FUNCTIONAL ANALYSIS

JUNAID AFTAB

ABSTRACT. These are assorted notes on various topics in functional analysis. There may be errors or
typos; please send any corrections to junaid.aftab19940gmail . com.
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Let K be a field. We usually consider the case where K = R, C.

Part 1. Banach Spaces

1. DEFINITIONS

We first define normed spaces.

Definition r.x. A normed space is a pair (X, || - ||), where X is a K-vector space and
1= X = [0, 00)
is a norm function with the following properties:
(1) (Non-negative) ||z|| = 0 implies = 0;

(2) (Scalar Homogeneity) ||cx|| = |c|||z| forallc € Kand z € X;
(3) (Triangle Inequality) ||z + y|| < ||z|| + [Jy|| forall z,y € X.

The triangle inequality implies that every normed space is a metric space with distance function

d(z,y) = ||z —y|
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This observation allows us to introduce notions from analysis in our study of infinite dimensional
vector spaces. For instance, we can talk about open sets, closed sets, compact sets, limits, sequences,
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convergent sequences, continuity etc. In particular, we say that a sequence (2, ),>1 in X is said to
converge if there exists an element z € X such that

lim ||z, — x| = 0.
n—oo

Itis easy to check that this element, if it exists, is unique and is called the limit of the sequence (2, ) p>1.
We then write limy, o0 2, = @ or simply x,, — @ as n — 00. Moreover, given a sequence (Zy, )n>1
in a normed space X, the sum ) >° | x,, is said to be convergent if there exists € X such that

N
T — E Ty
n=1

Thesum Y o7 | 2, is said to be absolutely convergent if Y 7, ||z, || < 0.

lim =0.

N—oo

Remark 1.2. We use the notation

B(zg,r) :={z € X : ||z — x| <7}

B(zg,r) :={z € X : |lxv — x| <r}.

Here B(xq, 1) the open ball centered at xo € X with radiusr > 0. We shall see in Proposition 1.3 that

B(zo, 1) is the closure of B(xo, ).

The geometry of a normed space can be very different from that of the usual Euclidean geometry.
For instance, each B(z, r) need to be “round” anymore. Nevertheless, some important important

properties still hold.

Proposition 1.3. Let X be a normed space. We have

() B(0,1) = B(0,1)
(2) Each B(zo,7) and B(zo, 1) is a convex set.

We discuss some properties of the norm function.

Proof. The proof is given below:

(1) The inclusion B(0,1) C B(0,1) is trivial, because B(0, 1) is a closed set that contains
B(0;1) and B(0, 1) is the smallest closed set that contains B(0,1). Let x € B(0,1) and

defines, foreachn € N,
1
Ty = (1 — > T
n

The sequence (2, )n>1 converges to z in the norm || - || since

(-3)
l—-—Jz—2
n
Itis clear that foralln € N, z,, € B(0,1). Hence, B(0,1) C B(0,1).
(2) We prove the convexity of B(zg, ). Choose arbitrary x,y € B(z,7), A € [0, 1]. We have,
Az + (1= Nyll < Azl + (1 =Nyl <Ar+ (1 =X)r=r.
It follows that Az + (1 — \)y € B(wo, r) as required. Similarly, B(zq, ) is a convex set.

1 1
=zl <~ —0,
n n

len — 2| =

This completes the proof. O

The fact that a normed space is a Banach space has a number of consequences. We state some im-
mediate ones below:

Proposition 1.4. Let (X, || - ||) be a normed space. Then (X, || - ||) bas the following properties:
(1) Foreachx, 2’ € X
[zl = ll2']l] < lla = 2]

(2) The function x — ||x|| is a continuons and convex function.
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(3) The addition and scalar multiplication vector space operations are continuous functions.

Proof. The proof is given below:
(1) Triangle inequality implies that

2]l = ||| < [l — 27|

'] = llz]| < [l2" — =]
Therefore,

[zl = [l2"]]] < [lz — 2]

(2) Continuity is a straightforward consequence of (1). Convexity of the norm follows from the
norm axioms. Indeed, for every z,y € X and A € [0, 1] we have

Az 4+ (1= Ayl < Allzl] + (1 = M)yl

(3) Letlimy, o0, = z and lim,,_, 2/, = 2’ in X, and k € K. Then

lim |cxy, — cx| = |c| lim ||z, — 2] =0
n—00 n—00
Similarly,
. N (o : . . I —
Tim (2 + ) = (@ =) I [la, — o + lim [}, =2 =0
This completes the proof. O

Remark 1.5. An important observation is that if the sub-level set
freX |l <1}

is convex; then || - || isea norm on E. Indeed, let v,y € X. Wewant toshow that ||z +y|| < ||z||+||y||-
This is equivalent to

L o <
2l + Myl [l + vl
The above inequality can be written as
= = vl y

2l + 1yl el ]l + lyll Tl

This is indeed true by assumption.

‘gL

We can now define Banach spaces.
Definition 1.6. A Banach space is a complete normed space.

The following proposition gives a necessary and sufficient condition for a normed space to be a
Banach space.

Proposition 1.7. A normed space X is a Banach space if and only if every absolutely convergent sum in
X converges in X.

Proof. Suppose that X is complete and let ), -, &y, be absolutely convergent. If n > m the triangle
inequality implies -

n m n n
dowi— Y =] X < Do a0
7j=1 7j=1 j=m+1 Jj=m+1

Hence (Z;-lzl x j) . isa Cauchy sequence and it converges by completeness. Conversely, let (2, ), >1

be a Cauchy sequence. Choose indices n1 < mg < ... in such a way that

1
i = o] < 5
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foralli,j > ngp, k=1,2,.... Thesum xp, + > ;< (Tn,,, — Tn,) is absolutely convergent since
1
Z ||xnk+1 - x”k” < Z 27 < 0.
E>1 E>1

By assumption it converges to some € X. Then, by cancellation,

m
r= lim |z —i—E T —x = lim z .
m~>oo< ni . 1( N1 nk)) Moo nm+1

Therefore, the subsequence (&, )m>1 is convergent. Itis a standard fact from analysis that a Cauchy
sequence with a convergent subsequence is itself convergent. O

Remark 1.8. I turns out that every normed space can be completed to a Banach space. More precisely,
if X is a normed space then there exists a unique Banach space X containing X isometrically as a dense
subspace.

2. CONSTRUCTING NEW BANACH SPACES
Several abstract constructions enable us to create new Banach spaces from given ones. We take a

brief look at some basic constructions.

2.1. Subspaces. A subspace Y of a normed space X is a normed space with respect to the norm in-
herited from X.

Proposition 2.x. 4 subspaceY of a Banach space X is a Banach pace with respect to the norm inberited
from X if and only if Y is closed in X.

Proof. Assume that Y C X is a closed subspace of X. Suppose (yy)n>1 is a Cauchy sequence in
Y. Then it has alimit in X, by the completeness of X, and this limit belongs to Y, since Y is closed.
Conversely, assume that Y is a Banach space. Let # € X such that there is a sequence (yp)n>1 in
Y such thaty, — . Since Y is complete, we have that y, — y forsomey € Y. It follows from
uniqueness of limits thatx = y € Y. Hence, x € Y, and this shows that Y is closed. O

2.2. Quotient Spaces. IfY is a closed subspace of a Banach space X, the quotient space X/Y can
be endowed with a norm by

= Y| := inf ||z —
=1l = flz + Y| = inf flz = yll,
This is indeed a norm. If ||[z]|| = 0, there is a sequence (Y )n>1 in Y such that ||z — y, || < 2 for
allm > 1. Then
1 1
19 = Yl < lyn = 2l + |2 = ymll < — 4 —

S0 (Yn)n>1 is a Cauchy sequence in X. It hasalimity € X since X is complete, and we have y € Y’
since Y is closed. Then

o —oll = lim [l — yn]| =0

so x = y. This implies that [z] = [y] = [0], the zero element of X /Y. The triangle inequality and
scalar homogenity are trivially verified. In fact, X /Y is a Banach space.

Proposition 2.2. Let X be a Banach space and let Y be a closed subspace of a Banach space X. The
guotient space X |Y is a Banach space with the norm

= Y| := inf ||z —
Izl = flz + Y| = inf flz = yll,
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Proof. Suppose that D, -, [|[xs][| < co. Chooseyy, € Y aresuch that ||z, — yn|l < ||[zs]]| + n%

Since X is a Banach space, Proposition 1.7 implies that ) , <, (yn — &) converges in X, say to .
Then, foralln > 1, B

N N N N N
- 3o = [ S| = o et o = o= Dot
n=1 n=1 n=1 n=1 n=1
As N — 00, the right-hand side tends to 0 and therefore
N
Jim, Sl = ]
in X/Y. By Proposition 1.7, X/ Y is a Banach space. (]

3. EXAMPLES
This section is devoted to looking at a number of examples of Banach spaces.

3.1. Spaces of Continuous Functions. We discuss the following function spaces:

(1) C(X), the space of continuous functions defined on a compact topological space X.

(2) Cp(X), the space of continuous functions defined on a locally compact Hausdorff space X.

(3) Co(X), the space of continuous functions that vanish at infinity defined on locally compact
Hausdorff space X'

Remark 3.x. We restrict to the case of a locally compact Hausdorff topological space since then Urysobn’s
lemma applies. Hence, there exists an abundance of continuous functions on X.
Proposition 3.2. Let X be a topological space.

