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Part 1. Preliminaries
1. SEVERAL COMPLEX VARIABLES

A complex manifold is modeled as a topological space where each open subset resembles
an open subset of C". Therefore, we first study some fundamentals of several complex
variables theory.

1.1. Definitions. A complex differentiable function f : C™ — C is called analytic or holo-
morphic. Recall that if n = 1, a holomorphic function in one variable admits a local
representation in terms of convergent power series. The purpose of this section is to discuss
the case n > 1 and to elucidate both the similarities and differences across the cases.

Remark 1.1. Let p € C*. We will find it convenient to consider open discs with respect to
the supremum norm in C™:

Acp)i={zeC:|F —pF|<e fork=1,2,...,n}

Here | - | is the usual metric on C. Such a A (p) is called a polydisc of radius € around p.
Let (,)cn denote the inner product on C" and let || - |[cn denote the corresponding norm.
We denote the open ball of radius € around p € C™ as

B:(p) :={z € C" | [z — allcn <&}
1
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If n =1, we denote B.(p) as D.(p). Note that we have,
Ac(p) = De(p') x -+ x De(p")
The notion of a holomorphic function of one variable can be extended in a straightforward
way.

Definition 1.2. Let U C C" be an open subset. A function f: U — C is a holomorphic
in U if for each p = (p',...,p") € U, it it continuous at p and the partial derivatives

ﬁ f(p17,p7+§+’pn)_f(pl,’pn)

-(p) = 1i C\ {0
5.7 P) = lim ¢ , e C\{o}
exist for each j € {1,...,n}. The limit over some punctured polydisc centered at the origin

in C.

Remark 1.3. More generally, a vector-valued function f : U — CF is said to be holomorphic
if each of its component functions is holomorphic.

Remark 1.4. Ifn =1, it can be easily shown that the continuity assumption can be removed
from Definition 1.2. In fact, the continuity assumption can be removed if n > 1: Hartog
(1906) proved that a function that has complex partial derivatives at every point of an open
subset of C" is automatically continuous. The proof is involved.

In one complex variable, there are several equivalent ways to characterize holomorphic
functions. There are similar equivalent characterizations for holomorphic functions of sev-
eral variables. We first generalize Cauchy’s integral formula to several variables:

Lemma 1.5. Let Ac(p) be polydisc in C*. Let f : A:(p) — C be a continuous function
such that f is holomorphic with respect to every single component z* at any point of Az(p).
Then for any z € Ac(p), we have:

! (SN R
= — dct. .. dem.
f(Z) (27-”)7’& /|Clp1=5 /{"p”|:& (Cl - Zl) s (Cn — Zn) ¢ ¢

Proof. Repeated application of the Cauchy integral formula in one variable yields

f(Zl,...,Zn)_ 1 / f(zlw-'aznilagn) an
[¢"—p™|=¢

T omi (m—zn

1 f(zl,.”’cn—l’gn) n—1 3, n
_ d¢"td
(27.”')2 /|C"p”:5 /|C"1p"1:e (gn _ Z")(C"il _ anl) C C

1 / / f(claacn) 1
_ : d¢---d¢"
@mi)™ Jienpnj=e  Jjcr—prj=e (" —2") - (CF = 21)
This completes the proof. ]
Remark 1.6. If we let A (p') = {¢ € C | |¢* — p| = ¢} and
Te(p) = 0A:(p!) x -+ x OA(p")

Fubini’s theorem implies that the integral in Lemma 1.5 can be written as

o 1 f((lavcn) L L
1) = Gy / o ([ 2D) o (g B
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Lemma 1.5 implies an important point about holomorphic functions in several variables.
The value of f on A-(p) is completely determined by the values of f on the set I'<(p), which
is much smaller than the boundary of the polydisc A (p)!

Proposition 1.7. (Osgood’s Lemma) Let U C C" be an open set and f : U — C is a
continuous function. The following are equivalent:

(1) f is holomorphic.
(2) If f(2) = u(z)+iv(z), then f is smooth and satisfies the following Cauchy—Riemann
equations:

ou ov ou v )

—_— =, ==, j:17...,n,

oxd  Oyl’ Oyl oxJ
where 27 = 17 4 iy’

(3) For each p = (p',...,p") € U, there ewists a neighborhood of p in U on which f is
equal to the sum of an absolutely convergent power series of the form
[e.e]
f) = Y k., (2t —ph)F (2t = ph)Ee

k1y..kn=0
Proof. The proof is given below:

e (1) <= (2): Assume (1) is true. Because f is holomorphic in each variable
separately, complex variable theory shows that it satisfies the Cauchy-Riemann
equations with respect to each variable. If p € U, let € > 0 such that A.(p) C
U. Smoothness now follows from Lemma 1.5. This is because we can repeatedly
differentiate under the integral sign because A.(p) is compact and the integrand
is smooth. Hence, (1) is also true. Conversely, if (2) is true, then it is certainly
continuous, and complex variable theory implies that it has a complex derivative
with respect to each variable. Hence, (1) is also true.

e (1) < (3): Assume (1) (and hence (2)) is true. Note that

r 1 1 1
R () B ) R A
¢TI —pI
Since Izj :zj} < 1 on the domain of integration in the integral in Lemma 1.5, we can

expand the last fraction on the right in a power series to obtain

1 1 &/ —p\"
s an(ar)

k=0

This power series converges uniformly and absolutely for 27 in any closed polydisk
A (p’) with 0 < &€’ < & by comparison with the geometric series. Inserting this
formula for each variable, we conclude that f can be expanded in a power series
with coefficients

1 F(EL ) o
Wby kon = (2mi)n /Fe(p) (¢ — pr)knt1. L (¢1 = plykatl dq ¢

Assume (3) is true. Then Weierstrass’ M-test implies that f is continuous, and
complex variable theory implies that f has partial derivatives with respect to each
2.

This completes the proof. O
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Remark 1.8. We could have alternatively defined f : U — C to be holomorphic if and only
if f admits a convergent power series about each point in U. Proposition 1.7 then implies
that f is holomorphic in this new sense if and only if f is holomorphic in each variable
separately. There is no analogue of this result for real variables. Let f : R? — R be the
function

2 3
fog - | @) # 0.0
0 (z,y) = (0,0)
This function is everywhere continuous and has well-defined partial derivatives with respect
to x and y everywhere (including at the origin), but it is not differentiable at the origin.
Indeed, we have,
f(z,mz) — £(0,0) . 2ma®+mPz® 2*2m+m?)  2m+m?

li =1 - = =
730 x—0 250 z(x? + m2x?) 250 x3(1 4+ m?) 1+ m?

Clearly, the limits are different for different values of m.

Remark 1.9. As in one variable, we define the Wirtinger operators

o _1(f9o .9
0zF 7 2\ 9k Z@yk ’

o _1(o o
9-k 2 \ozk " oyt )’

An alternative definition is to say that a continuously differentiable function f : U — C
18 holomorphic if it satisfies the Cauchy—Riemann equations

0
E)ZJ;:Oforkzl,Z...,n.
This follows readily from Proposition 1.10(3).

1.2. Properties. We now prove some properties of holomorphic functions of several vari-
ables that extend the properties of holomorphic functions of one variable.

Proposition 1.10. Let U C C" and let f : U — C be a holomorphic function.

(1) If g: U — C is a holomorphic function, then f + g fg are holomorphic on U and
f/g is holomorphic on U \ g~ *(0).
(2) Let W C C™ be open. If g: W — U is a holomorphic, then f o g is holomorphic.

(3) We have
of of 10f
02 dxi oy
(4) If p e U and Az (p) C U, then the power series representation of f is given explicitly
by the following formula

. 1 ak1+~~~+knf(p) 1 1\ k1 n n\k
k,‘17..-,kn:0
(5) (Cauchy Estimate) If p € U and A.(p) C U, then

M 1) < |I£l Fal--- k!
(azl)kl . (8zn)kn — °°€k1+.‘.+€n )

where || f|loo s the bounded on |f| on Ac(p).
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(6) (Identity Theorem) If U is connected and g : U — C is anther holomorphic
function that agrees with f on a non-empty open subset of V.C U, then f =g on
U.

(7) (Liouville’s Theorem) If U = C" and f is bounded, then f is constant.

(8) (Maximum Principle) If |f| attains a mazimum value at some point in U, then
f is constant.

(9) Let fr.: U — C be a sequence of holomorphic functions that converge uniformly on
compact subsets of U to a function f: U — C. Then f is holomorphic.

Remark 1.11. Recall that Proposition 1.10(7) is false for real-analytic functions.

Proof. The proof is given below:

(1) This is clear.
(2) Certainly f o g is continuous. Let z = (zl}, ...,2"™) denote the coordinates on W,
and w = (w!,...,w") those on U. Then w’ = g;(z!,...,2™). By the chain rule, we

have B
oo 5 (220, 000
ozk owi 9zk ~ owi 9zk )
This is zero because % =0 and % = 0 by Remark 1.9. This is sufficient to infer
that that f o ¢ is holomorphic.
(3) Compute the limits:

ai p): lm f(p17"'7p7—"_h?“'?pn)_f(pl?“'?pn) :87f(p)
077 h—0, h€R h ozl 7’
of B f(pl,...,pj—l—ik:,...,p")—f(pl,...,p")_18f
55" = s i “ioy

Now simply note that the limits are equal.

(4) Simply differentiate the expression in Proposition 1.7(3) repeatedly term-by-term
and evaluate at z = p to determine the coefficients ay, ... 1. This is justified by
results concerning power series in several variables.

(5) Note that we have

n*

_ L )
Qky--ky = kl! . kn! (azl)k’l .. (azn)kn
_ ! / F(¢ ¢
(2mi)" Jr ) (7 = pr)Fetle o (CT = ph)katt

From the obvious bounds on the integrand of this integral, it follows that

o Ul

|a’k'1"'k'n| = ckitten

d¢t---dem.

The Cauchy estimate now follows.
(6) Set h = f — g, so h =0 on a nonempty open subset V C U. Let

W ={z € U | h and all its partial derivatives vanish at z}.

Then U is nonempty because Uy C U. Let z € U be a limit point of W. There
is a sequence of points z/ € W converging to z. Hence, all partial derivatives of h
vanish at each z/. By continuity, they also vanish at z. Hence, z € U implying that
W is closed in U. Suppose z € W. By (1) h is equal to a convergent power series
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in a neighborhood of z such that every term in the series is zero. Thus, W is open
in U. Since W is cl-open and U is connected, the claim follows.
(7) Given any point z € C", define the function

9(¢Q) = f(¢z), (eC

g is a bounded holomorphic function on C. By Liouville’s theorem from compelx
variable theory, g is constant. Hence,

f(z) = g(1) = 9(0) = (0)

Since z € C™ is arbitrary, f is constant.
(8) Suppose |f| attains a maximum value at 2’ € U. Consider the set,

W={zeU] f(z) = f(z)}

Clearly, W is non-empty and closed. Given z € W, choose € > 0 such that A.(z) C
U. For each w € C" with |w| = 1, consider the function

9(¢) = f(z + Cw)

g is holomorphic on the disk D.(0) C C and achieves its maximum modulus at { = 0.
By the maximum principle from complex variable theory, g is constant. Since w is
arbitrary, this shows f is constant on A.(z). Thus, W is open. Since U is connected,
W =U. Hence, f = f(2') on U.

