Yisasplitepimorphismif f admitsarightinverseg : ¥ — X, meaning fog = Idy.

The morphism g is called a retract to f.
The following theorem justifies the terminology and proves some additional results:

Lemma 2.20. Let € be a category and let f : X — Y be a morphism.

(1) If f is a split monomorphism, then f is a monomorphism.
(2) If'C is a concrete category and f is a split monomorphism, then f is injective.
(3) If€ = Setsand f is a monomorphism, then f is a split monomorphism.

Dually,
(4) If f is a split epimorphism, then f is an epimorphism.
(s) If € is a concrete category and f is a split epimorphism, then f is surjective.
(6) If€ = Setsand f is an epimorphism, then f is a split epimorphism.

Proof. There exists a morphism g : Y — X such that g o f = Idx. For (1),let h1,ho : Z — X be
morphisms such that f o Ay = f o ho. Then

hl :IdXOhl :gOthl :gOO[OhQ :IdXOhQ :h2’
implying that f is monic. For (2), let 21, 22 € X and assume that f(21) = f(22). Then
zy =Idx(z1) = go f(z1) = g(f(z1)) = g(f(x2)) = g o f(22) = Idx (22) = @2,

implying that f is injective. For (3), recall that a monomorphism is injective in Sets. Assume z9 € X7.
Since f is injective, for each y € Im f there exists a unique element g(y) € X such that f(g(y)) = v.
This defines a function

the unique € X such that f(z) =y, ify € Im f,
Bly) = :
X0, ify ¢ Im f.
We have g o f = Idx by construction. Therefore, f is split monic.
(4) follows by a duality argument. (s) is clear. For (6), recall that an epimorphism is surjective in Sets.

Thus, foreachy € Y, thereexists g(y) € X suchthat f(g(y)) = y. Thisdefinesafunctiong : Y — X,
which satisfies f o g = Idy. Therefore, f is a split epimorphism. O

7Here we assume that X # () since we invoke the axiom of choice.
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According to Lemma 2.20, we have in a concrete category:

Split Monomorphism = Injective = Monomorphism
Split Epimorphism == Surjective == Epimorphism.

In Sets, Lemma 2.20 implies that the three notions coincide. Note that in an arbitrary category the
middle term is no longer defined, but if it is deleted the resulting implication is still valid. Moreover, in an
arbitrary category no two of these notions coincide in general as we now show.

Example 2.21. The following is a list of examples showing that the converse of the above implication is
not true in general:

(1) Let € = Grp. The inclusion map f : 2Z — Z is an injective morphism. We claim that « is not

a split monomorphism. Suppose to the contrary that there exists a morphism g : Z — 2Z such
that g o f = Idyz. Then

29(1) = 9(2) = 9(f(2)) = 2

so that g(1) = 1, contradicting that g maps into 2Z. Therefore, f is injective but not a split
monomorphism.

(2) € = Top. Let f : R — R be the identity map, where the domain has the discrete topology and
the codomain has the usual topology. Then « is surjective. Suppose that there exists a morphism
g : R — Rsuch that f o g = Idg. Since f = Idg, we have g = Idg.However, the set {0} is open
in R with the discrete topology, but its inverse image under g, which is also {0}, is not open in R
with the usual topology. This contradicts that g is continuous. We conclude that f is injective but
not a split monomorphism.

We have observed that an epimorphism generalizes the notion of an injective function to an arbitrary
category. Similarly, a monomorphism generalizes the notion of a surjective function to an arbitrary cate-
gory. Based on this, we can define the following:

Definition 2.22. Let ¢ be a category and let f : X — Y beamorphism. f isa bimorphism if it is both
a monomorphism and an epimorphism.

It is clear that a bimorphism generalizes the notion of an isomorphism in the sense that, in a concrete
category, it is straightforward to verify thatan isomorphism is a bijection. Furthermore, the previous results
show that a bijection is a bimorphism.

The following characterization of isomorphism is useful.

Proposition 2.23. Let € be a category and let f © X — 'Y be a morphism. Then f is an isomorphism if
and only if f is both a split monomorphism and a split epimorphism.

Proof. It follows immediately from the definitions that an isomorphism is both a split monomorphism
and a split epimorphism. Conversely, f : X — Y be a morphism that is both a split monomorphism
and a split epimorphism. So that there exist morphisms g,g : ¥ — X such that g o f = Idx and
foh=1dy. Then

f=foldy =fBofoh=1Idyoh=h,
Hence, f is an isomorphism. O

Remark 2.24. In fact, we have the following slightly weaker claim.:
f is an isomorphism if and only if f is a split epimorphism and a monomorphism.
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The forward direction is clear. We prove the backward direction. Since f is a split epimorphism, then there
exists a morphism g : Y — X such that f o g = Idy. We have:

fogof=Idyof = foldx (definition of identities)
Since f is a monomorphism, g o f = Idx. Hence, g is also a left inverse of f implying that f is an isomor-
phism. Dually, we have
[ is an isomorphism if and only if f is a split monomorphism and an epimorphism.

The discussion above is summarized in the diagram below:

Monomorphism Epimorphism

[ — _— 1

Injective™ Bimorphism Surjective™

I T~ 1 =1

Split Monomorphism Bijective® Split Epimorphism

~_ 1 =

Isomorphism

Remark 2.25. The asterisk entries are to be included only if the category in question is concrete.

We end this section with the following characterization of split monomorphisms and split epimor-

phisms:

Proposition 2.26. Let € be a category and let f : X —'Y be a morphism.
(1) fis a split epimorphism if for all Z € €, post-composition f, : Hom(Z, X) — Hom(Z,Y) s
surjective.
Dually,
(2) [ is a split monomorphism if for all Z € €, pre-composition f* : Hom(Y, Z) — Hom(X, Z) is

surjective.

Proof. We prove (1). First assume that assume that f is surjective. Then for any Z € ¢ and k €
Hom(Z,Y),k = f o g, forsome g € Hom(Z, X). Now, suppose Z = Y and k = Idy, so we
have that there exists a ¢ € Hom(Y, X') where f o g = Idy. This implies that f is a split epimorphism.
Now assume that f is a split epimorphism. There exists a morphism g : ¥ — X such that f o g = Idy.
Let Z € €. Consider f, : Hom(Z, X) — Hom(Z,Y). Let k € Hom(Z,Y"). Consider j = g o k.
Clearly, j € Hom(Z, X). We have

filgok)=fo(gok)=(fog)ok=Idyok =k

This shows that f, is surjective. (2) follows by a duality argument. 0

3. FuNcTORS

A key principle in mathematics and category theory is that any mathematical object should be consid-
ered together with its accompanying notion of morphism. We can ask this about categories themselves:
what are morphisms of categories? This question leads to the definition of a functor.
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3.1. Covariant Functors.

Definition 3.1. Let € and Z be two categories. A covariant functor . : € — & isamap ¥ :
Ob(%) — Obj(2) such thatfor X, Y € Obj(%), there is an induced map

Homy (X,Y) — Homgy (.7 (X), Z(Y)),
such that the following hold:
(1) Z(Idx) = Id#(x) foreach X € Obj ¥

(2) If
A1l 2¢
then
74) 29 zB8) 79 70
That is

F(gof)=F(g)oF(f)
Example 3.2. The following is a list of some #77vial examples of functors:
(1) The identity functor is the functor Id on any category 6" which leaves all objects and morphisms

fixed.
(2) Let ¢” be a subcategory of €. Then the inclusion ¢ < € is a covariant functor.

Example 3.3. A simple example is the power set functor & : Sets — Sets. Z2(X) = P(X), the power
setof X, andif f € Hom(X,Y), then the map

2(f): P(X) = P(Y),

which sends each S C X to its image f(S) C Y. Since both Z(Idx) = Idp(x) and P(gof) =
P(g) o Z(f), this clearly defines a covariant functor.

Example 3.4. The following is a list of two related examples of functors:

(1) (Forgetful Functor) Each of the categories listed in Example 1.4 has a forgetful functor, a general
term that is used for any functor that forgets structure and whose codomain is Sets. For example,
functor from Vecy, to Sets, that associates to each vector space its underlying set. The functor
sends a linear transformation to its underlying map of sets.

(2) (Free Functor) Given any set .S, one can build the free group F'(S) on S. This defines a free
functor from Sets to Grp. Similarly, there exists free functors from Sets to Ab, CRing, Vecy, etc.

Example 3.5. The following is a list of two related examples of functors involving groups:

(1) Let G'and H be groups regarded as one-object categories BG and BH. A functor .# : BG — BH
must send the unique object of G' to the unique object of H, so it is determined by its effect on
morphisms which preserves composition. In other words, a functor.# : BG — BH isjustagroup
homomorphism G — H.

(2) Afunctor .# : BG — Sets consists of a set S together with, for each g € G, a function % (g) :
S — S, satisfying the functoriality axioms. Writing (.% (¢9))(s) = g - s, we see that the functor
Z amounts to a set S together with a function

GxS—S
(9,5) g5
satisfying (gh) -s =g - (h-s)and 1g - s = sforallg,h € Gand s € S. Note that each .Z (g)

is invertible with inverse .Z (g~ !). In other words, a functor .F : BG — Sets is equivalent to a
data of a group homomorphism G — Aut(S) for some set S.
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(3) Similarly, for any field k, a functor .# : BG — Vecy, is just a k-linear representation of G.
(4) Let Conj : Grp — Sets represent the construction of the set of conjugacy classes of elements of a
group, defined as follows:
e For any group G, Conj(G) = G, where G is the set of conjugacy classes of G.
e Forany groups GG and H and any group homomorphism f : G — H, define the morphism

Conj(f): G —H  Conj(f)([z]) = [f(z)] foreach [z] € G

Clearly Conj is a functor. Since functors preserve isomorphisms, we clearly have that any pair of
groups whose sets of conjugacy classes have different cardinalities (implying they are not isomor-
phic) cannot be isomorphic.

(s) Theabelianization of a group G is the quotient G /G’, where G’ is the derived subgroup generated
by all commutators zyz~1y~! for 2,y € G. This quotient is the largest abelian quotient of G.
Moreover, if ¢ : G — H is a homomorphism, then ¢(G") C H’, so abelianization defines a
functor from Grp to Ab.