(1) If X is a compact ropological space, C(X) is a Banach space with respect to the supremum norm

[[flloo := sup [f ()]
zeX

(2) If X isa locally compact Hausdor{f topological space, Cy(X ) is a Banach space with respect to the
supremum norm

[flloc == sup | f(z)]
zeX

(3) If X is a locally compact Hausdor{f topological space, Co(X) is a Banach space with respect to the

Supremum norm
[ flloo == sup [f(2)]
zeX

Proof. Clearly, || - || oo is a norm in all three cases. We check completeness below:

(1) Suppose that (fy,)n>1isa Cauchy sequence in C'(X). Then foreachz € X, (f(2))n>11isa
Cauchy sequence in K = R, C and therefore convergent to some limit in K which we denote
by f(z). Hence the pointwise limit f(x) = limy, oo fn(2) isa K-valued function. Fixe > 0
and choose N € N such that

|fa(z) = frn(@)] < [[fn = finlloo <€
forallm,n > N and z € X. Passing to the limit m — oo while keeping n fixed we obtain
[fo(z) — f(z)] <€

foreachn > N. Fixxg € X arbitrarily and let U C X be an open set containing x such
that | fx(z) — fn(2z0)| < € whenever x € U. Then, forz € U,

[f (@) = fzo)| < [f(2) = fn(@)| + [fn (@) = [ (o) + [N (20) — f(20)]
< e+ e+ e =3,

"We say f € Co(X) ifand only if for every € > 0 there is a compact set K¢ such that | f(x)| < eforz € K¢.
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This proves the continuity of f at the point . Since zg is arbitrary, f € C'(X). Moreover,

[fo(@) = f(@)] < [ fn = flloo <€

Hence, (fy)n>1 converges to f in C'(X).

(2) The proofis similar to that of (1). Suppose that (fy)n>1 is a Cauchy sequence in Cy,(X). For
fixedz € X, (fn(x))n>1 is a Cauchy sequence in K and therefore convergent to some limit
f(z) in K. Hence the pointwise limit f(z) = lim,,—,o fn () is a K-valued function. Let N
be such that forn,m > N we have || f, — fiml|loo < 1. Thenforallz € X

|f(@)] < [f(z) = fn(@)] + | ()]
= | lim_ fu(z) = fn(@)] +[fn(2)]
= lim [fo(2) = fn (@) + [f5(2)]
<14 fnllso

Hence, || f|loo <14 || fn||oo implying that f is bounded. Let € > 0. Let NV be such that for

n,m > N wehave || fr, — fm|lco < € Thenforalln > N
£(@) = Fula)| = lim_|fn(a) — fulw)] < ¢

forallz € X and hence || f — f||oo < €. Hence, (fy)n>1 converges to f in Cp(X) is similar
to the proof in (1).

(3) We claim that Cj(X) is a closed subsapce of C, (X'). Checking that it is a subspace is a straight-
forward computation. Let ( fy,)r>1 be a sequence in Cj(X) such that (f;,)n>1 converges to
some f € Cp(X). Fixe > 0. Thereisan N € Nsuch that | f — fn| e < €/2. Moreover,
there is a compact Ky C X such that | fy(z)| < /2 forx € X \ Ky. It follows that

|f(@)] < |f(z) = fn(@)| + [fn(2)] <€
forz € X\ K. Since € was arbitrary, it follows that f € Cy(X). By Proposition 2.1, Cp(X)
is a Banach space.
This completes the proof. O

Remark 3.3. If X is a locally compact Hausdor(f space, we have the following inclusions of Banach
spaces:

Co(X) € CH(X) € C(X)
Let Co(X) be the space of continunous functions with compact support. We have,

Ce(X) S Co(X) S Gp(X) C C(X)

However, C.(X) is not a Banach space. We can show that it is not a Banach space by showing that
Ce(X) is not dosed in Co(X). In fact, one can show that Co(X) is dense in Co(X )2 If X is a compact
Hausdor{f space, then

Ch(X) = Ch(X) = O(X)
Remark 3.4. If X = N, then Cy(N) can be identified with |°°(N), the space of all bounded sequences.

Hence, we see that 1°°(N) is a Banach space. Moreover, Co(N) can be identified with cy, the space of all
sequences converging to zero. Hence, cq is also a Banach space.

*This is most easily done by invoking properties about Lebesgue spaces over locally compact Hausdorff space. We don’t
discuss these in these notes so we skip details.
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3.2. Lebesgue Spaces. Lebesgue spaces are function spaces that measure the integrability of a func-
tion.

Definition 3.5. Let (X, .#, ;1) be a measure spaceand 1 < p < oo. If f : X — Kis a measurable

function, then we define
1/p
111 += ([ 157 an)
X

For1 < p < o0, the space LP(X, 4, 1) is the set
LVX, A p) ={f : X = R f[l, < oo}
We write LP(X, A , 1) as LP(X).

Proposition 3.6. Let (X, . # , 1) be a measure space. Let 1 < p < oo. Then LP(X) is a K-vector
space.

Proof. Leta € Kand f, g € LP(X). Note that:

1/p
loflly := o ( /. \flpdu> <o

Moreover, the elementary estimates

[f(2) +g(@)[" < 2max(|f(z)], |g()]))"
= 2P max(| f()["; |9(x)[")

< 27(|f(@)[P + [g(x)[?)-
implies that
£+l < 2(/ fa Ipdu+/ e Ipdu> <o
Asaresult||f + g|Lr(x) < 00. This shows that LP(X) is a K-vector space. O

We wish to show that show that £P (X)) is a Banach space. This poses a problem: for 1 < p < oo,
|| - || is not even a norm on LP(X), because || ||, = 0 only implies that f = 0 p-almost everywhere.
In spirit of Lebesgue’s philosophy of ignoring whatever is going on on a set of measure zero, we define
an equivalence relation ~ on £P(X) by

f~g < f = gp-almosteverywhere.
The equivalence class of a function f modulo ~ is denoted by [ f]. On the quotient space
LP(X) = £2(X)] ~,
we define scalar multiplication and addition in the natural way:
c[f] == lef],
]+ 9= [F +gl.

It is easy to check that both operations are well-defined. Following common practice, we make no
distinction between functions in £P(X) and their equivalence classes in LP(X'), and call the latter
‘functions’ as well.

Proposition 3.7. Let (X, A , j1) be a measure space. Let 1 < p < oo. Then LP(X) is a normed

vector space with the norm.:
1/p
1= ([ 16170
X

Additionally, LP (X)) is a Banach space.
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Proof: Ttis clear that || - ||, is non-negative and scalar homogeneous. We prove the triangle inequality
which is referred to as Minkowski’s Inequality. Based on Remark 1.5, it suffices to check that the sub-
level set,

{f e LP(X) [Ifllp <13,

is a convex set. Let f,g € LP(X) such that || f||,,[lg]l, < 1and A € [0, 1]. Since the function
x > |z|P is convex on R for p > 1, we have a pointwise inequality

IAf(2) 4+ (1= N)g(@)]P < A|f(@)P+ (1= N)|g(z)]P.
Integrating both sides of this inequality implies

/\Af+<1—x>grpdu<x/ |f|pdu+<1—A>/ g du <1
X X X

This shows that the triangle inequality holds in L”(X). Hence, LP(X) is 2 normed vector space.
We now show that L (X ) isa Banach space. Suppose (fy)n>1isasequence LP(X),and > o2, || fullp =
B < oo. Let

k 00
Grl@) = |fa@)],  G=)_|fal2)l
n=1 n=1
Minkowski’s inequality implies that || G|, < B forall n, so by the monotone convergence theorem,
/ GPdp = lim [ GP < BP
X n— oo

Hence G € LP(X). In particular, G < 00 almost everywhere which implies that the series

F(x):= an(x)
n=1

converges almost everywhere. Hence F' € LP(X'). Moreover, | F — 22:1 falP < (2G)P € LY(X).
By the dominated convergence theorem,

k k
p p
HF—an :/‘F—an dp — 0
n=1 P X n=1
Thus the series > 7 ; f,, converges in the LP(X') norm. O

Remark 3.8. If X = Nand p = # is the counting measures on X, then
1/p

ﬁp(N,P(N>, #) - fp(N) - {(a’n)n21 e K*: Z ‘an‘p < OO}

n>1
for1l < p < oo. Here (P(N) is the space of p-summable sequences. Hence, (P (N) is a Banach space.
In fact, the Lebesgue spaces make sense for p = oo.

Definition 3.9. Let (X, .#, 11) be a measure space. If f : X — Kis a measurable function, then
we define

| flloo =inf{C >0:|f(x)| < C foralmostevery }.
The space L>(X, 4, ) is the set
LFX) ={f: X = R[[|flloc <00}
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Once again, we define
L%(X) i= £2(X)/ ~,
where equivalence relation ~ on £°°(X') by

f~g < f = gp-almosteverywhere.

Addition and scalar multiplication on L* (X)) is defined as before. Once again, we make no distinc-
tion between functions in £°°(X') and their equivalence classes in LP(X'), and call the latter ‘func-
tions’ as well.

Proposition 3.10. Let (X, . , 1) be a measure space. Then L>°(X) is a Banach space.