(9) Given p € U, choose € > 0 such that A.(p) C U. For all z € A.(p), we can apply
the Cauchy integral formula to fj, and uniform convergence guarantees that

. 1 fk(clvacn) 1 n
= lim ——— dct...d
f(Z) kl’rgo (27TZ)n /{"—p”—r /Cl—p1|—r (Cn - Zn) T (Cl - Zl) ¢ ¢

1 f(C1>7Cn) 1 n
— e det. .. der.
(27”)” /|§"—p":r /Cl—p1|:r (Cn - Zn) T (Cl - Zl) ¢ ¢
Clearly, f is holomorphic.

This completes the proof. O

Remark 1.12. Proposition 1.10 conveys that holomorphic functions are quite rigid. Indeed,
here is an implication of Proposition 1.10. Let f : C — H'. We claim that f is constant.
Note that g(z) := /) is holomorphic on C with ||g|lcc < 1°. So g is a constant by
Liouville’s Theorem and hence f is a constant as well.

So far, all these facts about holomorphic functions of several variables have been straight-
forward generalizations of standard facts about holomorphic functions of one variable. The
next result, however, is radically different from anything in the one-variable theory.

Proposition 1.13. (Hartog’s Extension Theorem) Let n > 2, and let U = A.(p) \

A (p) for some p € C" and 0 < & < e. Ewvery holomorphic function f: U — C has a
unique extension to a holomorphic function on all of A.(p).

1H is the upper half plane.
2If f(2) = a + ib, then ¢'/(*) = ¢'*=~%= Hence |’/ *)| = ¢~ < 1 since b, > 0.
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Proof. WLOG, we may assume that p = 0. Choose any § > 0 such that &’ < § < e. As long
as e < |2%| < ¢, the function 2! ~— f(2!,...,2") is holomorphic on A.(0) C C. Cauchy’s
integral formula shows that

1 2 RIS n
p e L[ MG
210 Ji¢|=s (—=z
This formula actually makes sense for all (2',...,2") € As(0) because the integration

contour is contained in U and it defines a holomorphic function f; there by differentiation
under the integral sign. Because f1 agrees with f on the open subset of As(0) where &’ <
|22| < 4, the identity theorem shows that it agrees on the entire connected set As(0)\ A.(0).
Thus we can define a holomorphic function on all of A.(0) by letting it be equal to f on U
and to f1 on As(0). Uniqueness follows from the identity theorem. O

Remark 1.14. In the language of sheaves of holomorphic functions, Proposition 1.13 states
that the map Ocn(Ac(p)) — O(Ac(p) \ A (p)) is bijective.

Remark 1.15. Proposition 1.13 is false if n = 1. Let f(z) = 1/z on an annular region
centered at the origin. Then f is holomorphic on the annular region but f is not holomorphic
on large unit disk defining the annular region.

Proposition 1.13 implies that singularities of holomorphic functions in two or more vari-
ables are never isolated. Similarly, it implies that the zeros of a holomorphic function in
two or more variables are never isolated. If not, then let f have an isolated zero at p. Then
1/f would have an isolated singularity, which is a contradiction.

Remark 1.16. A holomorphic function of one complex variable may have isolated singu-
larities. Simply consider f(z) =1/z on C.

Remark 1.17. The zero of a holomorphic function of one complex variable are always
isolated. The claim is obviously true if f € C[z]. Generally, if f is a holomorphic function
on an open set and f has a zero of multiplicity k at a € U, then we have

() (g | < 1) (q |
L S B B S LY ) Py G T N R R B
i=k

gl 4 7!
i=k

for some r € R such that the open disk is contained in U. Since g #0 on 0 < |z —a| <,
we have that f #0 on 0 < |z —a| <.

We end this section by proving the Schwarz lemmas:

Proposition 1.18. (Schwarz Lemma) Let A.(0) be a polydisc and let f: U — C be a
holomorphic function such that A.(0) C U. Assume that f non-trivial monomials of degree

< k do not occur in the power series expansion of f. If |f(z)] < C on Az(0) can be bounded
from then

[f(2)] < Clzffe™
for all z € A(0).
Proof. Let D.(0) be a unit ball in C. Fix 0 # z € A.(0). Define

g:(w) = w_kf(wz/|z|), w € D(0).



8 JUNAID AFTAB
Then |g.(w)| < Ce'~* for jw| = ¢’ < . The maximum principle implies that |g, (w)| < Ce'™*
for w € D/ (0). If |2| = ¢’ < &, we have,

|217F1f(2)] = lg=(l2])] < Ce*
Since €’ < ¢ is arbitrary, we have

-k —k

2771 ()] = lg=(2])] < Ce

This completes the proof. ]

2. COMPLEXIFICATION & COMPLEX STRUCTURES

2.1. Complexification. We begin by discussing the technique of complexification, which
allows us to complezify a R-vector space.

Definition 2.1. If V is a R-vector space, we define the complexification of V', denoted by
VC, to be the C-vector space V @ V with scalar multiplication by complex numbers defined
as follows:

(a+ib)(u,v) = (au — bv,av + bu) for a +ib € C.

Remark 2.2. VC is then a C-vector space over C.

The map V — VC given by u ~ (u,0) is a R-linear isomorphism from V onto the (real)
subspace V @ {0} C V€. We identify V with its image under this map. We can write

(u,v) =u+ v

and we can think of V' as consisting of the set of all linear combinations of elements of V'
with complex coefficients. If dimg V' =n and {b1,...,b,} is any basis for V' (over R), then

{(b1,0),...,(by,0)}
is a basis for V€ over C. Hence dim¢ V€ = n. On the other hand,
{(b1,0),...,(byn,0),(0,ib1),...,(0,ib,)}

is a basis for VC over R. Hence dimg VC = 2n.

Definition 2.3. If L: V — W is a linear map between R-vector spaces, the complexifi-
cation of L is the C-linear map

LE:vE - wE
u+iv — L(u) 4+ iL(v)
For k£ = R, C if Vecy, is the category of finite-dimensional k-vector spaces, then complex-
ification can be thought of as a functor,
7 : Vecg — Vecc

such that # (V) = VC and .Z (L) = L®. Clearly, # (Idy) = Idyc. Moreover if Ly : V; — W
and Lo : Vo — Ws are R-linear maps, then

F(La o Ly)(u+iv) = (Ly o L1)"(u + iv)
= La(L1(u)) + iL2(L1(v))
= (LS o LY (u + iv)
= (F(La) o F(L1))(u +iv)
Hence, #(Lyo L1) = #(La) o F(Ly).
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Remark 2.4. There is another way to think about complezification. If V is a R-vector
space, we can consider the (V)¢ = V ®@r C. (V)¢ is a C-vector space with the usual
addition and with scalar multiplication defined by

alv® f) =ve (af), veVa,pBeC
Consider the map
¢: VE - (V)C
(u,v) U @r1l4+vQRr1
The map is C-linear. Indeed, ¢ is additive because ®g is bilinear. Moreover, we have,
o((a+1ib)(u,v)) = ¢p(au — bv, av + bu)
= (au — bv) r 1 + (av + bu) Qg i
=u Qg (a+ib) + v QR i(a + ib)
=(a+ib)(u®r1+v®R1i)
= (a+ib)p(u,v)
Hence, ¢ is C-linear. ¢ is surjective. Indeed if v ® (a + ib) € (V')C, then
VRR (a+ib) =av@r 1+ bv Qg i

implies that ¢(av,bv) = v ® (a + ib). Since VC and (V')C are finite-dimensional C-vector
spaces, ¢ is a C-linear isomorphism.

2.2. Complex Structures. We now discuss complex structures. A complex structure is a
property of a R-vector space that allows it to be treated as a C-vector space. To motivate
this, consider the following: Let V' be a C-vector space. Scalar multiplication by i defines
a linear map v — v on the underlying R-vector space, which squares to —I. By ignoring
the C-vector space structure, we can think of J as a R-linear map satisfying J o J = —Id.

Definition 2.5. Let V be a R-vector space. A complex structure on V is a R-linear
map J: V — V satisfying J o J = —Idy.

Example 2.6. Let V = C". Then
C"2R¥™ = {(x1,...,Zn,Y1,---»Un) | Zi, i € R}
and the complex structure J&" is given by
J(Cn(:cl,...,xn,yl,...,yn) = (—Ylye oy —Yn, T1y- vy Tny).

Lemma 2.7. Let V be a R-vector space. If J is a complex structure on V', then V admits
i a natural way the structure of a C-vector space.

Proof. Define scalar multiplication by C on V' by
(a +ib)v = av + bJ (v),
where a,b € R. The R-linearity of J and the assumption J? = —Id yield
((a+1ib)(c+id))v = (a +ib)((c + id) - v),
This completes the proof. O
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Remark 2.8. If V is a R-linear vector space admitting a complex structure, J, then the
C-linear vector space structure on V is denoted as (V,J). Combined with our discussion of
complexification, we see that complex structures on R-vector spaces and C-vector spaces are
equivalent notions.

Proposition 2.9. Let V be a R-vector space. If J is a complex structure V, then VC has
an etgenspace decomposition of the form

Ve = Vit,00 @ Vio,1

v —1Ju v+ iJu
:{ 5 |vev}@{ 5 |v€V}.

where V1o is the i-eigenspace of JC and Vo1 is the —i-eigenspace of J. Moreover, V(1 g) =
Vio,1) as R-linear vector spaces.

Proof. Given v € VC, define v/ and v by the formulas
p 1 . n_ 1 .
v :i(v—zjv), w :§(U+ZJ1)).
A simple computation show that
JCU/:’L'U/ J(C,U//: —iv"

Because v = v/ 4+ v”, this shows that VC = Vi1,0) + V{o,1)- A non-zero vector cannot be an
eigenvector with two different eigenvalues, so V{1 ¢y V(g 1) = {0}, which shows that the sum

is direct. Conjugation is a bijective R—linear map from VC to itself and it interchanges
Vi1,0) and V(g 1). This shows that V(; gy = Vg 1) as R-linear vector spaces. U

Lemma 2.10. Let V be a finite-dimensional R-vector space. If V' admits a complex struc-
ture, then dimg V 1is even.

Proof. If V' admits a complex structure, then Proposition 2.9 implies that dimg V() =
dimg V(7). In turn, this implies that dim¢ V{; o) = dimg V(g 1). This follows because since
V1,00 V(0,1) are C-vector spaces, we have that dimc V(; o), V(o,1) is half that of dimg V{4 o), V(0,1)-
Hence, dimc VC is even. Since dimg V = dime VC, the result follows. ]

We close this section with an important observation that will be useful later on:

Proposition 2.11. Let V' be a R-vector space such that dimg V =n. Then
(1) We have
(VEY* = (V*)C.
(2) We have
(VIS = (V5 TN @ (V5 T)) o

Here J* is a complex structure on V* we view (V*,J*) as a C-linear space via
Lemma 2.7.

Proof. The proof is given below:
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(1) Note that we have
(VE)* = Homc(VE, C)
= Hom¢(V ®R C,C)
= Hompg(V, Homc(C, C))
>~ Homg(V, C) = Homg(V,R) ®r C = (V)€
The second isomorphism follows from the tensor-hom adjunction since V is a (R, C)-

vector space. The isomorphism Hom¢(C,C) = C is clear.
(2) First note that V* has a complex structure given by the R-linear map

JVE =SV
prrpold
The isomorphism
(Vo)E = (Vi,0)" @ Vo))"

follows from (1) and Proposition 2.9. It suffices to prove that (V{1 o))" = (V*, J*)(1,0)-
Note that there exists a C-linear isomorphism

(V2 J) = Via,0)5
1
v 5(0 —iJv).
Here V is viewed as a C-linear space via Lemma 2.7. This induces the C-linear
isomorphism Homg (V{1 g, C) = Home((V, J), C). Therefore, we have
(VT a0 = {v € Homg(V,C) | J*(¢) = i}
= { € Homg(V,C) | po J = i}
~ Homc(V, C) ~ Homc (V(1,0), C) = (Vi1,0))"
This completes the proof. ]

3. MULTILINEAR & ALTERNATING MAPS
3.1. Multilinear Maps. We first discuss multi-linear maps.

Definition 3.1. Fori=1,--- ,k, let V; be R-vector spaces, and let W be any other R-vector
space. A map

w: Vi x--xV,—>R
—_——
k—times
is said to be k-multi-linear if it is linear as a function of each variable separately when the
others are held fixed. For each 4, this means:

/) / !/
w(v,...,av; +a'v, ... vE) = aw(vi, .. Uiy, V) F A W(VL, gy, UE),
where a,a’ € R and v;, v} € V;.