Example 3.6. For two pre-ordered sets (S, <) and (', <), a covariant functor is given by an order-
preserving map from S — S’

Example 3.7. The following is a list of some functors arising in homological algebra and algebraic topol-
ogy:
(1) Foreachn € Z, there are functors
Zny By : Chrp — Modpg
The functor Z,, computes the n-cycles and functor B,, computes the n-boundaries
Z,Co =ker(d: C,, = Cp—1)
B, Ce =im(d : Cpy1 — Cp)

(2) If X isatopological space, singular homology in a given dimension n (where n is a natural number)
is a covariant functor defined as:

H,, : Top — Chy — Ab

First, each topological space X is assigned a singular chain complex such that d o d = 0 and then
H,,(X), the n-th homology group of X, is computed as follows:

H,(X)=2%,/B,

It can be checked that H,, is functorial in the sense that each continuous map f : X — Y of
spaces a corresponding homomorphism H,,(f) : Hp(X) — Hp(Y) of abelian groups.

(3) If X is a pointed topological space, the homotopy groups 7, (X ) of a space X can also be regarded
as functors

Ty - Top, — Grp

since they depend on the choice of a base point in X.

(4) There are functors Top — Htpy and Top, — Htpy, that act as the identity on objects and send
a (based) continuous function to its homotopy class.

Example 3.8. If € is a locally small category and A € €, then the Hom functor Hom(A4, —) : € —
Sets, is defined by

Hom(A, —)(B) = Hom(A, B) forall B€ ¥,
andif f : B — B’in C, then Hom(A4, —)(f) : Hom(A, B) — Hom(A, B’) is given by

Hom(A, =)(f): h+— foh.
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Note that the composite f o h makes sense:

A%B%B’

foh
We call Hom(A, —)(f) the induced map, and we denote it by f,; thus,
fe:hw— foh.

If f is the identity map 1 : B — B, then
Al B 2, B
h
Hence so that (15)« = 1Hom(a,B)- Suppose now that g : B" — B". We have the following diagram:

(gof)oh

Clearly,
go(foh)=(gof)oh
Therefore, we have

(Qof)*:g*of*

Remark 3.9. Recall that locally small means that for each A, B, Hom(A, B) is a set. This hypothesis is
clearly necessary in order for the definition of the Hom functor above to make sense.

3.2. Contravariant Functors.

Definition 3.10. Let € and Z be two categories. A contravariant functor . : ¢ — & isamap
F 1 Ob(%) — Ob(Z) such that for X, Y € Ob(%), there is an induced map

Homy¢ (X,Y) - Homg(Z (Y), # (X)),

such that the following hold:
() Z(ldx) = Id#(x) foreach X € Obj¥

(2) If
At 9. ¢
then
7)) 29 z(B) 2V, z(a)
That is

F(gof)=F(f)oF(9)

Remark 3.xx. When we say functor, we always mean a covariant functor. The reason for is that given a
contravariant functor € — 9 is effectively a covariant functor €°° — 9. Moreover, it is clear that
Sfunctor from F : € — D can be identified with a funcror F : €°° — DP. Since € = (€?)? and
D = (DP)?, note that there is no difference between a functor € — 9 and a funcror € — D as well.
Hence, a contravariant functor can also be identified with a covariant functor ¢ — Z°P.
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Remark 3.a02. There is a functor from € to € that maps every X € € to X € € and f €
Hom(g(X Y') to the corresponding f € Homegon (X,Y'). Call this functor 1. Any contravariant func-
tor F € — D isequal to the composition of L with the corresponding covariant functor from €°P — 9.

Example 3.13. For two pre-ordered sets (5, <) and (S’, <), a contravariant functor between the poset
categories is given by an order-reversing map S — 5.

Example 3.14. If € is a locally small category and B € obj(%), then the contravariant Hom functor
Hom(—, B) : € — Setsforall A € obj(C), by
Hom(—, B)(A) = Hom(A, B),
andif f : A — A’ in €, then Hom(—, B)(f) : Hom(A’, B) — Hom(A, B) is given by
Hom(—, B)(f): h+ ho f.
We call Hom(—, B)(f) the induced map, and we denote it by f*; thus,
ff:he=holf.
An analysis similar to Example 3.8 shows that Hom(—, B) is a contravariant functor.
Example 3.15. The dual space functor from Vec;, to Vecy, is the contravariant functor of that sends a

k-vector space V' to its dual V* := Hom(V, k) and a k-linear map T : V' — W to its transpose 7™ :
W* - V5 a— aol.

V<>Vf

Example 3.16. Many constructions in modern mathematics are examples of contravariant functors. Be-
low, we list some important constructions from various disciplines of mathematics:

(1) We have a contravariant functor from Top to CRing that sends a topological space X to the ring
C(X) of continuous complex-valued functions on X and a continuous map f : X — Y to the
morphism®

oY) —=CX)
g—gof

(2) The functor

O : Top°® — Poset

that carries a topolgical space X to its poset category of open subsets, &(X), is a contravariant
functor. A continuous map f : X — Y gives rise to a function f~! : O(Y) — O(X) that
carries an open subset U C Y to its preimage f~1(U), which is open in X. This is the functorial
definition of continuity.

(3) For a generic small category €, a functor €°P — Sets is called a (set-valued) presheaf on €. A
typical example is the functor

F 1 O0(X)P — Sets

whose domain is the poset category &(X) of open subsets of a topological space X and whose
value at U C X is the set of continuous real-valued functions on U. The action on morphisms is

81n fact, if we restrict it to the full subcategory of compact Hausdorff spaces, this functor lands in the subcategory of commutative
C"*-algebras over C. This functor isactually an equialvence of categories (to be defined later) and this is the content of the Gelfand-
Naimark Theorem.
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by restriction: whenever U C U’ are open subsets of X, the map .# (U’) — % (U) is given by
restriction. In fact, the presheaf given above is actually a CRing-valued presheaf”.

Remark 3.x7. Here is a simple observation: a functor preserves isomorphisms.
Consider an isomorphism f : X — Y in € with inverse g 1 Y — X. Applying the functoriality axioms:

F(g) 0o F(f) =F (g0 f)
Thus, F (g) isa left inverse to F ( f ). Exchanging the roles of f and g shows that F (g) is also a right inverse.

Remark 3.18. e have seen above that a functor preserves isomorphisms. However, a functor need not reflect
isomorphisms. That is, a functor F : € — 9 could be such that F ( f) is an isomorphism in D even though
but [ is not an isomorphism in €. Consider the obvious functor

.

AR

This functor doesn’t reflect isomorphism since the the category on the left hand side is not a groupoid but the
category on the right hand side is a groupoid.

%

3.3. Diagrams as Functors. The intuitive notion of a diagram in a category 6 —such as a chain of mor-
phisms, a commutative square, or a more complex network of objects and arrows—can be captured pre-
cisely using functors. By selecting an appropriate indexing category that reflects the shape of the diagram,
we can view a diagram as a structured assignment of objects and morphisms in €', encoded via a functor.

Definition 3.19. A diagram in a category € is a functor ¥ — €, where Z is a small category.

Example 3.20. The following are examples of diagrams in a category:

(1) A functor from the poset @ — @ to ¢ isachoiceof A, B € ¢ andamap A — B.
(2) A functor from the poset N to € is the same as an infinite sequence in €.
(3) A commutative square is the same as a functor out of the category:

|

|

into €. A commutatice square in a category will then assume the following form: For instance,
given objects and maps

A%B
v s
C—sD

We say that square commutesif go f =70 h.

Generally, a diagram is said to commute if whenever there are two paths from an object X to an ob-
ject Y, the map from X to Y obtained by composing along one path is equal to the map obtained by
composing along the other.

Remark 3.21. Hereis a simple observation: functors preserve diagrams. A diagram in'€ is given by a functor
G 1 9D — € where D is asmall category. If F : € — FC is a functor, the composition F oG : D — H
defines a diagram in J.

91n fact, it is a sheaf.
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4. NATURAL TRANSFORMATIONS

Category theory was invented by Saunders Mac-Lane and Samuel Eilenberg in the early 1940s, largely
motivated by the desire to be precise about what is meant by (or should be meant by) a ‘natural construc-
tion’. This leads us to the notion of a natural transformation. Another motivation for considering natural
transformations is as follows. Having introduced functors as the natural notion of ‘morphisms between
categories,” the next natural step is to consider ‘morphisms between functors.” Once we have the definition
of a natural transformation, we will be able to formalize this intuition using the definition of the so-called
functor categories (defined below).

Definition 4.1. Let #,9 : € — 2 be functors. A natural transformation 7 from .# to ¢ is a
collection of maps nx : #(X) — ¥ (X) forevery X € ¢ such that for every morphism f : X — Y

in ¢, there’s a commutative diagram:

F(x) S5 F(Y)

| n

9(X) 5 9

A natural transformation 7 is a natural isomorphism if, for every X € €, the induced nx €
Homg(F'(X), G(X)) is an isomorphism.

Remark 4.2. We denote a natural transformation, n, from F to¥ as:

¢ 9

The class of natural transformation between two functors F and 9 is denoted as Nat(F,9).

Remark 4.3. A natural transformation can be considered to be a ‘morphism of functors.” This important
observation leads to the notion of a 2-category.

Example 4.4. The following are examples of natural transformations:

(1) Consider the covariant powerset functor & : Sets — Sets. Foreachset A, letny : A — Z(A)
be the function a +— {a}. Then 7 is a natural transformation between the power set functor and
the identity functor.

(2) Let & be an arbitrary category and let Z = Z. Functors .%#,%4 : ZZ — € are simply diagrams in
¢ which can be visualized as follows:

e — Py — Fy — F} — -

e —> Gy — Gy — G — -+

A natural transformation from .% t0 % is asequence of maps T}, : F,, — G, making the following
diagram commute:

-— F 4y — Fy— F — -

lT_l lTo lTl

e — Gy — Gy — Gy — -+
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(3) Foreach V' € Vecty, let V** := Hom(Hom(V, k), k). The double dual space functor
& : Vect;, — Vecty,

is defined by sending .# (V) = V**. Themap Ev : V' — V** that sends v € V to the linear
function Ev,, : V* — k defines a natural transformation from the identity functor on Vecty, to
the double dual space functor.

V Ev V**

Ti l "

W Ev W**

We check that the square commutes. By definition, Evp(,) : W* — k carries a functional f :
W — kto f(T'(v)). Moreover, we see that T**(Ev,) : W* — kcarriesafunctional f : W — k
to f(T'(v)), which amounts to the same thing. In fact, this is a natural isomorphism if we restrict

to the subcategory Vec,'zd. See Example 4.9(2) for a more general example.
(4) Recall that a functor from BG to Sets is a left G-set. Take two G-sets, S and T'. Since S and T’

can be regarded as functors BG — Sets, a natural transformation consists of a single map in Sets,
« S — T, such that

a(g-s)=g-as)

forall s € S'and g € G. In other words, it is just a map of G-sets, called a G-equivariant map.