Proof. Ttis clear that || - ||oc is a norm. We first claim that || f, — f||cc — 0 if and only if there exists
E C X such that y(E°) = 0and f,, = f uniformly on E. Suppose || f5, — f|oc — 0. Givene > 0,
there existsan N € Nsuch thatforn > N

”fn_fHoo <€

Thus for any n > N, we have

[fu(@) = ()] < [fn— flloo <€ (1)
ae.on X.Let M, = || fn — fl|oo forallm > N and set
Ay = {I €X: ’fn(x) - f(l‘)‘ > Mn}
Then we have 11(Ay) = 0. Now, let A = |5 y An then pi(A) = 0. Let E = A° Thenforz € E

we have from (1)
[fu(@) = f(2)] < 1fn— flloo <€
foralln > N. Thus,
[fn(z) = f(2)] <e
foralln > N. So f,, — f uniformly on F and clearly u(E€) = 0. Conversely, suppose E C M
and 4(E°) = Oand f, = f uniformly on E. Then for each € > 0 there exists an N € N such that

[fn(z) — fz)| <e
forallm > N and 2 € E. Hence we also have
|fu(z) — f(z)] < € ae.on X
Thus by definition of the|| - ||oc we have

[fn = flloo <€

We now show that L>°(X) is a completed normed vector space. Let { f;, }nen be a Cauchy sequence
in L°°(X). Thus given € > 0, there exists an N € N such that

Hfm - anOO <e
forallm,n > N.Foreachm,n € N, set
Fn ={7r € Xt |fm(z) — fu(@)] > | fm — falloo}

Then clearly (i(Finn) = Oforallm,n € N. Set ' = U, ey Finn and E = F°. Note that
w(E¢) = u(F) = 0. Moreover,

m,neN
={z € X :|fm(x) — fu(x) <|fmn — folleo forall m,n > N}
Let e > 0. Then for x € F and forallm,n > NN we have

[fm(2) = fa(2)] < | fn = fll <€ (2)
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This shows that forevery z € E, { f,(x)} is a Cauchy sequence in K. Since K is complete, there exists
alimit

fl@) = lm f.(@)
Note f(x) is defined in E (i.e. outside of F). Thus forz € F, f(x) = 0. Note that f =
lim,, o0 fn (%)X E is measurable. We have

[fu(z) — f(z)| < e
forx € E. Thusforn > N

||fn - f”oo <e€
This shows that f,, — f in L°° norm. Finally, we note that f € L°° from the triangle inequality:
1flloe < [[fNlloc + I1fN = flloo < lfnvlloo + € <00

Hence, L>°(X) is a Banach space. O

Remark 3.1, If X = Nand |1 = # is the counting measures on X, then
fOO(N) = ‘COO(N7P(N)a #) = {(an)n21 € K : sup ’an| <oo <L OO}
neN

Here (>°(N) is the space of bounded sequences. Hence, {P(N) is a Banach space.

4. OPERATORS ON BANACH SPACES

Let X, Y be normed spaces. Linear operators respect the underlying vector space structure of X
and Y. Since X and Y are normed spaces, continuous linear operators form the right class of operators
to study between X and Y. We first define bounded operators between X and Y.

Definition 4.1. Let X an Y be normed spaces A linear operator 7' : X — Y is bounded if there
exists a finite constant C' > 0 such that

[Tzlly < Cll]lx
forall z € X. The operator norm, ||T'||, is defined as
|T|| = inf{C : |Tz|y < C||z|x forallz € X}
Remark 4.2. In what follows, we will write a norm || - || x, || - ||y assimply || - ||.

Surprisingly, it turns out that continuous operators between X and Y and bounded operators (to
be defined below) between X and Y define the same class of operators.
We now provide alternative characterizations of the operator norm of a bounded linear operator.

Proposition 4.3. Let X and Y be normed spaces and let T : X — Y be a linear operator. The
following are equivalent:

(1) T is bounded
(2) T is continuous
(3) T is continuous at some point vog € X

Proof. The implication (1) = (2) follows from the observation that
[Tz — Tol| = IT (2 — zo)|| < [IT|[l — ol
and the implication (2) = (3) is trivial. To prove implication (3) = (1), suppose that T" is continu-
ous at z(. Then there exists a § > 0 such that
lzo —yll <& = |[Two - Tyll <1

Since every € X with ||z]| < 4 is of the form z = x — y with ||zg — y|| < 0 (takey = z9 — z)
and T is linear, it follows that ||z|| < ¢ implies || Tz|| < 1. By scalar homogeneity and the linearity
of T', we may scale both sides with a factor §, and obtain that ||z|| < 1 implies || Tz| < 1/J. Hence,
T isbounded and || T'|| < 1/4. O
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Remark 4.4. If X is a finite-dimensional Banach space, then any linear operator T' : X — X is
automatically continuous. This is no longer true for infinite-dimensional Banach (or Hilbert) spaces. An
example is given by the unbounded operator % on C1[0,1].

Proposition 4.5. Let X an'Y be normed spaces and letT : X —'Y be a bounded operator. Then:
) = sup bl = sup 172 = sup (Tl = sup |71
o Mzl jay<a Jal|=1 lefi<1

Proof. Foreachx € X
|T=||

|Tz| < sup [E4]
lelo Nl
Therefore
||ocH7$O |||

Let C' > Osuch that | Tz| < C|jz| forallz € X. Then || Tz| < C foreachz € X such that
|z]| < 1. Hence, supyj, <1 [|7z]| < C. Moreover if C' > 0 in the definition of || 7|, then

|7zl Clizll _
el =l
for each z # 0. Hence
HT [
< [T
o [l
Clearly,
Tx
sup [72]] < st ] < sup hl < s ()
Jlz]|=1 )< [ | Y
The last inequality follows from the observation that H”;‘E‘” = <H33||> for each © # 0. This proves
that
Tx
17 = sup L2 = sup (170 = sup 7]
w20 12l jz<a el =1
Note that
sup || Tz| < sup [Tzl
llefl<1 el <1
If ||| = 1, then thereisasequence (5, )n>1 such that ||z, || < 1and 2, — . Since T is continuous

(see Proposition 4.3), we have T'x,, — T'x. This implies that

sup || Tz| < sup [Tz
llzll<1 llzll<1

Hence,

IT]| = sup [Tz
Jell<1

This completes the proof. U
Remark 4.6. Here is a cute observation:
sup{||Tz| : ||z <7} = r|T]
Indeed, let x* such that ||| < Land |T|| = ||T(x*)||. 1t is clear that
sup{[|Tz| : [[z]| <7} = [T (rz")|| = r|T ()| = || T
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Remark 4.7. If X isa Banach space, then operators in B8( X)) satisfy the following additional property:
forallT,S € HB(X), the inequality

[T oS < T - [I5]]
holds. This can be easily verified. This shows that (X ) is, in fact, a Banach algebra.

The set of all bounded operators from X to Y is a vector space in a natural way with respect to
pointwise scalar multiplication and addition. This vector space will be denoted by (X, Y"). In fact,
it is a Banach space.

Proposition 4.8. Let X andY be normed spaces. If' Y is a Banach space, then (X ,Y) is a Banach
space.

Proof: Forall T,T" € B(X,Y). We show that
1T+ T < T + 177
Forall z € X, the triangle inequality gives
(T + Tzl < [Tz + 1Tz < (7] + [T" D=,

and the result follows by taking the supremum over all z € X with ||| < 1. Similarly, ||cT'|| =
lc|||T'|| for ¢ € K. Noting that [|T'| = 0 implies 7' = 0, it follows that 7' +— ||T|| is 2 norm
on #(X,Y) and A(X,Y) is a normed space. We now show that Z(X,Y") is a Banach space. Let
(T})n>1 be a Cauchy sequence in (X, Y). From

[Tnz = Tnl| < |[Tn = Tonll[|2]

we see that (T,2),>1 is a Cauchy sequence in Y for every # € X. Let Tz denote its limit. The
linearity of each of the operators T, implies that the mapping 1" : « + T'x is linear and we have

1Tl = T [ Toz] < Mlal],

where M := limsup,,_, . |7}, || is finite since Cauchy sequences in normed spaces are bounded. This
shows that the linear operator T"is bounded, so itis an element of (X, Y'). Fixe > Oandlet N € N
such that ||T;, — T}, || < eforallm,n > N. Then, form,n > N, from ||T,x — Tz < €|z it
follows, upon letting m — oo, that

[Tz = T|| < ef|2|
This being true forallz € X andn > N, it follows that || 7}, — T'|| < eforalln > N. O

Example 4.9. (Evaluation Operator) Let X be a compact topological space. For each zp € X, we
define the point evaluation map.

B,y O(X) = K
[ f(zo)

Clearly, E,, is a linear map. Moreover, it is a bounded linear map with norm || E,, || = 1. Bounded-
ness with norm || E, || < 1 follows from

| Exo f| = [f(x0)| < sup [f(z)] = [|f]|oo-
zeX

By considering f = 1, the constant-one function on K, it is seen that || E;, || = 1. As an application
of the use of the evaluation map, we claim that

A={feC(X): f(x) > 0forallz € X}

is a closed set. Indeed,

A= ﬂ E;10,00)
rzeX
Hence, A is closed.
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Remark 4.10. The set
B={feCX): f(z)>0frallz € X}
can be shown to be an open set using the definition of the supremum norm.

Example 4.11. (Integration) Let (X, ./, 1) be a measure space. We can define the integration map.
I,:L'(X) =X

fHAf@

Clearly, 1, is a linear map. Moreover, it is a bounded linear map with norm ||, || = 1. Boundedness

with norm ||I,|| < 1 follows from
Jranl< [ is1au=1s1s
X X

By considering non-negative functions it is seen that ||1,,|| = 1.

|qu| =

Example 4.12. We can similarly define an integration operator on C'(X) where X is a topological
space. As an application of the integration operator, we show that a bounded operator need not attain
their norm®. Consider

X ={feco,1]: f(0) =0}
A simple argument shows that X is a closed subspace of C'([0, 1]). Hence, X is a Banach space. Con-
sider the integration map on X:

T: X —-K

fl—)/o () dt

It is easy to check that that T"is bounded with norm | T'|| = 1. If f € X such that || f||oc < 1, thena
simple geometric argument* shows that the graph of | f| is strictly contained in [0, 1] x [0, 1]. Hence,
|Tf| < 1 foreach such f.