Remark 3.2. It can be easily checked that the set of k-multi-linear maps is a R-linear
space, which we denote as L(Vy,...,Vi; W). A k-multi-linear map is also called a k-tensor.

When W = R, we can characterize the vector space of k-multi-linear maps as follows:
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Proposition 3.3. Fori=1,--- ,k, let V; be R-vector spaces such that dimg = n;. There
s a canonical isomorphism:
Hence,
dimRL(Vi,.. .,Vk;R) =Ni---Ng
Proof. Define a map ®: Vj x -+ x Vi — L(Vi,...,Vi; R) such that
d(wh, ..., W) (v, .. v) = wHv) - - WP (vp).

The expression on the right depends linearly on each v;, so ®(wi,...,wy) is indeed an
element of the space L(V, ..., Vi; R). It is easy to check that ® is k-multi-linear as a function
of wy,...,wr. By the characteristic property on tensor products, it descends uniquely to a
linear map ® : V* @ --- @ V¥ = L(V4, ..., Vj; R), which satisfies

(w1 @ @wg)(v1, ..., vk) = wi(v1) - - wi(vg).
The linear map ® takes the basis of V;* ® --- @ V}* to the basis for L(V, ..., Vi;R). So it
is an isomorphism. O
Remark 3.4. From now on, assume that V; =V, dimg V =n for each i and W = R.

3.2. Alternating Maps. We now specialize to the case of alternating k-multi-linear maps.

Definition 3.5. A map
w: Vx---xV =R
—_———
k—times
is said to be an alternating k-multi-linear map if it is k-multi-linear and that for every pair
of distinct indices 4, j, it satisfies

WU,y Uiy ey Uy ooy U) = —W(U15 ooy Uy e ey Vg oy Uk).

Remark 3.6. If w is an alternating k-multi-linear map, then the effect of an arbitrary
permutation o € Sy of its arguments is given by

W(Vg(1)s - - Vo(k)) = sgn(o)w(v1, .. ., vg),
where sgn(o) represents the sign of the permutation o € Sy. This follows from repeated

applications of the definition of an alternating k-multi-linear map and the definition of
sgn(o) for o € Sk.

Remark 3.7. It can be easily checked that the set of alternating k-multi-linear maps is a
R-linear space, which we denote as A(Vi,...,Vi;W). An alternating k-multi-linear map is
also called a k-form.

Example 3.8. The determinant is a R-valued multilinear n-form in R™. That is, the map
det: (R™)™ — R is a an alternating n-multi-linear map.

The following lemma gives a different alternative characterization for the alternating
condition:

Lemma 3.9. Let V' be a R-vector space such that dimgr V' = n. Let w be a k-multi-linear
map. The following are equivalent:

(1) w is an alternating k-multi-linear map.
(2) w(vi,...,vk) =0 whenever the k-tuple (v1,...,vy) is linearly dependent.
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(3) w gives the value zero whenever two of its arguments are equal:
Wy, o w,y . w, . vg) = 0.

Proof. (1),(2) imply (3) are immediate. We complete the proof by showing that (3) implies
both (1) and (2). Assume that w satisfies (3). For any vectors vy, ..., vk, the hypothesis
implies

0=w(vi,...,v+v5,...,0 +vj,...,0)
=WV, 3 Vi Uiy, Uk) FW(V1, ooy Viy ooy Uy oo, V)
+w(vr, .U, U Ug) Fw(V1, U, ), )
=WV, 3 Viy ey Uy, Uk) FW(UL, ooy Vs, Uy oo, V)
Thus, w is an alternating k-multi-linear map. Hence, (3) implies (1). If (vy,...,vg) is a

linearly dependent k-tuple, then one of the v;’s can be written as a linear combination of

the others. For simplicity, let us assume that v, = 25;11 a;v;. Since w is k-multi-linear, we

have,
k—1
wvg, ..., v) = Zajw(vl, ey Uk—1,0j).
j=1
In each of these terms, w has two identical arguments, so every term is zero. Hence, (3)
implies (2). O

Remark 3.10. In what follows, let {E;}}" | denote a basis for V, and let {Ej}?zl denote
the dual basis for V*.

Note that Proposition 3.3 implies that the set
{Eil ®€’Lk ’ 1 Si17”' 7ik7Sn}

is a basis for L(V,--- ,V;R). We would like to find a basis for A(V,---,V;R), the subspace
of alternating k-multi-linear maps. Preempting the discussion in the next section, we write
A(V,---,V;R) as A¥(V) in the remainder of this section. We first define a collection of
alternating k-multi-linear maps on V' that generalize the determinant function on R".

Definition 3.11. Let V be a R-vector space and let dimg V' = n. For each multi-index
I = (i1,...,1x) of length k such that 1 <iy,...,i; < n, define an alternating k-multi-linear
map as follows:

el Vx o xV R
—_———

k-times
5i1 (/Ul) e 5i1 (Uk) U’il e fU;‘gl
(v1,...,v5) — det : : = det :
ik (v1) -+~ gk (vg) vll'k ... ,U]ik

Because the determinant changes sign whenever two columns are interchanged, it is clear
that e in Definition 3.11 is an alternating k-multi-linear map.

Remark 3.12. We introduce some notation. If I = (i1,--- i) is a multi-index and o € Sk
is a permutation of {1,...,k}, we write I, for the following multi-index:

I, = (i0(1)7 s Zo'(k‘))
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Note that 1, = (I5)r for o,7 € Sg. If I and J are multi-indices of length k, we define 5§
as follows:

1] i i1

(51-1 (51»2 6]-k

22 2. 2

6[ _ det 5]1 5]2 5]k
J — . .

5j1 53'2 5jk

We have

57— sgn(o) if neither I nor J has a repeated index and J = I, for some o € Sk,
7o if I or J has a repeated index or J is not a permutation of I.

Lemma 3.13. The following statements are true:

(1) If I has a repeated index, then el = 0.
(2) If J = I, for some o € Sy, then el = sgn(o)e”.
(3) The result of evaluating e’ on a sequence of basis vectors is

EI(Ejl, . 7Ejk) = 55

Proof. If I has a repeated index, then for any vectors vq,...,vg, the determinant in the
definition of ! has two identical rows and thus is equal to zero, which proves (1). On the
other hand, if J is obtained from I by interchanging two indices, then the corresponding
determinants have opposite signs; this implies (2). Finally, (3) follows immediately from
the definition of !. O

The importance of the k-alternating tensors e!, for an increasing multi-index I, is given
by the following proposition:

Proposition 3.14. For each positive integer 0 < k < n, the collection of k-alternating
tensors

& = {e! : Iis an increasing multi-index of length k}
is a basis for A¥(V*). Therefore,
n n!
dim A*¥(V*) = =
im AR(V7) <k> Kl(n — k)!
If k > n, then dim A*(V*) = 0.
Remark 3.15. A multi-index I = (i1, ...,1i) is said to be increasing if i1 < ... < .

Proof. The fact that A¥(V*) is the trivial vector space when k > n follows immediately
from Lemma 3.13, since every k-tuple of vectors is linearly dependent in that case. So let
k < n. To show that £ spans A*(V*), let o € A¥(V*) be arbitrary. For each multi-index
I = (i1,...,1%) (not necessarily increasing), define a real number a; by

oy = a(Ei17 .. 7Ezk)

Lemma 3.13 implies:

Zajsl(Ejl,... 7Ejk) = Zaﬂ;{] =g = Oz(Ejl,.. . ,Ejk).
1 1
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Thus, ) ; are! = a, so £ spans A¥(V*). To show that £ is a linearly independent set,
suppose the identity
S e =0
I

holds for some coefficients a;. Let J be any increasing multi-index. Applying both sides of
the identity to the vectors Ej , ..., Ej; and using Lemma 3.13, we get

0= ZO([EI(Ejl,...,Ejk) =qay.
I

Thus, each coefficient «; is zero. [l

3.3. Wedge Product. We can go a step further and define a product operation for alter-
nating k-multi-linear maps. Recall that there is a product operation on the R-linear space
of k-multi-linear maps. If

w:Vx.--xV =R
N———
k—times
y:Vx..-xV =R
N———
l—times
multi-linear maps we can define their product w ® v to be a (k + [)k-multi-linear map
wRy:Vx---xV =R
—_——
(k+1)—times
such that

W Y(V1s e vy Uy Vs e v v s Vpd) = WU+ v oy UR)Y(Vk415 -+ oy Ukt

Now consider the case of alternating multi-linear maps. Given o € A¥(V*) and g € AY(V*),
we define their wedge product (or exterior product) to be the following element in A+ (V*):

(k+1)!
!
If w is a k-multi-linear map, then Alt(w) is defined as

1
Alt(w)(v1,...,v5) = ol Z sgn(a)w(vo(l), ... ,vg(k)).

' €Sy,

alfp= Alt(a® B) =

It is easy to verify that Alt defines a projection operator:
Alt: L(V,--- ,V;R) — A(V,--- | V;R)
The mysterious coefficient is motivated by statement of Lemma 3.16:
Lemma 3.16. For any multi-indices I = (i1,...,i) and J = (j1,...,j1),
I ned =l

where IJ = (i1,...,1k,J1,--.,]1) is obtained by concatenating I and J.
Proof. By multilinearity, it suffices to show that

el ne’ (Epv T >Epk+1) =&l (EP17 o 7Epk+1)

We consider several cases.
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e If P=(p1,...,Pksq1,---,q) has a repeated index. In this case, both sides above of
are zero.

e If P contains an index that does not appear in either I or J, the right-hand side is
zero. Similarly, each term in the expansion of the left-hand side involves either I
or J evaluated on a sequence of basis vectors that is not a permutation of I or J,
respectively, so the left-hand side is also zero.

e If P = 1J and P has no repeated indices, the right-hand side of is equal to 1. So
we need to show that the left-hand side is also equal to 1. By definition,

1
el el (Bp,o  Bppyy) = T > sen(o) e (Boqy - Bo) €7 (Bohan)s -+ Both)):
o 065k+l

By Lemma 3.13, the only terms in the sum above that give nonzero values are those
in which o permutes the first £ indices and the last [ indices of P separately. In other

words, o must be of the form o = 71, where 7 € Si acts by permuting {1,...,k}
and n € S; acts by permuting {k + 1,...,k + [}. Since sgn(o) = sgn(7)sgn(n), we
have:
I _J 1 I J
e Ne (Epyy o Epy,y) = Kl Z sgn(7)sgn(o) e (Epr(1)7 T :EpT(k)) € (Epk+n(1)? e 7Epk+n(l))
TESKL NES;
= 5I(Ep17 T Epk)EJ<Epk+17 T Epk+z) =1

e If P is a permutation of IJ and has no repeated indices, applying a permutation
to P brings us back to the above case. Since the effect of the permutation is to
multiply both sides of