S —<=T
9 lg
S =T

(s) Recall that a functor from BG to BH is a group homomorphism. Let 1) be a natural transforma-
tion between two functors .#, 5 : BG — BH identified with group homomorphisms ¢, 1

respectively. We have a diagram:

Now 1), can be identified with an element & € H. Hence, the above diagram reads

h=-¢(9) =¢(9)-h <= d(g)=h""-¥(g)-h
at the level of groups. Hence, 1) can be identified with a conjugacy between ¢ and ).

Natural transformations can be composed. Let #, ¥, 5 : € — 2 be functors, and let ) be a natural
transformation between .% and ¢ and £ a natural transformation between & and 7. We define { o i a
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natural transformation from .% to J¢ by considering {x o nx foreach X € ¢

7(x) 2L 7 (1)

nx ny
Exonx g(X) W g(Y) Sy ony
£x 3%

There is also an identity natural transformation between a functor and itself by considering Id 7 x for

each X € &.

For any two categories ¢’ and ¥, there is a category whose objects are the functors from € to & and whose
maps are the natural transformations between them. This is called the functor category from ¢ to &,
written as [¢', 2] or 2. This formalizes the motivation remark made at the start of this subsection.

Example 4.5. The following are examples of functor categories:

(1) Let BG be a group. Then [BG, Sets] is the category of left G-sets.

(2) Let(X, <x)and (Y, <y) be ordered sets viewed as categories. Given order-preserving maps f, g :
X — Y, viewed as functors, there is at most one natural transformation and there is one if and
onlyif f(z) <y g(x) foreach z € X. Hence, [X, Y] is an ordered set too; its elements are the
order-preserving maps from X to Y, and f < gifand only if f(z) <y g(x) forallz € X.

What is the notion for which two categories are ‘the same?” One might naively suggest two functors
whose composition is the identity functor, but this is inadequate. The set of objects isn’t very useful; it
doesn’t capture the structure of the category. In general, asking for equality of objects is worse than asking
for isomorphism of objects. Here’s the right notion of sameness.

Definition 4.6. Let ¢ and Z be categories. Then, a functor . : ¢ — 2 is an equivalence of cate-
gories if there’s a functor & : 2 — € such that there are natural isomorphisms such that # o4 — Idy
and ¥ o . — Ide.
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Proposition 4.7. A functor & : € — 9 is an equivalence of categories if and only if it is fully faithful
(all the maps Homy(X,Y) — Homg(F(X), F(Y)) are isomorphisms) and essentially surjective
(every X € D is isomorphic to F (Z) for some Z € € ).

Proof. Assume F : € — 9 is an equivalence of categories. Let 4 : 9 — % be a functor such that
Yo F ~Iyand.F oY ~ Iy viathe natural isomorphisms and £. Let X, Y € €. Consider the map
B : Homgy(X,Y) — Homgy(F(X),.Z(Y)). We show that 5 is an isomorphism by constructing its
inverse explicitly. Consider the map

a : Homgy(Z#(X), Z(Y)) = Homg (4 0o #(X),9 o Z(Y)) = Homg (X, Y)

The second map in the composition above - which we denote by  -is well-defined since we have the fol-
lowing commutative diagram:

G o F(X) s GoF(Y)

= Jem)

_
X v(h) Y

a o [ is the identity on Homg (X, Y"). Indeed, let f € Home (X, Y'). The following diagram is com-

mutative:

@0 7X) "Wy o 7(v)

éx)| Jew

_—
X 7 Y

This shows that £(Y) 0 9 o F(f) 0 £(X)™! = f,ie, thata o B(f) = f. In particular, the map 3
is injective, and the map a is surjective. Applying this result to ¢, we see that the map o is also injective,
hence it is bijective. Therefore, 3 is also bijective. Hence, a is fully faithful. Let X € Z. Then v :
F (9 (X)) ~ X isan isomorphism, and 4 (X)) € €. This shows that .Z is essentially surjective.

Conversely, assume that .% is a fully faithful and essentially surjective function. Since .7 is essentially
surjective, for every object X € 2 choose an object X € € such that % (Zx) is isomorphic to X.
Choose an isomorphism 7x : X — .#(%(X)). Define & on objects of Z as follows:

G D€ YX)=Xg

X Y
W

F(Y(X)) ----- » F(E(Y))
Since .# is fully faithful, there is 2 unique morphism ¢4 (f) : 4(X) — ¢(Y') such that

F(G(f)) =ny o fony
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We check that ¢ is indeed a functor. Let f € Homy(X,Y) and g € Homg (Y, Z). By definition of ¢4,

we obtain
F(F(go f))=nzo(gof)ony
=(nzogony')o(ny o fony')
(4(9)) 0 F(¥4(f))
(“(9)o9(f))

F
F

Since .7 is fully faithful,
G(gof)=9(g)09(f)
IfIdy € Homg(X, X)
F(9(Idx)) =nx oldx o 77)_(1 =ldzwx) = 7 (Idy(x))
Since .7 is fully faitful,
9 (Idx) = ldy(x)

By construction, % o ¥ is naturally isomorphic to Idg. We show ¢ o .# is naturally isomorphic to
Idg. Forany X € %, note that % (¢ (.% (X))) is naturally isomorphic to .%, because, by definition of
& , we have an isomorphism

ng(x): F(X) = F(G(F(X)))
such that for any morphism f : X — Y in €, we have
F(f)onzx)y =nzwy) o F(G(F(f)))
Since .7 is fully faithful, for each pair of objects X, Y € € there is a unique morphism
Ox : X = 9(F(X)) suchthat F(0x)=nzy)

We show 6 is a natural transformation. Recall that
F(f)onzx)y=nzy)oF(G(F(f)))
The definition of ¢ implies that
F(f)o F(0x) = F(Oy) o F(Y(F([))),
which implies by functionality implies that
F(fobx)=F(Oy o9 (F(f)))
Since .7 is fully faithful,
fobx =0y o9(F(f)),

which means precisely that  is a natural transformation from the identity functor to 4 o #. As .7 (0x)
is an isomorphism for each X and .% is fully faithful, 0 x is an isomorphism . This shows that ¥ o .7 is
naturally isomorphic to the identity functor on €. O

Corollary 4.8. Eguivalence of categories is an equivalence relation.

Proof. Let €, 7, & be categories. Clearly, € ~ € (reflexivity), and it € ~ &, then ¥ ~ € (symmetry)
by definition. If €' ~ Z and ¥ ~ &, there exist functors # : € — Zand ¥ : ¥ — & thatare fully
faithful and essentially surjective. Since ¢ 0.7 is also fully faithful and essentially surjective, it follows that

¢ ~ & (transitivity). O
Example 4.9. Here are some examples of equivalence of categories:

TOWe use the fact that if .Z is a fully faithful functor and .% (f) is an isomorphism, then f is an isomorphism
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(1) For any field k, the categories Mat;, and Vec,';d are equivalent. Define a functor as follows:
k() Maty, — Vecd

The functor k(=) sends n to the vector space k", equipped with the standard basis. Similarly, the
functor k(=) send an m x n-matrix, interpreted with respect to the standard bases on & and
k™, to the corresponding linear map k™ — k™. Clearly, k() is tully faithful. Since any finite-
dimensional vector space admits a basis, it is isomorphic to ™ for some 7. Hence, k) s essentially
surjective. Hence, k() is an equivalence of categories:

Maty, ~ Vectd

(2) (Pontryagin Duality in Abfin) Let € = Abri,. We show that € is equivalent to €"°P. Define a

functor
T Abgy — Ab2
that takes G to the dual group of G, given by G = Hom(G, S!). We first show that G ~ G as

finite abelian groups. By the structure theorem for finite abelian groups, we have,

m
¢=p Ly
=1

where p; is prime and m, nq, - - - , ny, € N. Note that

G = Hom <Gm?Zp?i,Sl> ~ Gm?Hom(Zp?i,Sl) = EmBlZ;\ZzZ

Hence, it suffices to assume that G >~ Z n:. But Hom(Z S') is the p}*-torsion in S*. This is
1 k2

the group set of p;*~th roots of unity in C, which is to say roots of the polynomial X P’ 1 thatis
separable of degree p.'*. There are p;* such roots since C is algebraically closed. Clearly, this group
is a finite abelian cyclic group. This shows that

Z/\m:Z

ns
p; pil

We can show that .% is an equivalence of categories by arguing that .# o .# ~ Idap,, . The map

Ev:G— G
g+ Evg,
where Evy(¢) = ¢(g) forall ¢ € @ defines a natural transformation from the identity functor
on AbFin to.# o Z:
G 25 G
T\L \LT**
H-2s [

We can verify that the square commutes as in the case of Vecy,. Thus, it remains to show that that
Ev is an isomorphism. Clearly, Ev is a a group homomorphism. Since |G| = |G/ it suffices to
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show that Ev is injective. If g € G'and ¢(g) = 1 forall ¢ € G, we claim g = 1. Equivalently, if
g # 1, we construct some ¢ € G such that ¢(g) # 1. Consider a decomposition

oo
i=1

Write g = (g1, ,gm)- Since g # 1, we have g; for somei = 1,--- ,m. WLOG, we can
assume that G = szw IF i (C) is cyclic group of p;'-th roots of unity in C, we can choose
an isomorphism of groups

¢: G~ fpra (C)
This satisfies ¢(g) # 1 for all non-trivial g € Zp;n.

Remark 4.x0. In general, € and €°P need not be equivalent. For instance, Pontryagin duality generally
states that the category of discrete abelian groups, denoted by Ab, is dual to the category of compact Hausdorff
abelian topological groups.

We end this section by defining connected categories and the skeleton of a category, and by providing
some basic results about them.

Definition 4.11. Let € be a category. € is connected if any pair of objects in 6’ can be connected by a
finite sequence of morphisms.

Proposition 4.x2. Ler 6 bea category. If € is a connected groupoid, then € ~ BG, where G ~ Hom(X, X)
forany X € X.