Example 4.13. (Integral Operators) Let (X, 1t) be a compact metric space with a finite Borel measure.
Then X x X isa compact metric space with the product metric. Let k(s, t) € C'(X x X) and define,
for f € C(X), the function

T:C0(X)— C(X)
fre <5r—>/Xk:(s,t)f(t) du(t))

Itis easy to see that T'f € C(X) foreach f € C(X). Indeed, given € > 0, choose § > 0 so small
thatd((s, t), (s',t')) < ¢ implies |k(s,t) — k(s',t')| < e. Thend(s, s") < 4 implies

Tf(s) = Tf(s)] < E/X [F ()] dp(t) < ep(X)|[ floo-

Hence, T'is is a linear operator on C'(X). To prove boundedness, we estimate

ITf(s)| < /X [k(s, I f ()] dp(t) < p(X)[|E[oo|.f[[oo-
Taking the supremum over s € X, this results in

1T flloo < p(X)[[Ellooll £ oo-
It follows that T"is bounded and || T'|| < (X)) ||| co-

3This is because in general the unit ball is not a compact set in a Banach space.
4Which can be made rigorous
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Example 4.14. Ifk € L?(K x K, 1 x 1), then the same formula for T yields a bounded operator
T: L*(K,u) — L*(K, u) satisfying | T|| < ||k||2. Indeed, by the Cauchy—Schwarz inequality (to
be proven for Hilbert spaces later on) in and Fubini’s theorem we obtain

/‘/ (000 )| s /k({ks“du )(/ £ Pdut) )dm)

We consider an example of an integral operator called the Volterra integral operator operator. Consider
the integral operator T': L?[0, 1] — L?[0, 1]

1 1 s
750 = [ ket~ [Loo@r@d= [ o sep

Forall f € L?(0, 1), the Cauchy—Schwarzinequality implies that the indefinite integral is well defined
and that

ITf(s)—Tf(s)] <l|s—5|"?|f|la foralls,s € 0,1].

From this, we infer that T'f € C[0, 1]. Hence, the Volterra integral operator is actually an integral
operator from L?[0, 1]) to C[0, 1]. A bound on the norm of the Volterra integral operator is obtained
by applying the bound of the preceding example:

1
T < |k|l2=—=~0.7071...
171 < ikl = 5

5. CONSEQUENCES OF COMPLETENESS

The Open Mapping Theorem, the Closed Graph Theorem, and the Uniform Boundedness Prin-
ciple are three cornerstone results in functional analysis, particularly in the study of continuous linear
operators between Banach spaces. Together, these theorems provide powerful tools for understand-
ing the structure, continuity, and boundedness of such operators. The Uniform Boundedness Princi-
ple ensures that pointwise bounded families of operators are uniformly bounded, the Open Mapping
Theorem guarantees that surjective continuous linear operators between Banach spaces map open sets
to open sets, and the Closed Graph Theorem characterizes the continuity of linear operators in terms
of the closedness of their graphs.

5.1. Uniform Boundedness Principle. The Uniform Boundedness Principle, also known as the Ba-
nach-Steinhaus Theorem, is a fundamental result in functional analysis. It states that for a family of
continuous linear operators, if the operators are pointwise bounded on each vector in the domain
(uniformly over the family), then they are uniformly bounded as operators—meaning the operator
norms are bounded uniformly over the entire family.

Proposition s.. (Uniform Boundedness) Let X be a Banach space and'Y a normed vector space. For
asubset F C B(X —=Y),if

sup ||[Tz|| < oo forallz € X,
TeF

then suppc 7 || A]| < oo.
Proof. For every integer n € N, define the sets
X, = {m € X :sup [|[T(z)] < n}
TeF

Each X, is a closed set, and by assumption, UneN X, = X # &. By the Baire Category Theorem,
since X is a non-empty complete metric space, there exists some m € N such that X, has non-empty
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interior. That is, there exist xg € X, and € > 0 such that B(xg,€) C X, for some ¢ > 0. Let
x € X with ||z|| < 1and T € .%. Then,

IT(2)]| = eI T (z0 + ex) — T(xo) |
“HIT (o + ex) || + 1T (o))
< e Ym+m).

IN

Taking the supremum over all u in the unit ball of X and over all T € F', it follows that

sup || T < 2¢7'm < .
TeF

This completes the proof. O

As an example application, the following result relates separate continuity of linear maps between
Banach spaces to (joint) continuity.

Corollary s.2. Let X, Y, and Z be Banach spaces, and let B : X XY — Z be a separately continunons
bilinear mapping. Then B is jointly continuwons on X X Y.

Proof. Since B(z, -) is continuous for any z € X, there exists some ¢, € (0, 00) such that
1B(z,y)llz < cx
for all y such that ||y|| < 1. Now consider the family of maps
F ={B(,y): X - Z |y € 0By(0,1)}.

Since each B(-,y) is continuous and linear, the Uniform Boundedness Principle (Proposition s.1)
implies there exists some constant M > 0 such that | B(, y)|| < M forally € 0By (0, 1). Hence,
ify # 0, we have

Il = ol | (o 2 )| < b | (2% )| < Mttt

This completes the proof. O
Remark s.3. For nonlinear functions, Corollary 5.2 is not true in general. For example, consider
f:R? SR,
W () #(0,0),

(z,y) = 22+ 9
0, (z,y) = (0,0).

This function is not continuous at (0, 0), despite being separately continuons along certain lines.

5.2. Open Mapping Theorem. The Open Mapping Theorem guarantees that a surjective continu-
ous linear operator between Banach spaces maps open sets to open sets, ensuring a certain topological
“openness” in the image.

Proposition s.4. Let X and Y be Banach spaces, and let T' : X — 'Y be a bounded and surjective
linear operator. Then T is an open map.

Proof. We show that there exists 7 > 0 such that By (0,r) C T(Bx(0,1)). We have X =
U2, Bx(0,n). Since T is surjective,

Ej BXOn).

n=1
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Since Y is complete, by the Baire Category Theorem’, there mustbe someng € Nsuch thatT’ (B x (0, no))
has non-empty interior. This implies that

T(Bx(0,1)) = nlOT(Bx(O,no))

also has non-empty interior. Hence, there exists yo € T'(Bx (0,1)) and € > 0 such that

Yo + By (0,€) € T(Bx(0,1)).
We claim that - -
T(Bx(0,1)) —yo € T(Bx(0,2)). )

Takeany y € T(BX(O, 1)) and sequences (25,)5 1, (20)5%; € X such that Tz, — y < 1,
Tz, — yol.and ||z ||, ||2n]| < 1. Then

y—yo= lim T(z, — z,),
and ||z, — 2zp|| < 2. This proves (*). Combining the two inclusions, we have
BY(Oa E) - T(BX(O7 2)) :

Since T is linear, we also have

By (0,€/2") € T (Bx (0,1/2"71)) (™)

foralln > 1. Take arbitrary y € By (0,€/8). Theny € T(Bx(0,1/4)), so we can find z1 €
Bx (0, 1) such that

€
Iy~ Tl < .

Applying (**) again, there exists 2 € Bx (0, 1/8) such that
€
||y - Txl - Tac2|| < E,

Proceeding inductively, we produce elements x;, € Bx (0, 1/ 2k+1) such that

n
€
Y- ZT(%) < gnt2 (™)
k=1
Now let z, = Y, k. For m < n, we have
v —mll = 0 < 3 el < D g < g
k=m-+1 k=m-+1 k=m-+1

Hence, (2,)n>1 is a Cauchy sequence, and 2z, — 2 for some z € X. We note that

n [e’]
. . 1 1
ol = Jim leall < Jimw D llowll < 3 g = 5

so that z € Bx (0, 1). Now, continuity of T" and (***) imply that 7'(z) = y. Thus, we have proved
that

BY (07 6/8) - T(BX(Ov 1)))
verifying the desired inclusion with = ¢/8. If U C X is open, we want to show that 7'(U) is also
open. Takey € T(U). Theny = Tz withz € U. Since U is open, there exists € > 0 such that
Bx(x,€) C U. We obtain By (0,r¢) C T(Bx(0,¢€)), and therefore

By (y,r€) = By (0,7¢) +y C T(Bx(z,¢)) C T(U).

SSince Y is a Banach space, it is a Baire space — meaning it cannot be written as a countable union of nowhere dense

sets. If every T(B x (0, n)) had empty interior in Y, then each set would be nowhere dense, and the union ¥ =
Us?, T(Bx(0,n)) would contradict the Baire Category Theorem.
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This shows that T'(U ) is open, as required. O

As a corollary of Proposition 5.4, we can prove the Bounded Inverse Theorem, which is a funda-
mental result in functional analysis. It tells us that if a linear operator T' : X — Y between Banach
spaces is both continuous and a bijection, then its inverse 771 Y =5 Xis automatically contin-
uous (bounded) as well. Why is this important? In infinite-dimensional spaces, not every bijection
is continuous. The corollary guarantees continuity of the inverse only under the Banach space set-
ting and boundedness of T'. It is a cornerstone in solving operator equations, PDEs, and inverting
transformations in functional analysis and applied mathematics.