1 J 1J
e Ne (Ep17"'vEpk+1):5 (Eplv""EpkH)
by the same sign, the result holds in this case as well.

This completes the proof. ]

Proposition 3.17. Let V be a R-vector space such that dimg V = n. Let o, 3,7 be alter-
nating k-multi-linear maps on V. The wedge product satisfies the following properties:

(1) (Bilinearlity) For a,b € R,

(ac+bB) Ny=aaANy+bB Ay
(2) (Associativity)

(@ AB)Ay=an(BAY).
(3) (Graded Anti-Commutivity) If o € A¥(V*) and g € AL(V*),
alf= (—l)klﬁ/\a
(4) If I = (i1,...,i) is any multi-index, then
TN NeR =gl
Proof. (1) follows immediately from the definition, because the tensor product is bilinear
and Alt is linear. By Lemma 3.16,
(TNeNNeE =l Nl = lIE = I A TE — I A (67 A eF)

The general case follows from bilinearity. Similarly, using Lemma 3.16 again, we get

g — T JI

=sgn(o)e’! = sgn(o) e’ A el
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where ¢ is the permutation that sends I.J to JI. It is easy to check that sgn(o) = (—1)*,
because o can be decomposed as a composition of kl transpositions (each index of I must be
moved past each of the indices of J). (3) then follows from bilinearity. (4) is an immediate
consequence of Lemma 3.13. O
Proposition 3.18. The wedge product is the unique associative, bilinear map
Ak(v*) « Al(v*) —)Ak—H(V*)
satisfying (1)-(4) in Proposition 3.17.
Proof. If we take w € A¥(V*) and € AY(V*) then we can expand in the usual basis as

w=>> wrel, n=7> 77J6J. Taking * to be a map satisfying these four properties. By
bilinearity,

oo (e (o) R

Using associativity and (4) in Proposition 3.17
et — (gil *___*gik:)*(gjl *...*511):5i1*---*gik’ sl s oxegh =l =l At
This proves the claim. ([l

Remark 3.19. We can now define a R-vector space A(V)
A(V*) = DAV,
k=0

Clearly, dimg A(V') = 2". The wedge product turns A(V') into an associative algebra, called
the exterior algebra of V*. This algebra is not commutative, but it is graded-anticommutative

in the sense that if a € A¥(V*), 8 € AL(V*), then a A B € AF(V*) and
aAB=(-1D"3Aa
4. EXTERIOR ALGEBRA

4.1. Definitions. Let V be an R-vector space such that dimg V' = n. In the previous
section we have constructed a graded associative algebra, A(V*), such that if « € A(V*),
then o A @ = 0. Since V is finite-dimensional, we can identify V' with (V*)*. Hence, we
formally have

A(V) = A((VH)) = D ANV
k=0

Exploiting Proposition 3.3 If an element w € A((V*)*) is an alternating k-multi-linear map
that can be identified with an element of V ® --- ® V, we must have that w ® w under this
—_—

k—times
identification. This motivates the following definition:

Definition 4.1. Let V' be a R-vector space. Consider the tensor algebra T'(V):

TV)=Pr'v=ReveVaeV)eVeVaV)e- .
k=0
The exterior algebra of V is the quotient algebra A(V) = T(V) /I, where I is the two-sided
ideal generated by all elements of the form v ® v such that v € V.
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In analogy with the definition of the wedge product, we write an arbitrary element in

A(V) is written as

’U1K~ . 'KU}C ::m
for some k > 0. Moreover, in analogy with the analogous construction in the previous
section, we can define the following subspace of A(V):

X (V) = Spang = {viA---Avg | 1,i1, - ,ix < n} S A(V)

We have the following basic properties:
Lemma 4.2. Let V be a R-vector space.
(1) We have v Aw = —w A v for each v,w € V.
(2) For k > n, Kk(V) =0.
Proof. The proof is given below:
(1) By construction v Av =0 for all v € V. Consequently, if v,w € V we have
0=(w+w)A (v+w)
=vAv+vAw+wAv+wAw
=vAw+wAw.
(2) Consider v1A---Avy, € A¥(V). We can write each v; as v; = cZEJ We then have
le' . 'Kvk = (ZC{EJ>/\ . /\(ZC‘;E])
j=1 j=1
n . .
— Z AV AFEL A NE),
Jiyge=1
Consider the term E; A ---AEj, . Since k > n we must have that E;, = I, for some
[ # k. Hence,
EjN---NEj, =0
by (1). Since each summand is zero, we have that v1A--- Avg = 0.

This completes the proof. ]

Lemma 4.2 implies that we get an analogous direct sum decomposition
n
—~ —k
AV)=EPA (V)
k=0

As discussed at the start of this section, the motivation behind the definition of the
exterior algebra is to generalize the construction of the previous section. This is indeed the
case as shown by Proposition 4.5. We first introduce a definition and a lemma.
Definition 4.3. Let V, W R-vector spaces. A pairing between V' and W is a bilinear map

(L):VxW—=R
A pairing is perfect if for every v € V, there is a w € W such that (v,w) # 0, and vice

versa.

Lemma 4.4. Let V and W be finite-dimensional R-vector spaces The following statements
are equivalent:
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(1) There ezists an isomorphism W = V*,
(2) There ezists a perfect pairing (,) : V. x W — R.

Proof. Assume that (1) is true. There is an obvious perfect pairing between V and V*,
given by
(): VXV =R, (v,9) =p)

Composing this with the obvious map V x W — V x V*, we see that (1) implies (2). Now
assume that (2) is true. Given w € W, we get a linear map ¢ : V. — R by sending v to
p(v) = (v,w). It is easy to see that this gives us a linear map W — V*, and since we have
a perfect pairing, this map is injective. Since the vector spaces are finite-dimensional, we
have that the linear map W — V™ is bijective, an isomorphism. Hence, (2) implies (1). O

We now prove the desired result.

Proposition 4.5. Let V be a R-vector space such that dimg V = n. For each 0 < k < n,

we have
ARV = RN (v)) = K (v

Proof. (Sketch) Consider the following map:

() s KE(V) x AR(V%)

(Vi A= Aug,el) s el (v A--- Awy)
This is a valid map since any alternating k-multi-linear map in A¥(V*) is a linear combina-
tion of el. Tt is clear that (-,-) is a pairing. Moreover, it is also a perfect pairing. The first
isomorphism follows from Lemma 4.4. The second isomorphism is given by:
LA AR (v A Ao Hdet(@i(vj))).
It can be easily checked that this is an isomorphism. O

Remark 4.6. Based on Proposition /.5 we can now write A as A.

4.2. Complexification of Exterior Algebra. We now study the complexififcation of
A(V). We first prove a basic lemma.

Lemma 4.7. Let V' be a R-vector space such that dimg = n. Furthermore, assume that
V =Wy & Ws, where Wi, Ws are R-vector subspaces of V' such that dimg W; = m;. Then

(1) We have

(Akv)(C ~ AkV(C
(2) We have
AW @ Wa) =2 AW; @r AW,
(3) For each 0 < k <n, we have
Ak(Wl D WQ) = @ (prl KRR AqWQ)
pt+q=k

Proof. The proof is given below:

(1) First fix some z € C and consider the the map

Vx-oox V= AFVC
N —’

k—times

(V1y.oyvg) = 2 (U@L A A (v ®1).
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This map is an alternating k-multi-linear map. Hence it descends to an R-linear
map
¢z« AV — AF(VE)
ViA- A=z (1 Q1) A A (v ®1).

Here we have used the universal property of the tensor product and the k-th exterior
power. Now, we define an R-bilinear map

T:A*V x C — AF(VE)
(w, 2) = ¢ (w).
Since T' is R-bilinear, it lifts to an R-linear map
T : A"V @r C — (AFV)C = AF(VE)
(W®z) = ¢ (w).
The map T is defined as
T Ao Avp)®2) =2 (11 QL)AL A (v ®@1)

It is easy to that T is C-linear isomorphism.

(2) (Sketch) We take for granted the statement that A(—) is a functor from the category
of R-vector spaces to the category of graded-commutative R-algebras, such that
A(—) is left adjoint to the functor that takes the degree 1 part. Since A(—) is is left
adjoint, it preserves colimits, in particular direct sums. Hence,

A(Wl D Wg) =AW Qr AW,
(3) This follows from (2). Indeed, (2) implies

D AW & 172) = AW & T73)

k=0
=AW, Qr AW,
m1 ma mi,ma
= <@APW1> ®R<@AQW2> = @ ANPW, @p A?
p=0 q=0 P,q=0

Recall the Vandermode identity
k
n my1 + ma mi mo my\ (M2
— = = W
()= (") =2 (1)) = 2, ) ()
1=0 ptq=k
If we identify the degree k-component of each side of the equation with a vector
subspace of dimension (Z), we have, by comparing the degree k-component, that
NI oW,) = @ AW @ AW,
ptq=k
This completes the proof U
Corollary 4.8. Let V be a R-vector space such that dimg = n. Then

(AFV)E = @ (APV(1,0) @c ATV(0.1))
pt+q=k
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Proof. Using Lemma 4.7, we can do the following computation:
(Akv)(c _ Ak‘v(c
= Ak(V(l,o) ® Vio,1))

= D (Vi @cAVoy) -
ptq=k
This completes the proof. O

We will use Lemma 4.7 as a starting point for the study of differential forms on a complex
manifold.

Part 2. Complex Manifolds

Complex manifolds are topological spaces locally modeled on open subsets in C™ with
holomorphic transition functions. Complex manifolds are closely related to smooth man-
ifolds, yet they exhibit notable distinctions in several aspects. The global counterparts
of the similarities and differences between differentiable and holomorphic functions arise
within the framework of complex manifold theory.

5. DEFINITIONS & EXAMPLES
5.1. Definitions. We first provide definitions.

Definition 5.1. Let X be a second-countable, Hausdorff, connected topological space. X
is a complex manifold of dimension n if there is a there exists a collection {(U;, ;) }ier
such that:

(1) U; are open sets cover X,

(2) Each ¢; : Uy — D;, where D; is an open subset of some C", is a homemorphism,

(3) The transition functions

piog; ! 1 pi(UinU;) = iU NUy),
are holomorphic.

Such a collection is called a holomorphic atlas for X. Each (U;, ¢;) is called a coordinate
chart.

Remark 5.2. Since all holomorphic functions are smooth, a holomorphic atlas is also a
smooth atlas and thus determines a unique smooth structure on X. Thus, every complex
manifold is also a smooth manifold in a canonical way.

Philosophically, a complex n-manifold locally resembles C”. This local resemblance en-
ables the extension of many constructions valid in C™ to a complex manifold. For instance,
this framework allows us to define holomorphic functions on X.

Definition 5.3. Let X be a complex manifold. A holomorphic function on X is a
function f : X — C such that f o (pi_l : ¢;(U;) — C is holomorphic for some holomorphic
chart (v, U;).

Remark 5.4. It can be easily shown that if f is holomorphic, then f is holomorphic with
respect to any holomorphic chart.

We can now package all holomorphic functions on a complex manifold into the structure
of a sheaf.



22 JUNAID AFTAB

Definition 5.5. Let X be a complex manifold. The structure sheaf on X, denoted
by Ox, is the sheaf of holomorphic functions on X defined such that for any open subset
U C X we have

Ox(U)={f:U — C| f is a holomorphic function}.

Remark 5.6. It is clear from the definition that via a holomorphic chart (U, @) with p € U
and ¢(p) = 0 € C", the stalk Ox p is isomorphic to Ocn .