Proof. Choose any X € % and let G = Hom(X, X). Itis clear that G is a group. The inclusion
BG < % mapping the unique object of BG to X € ¥ is fully faithful by definition, and essentially

surjective since ¢ is a connected groupoid. The claim follows from Proposition 4.7. O
Here is a sample corollary from homotopy theory:
Corollary 4.13. Let X bea path-connected topological space. Forx,x' € X, webaver (X, z) ~ m (X, ).
Proof. Forany x € X, we have
Homy, (x)(z,z) = m (X, z)
Since I (X)) is a connected groupoid, Proposition 4.12 implies
B7T1(X, .Z‘) >~ Hl(X) ~ BT[‘l(X, 1‘,)
Hence, we have
Bm (X, z) ~ Bm(X,2)
An equivalence between a 1-object categories is an isomorphism. By the characterization of functors be-

tween By (X, ) and By (X, 2), we have that an isomorphism between B (X, ) and By (X, 27) is
a group homomorphism between 71 (X, ) and 71 (X, 2’). The claim follows. O

The previous results lead to the following definition:

Definition 4.14. Let € be a category. A skeletal category is one that contains exactly one object in
each isomorphism class. The skeleton of ¢’ is the unique (up to isomorphism) skeletal category that is
equivalent to &.

"ndeed, if there exists a 1) : Lyni — S* such that 1(gi) # 1, so composing ¥ with the projection G — Z,n; defines the
desired ¢.
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Example 4.15. Here is a basic list of skeletons of some categories:

(1) Theskeleton of a connected groupoid is the group of automorphisms of any of its objects by Propo-
sition 4.12.

(2) The skeleton ofVec,Ed is Maty,.

(3) The skeleton of the category Setsiy is the category FinOrd whose objects are all sets of the form
{0,...,n — 1} forn € N, and whose morphisms are all functions between these sets.

5. REPRESENTABLE FUNCTORS

A key tenet of modern mathematics is the following meta-statement: a mathematical object is deter-
mined by its relationships to other objects. In other words, a mathematical object should be studied by
considering the collection of maps to or from the object. What does it mean to study a mathematical ob-
ject should be studied by considering the collection of maps to or from the object? Fortunately, we have
already seen this idea before. Let € be a category. For each object X € €, the functors Hom(X, —)
(Example 3.8) and Hom(—, X') (Example 3.14) define the ‘vantage point’ from and to an object X € €.

A3 A3
Ay As Ay Az
% N1/
A5<;X*>A1 A5*>X<7A1
A6 Ag A6 As
A7 A?

Recall that if € is a locally small category, each Hom (X, —) and Hom(—, X) are sets foreach X € €.
This motivates the following definition:

Definition s.x. Let % be alocally small category. The functor
Hom(—,—) : €°P x ¢ — Sets
is called a a two-sided represented functor™

The above discussion suggests that the Hom functors are indeed quite useful in studying objects in a
category. Other functors, however, may serve the same purpose in so far as they are equivalent to the Hom
functors. This motivates the following definition:

Definition s.2. Let @ bealocally small functor. A covariant (or contravariant) functor # € : Sets s rep-
resentableif thereisa X € % and anatural isomorphism between .# and Hom(X, —) (or Hom(—, X)).

Example s5.3. The following are examples of covariant representable functors:

(1) The identity functor Idsets : Sets — Sets is represented by a singleton set {*}. That is, for any
set X, there is a natural isomorphism

Hom(x, X) ~ X

12A bifunctor.
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that defines a bijection between elements z € X and functions  : * — X carrying the singleton
element to x. Naturality says that forany f : X — Y, the diagram

Hom(*, X) BELEN Hom(x,Y)
X — Y
commutes.

(2) The forgetful functor .#; : Grp — Sets is represented by the group Z. That is, for any group G,

there is a natural isomorphism
Hom(Z, G) ~ #1(G)

that associates to every element g € G, the unique homomorphism Z — G that maps the integer
1 to g. This defines a bijection because every homomorphism Z — G is determined by the image
of the generator 1. Naturality says that for any group homomorphism f : G — H, the diagram

Hom(Z, G) —5 Hom(Z, H)

l R

commutes. Here f : %1 (G) — %1 (H ) is the map between underlying sets.
(3) The n-fold forgetful functor .%,, : Group — Sets that sends G to [["_; G is represented by the

free group on n generators. That s,
Hom(x,Z, Q) ~ Z,(G)

Naturality says that for any group homomorphism f : G — H, the diagram

Hom (" ,Z,G) 5 Hom(x!' ,Z, H)
Fn(G) Y Fn(H)

commutes. Here f : %,,(G) — %, (H) is the map between underlying sets.
(4) The n-fold forgetful functor &, : Ab — Sets that sends an abelian group G to [[;-_; G is repre-

sented by is represented by the free abelian group on n generators. That is,
Hom <H Z, G) ~ 9, (G)
i=1
Naturality says that for any group homomorphism f : G — H of abelian groups, the diagram

Hom (H?:l Z, G) T HOH](H?:I Z, H)
() s Ga(H)

commutes. Here f : 4,,(G) — 9, (H ) is the map between underlying sets.
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(s) The forgetful functor . : Ring — Sets is represented by the unital ring Z[z].
Hom(Z[z], R) ~ 5 (R)

The argument is the same as in (2). Naturality says that for any ring homomorphism f : R — 5,
the diagram

Hom(Z[z], R) 5 Hom(Z[z], S)

Nl JN
H(R) ———— H(S)

commutes. Here f : J#(R) — (S) is the map between underlying sets.
(6) The functor s : Ring — Sets that sends a unital ring to its set of units is represented by the
ring Z[x, z~1] of Laurent polynomials in one variable. That s,

Hom(Z[z,z™'], R) ~ R*

A ringhomomorphism Z[z, 21| — Ris defined by sending  to any unit of R and is completely
determined by this assignment. The crucial point is that there are no ring homomorphisms that
carry & to a non-unit. Naturality says that for any ring homomorphism f : R — S of unital rings,
the diagram

Hom(Z[z, 7], R) 5 Hom(Z[z, 1], S)

X X
R 7 S
commutes. Here f : 7% (R) — 7 (.S) is the map between underlying sets.

Example s.4. The following are examples of contravariant representable functors:

(1) The contravariant powerset functor & : Sets — Setsis represented by the set 2 = {T, L} with
two elements. The natural isomorphism

Hom(X, Q) ~ #(X)

is defined by the bijection that associates a function X — () with the subset that is the preimage
of T. Naturality says that for any set function f : X — Y, the diagram

Hom(Y, Q) — Hom(X, )
PY) — = PX)
commutes.
(2) Thecontravariantfunctor & : Top — Sets thatsends X to &'(X) is represented by the Sierpinski
space .’: the topological space with two points, one closed and one open. The natural bijection

Hom(X,.¥) ~ 0(X)

associates a continuous function X — .# to the pre-image of the open point. Naturality says that
for any continuous function f : X — Y, the diagram
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Hom(Y,.) — Hom(X,.”)

oY) —=— 0(X)
commutes.
(3) Let A, B € Sets. The functor Hom(— x A, B) : Sets°® — Sets that sends a set X to the set of
functions X x A — B is represented by Hom(A, B). That s

Hom(X x A, B) ~ Hom(X, Hom(A, B))

Naturality says that for function f : X — Y/, the diagram

Hom(Y,Hom(A, B)) —— Hom(X, Hom(A, B))
Hom(Y x A, B) ——— Hom(X x A, B)
commutes. This natural isomorphism is referred to as currying.
(4) Let A € Aband any n € N U {0}. Singular cohomology with coefficients in A defines a functor
H"(—; A) : Htpy®® — Ab

Passing to underlying sets and restricting to a subcategory of ‘nice‘ topological spaces, such as the
CW complexes, the resulting functor

H"(—; A) : Htpyhy — Sets

is represented by the Eilenberg—MacLane space K (A, n). Thatis, for any CW complex X, homo-
topy classes of maps X — K (A, n) stand in bijection with elements of the nth singular cohomol-
ogy group H™(X; A) of X with coefficients in A:

(X, K(A,n)] ~ H"(—; A)

6. YONEDA’S LEMMA

Recall the definition of a representable functor. We can ask the following questions:

(1) Isevery functor.% : € — Sets representable by a functor in the functor category Sets®?

(2) If so, given a functor ¥ : ¥ — Sets, what data is needed to define a natural isomorphism
Hom(X,—) ~ .Z for some X € %? More generally, what data is needed to define a natural
transformation Hom (X, —) = .% forsome X € 672

These questions are answered by Yoneda’s lemma (Lemma 6.2). First let’s look at an example:

Example 6.1. Let ¢ = BG. Recall that a covariant functor .% : BG — Sets corresponds to a left G-set,
F (%) = X. Assuming there existsa X € BG that defines a natural transformation

Hom(X, —) = Z,

we have to have that X = % such that

G ~ Hom(x,%) = F(x) = X

Note that G is a left G-set with the action of G given by by left multiplication. Recall that a natural

transformation

G ~ Hom(x*,%) = F(x) = X
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corresponds to a G-equivariant map ¢ : G — X. If such a ¢ exists, equivariance demands that

¢(g-h)=g-p(h)

forallg, h € G. Takingh = e, wesee that p(g) = g- ¢ (eq). In other words, the choice of p(eq) € X
defines ¢. Clearly, any choice of ¢(e) € X is permitted because the left action of G on G is free. We
have a bijection:

{G-equivariant maps ¢ : G — X } <— {Elements of X given by p(eq) =z € X}

Based on Example 6.1, we might conjecture the following:

Let € be a locally small category. Given a functor F : € — Sets and an object X in €, natural
transformations between Hom(X, —) and F are in bijection with elements of F (X).

This is indeed the case and is the content of Yoneda’s Lemma:

Lemma 6.2. (Yoneda’s Lemma) Let € be a locally small category. For any covariant functor F : € —
Sets and any object X € €, there is a bijection

Nat(Hom(X, —),.Z) ~ Z(X)

that associates a natural transformation 1 : Hom(X, —) = F to the element nx(I1dx) € 7 (X).
Moreover, this correspondence is natural in both X and F .

Remark 6.3. In the proof of Lemma 6.2, for brevity in labeling commutative diagrams we have denoted the
Sfunctor Hom(X, —) by T'x foreach X € 6.