Corollary s.s. (Bounded Inverse Theorem) Let T' : X — Y be a bounded linear bijection between
Banach spaces X and Y. Then T~ is bounded

Proof. By Proposition 5.4, there exists a7 > 0 such that
BY(07 T) - T(BX(O7 1))

For an arbitrary non-zero y € Y, define
r

z:= y.
2[|yll
We have || z|| < r. Hence, there exists z € Bx (0, 1) such that
2
Cem = (),
2[|y|| r

This shows | T~ y|| < 2||y]|, i.e., T~ is bounded with operator norm at most 2/7. O

Corollary 5.6. Let X bea Banach space and let || - ||1 and || - ||2 be norms on X. If there exists a constant
¢ > 0 such that
zll2 < cllz|li  forallz € X,

then there also exists a constant co > 0 such that
lz|li < z]|2 forallz € X.

Proof. Indeed, the identity map I : (X, || - |[1) — (X, || - ||2) is bounded, and it follows from
Corollary 5.5 that its inverse is also bounded. O

5.3. Closed Graph Theorem. The Closed Graph Theorem provides a criterion for continuity: if a
linear operator’s graph is closed in the product space, then the operator itself is continuous.

Proposition s.7. Let X, Y be normed spaces, D a subspace of X, andT" : D — 'Y a linear operator.
The operator T’ is said to be closed if its graph

INT) ={(z,Tz) e X xY :2 € D}
is closed in the normed space X XY equipped with the product norm.

Example 5.8. Let X = C0, 1] be the space of continuous functions on [0, 1] equipped with the
max-norm. Consider the derivative operator defined on the domain

D = {x € C[0,1] : x is differentiable on [0, 1] and 2" € C[0, 1]}.

We show that it is a closed operator. Let (2,)52; C D be a sequence such that z,, — « in C'[0, 1]
and z;, — y in C'[0, 1]. Since the convergence is uniform, we have for every ¢ € [0, 1],

t t t
/ y(r)dr = / nh_}ngo 2 (T)dr = nh_}ngo ), (7)dr = lim (2,,(t) — 2n(0)) = x(t) — (0).
0 0 0

n—oo

This implies that
t
£(t) = 2(0) + / y(r) dr,
0

sox € CH[0,1]and 2’ = .
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Proposition s.9. (Closed Graph Theorem) Let T : X — Y be a linear operator between Banach
spaces. Then T' is bounded if and only if T is closed.

Proof. The forward direction is a general fact in topology. We prove the reverse direction. Since I'(T")
is closed in X x Y, it is a Banach space. Consider the map

P:I(T) - X,
(z,Tx) — x.

Clearly, P is linear and a bijection. Its inverse is given by P~1x = (x, Tx). Moreover, we have
1P, Tz)l| = ||| < [lz]] + | Tz] = [|(z, Tx)]l,

so P is bounded. By the Bounded Inverse Theorem (Corollary s.5), P ~1 js also bounded, meaning
there exists a constant C' > 0 such that forany z € D,

| Tz|| < [P~ || = [Jz]| + |T|| < C|l].
Hence, T is bounded. O

To appreciate Proposition 5.9, note that to verify continuity of amap T : X — Y/, one typically
needs to show that

Tp = = Tr,—y and Tzx=y.

However, in the setting of the Closed Graph Theorem (Proposition s5.9), continuity follows once we
establish the condition

Tp =2 and Tz, >y = Tx=y.

6. FINITE-DIMENSIONAL SPACES

Linear algebra studies finite dimensional vector spaces. We now discuss some basic properties of
finite dimensional vector spaces. In particular, we show that every finite dimensional vector space is a
Banach space. Therefore, linear algebra can be thought of as the study of finite dimensional Banach
spaces. Itis well-known that every finite dimensional vector space admits an inner product. Therefore,
linear algebra can be thought of as the study of finite dimensional Hilbert spaces. Hilbert spaces will
be discussed later on.

Example 6.1. It is well-known that any finite dimensional vector space is isometrically isomorphic
to K" for some n > 1. Moreover, it is a standard fact that any two norms on K" are equivalent.
Therefore, we can think of K™ as being endowed with the norm

n 1/2
lall2 == (Z !%!2)
k=1

With this norm, K" is a Banach space. This follows from the observation that if S,, = {1,--- ,n}
and p = ## is the counting measures on X, then

L2(Sa, P(Su), #) = K"

If X is a finite-dimensional Banach space, then %(.X) can (via a choice of an orthonormal basis) be
identified with M, (K). Finite-dimensional Banach spaces have properties that are not automatically
carried over to infinite-dimensional Banach spaces. We discuss two such properties below:

Proposition 6.2. Every linear operator from a finite-dimensional normed space X into a normed space

Y s bounded.
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Proof. Let (:L'j)‘}:l be a basis for X. If T : X — Y is linear, for z = 3%, ¢;2; we obtain, by the

j=1
Cauchy-Schwarz inequality for K"
d
1Tl = ||S " eT
j=1
d
<D leilliTay)) < Md a2,
j=1
d 2 1/2 . .
where ||z||2 := (ijl |c; ) and M := maxj<,<q ||Tzy|. Since all norms are equivalent on

X, there exists a constant &' > 0 such that ||z ||z < K||z|| forallz € X. Combining this with the
preceding estimate we obtain

1Tl < Mdl/2 o]y < KMdY2z].
This shows that that 7" is bounded with norm at most K M d*/2. O

Proposition 6.3. Let X be a normed space.

(1) (Riesz’s Lemma) If' Y is a proper closed subspace of a normed space X, then for every € > 0 there
exists a norm one vector v € X withd(z,Y) > 1 —e¢

(2) The unit ball of a normed space X is relatively compact if and only if X is finite-dimensional.
Proof. The proof is given below:

1) Fixany zg € X \ Y; such x exists since Y is a proper subspace of X . Fix ¢ > 0 and choose
y prop P
Yo € Y such that

lzo = yoll < (1 + €)d(zo,Y)
The vector (29 — yo)/||xo — yol|| has norm one, and forall y € Y we have

zo—yo | _ [lzo—yo —yll
[zo = yol| lzo — yol|
d(aj‘o,Y)
- (1 + E)d(l‘o, Y)
B 1
o l+e€

It follows that

4 <My> > L
lzo — yol| 1+e

Since (14 €)™ — 1ase | 0, this completes the proof.

(2) Clearly, every bounded subset of a finite-dimensional normed space X is relatively compact.
Conversely, suppose that X is infinite-dimensional and pick an arbitrary norm one vector 1 €
X. Proceeding by induction, suppose that norm one vectors 1, ...,Z, € X have been
chosen such that ||z — 24| > Jforalll < j # k < n. Choose a norm one vector
Tp+1 € X by applying (1) to the proper closed subspace®

Y, = span{z1,...,xn}

and € = § Then ||2,11 — ;|| > £ forall 1 < j < n. The resulting sequence (27, )5>1 is
contained in the closed unit ball of X and satisfies

1
- >
I =l > 5

6 A finite-dimensional subspace of a Banach space is closed.
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forall j # k > 1,50 (,)n>1 has no convergent subsequence. It follows that the closed unit
ball of X is not compact.

This completes the proof. U

Part 2. Hilbert Spaces

Perhaps the most prominent example of a Banach space is the Hilbert space. These spaces serve as
a foundational framework in numerous branches of mathematics and physics, most notably in quan-
tum mechanics and functional analysis.

7. DEFINITIONS & EXAMPLES

We define Hilbert spaces and discuss several important examples. Along the way, we highlight key
features of Hilbert spaces that are absent in general Banach spaces.

Definition 7.1. Let X be a K-vector space. X is an inner product space is there is a map
(,) :HxH—=K

having the following properties:

(1) (Bilinearity): Forz,2’,y € X and A € K

(x+2',y) = (z,y) + (2", y)
(Az,y) = Mz, y)
(2) (Skew-Symmetry): (y, ) = (z,y)
(3) (Positivity): (x,z) > 0forx # Oand (x,x) = Oifand onlyif x = 0.
A simple observation shows that we must have

(T, ANy +9) = Mz, y) + Mz, )

Remark 7.2. If K = R, then the skew-symmetry condition reduces to the usual symmetry condition,
and linearity holds in the second variable.

To equip inner product spaces with the structure of normed vector spaces, the following inequality
is essential.

Theorem 7.3. (Canchy-Schwarz) If X is an inner product space with inner product (-, -), then
(@, ) < (z,2)(y, y)
forall x and y in X. Moreover, equality occurs if and only if x and y are linearly dependent.
Proof. If o € Kand z,y € X, then
0 < (z—ay,z - ay) = (z,2) — oy, z) — alz,y) + [a[*(y,y).
Suppose (y, z) = be'® b # 0,and leta = te= t € R. The above inequality becomes
0 < (x,x) — 2bt + t*(y,y) = ¢ — 2bt + at® = q(t),

where ¢ = (x,x) and a = (y,y). Thus, ¢(t) is a quadratic polynomial in the real variable ¢, and
q(t) > 0 for all t. This implies that the equation ¢(t) = 0 has at most one real solution ¢. From the
quadratic formula, we find that the discriminant is non-positive, i.c., 4h% — 4ac < 0. Hence,

b* —ac = |(z,y)|* — {z,2){y,y) <0
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proving the inequality. It is clear that the equality holds if = and y are linearly dependent. If  and
y are not linearly dependent, then there must be a vector 2 L y and a non-zero scalar a such that
T = ay + 27, in which case

(@,2){y,y) = (a*(y,9) + (2,2) - (v, 9) = a*(y,9)" + (2, 2){y, )
whereas |(z, y)|? = a?(y, y)? so strict inequality holds. O

Corollary 7.4. If X is an inner product space with an inner product (-, -) and if we define

2]l = V{(z,z)
forallx € X, then:

) o+ yll < [zl + llyll forall z, y € X,
(2) ||laz| = |al||z| for o € kand x € X.
(¢) ||z|| = 0 implies z = 0.