We define holomorphic functions between complex manifolds analogously to how smooth
functions are defined between smooth manifolds.

Definition 5.7. Let X and Y be complex manifolds. A holomorphic map from X to
Y is a continuous function F': X — Y with the property that for every p € X there exist
holomorphic coordinate charts (U, ) for X and (V, 1) for Y such that

epelUand F(p) eV
e FIU)CV

e The composite map ¢ o F o p~*

is holomorphic as a map from ¢(U) to (V).

The function F = 1o Fop!is called the coordinate representation of f with respect to
the given holomorphic coordinates.

Remark 5.8. If F': X — Y is a bijective holomorphic map with holomorphic inverse, then
we say that F is a biholomorphism.

The fundamental difference between complex and differentiable manifolds becomes man-
ifest is given by the following proposition:

Proposition 5.9. Let X be a compact connected complex manifold.

(1) Any global holomorphic function on X is constant. That is, Ox(X) = C.
(2) If dim X > 2 and p € X, then Ox(X) = Ox(X \ {p}) =C.

Proof. The proof is given below:

(1) Since X is compact, |f| : X — R attains its maximum at some point p € X.
If (U, ;) is a holomorphic chart with p € Uj;, then f o cpi_l is constant due to
the maximum principle on ¢;(U;) € C™. Hence, f is constant on U;. Since X is
connected, this shows that f must be constant®. Thus, Ox(X) = C.

(2) This follows from (1) and Proposition 1.13.

This completes the proof. ]
Here is another key difference between smooth manifolds and complex manifolds. A
smooth manifold can always be covered by open subsets diffeomorphic to R™. In contrast, a

complex manifold cannot be covered by open subsets biholomorphic to C". This is because
of the following proposition:

Proposition 5.10. The unit ball B*® C C" is not biholomorphic to C".

Proof. We know that B?" and C" are diffeomorphic. If F': C* — B?" is any holomorphic
map, each of its coefficient functions is a bounded holomorphic function on C" and therefore
constant by Liouville’s theorem. Thus, there is no biholomorphism between B?” and C*. O

3A locally continuous functions on a connected space that is constant on an open set is constant.
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The definitions of topological manifolds, smooth manifolds, and complex manifolds have
the same structure. Hence, we now introduce a convenient framework that includes smooth
manifolds, complex manifolds, and many other kinds of spaces.

Definition 5.11. Let X be a connected topological space. A geometric structure on
X, denoted as ¥, is a sub-sheaf of the sheaf of continuous functions on X such that the
abelian groups ¢4 (U) C ¥(U) contain all constant functions for each open set U C X. The
pair (X,¥) is called a geometric space.

We have already discussed various examples of geometric spaces. In order to view a
complex manifold as a geometric space, we need to define the notion of a morphism of
geometric spaces.

Definition 5.12. Let (X,9x) and (Y,% ) be geometric spaces. A morphism of geo-
metric spaces is a continuous map f : X — Y such that whenever U C Y is open, and
g € % (U), the composition g o f belongs to @x (f~H(U)).

Example 5.13. Let X = C"” and Y = C™ and let Ox, Oy be the sheafs of holomorphic
functions. A morphism f : (C",Ox) — (C™, Oy) is the same as a holomorphic mapping
f: C" — C™. This is because a continuous map f : C" — C™ is holomorphic if and only
if it preserves complex-valued holomorphic functions. The forward direction is clear since
a composition of holomorphic functions is holomorphic functions. The reverse direction
follows easily since the hypothesis implies that each coordinate function of f is holomorphic.

Example 5.14. If (X, %) is a geometric space, then any open subset U C X inherits a
geometric structure (U,9x|), where ¥x|y is the restriction sheaf. With this definition,
the natural inclusion map (U,¥|y) — (X, ¥x) becomes a morphism of geometric spaces.

Remark 5.15. For a morphism f : (X,9x) — (Y, %) of geometric spaces, we typically
write

fo % (U) = 9x(fH(U))
for the induced homomorphisms. We say that f is an isomorphism if it has an inverse that

is also a morphism. This means that f : X — Y should be a homeomorphism, and that
each map fg : % (U) — 9x(f~1(U)) should be an isomorphism.

We can now give an alternative definition of a complex manifold.

Definition 5.16. A complex manifold of dimension n is a geometric space (X, ¥%x)
such that each p € X has an open neighborhood U C X, such that (U,9x|v) = (D, O|p)for
some open subset D C C™.

Proposition 5.17. Let X be a topological space. X is a compler manifold in the sense of
Definition 5.16 if and only if X is a complex manifold in the sense of Definition 5.1.

Proof. Let (X,9x) be a complex manifold in the sense of Definition 5.16. We can find
for each p € X an open neighborhood p € U, together with an isomorphism of geometric
spaces ¢, : (Up,9x|u,) = (Dp, O|p), for D, C C" open. The transition maps are clearly
biholomorphic. This defines a cordinates atlas on X. Conversely, let X be a complex
manifold in the sense of Definition 5.1. Let {(Uj, y;)}icr be a holomorphic atlas. For
U C X open, set

9x(U)={f € €U) | (flunv,) o ¢; ! is holomorphic on ¢;(U N U;) for all i € T}.
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This makes sense because the transition functions are biholomorphic. It is easy to see that
Ox is a sub-sheaf of ¥". Hence, (X,¥x) is a geometric space. It is also a complex manifold,
because every point has an open neighborhood (namely one of the U;) that is isomorphic
to an open subset of C™. O

Remark 5.18. Is the dimension uniquely defined in Definition 5.1 or Definition 5.16% This
is indeed the case. Let x € X such that x is contained in a coordinate chart (U, ¢) such that
¢(z) = 0. Consider
O, = hg o)
xelU
Let O, denote the stalk at O of the sheaf of holomorphic functions on C™. Clearly,
0, =0, =C[[z", - ,2"]

O, s a local Ting. Indeed, the unique maximal ideal is

m, = {f € 0, | f(0) =0}
If f € O, satisfies f(0) # 0, then f~1 is holomorphic in a neighborhood of the origin, and
therefore f~1 € 0,. Clearly,
Op/my, = C
The integer n can be recovered from the ring O,. This is because Krull’s dimension theory
implies we have

n = dim(C[[z', ..., 2"]])
= dim (C[[z', ..., 2"]]/m,) + height(m,,)
= dim(C) + height(m,,)
= height(m,,)
This shows that n = dim X is well-defined.

Remark 5.19. [t follows that the function x — dim X is locally constant. Hence, if X
18 connected, the dimension is the same at each point, and the common value is called the
dimension of the complex manifold X, denoted by dim X, as we have done above.

5.2. Examples. We now discuss several examples.

Example 5.20. C" has a holomorphic structure determined by the holomorphic atlas
consisting of the single coordinate chart (C",Idcn). Similarly, the holomorphic structure
on every open subset U C C" is defined by the single chart (U, Idy).

Example 5.21. (Complex Projective Space) For any n € N, the complex projective
space, CP" of dimension n is the set of complex 1-dimensional subspaces of C**!, which we
can identify with the quotient of C"*!\ {0} by the equivalence relation defined by

w~w < w = \w for some \ € C*

We endow CP" with the quotient topology. The equivalence class of w € C"*1\ {0} is
denoted by [w]. Points of CP™ can be described through their homogeneous coordinates
[w® wl, ..., w"]. For each a = 0,...,n, let U, € CP" be the open subset U, = {[w] €
CP™ : w* # 0}, and define a map

Yao: Uy — C"
0 a—1 a+1



COMPLEX GEOMETRY 25

It is continuous by the characteristic property of the quotient topology, and it is a homeo-
morphism because it has a continuous inverse given by

o2t .., 2 =2 .., 227 1,20 2T,

Thus each (U,,pq) is a coordinate chart, called affine coordinates for CP"™. This makes
CP"™ into a topological manifold. For o < f, the transition function between these charts
can be computed explicitly as

1 Za n
_ z z 1 z
<pao¢61(217,..,z”):<...,...,,..., ),

za’ za’ & 2o

where the hat indicates that the term in position « is omitted, and the 1/2% term is in
position . These transition functions are all holomorphic. It can be checked that CP" is
Haudorff and second-countable. Hence, CP" is a complex manifold of dimension n.

Remark 5.22. Note that CP" is compact and connected because it is the image of the
surjective continuous map

q: st Ccpn

given by q(w°,...,w") = [w°, ..., w"], where S**! is the set of unit vectors in C"1.
Moreover, we have,

CP" = SZn-i—l/sl

Remark 5.23. Note that the quotient map q : C"*1\ {0} — CP" is holomorphic. Indeed,
if w € C"H\ {0} such that w® # 0, then let U, C CP" and ¢~ *(Uy) € C*1\ {0} be open

sets containing w and [w] respectively. Clearly, q(q¢~*(Us)) C Uy. Moreover, we have,

71 0 " 0 N ZO Za—l Zoz—f—l
(paquIanH\{O}(Z yoo 2 =palz, 2" = (Za,... —_—

zn

=)
which is holomorphic. Hence, q is holomorphic. Therefore, if f : CP" — C is any holomor-
phic function, then gy := foq is also a holomorphic function such that gy is scale-invariant,
i.e, gr(A) = g¢(-) for each A € C*. In fact, the converse is true as well. Let f : CP" — C

be a continuous such that gy := f o q is holomorphic and gy is scale-invariant. Then if
(Us, pg) is a chart on CP", then,

Za ) Za LA

fogpgl(zl’_“ 7271):.]0[2:17__. 7204—1’1’2,04-1—17.__ 7271]
:fOQ(Zla"' 7204—1’172044—1’.__ ’zn)
:gf(z]'7 7Za71’1,za+17... 72”)

is holomorphic. Therefore we have that the corresponding sheaf on CP" is given by

G(U)={f € €U) | (flunv,) o ;" is holomorphic on p;(UNU;) for alli € I}
={fe€U)|gs=foq is holomorphic and g; is scale invariant}

Example 5.24. (Complex Lie Groups) A complex Lie group, G, is a complex manifold
that is also a group such that the map (x,y) — z-y~! is holomorphic. Examples of complex
Lie groups are provided by GL(n,C), SL(n, C), and Sp(n, C). They are certainly not abelian
for n > 1.
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Remark 5.25. Note that certain classical groups like U(n, C) are often not complex complex
Lie groups, but just ordinary real Lie groups. The easiest way of proving that U(n,C) is not
a complex Lie group consists in using the fact that its Lie algebra u(n) is not a complex Lie
algebra. We have

u(n) ={A e M,(C)|A=—-A"}
Unless A= 0, if A € u(n), then iA ¢ u(n).

Another method to construct complex manifolds is to consider the quotient space when
a group acts by automorphisms on the complex manifold. The next two propositions allow
us to construct new complex manifolds in this manner.

Proposition 5.26. Let Y be a connected complex manifold and m: X — Y be a covering
map. Then X is a complex manifold and has a unique holomorphic atlas such that w is a
holomorphic covering map.

Proof. (Sketch) We know from smooth manifold theory that X is a topological manifold
and has a unique smooth structure such that 7 is a smooth covering map. We can define
holomorphic charts on X as follows: Given a point p € X, let U be an evenly covered
neighborhood of 7(p). After shrinking U if necessary, we can find a holomorphic coordinate
map ¢: U — C". Let U be the connected component of 7~ 1(U) containing p, and define
P=pom: U — C". When two such charts (U, @) and (V, {E) overlap, in a neighborhood of
each point the transition function can be expressed as

v og=9""op,
which in this case is holomorphic. Clearly, this makes 7 into a local biholomorphism. [

Proposition 5.27. (Holomorphic Quotient Manifold Theorem) Let X be a complex
manifold and T is a discrete (complex) Lie group acting holomorphically®, freely’, and prop-
erly’ on X. Then the quotient space X/T' has a unique complex manifold structure such
that the quotient map q: X — X/T" is a holomorphic (normal) covering map.