Proof. Letn : Hom(X, —) — .# be a natural transformation. Forall Y, Z € ¥, f € Hom(X,Y), the

following diagram must commute:
Hom(X,Y) 2~ Z(Y)
()| |7
Hom(X,Z) —— F(2Z)

In particular, for each X € €, we have nx : Hom(X, X) — .#(X) such that Idx € Hom(X, X).
Consider the map:

p: Nat(Hom(X, ), F) = F(X)  p(n) =nx(Idx).
We claim that ¢ is bijective. ForeachY € ¢ and f € Hom(X, Y'), the following diagram is commutative:

X
Hom(X,X) 2 .7

(X)
Tx(f)l Z(f)
Hom(X,Y) —— Z(Y)

ny

which means that
Idx — nx(Idx)

Tx(f)l y‘(f)

fTﬁY(f)
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If o : Hom(X,—) — .7 is another natural transformation, then the above commutative diagram as
above implies that

oy (f) = (#(9))(ox(Idx)).
Hence, if ox (Idx) = nx(Idx), then oy = 7y forall Y € % and, hence, 0 = 7 Therefore, p is an
injection. To prove surjectivity, let A € . (X). ForY € ¢ and ¢ € Hom(X,Y), define

ny (¥) = (F())(A) € Z(Y)

We show that 7 is a natural transformation. Thatis, for Z € € if @ € Hom(Y, Z), then the following
diagram commutes:

Hom(X,Y) -2 .Z(Y)

7(0)| #(0)

Hom(X, Z) — F(2)
Going clockwise, we have:

(F(0))nx () = F(0)(F (¥)(4))
Going counterclockwise, we have
ny (Tx (0)(¥)) = ny (0o ¢) = F (0 09)(A).
Since .# is a functor, however, .7 (6 0 ¢) = %6 o .Z (1). Hence, T is a natural transformation. Clearly,
p(r) = 1a(la) = F(14)(A) = A,

and so f is surjective. We now sketch the proof of naturality. Naturality in the functor states that if & :
% — Sets is another covariant functor, given a natural transformation 3 : .% = ¢ the diagram

Nat(Hom(X, —),.#) +Z+ 7 (X)

(8x)+ |px

Nat(Hom(X, —),%)) 2 ¢(X)
commutes. By definition, puy (Son) = (Son) x (Idx ), whichis Bx (nx (Idx)) = Bx(1.z(n)). Here we
have used the definition of the composition of morphisms in an appropriate functor category Sets®. This

shows the diagram above commutes. Naturality in the object asserts that given a morphism f : X — Y

in €, the diagram
Nat(Hom(X, —),.#) +Z+ Z(X)
| |7
Nat(Hom(Y, —),¥)) 22+ Z(Y)
commutes. It can be checked that the diagram commutes. See [Riery, Theorem 2.2.4]. O

Remark 6.4. Corollary 6.5 does not dualize to classify natural transformations from an arbitrary set-valued
functor to a representable functor. That is,

Nat(.Z, Hom(X, —)) 2 Z(X)

Here is an example. Let € = Sets,# = Idsets, and X = 0. Then Hom(D, X) = {0} for cach
X € Sets. There is a unique natural transformation o : Idser = Hom(0, —). This is not in bijection
with Idset (0) = 0.

Here is the correct dual version of Corollary 6.s:
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Corollary 6.s. (Dual Yoneda’s Lemma) Let 6 be a locally small category. For any contravariant functor
F € — Sets and any object X € €, there is a bijection

Nat(Homg (—, X), Z) ~ Z(X)

that associates a natural transformation 1 : Hom(—, X)) = Z to the element nx (I1dx) € F(X).
Moreover, this correspondence is natural in both X and 7.

Proof. The contravariant functor .# : ¢ — Sets corresponds to a covariant functor .# : €°P — Sets.
Since ¢ is locally small, €°P is also locally small since

Homyop (X,Y) = Homg (Y, X)
isasetforall X, Y € €. By Lemma 6.2 applied to .% : €°P — Sets, gives us a natural bijection
Nat(Homgon (X, —), .7 ) ~ F(X)
The claim follows since Homeop (X, —) = Homeg (—, X). O
Remark 6.6. Let’s revisit the statement of Lemma 6.2 and Corollary 6.5. In Sets, recall that we have
Hom({x}, X) ~ X

for X € Sets. Using this as a mnemonic Hom(Y, X) for Y € Sets correspond ro'Y -parameterized family

of elements of X. Naturally, this perspective extends to any category, allowing us to restate Corollary 6.5 as
follows:

The Hom(—, X )-elements of X are simply the usual elements of F (X).

This formulation serves as a useful mnemonic and reinforces the intuition that an object is determined by its
collection of probes given by Hom functors.

Building on the discussion in the previous section, we attempt to understand an object, X, in a locally
small category by studying the covariant functor Hom (X, —). The covariant functor Hom(X, —) lies in
the functor category Sets?. Therefore, we expect there is a functor

G . € — Sets®

that sends an object X to Hom(X, —) and a morphism f : X — Y to the natural transformation
f+« : Hom(X, —) — Hom(Y, —) is a functor. The functor & can be seen as a representation of € in
terms of known structures. The Yoneda embedding theorem (Corollary 6.7) states that ¢ is a fully faithful
embedding. Hence, this suggests that it suffices to study the functor category Sets? instead of studying
the locally small category 6. This approach is akin to (and in fact generalizes) the common method of
studying a, for example, a ring by investigating the modules over that ring®.

Corollary 6.7. (Yoneda’s Embedding) Let € be a locally small category. The assignment

G € — Sets?,
X — Hom(X, —)

defines a contravariant functor. Moreover, G is fully faithful.

BThe ring takes the place of the category €, and the category of modules over the ring is a category of functors defined on %.
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Proof: Let X,Y € € andlet f € Hom(X,Y"). Checking that ¢ is a contravariant functor amounts to
checking that there is a natural transformation 7 : Hom(Y, —) = Hom(X, —). For Z € €, define:

nz : Hom(Y, Z) — Hom(X, Z),
prrpof

via the commutative diagram:

x -1,y

L lh
hof "~y
Z

The fact that 77 defines a natural transformation amounts to show that foreach Z, Z' € ¥ and g : Z —
Z', the following diagram is commutes:

Hom(Y, Z) —%— Hom(X, Z)

Ty ()| |50

Hom(Y, Z) ——— Hom(X, Z')
For each ¢ € Hom(Y, Z), it amounts to having
Tx(g)onz(p) =go(pof)
=(gop)of
=1z °Tx(9)(%)-

which is clearly true. The funcoriality axioms are easy to check and this detail is omitted. Hence, ¢ is a
contravariant functor which corresponds to the covariant functor @ : € — Sets®. ¢ is also a fully
faithful functor since for for each objects X, Y € €, the isomorphism

Homg (Y, X)) ~ Homge (X,Y) ~ Nat(Hom(X, —), Hom(Y, —))
follows from Lemma 6.2 by letting.% : 4 — Sets be the Hom(Y, —) functor. O
Remark 6.8. Let € be a locally small category. Corollary 6.5 implies that the assignment
G € — Sets®"",
X — Hom(—, X).
defines a covariant functor such that 9 is fully faithful.

Remark 6.9. The pair (X,.F) in the statement of Lemma 6.2 define an object in the product category
€ x Sets®. Thereisa bifunctor Ev : € x Sets® — Sets that maps (X, .F) to the set F (X ). The Ev
functor defines the co-domain of map:

w: Nat(Hom(X, —),.7) — Z(X)
in the proof of Lemma 6.2. The definition of the domain of |v makes use of the contravariant functor:

G . € — Sets®,
X — Hom(X, —).

The domain of |1 can be identified as being given by the composite
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% x Sets® — (Sets?)°P x Sets® — Nat(% — Sets)
(X,.Z)+— (Hom(X,—),.#) — Nat(Hom(X, —),.%)

Here Nat(€¢ — Sets) s the collection of natural transformations between a pair of functors F,9 : € —
Sets might not be a set. Here is where the size issues arise. If' € is a small category, then Set? isa locally
small category and Nat(€¢ — Sets) can be replaced by Sets. However, if € is only a locally small category,
Set? need not be locally small category.

We now discuss several consequences of Corollary 6.7. We first present a strengthening of Proposi-
tion 2.7.

Proposition 6.10. Let € be a locally small category. The following are equivalent:

(1) f: X =Y isan isomorphism in €.

(2) Forallobjects Z € €, post-composition with f defines a natural transformation f, : Hom(Z, X) =
Hom(Z,Y).

(3) Forallobjects Z € €, pre-composition with f defines a natural transformation f* : Hom(Y, Z) =
Hom(X, 7).

Proof. By Corollary 6.7 we have a fully faithful functors °P — Sets? and € — Sets? ".For X,Y €
%, we have bijections:

Homgop (X, Y) ~ Homg,, v (Homg (Y, —), Home (X, —)),
Homy (X,Y) ~ Homg, «wor (Home (—, X), Home (—,Y)).

To see that (1) implies (2) and (3), note that if there exists an isomorphism f : X — Y, then there exists at
least one natural transformation Homy (Y, —) = Home (X, —) and Homg (—, X) = Homg (—,Y).
Since post-composition and pre-composition with an isomorphism create another isomorphism, all com-
ponents of f, and f* are isomorphisms. Therefore, f, and f* are natural isomorphisms implying (2) and
(3). Now, we show that (2) implies (1) and that (3) implies (1). It suffices to show that (2) implies (1). Recall
that full and faithful functors create isomorphisms. Since we have that Homg (Y, —) and Home (X, —)
are isomorphic by f., we know that X and Y are also isomorphic by f, since f, is the image of f. This
shows (2) implies (1). O

We discuss another important corollary of Corollary 6.7 that allows us to determine when two objects
in alocally small category are isomorphic from the vantage point of Hom-functors.

Corollary 6.xx. Let € be a locally small category and let X, Y € €. Then
X ~Y <= Hom(X,—)~Hom(Y,—-) <= Hom(—, X) ~ Hom(—,Y)
Proof. This follows at once from Corollary 6.7 and Remark 6.8. Or directly from Proposition 6.10. [

We conclude our discussion by observing that Corollary 6.7 is a vast generalization of Cayley’s theorem.
In group theory, we can study arbitrary finite groups by examining group homomorphisms from arbitrary
finite groups to the symmetric group. This is the statement of Cayley’s Theorem, which essentially asserts
that group multiplication shuffles group elements around. This profound insight is encapsulated in Cay-
ley’s Theorem, a cornerstone result in group theory. We end this section by asserting that Corollary 6.7
serves as a far-reaching generalization of Cayley’s theorem from group theory.