Hence, X is in particular a normed space with norm || - ||.
Proof. (2) and (3) are clear. To see (1), note that for z,y € X,
lz +yll* = (= +y, 2 +y)
= [ll® + {y, 2) + (z,y) + Iyl
= ||z[|* + 2 Re((z, ) + [ly|I*
< llzl2lllllyll + Iyl
= (Il + lly ).

The inequality now follows by taking the square root. O

Inner product spaces possess properties that are not shared by every normed vector space, or even by
all Banach spaces. It is these special characteristics that distinguish Hilbert spaces and form the basis
of their rich structure. In particular, we will discuss the parallelogram law and the notion of strict
convexity, which highlight some of these unique features.

Proposition 7.5. Let X be an inner product space.

(1) (Parallelogram Law)If x andy € X, then
2+ yl* + [l =yl = 2(l|=[* + [|ly]|)-

(2) (Strict Convexity) X is strictly convex. That is, For x,y € X such that ||z|| = ||y|| = 1 with
x# yand 0 < X < 1 wehave

(1 =Nz + Myl <1

Proof. The proof is given below:

(1) Forany x and y in X, we have:

lz + yl* = ll2]* + 2 Rez, y) + [ly]*,
lz = yl* = ll2]* — 2Re(z, y) + [ly]*.

Adding the two equations yields the desired result.

7By Gram-Schmidt for finite-dimensional inner product spaces.
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(2) Note that
Mzl + (1= Nyl — [Aa + (1 — Ayl
=Mz + (1= Nllyl? = (2[lel® + (= 2)[lyll? + 21 = A) Re(z, )
== N)lz]* + (1= 2) = (1 = 2)?) [lylI* = 2A(1 = A) Re(z, y)
=A—-)\2
=ML =N ([l2]* + lyl* = 2 Re(z, )
=M1 =) [z —y[? >0
—_—
£0

That is
Az + (1= Nyll* < Alz]]®> + (1 = Mly[I* =1,
Hence, X is strictly convex.

This completes the proof. O

Remark 7.6. If (X, || - ||) is a Banach space, then the associated norm || - || need not satisfy the paral-
lelogram law®. Consider X = C([0,1]) Consider the functions f(x) = 1 — x and g(x) = x. We
have

2 2 2 2
1 = 9lle + 1 + 9l = 1T =225 + [ =1+ 1 =2

but

2 2 2 2

201 715% + ll9ll5e) = 21t = 5, + 2[5 =2+ 2 = 4
Similarly, a Banach space need not be strictly convex. Consider X = I1(R) and consider
:1::(170707"'7) y:(071707"'7)
Then ||z|1 = ||yll1 = 1 but foreach 0 < X < 1, we have
I =z + Ayl = [[(1 = A A0, )l =1
We are now in a position to define Hilbert spaces.

Definition 7.7. A Hilbert space, H, is a Banach space together with an inner product (-, -).

Thus, Hilbert spaces are special Banach spaces endowed with an inner product that induces their
norm. We now examine examples of Hilbert spaces, many of which arise from Banach spaces consid-
ered previously.

Example 7.8. (Sketch) We briefly discuss a list of examples of Hilbert spaces. We will not verify the
properties in Definition 7.1 which are mostly straightforward.

(r) K™ is a Hilbert space. Indeed, we can define an inner product on K" as:

n
=1

It quite easy to verify that properties in Definition 7.1 are satisfied. It is a standard fact that K"
is a complete normed space under the norm induced by (, ) is complete.
(2) Consider
C2(N) = {(zn)nz1 € K+ [lzfl2 < o0}

Then, ¢?(N) is a Hilbert space. Indeed, we can define an inner product on £?(N) as:

<$a y> = an%

n>1

81n fact, itcan be proved thatanormed vector space is an inner product space if and only if the norm satisfies the parallelogram
law.
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We claim the expression above is finite. Since K™ is an inner product space, Theorem 7.3 implies
that:

M M /2 / M 1/2
n=1 n=1 n=1
o o
) (zw) (zw) <o
n=0 n=0
Letting M — +00, we get:

> i < (irr) (2)"1’”‘2) .

n>1

It quite easy to verify that properties in Definition 7.1 are satisfied.
(3) Let (X, 4, 1) be a measurable space. Then

L}(X) = {f : X — K fismeasurableand || f||2 < oo}

is a Hilbert space. Indeed, we can define an inner product on L?(X) as:

(9) = | fadn < oo
X
The expression above is finite. Indeed, since f, g and f + g belong to L?(X), we have that
|f[?,]g]? and
(f+9)°=F+2fg+7°
Hence, fg is integrable, as required. It quite easy to verify that properties in Definition 7.1 are
satisfied. Hence, L?(X ) is a Hilbert space.

(4) We can generalize Example 7.8(2). Let A be a possibly uncountable set. Let .# = P(A) and
(= # be the counting measure. In this case, recall that

113 = /X i = 3 1)

T€EA

where the summation over a possibly uncountable set can be thought of as’

Z |f(z)> = sup {Z lz;|?: F C A, Fﬁnite}

z€A i€F
It can be checked that

L*(A)={f: A= K:||fll2 < o0}
= {(%‘)ieA : sup {Z lz;|?: F C A, Fﬁnite} < oo}
S
is a Hilbert space. We label this Hilbert space as [?( A).
Remark 7.9. The Cauchy-Schwartz inequality for L* (X)) states that:

[ satul < ([ ar2an) ([ to )" < sl

2One can also use the the concept of nets from general topology to make sense of a sum over a possibly uncountable set. We
shall not delve in these details.

[(f:9)] =
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In particular, applying the Canchy-Schwartz inequality ro | f| and |g|, we bave,
gl < 1 Fll2llgll2

This is a special case Holder’s inequality (proof omitted) which states that

I£glls < 1£1pllgllg
iffelP(X),ge LYX)andl/p+1/q=1
We end this section by defining the notion of bounded linear operators between Hilbert spaces.

Definition 7.10. Let H and K be Hilbert space. A linear operator 7' : H — K is bounded if it is
bounded as a linear operator on the underlying Banach spaces. Moreover, T is an isomorphism if 7 is
a bijective linear map and that

foreachxz,y € H™.

As in the case of Banach spaces, one can make analytic arguments in infinite-dimensional Hilbert
spaces since it is a complete metric space. Here is a sample analytic argument we can make:

Theorem 7.11. Let H be a Hilbert space with an inner product (,) Then (x,y) is jointly continuous as
a function of x and y.

Proof. It suffices to show thatif x,, — x and y,, — y, then (y,, yn) — (2, y). We have
[(Zn, yn) = (@, 9)] < K@n, Yn) — (@0, 9)| + {20, y) — (2, )]
= [(@nsyn = y) | + (20 — 2, 9)]
< lzalllyn =yl + llzn = {llyll-
Since convergent sequences are bounded, the number M := sup,,~{ ||, || is finite, and we find
[(@ns yn) — (@, 9)| < Mllyn — yll + lzn — 2/[|lyl

Both terms on the right-hand side tend to 0 as n — oo. |

8. ORTHOGONALITY, BEST APPROXIMATION & PROJECTIONS

We explore the geometric structure of Hilbert spaces through the notions of orthogonality and
projection. These concepts play a fundamental role in understanding best approximation problems
and the decomposition of elements in Hilbert spaces.

8.1. Orthogonality. The greatest advantage of a Hilbert space is its underlying concept of orthogo-
nality which is induced by its underlying inner product.

Definition 8.1. If H is a Hilbert space and x, y € H, then x and y are orthogonal if (z,y) = 0. We
writex L y.

Here are some consequences of the notion of orthogonality which are similar to notions in classical
Euclidean geometry.

Proposition 8.2. (Pythagorean Theorem)" Let H be a Hilbert space. If x1,- - - , Ty, are pairwise or-
thogonal vectors in H, then

lzg + -+ aal® = e + - + ]

TONote that the condition (z, y) g = (T'x, T'y) k actually implies that T is injective. Moreover, it turns out that T"is an
isomorphism if and only if T is ||Tz||x = ||z||z for each x € H. Moreover, this definition will be sufficient for our
purposes by now because we later on we shall show that T is bijective if and only if T~ Lisa bijective, bounded linear map.
This will be a consequence of the Open Mapping Theorem.

"The proof doesn’t use the completeness of the underlying Hilbert space. It only uses the properties of the inner product.
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Proof. Ifl'l, T9 € H, then

w1 + z2||* = (z1 + 22,21 + x2) = ||21]|* + 2Re(w1, 22) + |22
Since 1 L 9, this implies the result for n = 2. The general case follows by an easy inductive
argument. O
Definition 8.3. The orthogonal complement of a subset A of H is the set

At ={r € H:z Laforallac A}

The orthogonal complement A+ of a subset A is a closed subspace of H. Indeed, it is trivially
checked that AL is a vector space. To prove its closedness, let x,, — x in H with x,, € AL, By
Theorem 7.11, we obtain

(x,a) = nl;n;o<xn,a> = 0.

foralla € A.