Proof. (Sketch) We know from smooth manifold theory that that X/I" has a unique smooth
manifold structure such that ¢ is a smooth (normal) covering map. To define a complex
manifold structure on X/T", let U C X/T" be any evenly covered open set, and choose a
smooth local section o: U — X. Because X is a complex manifold, o(U) has a covering by
holomorphic charts (Uy, ), and for each such chart we can define (67(Uy), ¢q © o) as a
chart for X/T". For a fixed local section o, all of these charts are holomorphically compatible
with each other. If 6: U — X is any other local section, there is an element g € I' such
that 6(z) = ¢ - o(x) for all x € U; and the fact that x — ¢ - = is a biholomorphism of X
with inverse z — ¢! -z guarantees that the charts obtained from & will be holomorphically
compatible with those obtained from o. O

Corollary 5.28. Suppose G is a connected complex Lie group and I' C G is a discrete
subgroup. The left coset space G /T is a complex manifold, and the quotient map 7: G — G /T’
is a holomorphic (normal) covering map.

Proof. This follows from Proposition 5.27 since the action automatically satisfies assump-
tions in Proposition 5.27. ]

4The action I on X is holomorphic if the map z + ¢ - x is holomorphic for each g € T.
5An action of I" on X is free if g - = x for some g € I' and = € X implies g is the identity.
5The action of I' on X is proper if the map I' x X — X x X given by (g,z) + (g - x, ) is a proper map.
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Remark 5.29. [t is clear that the quotient maps in Proposition 5.26, Proposition 5.27 and
Corollary 5.28 are local biholomorphisms. An argument similar to that in Remark 5.23
shows that,

O (U)={f € 0c(q'(U))| foy=f for everyyeTl}.

Example 5.30. (Complex Tori) Suppose V is an n-dimensional complex vector space,
considered as an abelian complex Lie group. A lattice A C V is a subgroup A C V
generated by taking Z-linear combinations of 2n R-linearly independent vectors vy, ..., voy,.
By Corollary 5.28 V/A is an n-dimensional complex Lie group, called a complex torus.

Remark 5.31. When n =0, V/A is a single point. When n > 0, we can think of V as a
2n real-vector space with the the real-linear isomorphism

2n
A:R™ 5V, AL, ™) = Z:cjvj
j=1

This map descends to a map A:

R A4, V. — V/A

qi B g

RQn/zZn

Since q is a smooth covering map and hence a smooth submersion and the map R*® — V/A

18 smooth, we have that A is a smooth map. Since A s bijective and a local diffeomorphism
(because the maps q and R?*™ — V/A\ are local diffeomorphisms) , we have

V/A 2 R* /77" = (R/Z)* 2 S! x - x S!
N—_———
2n times

as smooth manifolds. Thus, the complex tori defined by different lattices are all diffeomor-
phic to each other. Moreover, this argument also shows that the complex tori are compact
connected smooth manifolds.

Example 5.32. (Hopf Manifold) There is a diffeomorphism
@: S xR — C"\ {0}
given by ¢(z!, -, 2", t) = (e'z!, - ,ef2™). Let Z naturally acts on S?"~! x R, by letting
m- (2t 2Nt = (2 2Nt m)

for m € Z. Clearly, the resulting quotient space is diffeomorphic to S?*~! x S'. The
diffeomorphism ¢ allows us to transfer the action of Z to an action of Z on C?\ {0}.
Explicitly, it is given by the formula

m- (2l 2 = (e, eMme™)
7 acts by biholomorphisms and the action is clearly free and properly discontinuous. Hence,

C™\ {0}/Z is a complex manifold called the Hopf manifold. By construction, it is diffeo-
morphic to S?"~1 x S! (and hence compact).
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Remark 5.33. A general version of Corollary 5.28 holds. If G is a complex Lie group
and H is a (closed) complex Lie subgroup of G acting on G holomorphically, freely, and
properly, then the quotient G/H is a complex manifold, and the quotient map 7 : G — G/H
1s holomorphic.

Example 5.34. (Complex Grassmanian) Let Gry(C™) denote the set of k-dimensional
subspaces in C". GL(n,C) acts transitively on Gri(C™). Indeed, if U,U" € Gri(C"), we
can let Z and %’ be basis for C" obtained by extending a basis for U and U’ respectively.
A change of basis matrix from % to %’ then maps U to U’. The isotropy subgroup of

U= <61,...,6k> is
. X[ *

Here #j, is a k by k matrix and *,_ is a (n — k) by (n — k) matrix. Thus Grg(C") is the
coset space GL(n,C)/H. Both GL(n,C) and H are complex Lie groups (open subsets of
some CV). Hence, Grj,(C") is a complex manifold by Remark 5.33.

Remark 5.35. The Grassmanian is compact. Indeed, observing that we can choose or-
thonormal bases of subspaces, we have that U(n,C) acts continuously and transitively on
Gk (C™) and we have

U(n,C)
U(k,C) x U(n — k,C)
Since U(m, C) is compact for all m € N, we have that Gri(C™) is compact.

Gry(C") =

Remark 5.36. Another important class of complex manifolds is that of holomorphic vector
bundles. The general theory of holomorphic vector bundles is more or less the same as for
smooth vector bundles. Smooth vector bundles are discussed in the Riemannian geometry
notes. The language of (holomorphic) vector bundles will be used throughout the rest of the
notes.

6. TANGENT VECTORS & TANGENT BUNDLE

6.1. Tangent Vectors. Recall that on smooth manifolds, we can make sense of calculus by
introducing the tangent space at a point, which serves as a ‘linear model’ for the manifold
near that point. We now extend this concept to the case of complex manifolds. If X = R",
T,R™ denote the tangent space at p € R". Recall that, we have

T,R"™ = Der,R",
where Der,R" is the space of linear operators D), : Cg°(R") — R with the property

Dp(fg) = () Dp(g) + 9(p) Dp(f)
for all f,g € CR°(R™). Here ¢°(R"™) denotes sheaf of R-valued smooth functions on R".
It suffices to replace ¢°(R") by ¢ % in the definition of DerpR" since Der,R" is a local
operator. If X is a smooth manifold, we have
T,X = Der, X

If X is a complex manifold we can now use the complexification functor to define the
tangent space to a point p € X. Indeed, we make the following definition.

Definition 6.1. Let X be a complex manifold. The complex tangent space at p € X is
given by (7,X)* := T, X @ C
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We set Derg(X) = Der,(X)®rC. What is Derg(X) concretely? This is just the complex-
ification of Dery(X). Morally, we can think of elements of Derg (X) as the set of all linear
combinations of elements of Der,(X) with complex coefficients. Hence, elements of Der,(X)
are of the form X, +14Y), such that X,,Y), € Der,(X). We can think of elements of Derg(X)
as C-linear derivations on 6¢, where €7 is the stalk of the sheaf of complex-valued smooth
functions on X, denoted as ¢5°. We have

(TpX)(C =T X @rC
= Derp(X) Rr C
= Der;(Dj (X)
If X,Y be smooth manifolds and F' : X — Y is a smooth map, recall that for p € X, the
differential of F' is the map
dF, : TyX = (Tp) V)
defined by dF,(D,)(f) = Dy(f o F) for D, € T,X and f € Cg°(Y). This leads to the
following definition.

Definition 6.2. Let X and Y be complex manifolds and let F': X — Y be a holomorphic
map. The complex differential of F' at p - denoted as (de)(C - is the complexification of the
linear map dF,.

6.2. Computations in Coordinates. We discuss how to do computations with tangent
vectors in local coordinates. We first discuss the smooth manifold case. Suppose X is a
n-dimensional smooth manifold and let (U, ¢) be a smooth coordinate chart on X. Write
the local coordinate as (z!,---,2™). Recall that d¢, : T,X — T, #(p)R" is an isomorphism.
The derivations
or" or"
Oxllym) 02" |4

form a basis for T,R". Therefore, the preimages of these vectors under the isomorphism

. . . X X
d¢, form a basis for T, X. We write these basis vectors as %\p, R ng|p and we have:

X or"

| =) (5| )

Ox P ox 6(0)
¢(p)>

P
oR"

_ 1
= (d¢ )<Z>(p) (&Cz‘

We see that g—;\p acts on a function f € Cg°(U) by

X or"
&E{ ) = (do 1)¢(P) <3xz‘ ¢(p)>f
_ 0% (foe™h)
Ol #(p)
_ aR"(f>’
' Oz o(p)

where f = fo ¢! is the coordinate representation of f. In other words, g—;ﬂp is just the
derivation that takes the ith partial derivative of the coordinate representation of f at the
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coordinate representation of p. It is important to note that these computations depend on
the chart ¢ of choice. A tangent vector D, € T,M can be written uniquely as a linear
combination
D, = D: 0%
p P oyt »
Now let X be a complex manifold of dimension n. Then X can be thought of as a

smooth manifold of dimension 2n. Let (U, ¢) be a holomorphic coordinate chart. Write

local coordinates as (z!,---,2m). We have 2* = 2% + iy’. The (real) tangent space at the

point p is:

(T, X )® = Spang < 0 0 9 0 > .

@7.--,%7@’...7@

The vector fields -2~ and -2 are interpreted as smooth vector fields on U C X. These

OxJ OyJ
vector fields are called complex coordinate vector fields. The complexified tangent space is
0 o 0 0
C _
(TPX) —Spanc<axl,...,axn,ayl,...,ayn>

_Spapn (%9 9 0
T OPAMCN G g gzl gan )

Here the alternative basis in the second line is again given by

o _1(o oy 0 1(0 @
0z 2\ 0xJ Z@yj 97 T2\ o Zayj ’

Remark 6.3. If X = C" and f is a holomorphic function on C", recall that

Lo 0N, _L(of ,of\_1(of Of\_09f
2 \ OzJ Zayj -2\ 0xd Z@yj 2\ 02 02 ) 04

This motivates the consideration of the alternative basis for (TpX)(C.

This define a smooth local complex frame {%, %}?:1 for (T,X)C. Consider the fol-

lowing two subspaces:

0 0 0 0
(TpX)(l,o) =C <8z1’ LR 8z”> ) (TpX)(O,l) =C <821’ sy 6Z”>
It can be easily checked that T;SilX is the +i eigenspace of the complex structure on
(T, X )‘C induced by multiplication by ¢. Therefore, Proposition 2.9 implies that we have a
direct sum decomposition

(TpX)C = (TpX)(l,O) D (TpX)(O,l)

Remark 6.4. (TIDX)((C1 o) is called the holomorphic tangent space and (TpX)((CO ) is called

the anti-holomorphic tangent space.

Remark 6.5. If f: X — C is a smooth function in a co-ordinate chart (z*,...,2"), then
f s holomorphic if and only if % =0onU forj=1,...,n. This follows readily from
Remark 1.9.