Corollary 6.12. (Cayley’s Theorem) Let G be a group. Then G isomorphic to a subgroup of a permutation
group.
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Proof. Example 6.1 identifies the object in the image of the contravariant Yoneda embedding BG —
SetBC as the left G-set G. Corollary 6.7 asserts that the only G-equivariant endomorphisms of the G-set
G are those maps defined by left multiplication with a fixed element of G In particular, any G-equivariant
endomorphism of G’ must be an automorphism. In this way, Corollary 6.7 defines an isomorphism be-
tween G and the automorphism group of the G-set G, an object in SetsBC. Composing this with the
faithful forgetful functor SetsBC — Sets, we obtain an isomorphism between G and a subgroup of the
automorphism group Sg of the set G. ]

7. UNIVERSAL PROPERTIES

Universal properties are a cornerstone of category theory, providing a unifying framework for defining
and understanding mathematical structures. They encapsulate the essence of a construction by specify-
ing it uniquely up to isomorphism, through its relationships with other objects. This abstraction allows
mathematicians to generalize concepts across diverse mathematical areas. There are several approaches to
defining universal properties. In this section, we describe universal properties using representable functors
and the Yoneda Lemma.

Definition 7.1. Let € be alocally small category. An (initial) universal property of X € % is given by
the following data:

(1) A.Z : € — Sets representable functor represented by Hom(X, —),
(2) A universal element, A € .%(X), such thatforany Y € ¥ and B € .Z(Y), there exists a
unique morphism f : X — Y in € such that B = .Z(f)(A) in Sets.
Example 7.2. Let Z[x] € Ring. The (initial) universal property of Z[z] is given by the following data:
(1) The forgetful functor # : Ring — Sets represented by ring Z[z].
Hom(Z[z], R) ~ € (R)

(2) A universal element x € ¢(Z[z]). This holds because any ring homomorphism f : Z[z] — R
is uniquely determined by evaluation at a specific element, namely f(z). In particular, for any
r € F(R), we can define a unique f by f(x) = r.

Example 7.3. Let V, W & Vecy,. Consider V ® W € Vecy. The (initial) universal property of V @ W
is given by the following data:

(1) The functor
Bilin(V, W; —) : Vecy, — Sets

that sends a vector space U to the set of k-bilinear maps V' x W — U. It is well-known that
Bilin(V, W; —) isa represented by V- @ W & Vecy,. Thatis,

Hom(V @ W,U) ~ Bilin(V, W; U).
(2) A universal element ® € Bilin(V, W;V ® W). Here ® is a bilinear map such that
VW -=>Ve,W ® (v,w) =vRw

This holds because for any bilinear map f : V x W — U, there exists a unique linear map
f:V ®&W — U such that the following diagram commutes:

VxW —2 svVvew

X%
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The universal property of the tensor product of a pair of vector spaces allows one to derive useful prop-
erties about it without relying on any specific construction of the tensor product. Here is a sample propo-
sition:

Proposition 7.4. Let V,W € Vecy. Then V @ W ~ W @ V.
Proof. First note that the we have a natural isomorphism
Bilin(V, W;U) ~ Bilin(W, V; U)

sends a bilinear map f : V' x W — U to the bilinear map f' : W x V' — U defined by f/(w,v) =
f(v,w). As a result, we have

Hom(V @ W,U) ~ Bilin(V, W;U) ~ Bilin(W, V;U) ~ Hom(W ® V,U)
foreach U € Vecy,. By Corollary 6.15, wehave V@ W ~ W @ V. ]
Definition 7.5. Let ¢ be alocally small category. A (terminal) universal property of X € ¢ is given by
the following data:

(1) A.Z : € — Sets representable functor represented by Hom(—, X),
(2) A universal element, A € .%(X), such thatforany Y € ¥ and B € .Z(Y), there exists a
unique morphism f : Y — X in € such that A = .% (f)(B) in Sets.

Example 7.6. Let . € Top denote the Sierpinski space. The (terminal) universal property of . is given
by the following data:

(1) The contravariant functor & : Top — Sets thatsends X to &'(X) is represented by the Sierpinski
space .7:
Hom(X,.¥) ~ 0(X)
(2) A universal element * € €(.) identified with the singleton open set in .. This holds because
for any open set U € €'(X), there exists a unique continuous function f : X — .% such that

[ =U.
8. LiMmiTs

The concept of limits unifies many familiar constructions in mathematics. Furthermore, the notion of
limits provides an alternative way to define (final) universal properties.

8.1. Terminal Objects. Terminal objects are a basic example of a limit, capturing the notion of a uniquely
determined morphism from any object.

Definition 8.1. Let ¢ be a category. A terminal object in & is an object T' € ¢ thatforall X € €,
there exists a unique morphism X — 7.

It is easy to see that any two terminal objects are isomorphic.
Proposition 8.2. Let 6 be a category. If T and T" are two terminal objects in €, then T = T".

Proof: IfT, T’ are two initial objects, then there exist unique morphisms f : 7' — 7" and g : T" — T.
Since 7' is a terminal object, the unique morphism 7" — 7" must be the identity. But g o f is one such
morphism. Therefore, g o f = Idz. Similarly, f o g = Idy. Hence, T = T".

fog gof

¢ 228 )

2T T DM

This completes the proof. U
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Example 8.3. The following are examples of terminal objects in various categories:

(1) Let ¢ = Sets. The final object is a singleton, as any set can be uniquely mapped to a singleton.
The unique map S — {*} is clear.

(2) Let € = Ab. The trivial abelian group is the final object. The unique map A — * is simply the
Zero map.

(3) Let @ = Rings. The zero ring is the final object. The unique map R — 0 is simply the zero map.

Let € be a category. Some mathematical objects in ¢ with a (terminal) universal property can be seen
as terminal objects in an appropriately defined category defined using the category ¢’.

Remark 8.4. In what follows, we will not explicitly define these various ‘derived’ categories in which a math-
ematical object can be seen to be a terminal object. However, it should be clear from the context that there exists
an underlying category in which this is true.

As a warm-up to the general construction of limits, we consider two specific instances of limits: prod-
ucts and equalizers.

8.2. Products. Let X1, Xy € Sets. The Cartesian product given by
X1 X X9 = {(1?1,:62) ’ xr1 € X,l’g € XQ}

Note thata (z1,22) € X X X3 can be identified with a function {*} — X7 x X3 or equivalently a
pair of functions {*} — X and {*} — X5. More generally, {*} can be replaced by any Y € Sets. The
bijection between

{Functions Y — X; X X9} <— {Pairs of functions Y — Xjand A — Xy}

is given by composing with the canonical projection maps 712 : X1 x Xo — X 9. In fact, X; x Xo
satisfies a universal property in the sense that given any functions f12 : Z — X} o there exists a unique
function g : Z — X X Xg such that the following diagram commutes.

A
fi J/g f2
X1 X X2
1
X1 X9

Even more generally, the two sets can be replaced by a collection of sets { X; } ;7. This suggests the follow-
ing definition.

Definition 8.5. Let € be a category, and let (X;);cs a family of objects of €. A product of (X;)cr,
consists of an object ] [, ; X; and a family of morphisms

I1x = x

i€l
for each i € I with the property that for Y € % and families of morphisms Y’ ﬁ) X, foreachi € I
there exists a unique morphism f : Y — [[.c; Xi such that p; o f = f; foralli € I.

Example 8.6. In Top, a family of objects (X;);es has a product. Itis the set [ [, ; X equipped with the
product topology and the standard projection maps. The product topology is deliberately designed so that
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a function f
fy =[x
iel
y = (fiy))ier-

is continuous if and only each f; is a continuous function.

Example 8.7. Let (.S, <) be an ordered set. A lower bound for a family (x;);er of elements is an element
x € Ssuch thatx < x; for all 7. A greatest lower bound of the family is a lower bound greater than any
other, denoted by ;. ;. The greatest lower bounds serve as the products in (X, <).

(1) In (R, <), the greatest lower bound of a family (z;)¢y is given by inf{x; | i € I} provided that
the infimum exists.

(2) In the power set (P(S), C), the greatest lower bound of a family (A;)se; is given [;; Ai.

8.3. Equalizers. We now define equalizers. Equalizers capture the idea of selecting elements on which
two morphisms agree. They are an important example of limits and arise frequently in categorical con-
structions.

Definition 8.8. Let % be a category and let X M Y be objects and morphisms in ¢". An equalizer
of f1, faisa I/ € € together with a morphism £ % X such that

f
E-1.x fﬁl Y
2
is a diagram such that f1 o f = fo o f with the property that for any other diagram
f
A2, x ?1; Y,
2

such that f1 0 g = f2 o g there exists a unique map f:A— Esuchthat fo f=g.

Remark 8.9. We often draw the diagram of an equalizer as:

Example 8.10. Equalizers in Sets are easy to characterize. Consider sets and functions fi, fo : X — Y
and define

E={reX| fi(z) = fa(x)},
with f : E — X as the inclusion map. One can verify that this indeed satisfies the definition of an

equalizer.

Example 8.11. Let’s see how the kernel is an instance of an equalizer in Modg. Let M, N € Modpg and
let f : M — N be a R-module morphism. Recall that ker f is defined to be the following R-submodule
of M:

ker f ={m & M : f(m) =0}
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If Pisa R-moduleand g : P — M is an R-module morphism such such that f o g = 0, then there is a
unique morphism f : P — ker f such that the following diagram commutes:

/
P9 s M—=N

. TO
f

ker f

Indeed, f og = 0implies that g(P) C ker f. Therefore, f can be taken to be the map g whose codomain
is restricted to ker f. Since the diagram must commute, it is clear that this is the unique choice for f. This
shows that ker f is an equalizer.

8.4. Cones. We have now looked at two constructions: products and equalizers. These constructions
are special instances of a more general construction known as a limit, which we now define. For binary
products, the data required to define a binary product is a pair of objects

X Y

For equalizers, the data required to define an equalizer is a diagram
fi
X —==Y
f2
The data in both cases can be described by two functors with target category €. Indeed, if % is the two-

object discrete category,
[ ] [ ]

then the data of a binary product X, Y € % can be identified with a functor # : ¥ — €. More
generally if 71 = {x};cr is a discrete category with index set I, data of a product of { X; }icr € € can
be identified with a functor % : %1 — €. If Py is the two-object category with a single non-identity
morphism between two different objects,

e — o

then the data of an equalizer can be identified with a functor % : Z5 — €. This motivates the following
definition:

Definition 8.12. Let € be aand let Z be a small category. A cone on a diagram .% : & — € is defined
by the following data:

(1) X € % known as the summit of a cone,
(2) A natural transformation A : X = .% whose domain functor is the constant functor at X.