Example 8.4. The following are some computations of orthogonal complements:
(1) Let
Y :={f € L*(0,1) : f(t) = 0 foralmostallt € (0,1/2)}
We compute Y. If g € Y+, then

1
| F(t)g(t)dt =0

foreach f € Y. In particular, if f(t) = x(t) for each Borel setin [1/2, 1), then

/Ag(t)dt =0

for each Borel setin [1/2, 1). Hence g(t) = 0 for almostall ¢ € [1/2,1). Conversely, every

such functionisin Y+, Hence, Y * consists of all functions g such that g(¢) = 0 for almost all ¢ €

[1/2,1)}.
(2) Let

1
Y::{feLz(O,l):/ f(t)dt =0}
0
Takeany g € Y. Setg = fol g(t)dt, and take
f@)=9g(x) -7
We have f € Y and so
0={(f,9)={f9) = {£,9) = {f,9-9) =(9-G.9 -9 = llg — 9l5.

Thus g = g, and so g is constant. Thus Y contains all constant functions. The argument
seems a bit artificial, but the conclusion follows naturally once we know that complex expo-
nentials form an orthonormal basis for L2(0, 1).

8.2. Best Approximation. The most important result on orthogonality is certainly the fact that ev-
ery closed subspace Y of a Hilbert space is orthogonally complemented by Y1 For its proof, we
need the the approximation theorem for convex closed sets in Hilbert space, which is of independent
interest.

Proposition 8.s. (Best Approximation) Let C' be a non-empty convex closed subset of H. Then, for all
x € H, there exists a unique c € C that minimizes the distance from x to the points of C'

|z —c| = min |z —yl|.
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Proof. By considering C' — 2 = {¢ — x : ¢ € K} instead of C, it suffices to assume that z = 0. We
how there is a unique vector ¢ in C' such that

llc|]| = inf{||c|| : ¢ € C} :==d.

By definition, there is a sequence {¢;, } in C' such that ||¢, || — d. Proposition 7.5 implies:

Cn — Cm H2 _ llenl® + llem?
2

cn—l—cmH2
B 2 2 '

Since C'is convex, 3 (cn + ¢p,) € K. Hence,

1 2
5o +em] <
If € > 0, choose IV such thatforn > N,

l|e H2<d2—i—i
n 4'

tn—cm|2 1 5 € 5 €
—(2d°+ =) —d*=—.
| genl <3 (4 5 ) - -
Thus, ||¢;, — ¢m|| < €forn,m > N, and {¢, } is a Cauchy sequence. Since H is complete and C'is
closed, thereisa ¢ € C' such that ||c,, — ¢|| — 0. Also, forall ¢,,,

Ifn,m > N, then

d < lef = lle = en + enll < lle = eall + llenll = d.
Thus, ||¢|| = d. To prove that ¢ is unique, suppose ¢ € K such that ||/| = d. By convexity,
2(c+ ) € K. Hence,
1 1 1
< |5 +0)| < 51N+ 3l = d.

So, |3(c’ + ¢)|| = d. Proposition 7.5 implies that:

2 e+ e
2

c+c
2

c—c

2

2
=d>—-d*=0.

Hence,
||C - C/H = 07
implying that ¢ = c. O
Remark 8.6. Proposition 8.5 can fail for Banach spaces. Consider X = [°°(IR) and consider the convex
set.
C={(z,1,0,---,):xz € [-1,1]}
Letx = (0,0, ---) Each element in C has norm 1. Hence,
eC: = mi =C
{c el = min [y [l
If the closed, convex set in Proposition 8.5 is in fact a closed linear subspace of H, more can be said.

Forx € H,let zg € C such that

|z — ol = min |z —yll

We claim that  — 29 € C*. Fix a nonzero ¢ € C. For any A € k we have,

lz = @ol|* < [l = (20 — A)|®
= [|Ac = (z — @o)||?

= \)\\2H0H2 + 2Re(A\c,x — xo) + ||z — x0||2.
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Taking A = — <c’ﬁccﬂ2x 0) , this gives

oz —m) i =)
e ol

which is only possible if (z — z¢, ¢). This shows that  — 29 € C--. Conversely, suppose ¢ € C such
thatz —c € CL.If € C,thenz — ¢ L 2 — ¢ so that
lz =l = (@ =) + (c = P = llo = cl* + lle = * > ||z — c]]*.

Thus
lz = ¢ll = min |z —y|

8.3. Projections. The discussion above allows us to define a projection operator on a closed subspace,
M, in a Hilbert space. This projection operator minimizes the distance from x € H to M.

Proposition 8.7. Let H be a Hilbert space and let M be a closed linear subspace of M. Define a map
M - H—~ M
such that yy (x) is the unique point in M such that x — wyr(x) L M. Then

(1) s is a linear transformation on H,
(2) [lmar (@) <[]l forevery x € H,
(3) 7 = T

(4) kermpy = M+ andranmy = M.

T\ 5 the projection map onto M.

Proof. The proof is given below:
(I) Letxy, 29 € Handal,ag e K. Iff e M, then
((a1z1 + agwe) — (aumar (1) + comar(72)), f) = ar(zr — mar (1), f) + ao(ze — mar(22), f)
=0.
By uniqueness, we have that
vzt + aaxe) = anma(z1) + aomar (22)
(2) Ifz € X, thenz = (x — mar(2)) + 7ar(2), mar () € M,and v — mpr () € M+, Thus
1z]1* = llz = mar(@)|? + llmar ()1 > lwar ().
(3) Ifz € M, then mp/(x) = x. Hence 13, = may.
(4) fmp(w) = O,thenx = o — mp(z) € ML, Conversely, if v € ML, then 0 is the unique
vector in M such that x — 0 = 2 € M. Therefore 7/ (x) = 0. Clearly, ran 7py = M.
This completes the proof. O

Corollary 8.8. Let H be a Hilbert space and let M be a closed subspace of H. Then
() H=MaoM*
(2) (M)t =M
(3) More generally, if M is any subspace of H, then (M*)+ = M.
(4) M isdensein H ifand only if M+ = {0}

Proof. The proof is given below:
(1) Letx € Hand write z asx = mp(x) + (x — mar(x)). We know that mpr(z) € M.
Moreover,

my (@ — () = mar(x) — w3 (x) = mar(e) — war () = 0

Hence z — mpr(x) € M. Itis clear that M N M+ = {0}. Hence, H = M & M.
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(2) Notethat I —yy is an orthogonal projection onto M L. By part (d) of the preceding theorem,
(M*+)+ = ker(I — mp). ButO = (I — mp)x ifand only if ¥ = 7w, Thus (ML) =
ker(I — mp) = immy = M.

(3) Note that (M*)* is a closed subspace containing M. Hence, M C (M=*)+. If C is any
closed subspace of H containing M, we have

MCC «— CtcMt = WhHtcehHt=c

Hence, (M=) is the smallest closed subspace of H containing M. Hence, (M*)+ = M.
(4) Simply note that

M=H <+ {0}=H"=M)"=(M"H")"=M"
This completes the proof. U

9. ORTHORNORMAL SYSTEMS

Just as in the finite-dimensional setting of Euclidean space, every Hilbert space admits a notion of
coordinatization. This is achieved through the use of orthonormal sets, which serve as a foundation
for representing elements in terms of scalar components. Orthonormal systems not only facilitate
the construction of orthogonal projections but also enable the expansion of vectors in terms of basis
elements in infinite-dimensional settings.

Definition 9.1. Let I be a non-empty set. A family (h;);cr in H is called an orthonormal system if

1 ifi=j
hiv hy) = 0y =
< J> J {0 otherwise

An orthonormal system is a maximal orthonormal system if M is the linear span of (h;)icr, then
M = H.Thatis, every x € H can be represented as a convergent series

Tr = chhl

i€l
for suitable coefficients ¢; € k.

Remark 9.2. Recall from Corollary 8.8 that M = H if and only if M+ = {0}. Therefore, an

orthonormal system is a maximal orthonormal system if and only if
(h,hi) =0 foralli € I impliestharh = 0.
Proposition 9.3. Let H be a non-zero Hilbert space. Then H has an maximal orthonormal system.

Proof. (Sketch) This follows by Zorn’s Lemma. Partially order the set of all orthonormal systems in
the nonzero Hilbert space H by set inclusion. By Zorn’s lemma, this set has a maximal element, say
(hi)ier, where I is some index set. Itis clear that this set is an orthonormal set. If there were a nonzero
h € H such that (h, h;) = 0, then after normalizing h to unit length, we obtain a new orthonormal
system (h;)icr U {h} properly containing (h;)ic, contradicting the maximality of (h;);cr. There-
fore, the orthonormal system is a maximal orthonormal system. U

A countable maximal orthonormal setis also called an orthonormal basis. Intuitively, Hilbert spaces
that admit an orthonormal basis are of the form ‘K°°.” We shall make this intuition precise in Corol-
lary 9.6. Orthonormal sets are quite tractable since they have a number of simple properties. All of
these properties fundamentally arise from the ability to define projection operators onto subspaces
determined by finite subsets of an orthonormal system. By employing such projections, one can sys-
tematically construct elements of the Hilbert space H as limits of these finite approximations.