We now discuss how to compute the differential of a smooth map between complex
manifolds in coordinates.
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Proposition 6.6. Let X and Y be complex manifolds and F: X — Y be a holomorphic
map. Letp € X and let (dF,)* be the complezified differential from (T,X)® to (T,Y)C. Let
2 = g 4iy? be local holomorphic coordinates for X in a neighborhood of p, and w? = u? +iv’
for N in a neighborhood of F(p). We have:

o OFk 9 OF" 9
c| Y — Y i s
d OFF 9 OF" o
c| _ Y 2 Y i Y
(dFp) ( 557 p) 557 Pg % o) + 55 P50 o

Proof. (Sketch) We use the standard coordinate formula for the differential of a smooth map
between smooth manifolds without providing a proof. Write F' as F' = U +iV. Considering
X and Y as smooth manifolds, we have the usual coordinate formula for dF):

0 ouU* 0 ovk 0
dF, | — = —((p) == +—0p)=— ,
P (8.%'] p> OxI " Quk Fp) 07 vk Fp)
0 ou* 0 ovk 0
F, =—(p)=— —(p)== .
! (83/] ) oy "ot v O o F(p)
We transform this formula into holomorphic coordinates. Using the definitions of W and
ﬁ, we obtain:
(dF, )C i 8Uk( )ﬁ +0L/k( )i
P 027 |, 927 70Uk [,y 020 T OURp)
ovk 0

0
(dF)" (azj

Now substitute a%k = % + #;k and % =1 <% — %) and collect terms:

.
» 9z pauk

+ 55 ()
F(p) 82] a’Uk

5 ot V) 2 ou* vt )9
c| 9 — 1 a3k
(dFp) (c")zj p) <azﬂ P > ow” <82j )~ 07 (p)) 0" | gy’
) ot V) 2 ou* vt )9
c| 9 — 1 a3k
) (827 p) <azﬂ Yoz > ow <85j ®) - 0z (p)) ow* F(p)‘
The desired formulas now follow. -

Corollary 6.7. (Chain Rule in Coordinates) Let X and Y be complex manifolds and
let F: X =Y is a holomorphic map, and h:Y — C is a holomorphic function. In terms
of local holomorphic coordinates (27) for M and (w*) for N, we have:

O(hoF) _ oh OF*  oh oF"
0zi  Owk 927 dwk 9z
d(hoF) Oh OF%  0Oh OF"

9zi  Owk 9zI + owk §zi
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(8JF) tpe X

is equal to the % component of (d(h o F)p)c(aza lp).- But this expression is (dhp( o

Proof. This follows from Proposition 6.6 upon noting that the value of

dF,) ¢ (% 5.71p). The formula for AhoF) ot p € X now follows by invoking the formulas in

027
d(hoF)

Proposition 6.6. A similar argument applies to the 557 derivative p € X. ]

6.3. Tangent Bundle. We can now construct the tangent bundle associated with a com-
plex manifold. Let X be a complex n-manifold. Let 7: TX — X be the smooth rank-2n
tangent bundle over the underlying smooth manifold structure on X. Define the complexi-
fication of T'X to be the set

(1x)° = [T(1X)°

peX

together with the obvious projection mc: (T X)® — X. For each smooth local trivialization
®: 771 (U) = U x R?", we define a local trivialization ®©: (7=1)C(U) — U x C?" by

OE(E) = (7°(8), (Rlrx o ) (6))-
Wherever two such trivializations (U, ®) and (V, ¥) overlap, we can write

Uod Hp,v) = (p,7(p)v)

for some smooth transition function 7: UNV — GL(2n,R). Clearly the transition function
from ®¢ to Y is the same:

\I’(c e} (@_I)C(p, U) = (pa T(p)’U),

where now 7 is considered as a map into GL(2n,C). It follows from the vector bundle
chart lemma [Leel2] (adapted in the obvious way for holomorphic vector bundles) that
7. (TX)® — X has a unique structure as a smooth rank-2n holomorphic vector bundle,
with the maps constructed above as smooth local trivializations.

Definition 6.8. Let X be a complex manifold. A holomorphic vector field is a section
of (TX)C.

A holomorphic vector field can be written as Z = X 4+ 1Y, where X, Y are smooth vector
fields. Z acts on a holomorphic function f = u 4+ iv by

Zf=Xf+iYf=Xu+iXv+Yu+iYv) = (Xu+Yu)+i(Xv+Yv)

The Lie bracket operation can be extended to pairs of smooth holomorphic vector fields by
complex bilinearity:

[X1 + Y1, Xo +iYa] = ([X1, Xo] — [V1,Y2]) +i([Xy, Yo + [Y2, X4]).

Example 6.9. Let X = C". We have the following facts:
(1) We have
=[] nc' =[] (C)r=(CHrxC",
peCnr peCn
(rc")© =[] (memH)© = J] cr=cC" x

peCn peCn
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(2) The complexified tangent bundle TCC" splits as:
(TC™)C = T(1,0)C" @ T(p,1)C"

0 0 0 0
= Spang 24 @ Spanc e )

(3) TC"™ has a canonical complex structure Jcn, which satisfies:

0 0 0 0
T ~ oy "oy T ow

(4) For an open subset U C C", a smooth function F': U — C™ is holomorphic if and
only if the following relation holds for all p € U:

DF(p) o Jen = Jom o DF(p).

for all p € U. This follows from the following computation:

0 0 .0 0

OFk 9 OF% 9 OF* 9 OFk 9
0w owk  "ow owr " 0w owk " % owk
_ OF* 0
= — lﬁw

If X is an arbitrary complex manifold, we now argue that (7X)® has a canonical complex
structure that induces a canonical decomposition of (TX)®:

Proposition 6.10. Let X be a complex n-manifold.

(1) There is a canonical complex structure on TX, denoted by Jx : (TX)® — (TX)C.

(2) There are smooth sub-bundles (T'X)(1,0y, (TX)0,1) € (TX)® whose fibers at each
point are the i-eigenspace and (—i)-eigenspace of Jx, respectively, such that we
have:

(TX)C = (TX)(1,0) @ (TX)(0,)

Proof. The proof is given below:

(1) Given p € X, choose a holomorphic coordinate chart (U, ) on a neighborhood of
p, and define Jx : TX|y — TX|y by

Jx = D¢~ o Jen o Dep.

Wherever two holomorphic charts (U, ¢) and (V, ) overlap, the transition map 1 o

¢~ ! is a holomorphic map between open subsets of C”, so its differential commutes

with Jcn as in Example 6.9. Therefore,
Dyt o Jen oDy =Dyt o Jen o (Do DY) o Dy
=Dyl o (Do D)o Jen oDy
= Dy 'oJen o De.

So Jx is well-defined. The fact that it satisfies Jx o Jx = —Id follows from the
corresponding fact for Jcn.
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(2) (Sketch) This follows since we have the decomposition
(TpX)C = (TpX)(l,O) D (TpX)(O,l)
for each p € X.
This completes the proof. O

7. COTANGENT BUNDLE & DIFFERENTIAL FORMS

7.1. Smooth Differential Forms. We first recall the notion of differential forms on a
smooth manifold.

Definition 7.1. Let X be a smooth manifold. A differential k-form is a smooth map
o : X — A*T*X such that 7 o ¢ = Idy, where 7 denotes the projection map from A*T*X
onto X and
AT X = T AT X).
peX
is the k-th exterior bundle.

Remark 7.2. It can be checked that A*(T*M) has the structure of a smooth manifold of
dimension n + (2) Moreover, it can be shown that A¥T*X has the structure of a smooth
vector bundle over X.

Remark 7.3. It can be checked that the set of smooth differential k-forms is a R-vector
space. We denote the vector space of smooth differential k-forms by QF(X).

We can use the discussion in Section 4 to define the wedge product of two differential
forms in a pointwise manner:

(WAnN)p=wpAnp, peX
Thus, if w € Q¥(M) and € Q/(X), then w A € QF(X).

Remark 7.4. A 0-form is just a continuous real-valued function. If f is a 0-form and n is
a k-form, we interpret the wedge product f An to mean the ordinary product fn.

If we define "
0*(X) = P (X)),
k=0
then the wedge product turns Q*(X) into an associative, anti-commutative graded algebra.

In any smooth chart (U, (%)) on X, a smooth k-form w can be written locally as

w:ZwIdavil Ao AN dat
I

where the coefficients wy are smooth functions defined on the coordinate domain. Lemma 3.13

implies
; ; 0 0
11 % 1
dx /\...Ada:’“(ale,...,axjk)—5J,

Thus, the component functions wy of the k-form w are determined by

wr=w(2 2
PN\ 0 faie )

The great thing about differential forms is that we can pullback differential forms. Let
X,Y be smooth manifolds. Given a smooth map F : X — Y and a differential form
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w € QF(Y), the pullback along F, denoted as F*w, gives a differential form QF(X). We can
describe it by its action on tangent vectors:

(Fw)p(v1, .. vk) = Wpp) (dEp(v1), ..., dFp(vg))
where dF), is the differential at p. The pullback satisfies some nice properties:

Proposition 7.5. Let X, Y be smooth manifolds, and let F' : X —'Y be a smooth function.
The pullback satisfies the following properties:

(1) F: Q¥(Y) — QF(X) is linear over R for each k.
(2) F*(wAn) = F*(w) AF*(n).
(3) In any smooth chart,

F (Zwl dy' A ... /\dyik> => (wroF)d(y" o F)A... Ad(y* o F).
I

I

Proof. The proof is given below:
(1) This is clear.
(2) It suffices to prove the claim pointwise:

(F*(w An)p(v1, -y Vg, w1, wy) = (W AN) pipy (dFp(v1), - - - dFp(vg), dFp(w1), . . ., dFp(wy)),
= Wp(p) (dFp(v1), - - o, dFp(vg))np@pyn(dFp(wi), . . ., dFy(wy))
= F*(wp)(v1,...,v) AN F*(np)(wr, - wy)

Hence,
(F*(wAn)) = F(wp) A F*(1p).
(3) This follows from (1) and (2) and the observation that if n is a O-form (a function),
then F*(n) = (no F) and:

Fiwnn) = (noF)F*(w)
This completes the proof. ]
Example 7.6. Let w = dx Ady on R%. Thinking of the transformation to polar coordinates

x = rcos(f), y = rsin(f) as an expression for the identity map with respect to different
coordinates on the domain and codomain, we obtain

dx A dy = d(rcos(0)) A d(rsin(d))
= (cos(0) dr — rsin(f) df) A (sin(0) dr + r cos(6) db)
=rdr Adf.

Let’s now recall the definition of the exterior derivative. For 0 < k& < n, the exterior
derivative is an operator

d: OF(X) = oF(X)

In a smooth chart (U, (z)) on X, if a smooth k-form w can be written locally as
w = Zwldaﬁil Ao A dxt,
I

then in local coordinates d is defined as follows:

) , . .
dw:ZZ%dxj/\daj“/\.../\daj““
I
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Before we proceed, we give an equivalent but coordinate-free definition of the exterior
derivative. Let’s start with small £’s to find out the invariant formula of dw. Let U C X
be an open subset of X. We have the following:

(1) Let K =0. Then w = f € C*(U), and we can regard df as a C°°(U)-linear map
df : X(U) — C>=(U)
such that
af(X)=X/.
(2) Let k =1. We want to regard dw as a C*°(U)-bilinear map

dw : X(U) x X(U) — C=(U).
We write w = >, wida’, X =5, X*0, and Y =3, Y'9;. Then
dw(X,Y) = (Ojwi)da A da’(XF0,,Y'0))
ik,
= Z ;W) XIY — (9;0) XY

= ZX 9 (wiY') — wiX10;(Y?) — Y70 (wiX?) + w; Y79;(X7)

= X)) - Y(w(X)) — w((X. V)

So we arrive at

dw(X,Y) = X(w(Y)) = Y(w(X)) — w([X,Y]).
(3) Let k = 2. We want to regard dw as a C°°(U)-bilinear map
dw : X(U) x X(U) x X(U) = C>(U).