Explicitly, the data of a cone over a diagram .% : & — € with summit X € % is a collection of
morphisms \; : X — % (), indexed by the objects j € J such that for each morphism f : j — kin
% j y ) P
9, the following triangle commutes in €

X
RN
F(f) F(

F(J) ————— F(k)

Cones in € form a category denoted as Conesy defined in the natural way. In particular, morphisms
in Conesy are morphisms X — Y in ¢’ such that the following diagram commutes:
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X
| lfN
Bj Y Br
/y(f)\ﬂ(k)

() —————

Remark 8.13. If € is a locally small category, then note that €7 is a locally small category. This will
guarantee that there is a set of cones with a fixed summit over the diagram. Most examples we discuss will fall
in this case and are usually interested in this case.

Definition 8.14. Let ¢ be a, & be a small category and let .# : & — € be a diagram in €. The limit
of a diagram .7 :  — ¢, denoted lim .7, is the final object in Conesy.

Remark 8.15. By assuming from the outset that 9 is a small category, we are restricting ourselves to small
limits.

Example 8.16. If 7 is the empty category, then there is only one diagram of shape Z: the empty diagram
(analogous to the empty function in set theory). A cone to the empty diagram in a category € is essentially
just an object of €. The limit of such a diagram is an object through which there exists a unique morphism
from every other object in €’. This is precisely the definition of a terminal object.

Limits may or may not exist, but if they do, it is clear that they are unique up to isomorphism. The
following is an important instance of a limit in a category.

Example 8.17. (Fiber Products/Pullback) Let 6’ be a category and let Z be the following category:

e —— o

The limit of a diagram .% : 9 — %€ is called a fiber product (or a pullback). A typical diagram represent-
ing a pullback in €” is represented as follows:

J/pz lf
y —h 7

We say that the diagram above represents the pullback of X,Y € € along Z € €. The pullback object
isdenotedas X x 7 Y.If € = Sets, we have

XxzY ={(z,y) e X xY | f(z) =9(y)}

with projections p1 and pa given by the usual projection maps. If X, Y C Z and f, g are the inclusion
maps, note that we have
XxzY=XnNnY

Hence, intersection of subsets provides an example of pullbacks.
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Remark 8.18. Let G be a category. More generally, one can define the pullback of a set of objects { X }icr €
C along some Z € €. Here the corresponding diagram 9 assumes the form:

Example 8.19. (Inverse Limits) Let € be a category and let 7 = (N, <)°P. A diagram .7 : 9 — €
consists of objects and morphisms
3B X B2 XSS X,
The limitis Jim, - X;. Such limits are sometimes referred to as inverse limits. Here are some examples of
inverse limits:
(1) Suppose that we have a set X and a chain of subsets
- C X9 C Xy C X
The inclusion maps form a diagram in Set of the type above, and its limit is
lim X; = (] X
€N iEN
This example leads to the slogan that a limit is a glorified intersection.
(2) Fixa prime number p, and consider the inverse system

1—1 Z/p3Z 1—1 Z/p2Z 1—=1 Z/pZ,

The inverse limit of this is the ring of p-adic integers Zj,. The p-adic integers can be identified with
sequences of residue classes (ag, a1, . . .) such that a; € Z/p**1Z and

ai+1 =a; (mod pi) forall: > 0.

Remark 8.20. Let € be a category and ler 9 = (N, <). A diagram F : 9 — € consists of objects and
morphisms

S S S
Xo 2 Xy 23 Xy B

The limit always exists and is isomorphic to Xo. This is most clearly seen when the morphisms are inclusion
maps. In this case, we refer to the limit as a trivial inverse limat.

8.5. Existence of Limits. A limit might not exist. Indeed, let & = {®1, 83} be the two object discrete
category. It is clear that products don’t exist in ¢". When do limits exist? One has the following assertion,
which we state without proof, that suffices for most purposes.

Proposition 8.21. Let I be a set. Consider a diagram in Sets indexed by the set 1. If the diagram is described
by objects { X; }icr and morphisms f; j + X; — X, the limit of the diagram is

{(ai)iel € H A;

along with the obvious projection maps to each A;.

fix(a;) = ak},

Proof. Skipped. O
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9. CoLIMITS

The concept of colimits is formally dual to that of limits. Whereas limits capture terminal universal
properties by means of cones into a diagram, colimits characterize initial universal properties via cocones
out of a diagram.

9.1. Initial Objects. Initial objects are the dual notion to terminal objects, characterized by a unique
morphism to every object in the category.

Definition 9.1. Let ¢ be a category. An initial objectin € is an object T' € € thatforall X € ¢, there
exists a unique morphism I — X.

Remark 9.2. An object that is initial and final is called a zero object.
It is easy to see that any two initial objects are isomorphic.
Proposition 9.3. Let € be a category. If I and I are two initial objects in €, then I = I'.

Proof. 1f I, I' are two initial objects, then there exist unique morphisms f : I — I’and g : I’ — I. Since
I is an initial object, the unique morphism I — I must be the identity. But g o f is one such morphism.
Therefore, g o f = Id;. Similarly, f o g = Idy. Hence, I = I'.

fog gof
G )
@QC ' Ty

g

1d;

This completes the proof. O

Example 9.4. The following are examples of initial objects in various categories:

(1) Let € = Sets. The initial object is the emptyset, (). The unique map () — S'is clear.

(2) Let € = Ab. The trivial abelian group, *, is the initial object. The unique map * — A is simply
the zero map.

(3) Let ¢ = Rings. Z is the initial object, with the unique ring homomorphism Z — R map deter-
mined by 1 — 1g.

Let € be a category. Some mathematical objects in ¢ with an (initial) universal property can be see
initial objects in an appropriately defined category defined using the category €.

Remark 9.5. [n what follows, we will not explicitly define these various derived’ categories in which a math-
ematical object can be seen to be an initial object. However, it should be clear from the context that there exists
an underlying category in which this is true.

As a warm-up to the general construction of limits, we consider two specific instances of limits: coprod-
ucts and coequalizers.

9.2. Coproducts. Let X1, Xo € Sets. The disjoint union given by
X1|_|X2 = {(33,2) | r € X;fori = 1,2}
ForY € Sets, the bijection between

{Functions X |_| X9 — Y} «— {Pairs of functions X7 — Y and Xy — Y}
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is given by composing with the canonical inclusion maps ¢12 : X12 — Xi || Xo. In fact, X; | | X>
satisfies a universal property in the sense that, given any functions f1 : X1 — Zand fo : Xo — Z, there
exists a unique function g : X | | X2 — Z such that the following diagram commutes:

X1 Xo
x /
X1 X
fl J/g f2
A

Even more generally, the two sets can be replaced by a collection of sets { X; }ic 1. This suggests the follow-
ing definition.
Definition 9.6. Let ¢ be a category and let I be a set and let (X;)ic s a family of objects of €. A coprod-
uct of (X;);er, consists of an object | [, ; X; and a family of morphisms

X 5 [ x

el

for each ¢ € I with the property that for Y € ¢ and families of morphisms X £> Y foreachi € I
there exists a unique morphism f : [[;.; X; — Y such that f o ¢; = f; foralli € I.

Example 9.7. In Top, a family of objects (X;);cr has a coproduct. It is the set [ [, ; X equipped with
the disjoint union topology and the standard inclusion maps. The disjoint union topology is deliberately
designed so that a function f

X =Y fi) e file),
i€l
is continuous if and only each f; is a continuous function.
Example 9.8. Let (.S, <) be an ordered set. A upper bound for a family (z;)cs of elements is an element

x € Ssuch thatz; < z foralli. A smallest upper bound of the family is an upper bound lower than any
other, denoted by \/, . ; ;. The smallest upper bounds serves as the coproducts in (X, <).

(1) In (R, <), the smallest upper bound of a family (;);c is given by sup{z; | i € I} provided that
the supremum exists.

(2) In the power set (P(.S), C), the smallest upper bound of a family (A;);e 7 is given by | ;¢ ; As.

9.3. Coequalizers. We now define coequalizers. Coequalizers are the dual notion to equalizers and cap-
ture the idea of identifying elements that are related by a pair of morphisms. They serve as a fundamental
example of colimits in category theory.

Definition 9.9. Let @ be a category and let X ELEENS "IN objects and morphisms in ¢". An coequalizer
of f1, faisaC € € together with a morphism Y’ Iy € such that

f
X ?1; y L c¢
2
is a diagram such that f o fi = f o fi with the property that for any other diagram

f
X%&Y%A
2
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such that g o f1 = g o fi there exists a unique map f:C — Asuchthat fo f =g.

Remark 9.x0. We often draw the diagram of an coequalizer as:

!
X%;Y%A
2

A
Ir
“f

-,

C

Example 9.11. Coequalizers in Sets are easy to characterize. Consider sets and functions f1, fo : X =Y
We must construct in some canonical way a set C and a function f : Y — C such that

f(h(@)) = f(fa(2))

forallz € X. Let ~ be the equivalence relation on Y generated by fi(z) ~ fo(x) forallz € X. Let
C =Y/ ~with f : Y — C as the quotient map. One can verify that this indeed satisfies the definition
of a coequalizer.

Example 9.12. Let’s see how the cokernel is an instance of an equalizer in Modg. Let M, N € Modg and
let f : M — N bea R-module morphism. Recall that coker f is defined to be the following R-module

N
ker f = —
coker f imf
If Pisa R-moduleand g : N — P is an R-module morphism such such that g o f = 0, then there is a
unique morphism f : coker f — P such that the following diagram commutes:

f
M?;N%P

7
lo
< f

coker f
This shows that coker f is a coequalizer.

9.4. Cocones. We have now looked at two constructions: coproducts and coequalizers. These construc-
tions are special instances of a more general construction known as a colimit, which we now define. For-
mally, expect the notion of a colimit to be dual to the notion of a limit. This motivates the following
definition:

Definition 9.13. Let ¢ be a and let Z be a small category. A cocone on a diagram .% : 9 — € is
defined by the following data:

(1) X € % known as the nadir of a cocone,

(2) A natural transformation A : % = X whose target functor is the constant functor at X.

Explicitly, the data of a cocone over a diagram .# : & — % with summit X € % is a collection of
morphisms A; : X — .Z(j), indexed by the objects j € J such that for each morphism f : j — kin
9, the following triangle commutes in €

X
2o
F(f) T

F(J) ————— F(k)

Remark 9.14. Once again to guarantee that there is a set of cones with fixed summit over the diagram F), it
suffices to assume that D is small and € is locally small, so that €7 is locally small.
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Cocones in ¢ form a category denoted as Coconesy defined in the natural way. In particular, mor-
phisms in Coconesy are morphisms X — Y in ¢ such that the following diagram commutes:

Y

fT Bk

X
2

, Z(f)

F(J) ————— F(k)
Remark 9.x5. If € is a locally small category, then note that €7 isa locally small category. This will
guarantee that there is a set of cones with a fixed summit over the diagram. Most examples we discuss will fall
in this case and are usually interested in this case.

Definition 9.16. Let € be a, Z be a small category and let .# : & — € be a diagram in €. The colimit
of a diagram .# :  — ¢, denoted hg 2 Z , is the initial object in Cocones .

Remark 9.x7. By assuming from the outset that 9 is a small category, we are restricting ourselves to small
colimits.

Example 9.18. If 7 is the empty category, then there is only one diagram of shape Z: the empty diagram.
A cocone under the empty diagram in a category % is essentially just an object of €. The colimit of such
a diagram is an object that admits a unique morphism into every other object in €. This is precisely the
definition of an initial object.

Colimits may or may not exist, but if they do, it is clear that they are unique up to isomorphism. The
following is an important instance of a colimit in a category.

Example 9.19. (Pushout) Let ¢ be a category and let & be the following category:

e —— o

|

The colimit of a diagram .# : & — € is called a pushout. A typical diagram representing a pullback in
% is represented as follows:

T N

X
ok
5 X1,V

<N

We say that the diagram above represents the pushout of X, Y € € along Z € €. The pushout object is
denotedas X [[, Y. If € = Sets, we have

X[[v=&]]v)/~
Z

where ~ is the equivalence relation on X | | Y generated by f(x) ~ g(z) forall z € Z. The morphism
i: X — X|J,Y sendsz € X to its equivalence class [z] in X | |, Y. Similarly, the morphism
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j:Y = X|],Y sendsy € X to its equivalence class [y] in X' | |, Y. Here are some examples of
pushouts:

(1) If Z = X NY and f, g are inclusion maps, note that we have
x| J[y=xJy
Z

Hence, unions of subsets provides an example of pushouts.
(2) Top, is the coslice category under a point, i.e., * | Top. The coproduct in this category, which is
the wedge sum, is given by the pushout of the diagram

{(x} 2 X
yoi
Y

where g € X and yg € Y are the chosen basepoints.
(3) The category of commutative k-algebras, denoted CAlgy,, is the coslice category k | CRing under
the commutative ring k. The coproduct in this category is given by the pushout of the diagram

k*>A1

|

Ao
which corresponds to the tensor product A1 ®y, As.

Remark 9.20. Let € be a category. More generally, one can define the pushout of a set of objects { X; }icr €
C along some Z € €. Here the corresponding diagram 9 assumes the form:

T S

Example 9.21. (Direct Limits) Let ¢ be a category and let 2 = (N, <). A diagram .% : 9 — €
consists of objects and morphisms

X022 X 25 Xy 2 Xy
The colimit is denoted as hﬂz’eN X;. Here are some examples of direct limits:
(1) Suppose that we have a set X and a chain of subsets
XoC X1 S XoC X3+
The inclusion maps form a diagram in Sets of the type above, and its colimit is
lim X; = | Xi
1eN ieN
This example leads to the slogan that a limit is a glorified union.
(2) Fixa prime number p, and consider the system

Z)pZ 2 702 220 7P — -

The direct limit is the Priifer p-group Z(p>), which can be viewed as the union of these groups.
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Remark 9.22. Let € be a category and let 9 = (N, <)°P. A diagram F : D — € consists of objects and
morphisms

3 Xy B X B Xy
The colimit always exists and is isomorphic to Xo. This is most clearly seen when the morphisms are inclusion
maps. In this case, we refer to the limit as a trivial direct limit.

9.5. Existence of Colimits. A colimit might not exist. Indeed, let € = {®1, ®2} be the two object
discrete category. Itis clear that coproducts don’texistin ¢". When do colimits exist? One has the following
assertion, which we state without proof, that suffices for most purposes.

Proposition 9.23. Let I be a filtered set'*. Consider a diagram in Sets indexed by the set 1. If the diagram
is described by objects { X; }ic and morphisms f; j : X — X, the colimit of the diagram is

|_| Al/{(al,z) ~ (aj,j) <> there exist fi,j;k : Aiﬂ' — A st f@k(ai) = fj’k(a]’)}
iel

Proof. Skipped. O

10. ADJOINTS

An adjunction between two categories formalizes the notion of two processes being inverse to each
other in a generalized sense. More precisely, it constitutes a weak form of equivalence between categories,
characterized not by isomorphisms of objects but by a natural bijection between Hom-sets. That s, an ad-
junction establishes a structured relationship between two categories at the level of morphisms rather than
at the level of objects. The existence of adjoint functors often reflects deep structural properties of the cat-
egories involved. Furthermore, adjunctions provide a unifying framework for transferring constructions
and information between categories, and they form the foundation of many fundamental dualities and
correspondences throughout mathematics.

Definition 10.1. Let €', Z be categories. Two functors # : ¢ — Y and ¥ : 9 — € are adjoint pair
of functors if there is a bijection forall A € € and B € 2

Tap : Homg(Z (A), B) — Homa(A,¥(B)).
such that the following diagram commutes:
Homgy(.#(A’), B) —— Homgy (% (A), B)
fA/,B/ lmB
Homgy(A',4(B')) —— Homgy(A,¥4(B))
We say that (., 9) forms an adjoint pair, and that .# is left-adjoint to ¢ and ¢ is right-adjoint to .%.
Example 10.2. There’s a pair of functors
Free : Sets — Ab,
Forget : Ab — Sets.
These functors are adjoint pair. That is if G is a abelian group and S'is a set, then
Homap, (Free(S), G) = Homges (.S, For(G))

This isomorphism reflects the fact that a group homomorphism from a free abelian group Free(S) to an
abelian group G is uniquely determined by the image of the basis elements—that is, by the image of the

4A filtered set is a setwith a partial order < such that forany ¢, j € I, there exists k € I such thati < kand j < k.
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set S under a function into the underlying set of G. This universal property of the free abelian group
characterizes Free as the left adjoint to Forget.

Example 10.3. Let R be commutative ring. If M is a R-module, we have a functor
Hompg(M,—) : pMod — pMod

Does it admit a left adjoint? Consider the set Hom (N, Hompg(M, P)), for R-modules IV, P. The ele-
ments of this set correspond to functions that assign to eachn € N an R-linear map from M — P. Such
functions can be equivalently viewed as maps from the Cartesian product M x N to P thatare R-bilinear
(see Example 5.4(3)); that is, they are R-linear in each argument separately. This structure is reminiscent of
the universal property of the tensor product, which asserts that R-bilinear maps M x N — P correspond
bijectively to R-linear maps M @ N — P. Hence, we obtain a natural isomorphism

Homp(N,Hompg(M, P)) = Hompr(M ®r N, P),
This exhibits the classical tensor-Hom adjunction: the functor M ® g — is left adjoint to Homp (M, —).

Given an adjoint pair of functors, one can often exploit properties of one functor to deduce corre-
sponding properties of the other. This can be viewed as a categorical analogue of classical calculus, where
we are interested in understanding when certain operations—such as limits, integrals, or derivatives—can
be interchanged. In the categorical setting, we aim to determine when (co)limits can be commuted with
functors, and how such behavior relates to the adjointness of those functors. A number of results in this
direction are based on the following result, which, roughly speaking, states that the Hom functors com-
mutes with (co)limits.

Proposition 10.4. (Hom Commutes with (Co)limits) Let € be a locally small category, and let X € €.
Let {A; }icr be a collection of objects in € such that @ s A; and hgl s A; exist.
(1) Let X € €. The covariant Hom functor (Example 3.8) commutes with limits:
I I
(2) Let X € €. the contravariant Hom functor (Example 3.14) commutes with colimits:

Hom(lig A, X) = @(Hom(Ai, X))
I I

Proof. The proof is given below:
(1) We write Hom (X, —) and hx (—) interchangeably for the covariant Hom functor. Let fj), :
Aj — Apandp; : @I A; — A; be the relevant morphisms defining @I A;. Fixsome F €
Sets. Itsuffices to show that Hom (X, m, A;) satisfies the universal property of Hm, (Hom(X, A;))
as shown in the following diagram:

E

2

~

hy \hX(pf)
hx (fjk)

Hom(X, Aj) Hom(X, Ay)

Fore € E, note that ¢j(e) € Hom(X, A;) and gx(e) € Hom(X, Aj). By the universal prop-
erty of limits, there is a unique morphism v, : £ — @ ; Aj; such that the following diagram



50 JUNAID AFTAB

commutes:
E
g;(e) e a(e)
lgll Ai
AN
A, Tk Ay

This allows us to define the unique 7 by y(€e) = 7e. Itis easy to see that the defined +y is uniquely
defined due to the universal property of limits in &.
(2) Note that Hom(—, X) is a covariant functor from % °P to €. By (1), we have that:

Homcgop (gl A27 X) = I%H HOm%op (Au X)

Since limits in €"°P correspond to colimits in &, we have that the following holds:

1 1

This completes the proof. [l

We can use Proposition 10.4 to prove quite a few adjoint relationships. First, we can show that tensor
products commute with colimits.

Proposition 1o.5. Let R bea ring and let I be a divected, filtered set. Additionally, let N be a left R-module
and let { M;}ic be right R-modules. Then:

lim(M; ®p N) = (lim M;) @ N
7 I
Proof. We exploit Example 10.3 and Proposition 10.4. For any R-module P, we have the following
Hom(li%m(Mi ®@r N), P)

g@ﬂom(Mi ®gr N, P)

= i Hom(, Hom (1, P)

o HIom(N, lim Hom (M;, P))

=~ Hom(N, HIom(lig M;, P))

= Hom((lim M;) ®1R N, P)
Therefore: I

Hom(lim(M; @r N), —) = Hom((lim M;) ®r N, —).

I I
By Corollary 6.11, we have:
hgl(Mz ®@r N) = (hAlMZ) ®pr N.
I 1
This completes the proof. O
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