By a tedious but similar computation as above, one can show that

dw(X,Y,Z) = X(w(Y, 2))-Y(w(X, 2))+Z(w(X,Y))—w([X,Y], 2)+w([X, Z],Y)—-w([Y, Z], X).
So we are naturally led to the following the invariant formula for d:

Proposition 7.7. Let X be a smooth n-manifold. Let 0 < k <n andlet U C X be an open
set of X. For any w € QF(U), the (k + 1)-form dw, viewed as a C(U)-multilinear map

dw: X(U) % - x X(U) = C=(U),

(k+1)—times

is given by the formula

dw(Xl, ce 7Xk+l) :_Z(— )i_lX' ( (Xl, Ce ,Xi, ce 7Xk+1>>

+Z D)Mo (X, X5), X1y, Xiy o Xy ooy Xt

1<J
Proof. The proof is skipped. O
We end with some properties of the exterior derivative:

Proposition 7.8. Let X be a smooth n-manifold. Let 0 < k,l < n and let U C X be an
open set of X. Suppose w € Q¥(U), n € QUU), X € X(U).
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(1) d(wAn) =dwAn+ (=1)kw A dn.

(2) dod=0.

(3) LetY be a smooth m-manifold and let V CY be an open set. Let F : U — V be a
smooth map. Then

doF*=F"od
Proof. The proof is given below:
(1) Since d is linear, it is enough to assume
w=fdz" A---ANdx™, n=gdT A Adat
with indices set I N J = (). Then the formula follows from a direct computation:
dlwAn) =d(fgdz™ A--- Adx™ ANdx?t A --- A dadt)
= Z@i(fg)dzni Adzt A Adz AdaIt A A dat
i

= Z(&f) dzt Ada™ A - Adx't An 4 (=1)Fw A Z(@ig) da' Adat Ao A dat

=dw An+ (=1)%w A dn.
(2) We first check this for £ = 0:
d(df)(X,Y) = X(dF (V) = Y (df (X)) — df ([X, Y])
= XY (/) -Y(X() - [X.Y]f=0
For k > 0, by linearity we may assume
w=fdx' A ANdaF
Since ddf = 0 and ddz? = 0, we get
d(dw) = d(df Adz* A--- A dzk)
= d(df) Nda Ao Ndab + Y (=1)df Adat A Ad(dat) Ao A da =0

(3) For 0 <k <m,let we Q¥ (V). For k=0, w = f € C>®V) and
(Sp*df)p(Xp) = dfF(p) (de(Xp)) = d(F*f)p(Xp)'

In general, assume
w=fdx' A AdaF
By Proposition 7.5, we have
F*(dw) = F*(df Adz' A --- A dz¥)
= F*(df) A F*(dz') A -+ A F*(da®)
= d(F*f) Nd(F*zY) A - AN d(F*zF)
=d(F*fd(F*z*) A--- ANd(F*z"))
=d(F*w).
This completes the proof. O
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7.2. Cotangent Bundle. Let X be a complex n-manifold and let 7: T X — X be the
smooth rank-2n cotangent bundle over the underlying smooth manifold structure on X. We
first discuss the complexification of 7% X. The details are similar to the complexification
of the underlying smooth tangent bundle, but we repeat the details anyway. Define the
complexification of T*X to be the set

(1 x)° = [T (@G x)°

peX

together with the obvious projection mc: (T*X)® — X. For each smooth local trivialization
®: 771 (U) = U x R?", we define a local trivialization ®C: (771)C(U) — U x C?" by

©E(¢) = (1°(8), (PIT" X)) “(6)).

Wherever two such trivializations (U, ®) and (V, ¥) overlap, we can write

o d L(p,v) = (p,7(p)v)

for some smooth transition function 7: UNV — GL(2n,R). Clearly the transition function
from ®¢ to Y is the same:

\I’(C o (@_1)C(p, U) = (pa T(p)'U),

where now 7 is considered as a map into GL(2n, C). It follows from the vector bundle chart
lemma that 7€: (T*X)® — M has a unique structure as a smooth rank-2n holomorphic
vector bundle, with the maps constructed above as smooth local trivializations.

Definition 7.9. Let X be a complex manifold. A holomorphic 1-form is a section of
(T*X)C.

Example 7.10. Let X = C". With (27,147) as smooth global coordinates for C", the
smooth global coframe {dz’,dy?} forms a coframe for T*C", and also for (T*C™)C. Note
that we have

(T*C™")® = Spang(dz', ... dz", dy', ..., dy")
= Spang(dz', ..., d2" dz",. .., dz").
Here we have defined
de? =dal +idy!,  dF =dxl —idy’
If f: U — C is a smooth function on an open subset U C C™, we can write

0 0
e Vs Oy

_Of (44 dT\ | of (d2i—dz
e 2 oyl 2i
Lo _JofN i L (of  of
- (axﬂ a]>d2+2<8j—|—ayj>d2
of

_Of 4 O

=i
077 8z7(f



COMPLEX GEOMETRY 39

7.3. Holomorphic differential Forms. Let X be a complex n-manifold. We now discuss
holomorphic k-forms for 0 < k < n. For 0 < k < n, let (AkT *X )(C be the complexification
of AFT*X . As a set, we have

(AFT*X)E = T Ak X))
peX
A holomorophic vector bundle strucuture on (A*T*X)C can be constructed in much the

same way as that of the complex tangent bundle and complex cotangent bundle, so we
don’t provide additional details. This allows us to define holomorphic k-forms:

Definition 7.11. Let X be a complex manifold. A holomorphic k-form is a section of
(AFX)C for 0<k<n

Remark 7.12. If k = 0, a holomorphic 0-form is just a holomorphic function on X.
If k = 1, then note that A'T*X = T*X s the cotangent bundle and (A*T*X)C is the
complegified cotangent bundle (T*X)C. A holomorphic 1-form was defined in the previous
section.

Let’s discuss the decomposition of (A*X)C. Using results from Section 4 we have that

(AF(Trx)© :A’f(z;;xﬁC
ATy X) 1,00 @ (T3 X)0,1))
= AP((T, X)(1 0) ®@c A((Ty X)) = @ APUT;X
ptq=k ptq=k

As a result, we have

(AT X)C = TT (A* (T x))©

peX

=11 @ »(T;X)00) @c AT X))
pEX pt+q=k

I @ v = @ Aorx)
pEX p+q=k p+q=k

Definition 7.13. Let X be a complex n-manifold. Let 0 < k < 2n and 0 < p,q < n such
that p + ¢ = k. A holomorphic (p, g)-form is a section o of AP4(T*X).

If U C X is an open set of X corresponding to a holomorphic atlas then it is then clear
that the following collection of forms constitutes a smooth local frame for AP2(T*X):

(A2 Ao Nd2IP NAZP A NdE i p g = 1 < < gpy 1 < e < g}
Hence, in every local holomorphic coordinate chart (U, (z1,...,2")), 0 € AP4(T*X) can be
expressed as
— J1 J =l l
oly = Z dz?V N ANd2P NdZT N N dZ
j1<...<jp7
<<l

Remark 7.14. We use the notation &*(X) to denote the space of holomorphic sections of
(AFT*X)C, and £P9(X) for the space of holomorphic sections of AP9(T*X).
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For each 0 < p, ¢ < n, we have projection operators
P4 (AFT*X)C — AP9(T*X)

Using the definition and properties of the wedge product, A, and the exterior derivative, d,
from the smooth manifold case, we have the following proposition:

Proposition 7.15. Let X be a complex n-manifold.
(1) Let o € &P4(X). Then

d(EP9(X)) C EPTH(X) @ EPITH(X).
(2) For each 0 < p,q < n, there exists Dolbeault operators
d: EP(X) — EPTI(X). d: EPUX) — EPITH(X)
such that
d=mPtllod 9 =xPilod.
(3) If a € &P9(X) and B € 77 (X)
ae &P (M).
ahBe @@p+p’,q+q/(M)'

(4) Ifa € EF(X) and B € &Y(X), then

AaAB)=0anB+(—1)andgs,

daAB)=0daAB+(—1)fandp.

Proof. It suffices to work in local holomorphic coordinates.

(1) Choose holomorphic local coordinates (z!,...,2") and write

a:ZJLaJLdle/\---/\dz]p/\dill/\---/\leq,

)

where J = (ji1,...,Jp) and L = (l1,...,l) are strictly increasing multi-indices. We
have
do=>" 3" 0011 vy OOIL 4or ) N gt Ao pdado AdED A - A 5l
JL dz" oz" ’
T

The claim follows.
(2) This follows from (1).
(3) This is clear.
(4) This follows from (1), (2) and (3).
This completes the proof. O

7.4. Dolbeault Cohomology. We now discuss Dolbeault cohomology. Dolbeault coho-
mology is a fundamental tool in complex geometry, used to study the structure of complex
manifolds. We start off with a basic prototype of holomorphic differential forms that will
allow us to define the Dolbeault cohomology.

Lemma 7.16. Let X,Y be a complex manifolds and let F: X — Y be a holomorphic map.
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(1) If a € &%(X), then we have
da = da + da
da = 0(a),
doda=000a=0,
doda=—0oda.
(2) If a € EP9(Y), then we have
F*(£7(Y)) C 674(X),

Proof. The proof is given below:

(1) WLOG, let « be a (p, q) form. The first identity follows from (1) and (2) in Propo-
sition 7.15. The second identity follows from the definition of conjugation. Note
that

0=d(da)=(0+09)(0+d)a=00da+ (0oda+doda)+doda.

On the right-hand side, the first term is in &P*29(X), the term in parentheses is in
&PrLatl(X), and the last term is in £7972(X). Since these spaces intersect only in
the zero form, each of those three terms must be zero. Hence, the third and fourth
identities follow.

(2) Choose holomorphic local coordinates (z!,...,2") and (w',...,w™). Note that we
have
F*dw’ = Nr dz',
. OF
F*d@] — fldil
0z

The first identity follows by a simple linearity argument. The second and third
identities follow from the fact that F* commutes with 7Pth4, 7P4+1 and d.

This completes the proof. ]

Lemma 7.16 allows us to define a set of biholomorphic invariants. Because 00 d = 0, for
each p we obtain a cochain complex known as the p-th Dolbeault complex:

0 &0 (M) & griany B D grn(ar) o,

Definition 7.17. Let X be a complex n-manifold. Let 0 < p,q < n. The (p, q)-Dolbeault
cohomology group is defined as

~ Ker(d: &EPUM) — EPITL(M))

Im(Q : &P (M) — EP4(M))

It follows from Lemma 7.16 that the construction of Dolbeault cohomology is functorial
and that it is indeed a biholomorphic invariant.

Definition 7.18. Let X be a complex n-manifold and and let 0 < p,q < n. The Hodge
numbers of X are given by

HP(X)

hP(X) = dim HP9(X)
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The Dolbeault cohomology groups measure the the extent to which a ‘which O-closed
forms fail to be d-exact.” The 0 Poincaré lemma states that a 0-closed form can always be
locally written as a 0-exact form.

Proposition 7.19. (0-Poincaré Lemma) Let X be a complex n-manifold and let 0 <
p,q < n. Ifw e QPYX) is a smooth form that satisfies Ow = 0 for ¢ > 1, then in
a neighborhood of each point there is a n € QP91 (X) that is a smooth form such that
on = w.

Remark 7.20. Nore that Proposition 7.19 is about smooth (p,q) forms. This is because
the proof works with functions

Proof. O
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