Proposition 9.4. Let H be a Hilbert space and let (hy)pn>1 be an orthonormal sequence in H. Let
(cn)n>1 be a sequence of scalars in K. Then:

(1) X_n>1 Cnha convergesin H if and only if 32, len|? < oo
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(2) (Bessel’s Inequality) For x € H,
Iz]1* > (@, b
n>1
(3) Let M be the closed linear span of (hy)n>1. Then for each x € H
m(@) =Y (@, hn)ha,
n>1
(4) (Parseval’s Identity) If (hy)n>1 is an orthonormal basis, then
o2 = 3 I ha)
n>1
Proof. The proof is given below:

(1) If )", <1 cnhy, convergesin H, say to x, then z = limpy o0 2711\721 cnhy, in H and therefore

N N
00 > [lall? = Jim S [lhal? = Jim 3 fleal® =S feal
oon:l OOn:l

n>1

Conversely, suppose that » _, ~; |cn| < 0. Then

N M 2 1 N 2 | X
lim — E ch—E cnh = lim = g cnh = lim = E enl? = 0.
M,N—oco 9 e i M,N—oco 9 o M,N—co 9 | n’
N>M n=1 n=1 N>M n=M+1 N>M n=M+1

It follows that ZnZl ¢nhy, is Cauchy, and hence convergent.
(2) Letxy, =x— ) j_; (2, hg)e. Then hy, L e for1 < k < n. By the Pythagorean Theorem
(Proposition 8.2),

0o > |la|® = llzal® + Y [, i) P < D [ hi) P < D I o) ?
k=1 k=1

n>1
(3) By (1)and (2),

> (@, )

n>1

is finite and well-defined. Call this expression 7z (). We have

N M
(@ = mu) ) = tim (2= 3 D (o) )
’ n=1 m=1

M N
= lim (x, hm)<x — Z(x,hn>hn,hm> = lim 0=0

N,M—oc0 N,M—oc0
m=1 n=1
because
N N
<x =3 b, hm> = (@) <Z<x,hn>hn, hm> — ) — (2P} = 0
n=1 n=1
Hence,

(@) =Y (@, hn)ha

>

3
—
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(4) Assume (hy,)p>1 is an orthonormal basis of H. Let M is the linear span of (hy,)n>1. Then
M = H. Corollary 8.8 implies that M+ = {0}. Therefore,

x—my(x) =0

Hence,

x=my(z) = Z(m, hn)hny

n>1
The claim now follows from this observation.

This completes the proof. O

Using Proposition 9.4, we can now establish two key results. First, a Hilbert space is separable if and
only if it admits a countable orthonormal basis. Second, this allows us to conclude that every separable
Hilbert space is isometrically isomorphic to £2(N).

Proposition 9.5. A Hilbert space, H, bas an orthonormal basis if and only if it is separable.

Proof. Assume H is seperable and let (h;)icr be a maximal orthonormal set for some index set 1. If
h;, hj are elements in the maximal orthonormal set, then

lhi = hyll3 = hll3 + lI;]13 = 2
Hence ¢’ = {B(hi; 1/v/2) }ier is a collection of pairwise disjoint open balls in H. Since H is separa-

ble, the collection ¥ must be a countable collection. Hence, the maximal orthonormal set is in fact an
orthonormal basis. Conversely, if H has an orthonormal basis then its linear span is dense in H and is
generated by countably many elements. This is sufficient to conclude that H is seperable. O

Corollary 9.6. Every non-zero separable Hilbert space, H, is isomorphic to ¢2(N). In this case, we say
that dim = |N| = 00"

Proof. Let H be a non-zero separable Hilbert space with orthonormal basis (hy,)p>1. Let T : H —
(%(N) be defined for each = € H by:

T(z) = ((hn, 7)) 51

By Bessel’s inequality in Proposition 9.4, we have:

1213 = [I(zn, I3 = D [(hn, 2)?] < Jl2]|? < 00

n>1

Hence, T is well-defined. It is clear that 7" is a linear operator. Moreover, we have that

<$,y>H = <Z<hn7x>hna <hmay>hm>

n>1 m>1

= Z Z <hn’ $>m<€n, €m>

for each z,y € H. Hence, T is inner-product preserving. Lastly, we show that 71" is surjective. Let
(5 )n>1 and consider
T = g Tnhn
n>1

This statement justifies the intuition that every Hilbert spaces that admit an orthonormal basis is of the form ”k°°.”
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Note that x converges by Proposition 9.4(a) and we have
|23 = |zal* < o0
n>1

We see that:

7(0) = (ensoDzs = | (en S anen ) | = Gullnll)o = )

n>1

So T'is surjective. Hence, 1" is an isomorphism. O

Note that every non-zero Hilbert space is not a separable space. Consider the Hilbert space:

*(R) = {(%‘)ieR :sup {Z lz;|*: F CR, Fﬁnite} < oo}

1€F
The functions f, defined by

1 ifr=y
fy(w)_{() else

are an uncountable set of elements with distance /2, hence I2(R) is not separable. More generally, we
have the following generalization of Corollary 9.6.

Proposition 9.7. Let H be a non-zero Hilbert space.
(1) H is isomorphic to 1?(A) for some possibly uncountable set A. We say that dim = | A|.
(2) 12(A) and 1?(B) are isomorphic if and only if | A| = | B|. Hence, two Hilbert spaces are isomor-
phic if and only if they have the same dimension.
Proof. The proof is given below:

(1) (Sketch) By Proposition 9.3, there is a maximal orthonormal system {hq } o 4. Choose A to
be the index set. Fix x € H. By Remark 9.2, x can be represented as

T = Z Ccahe
a€A

for ¢, € K. In fact, ¢, = (2, hqa). We claim that the number of terms in the summation
above are at most countable. Consider the set

&={acA:(m,ha)#0} = J{a € A:|(x,ha)| = 1/n} = | ] &,

Assume &), is an infinite set. Pick a countably infinite sequence (3;)i>1 in &,. Fixany N € N.

Then:
N N
T = (m - Z(x’ h6i>h,8i> + Z(xa hﬁi)hﬁi
n=1

n=1
is an orthogonal decomposition. Therefore,

N 2 N 2
2] = ||z =) (2, hg,)hg, Z x, hg,)hg,
=1 =1
N 2
> (wvhﬁi)hﬁi
n=1

SEE

N
= Z ‘($7hﬁi)|2 = Z
i=1

=1
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Letting N — 00 yields a contradiction since ||z|| < co. Hence, each &, is at most finite
implying that & is at most countable. Let {c;, } be an enumeration of the o € A for which
(x,en) # 0. We have

|z =

N 2
Z , hay )han, +ZH Z, han)H2
n=1 n=1

Based on Remark 9.2, we have

N 2
l]* = i — > (@ hayha, | + Jim ZII 2 ha)I? =D (s ha,) |
n=1 n>1

Let T : H — I?(A) be defined for each z € H by:

T(z) = ((ha, ) aca

Our discussion above implies that T is well-define since ((hq, Z)) ,c 4 € [*(A) for each fixed
x € H. Asin Corollary 9.6, one can check that 7" is a linear map that preserves the inner
product and 7' is surjective".

(2) This is a straightforward consequence of (1).

This completes the proof. U

10. HILBERT DUAL SPACE

We investigate the dual space of a Hilbert space. Unlike the general setting of Banach spaces, the
presence of an inner product allows for a more concrete and elegant characterization of the dual space
of a Hilbert space. This culminates in the Riesz Representation Theorem, which establishes a natural
isomorphism between a Hilbert space and its dual.

Definition 1o.1. Let H be a Hilbert space over the field K. The (Hilbert) dual space of H, denoted
by H*, is the set of all continuous/bounded linear functionals ¢ : H — K. Thatis,

H* ={¢: H — K| {islinear and bounded} .

The dual space, H*, equipped with the operator norm, is a Banach space. Moreover, the inner prod-
uct structure on /1 enables a more explicit description and a full characterization of H*, as established
by the Riesz Representation Theorem below.

Proposition 10.2. (Riesz Representation Theorem) Let H be a Hilbert space. Then for every continuons
linear functional £ € H*, there exists a unique element h € H such that

Ux) = (h,x) forallx € H.

Moreover, the mapping
H— H*,

is an isometric isomorphism.
Proof. Let{ € H*, where we may assume WLOG that ¢ # 0. Itis clear that ker(¥) is a proper closed
subspace of H: Corollary 8.8 implies that H = ker(¢) & ker(¢)". Let 2 be a non-zero element in
ker(¢)*. Consider the element
(z)z

h:=—"~
122

eH

BWe will have to repeatedly use the observation that the norm of each element in [? (A) is determined by a sum over count-
ably many indices. This argument is similar to what we have given above.
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We now show that ¢ = (h, -). Fixany € H, and define
{(x)

w: =T — —F%.

£(2)
Note that £(w) = 0. Hence, w € ker(¢) and (w, z) = 0 implying that (w, h) = 0. We have

(x,h) = <w + iigz, h>

= tw,n) + ()

0z)7
_E(x)z :@ K(z)zz U
=)= e<z><uz||2’> ).

We now show uniqueness. Suppose £ = (1, -) = (I, ) for some h, i € H. We then have
(oh =Y = (W h— By = (h— W h— 1) = 0= ||h— I| =0
Hence, h = h'. This shows that the map
H— H*,
h— (h,-)

is a bijection. Itis clear that the map is linear. We claim that the map is an isometry as well. By Cauchy-
Schwartz, [|(h, -}|| < ||h]|. But the bound is attained with the input & /|| || O

Remark 10.3. 1t is important to observe that this correspondence is linear if K = R, but conjugate-
linear if K = C. This is a consequence of the conjugate-linearity of inner products with respect to their
second variable.

1I. APPLICATIONS OF DUALITY
In this section, we briefly examine some applications of duality in the context of Hilbert spaces.
.. Hilbert Space Adjoint. The Riesz Representation Theorem (Proposition 10.2) allows us to de-
fine the adjoint of a bounded linear operator on a Hilbert space in a natural and elegant way. This

concept, known as the Hilbert space adjoint, has important applications in spectral theory and quan-
tum mechanics.

Proposition 1.1, Let H and K be Hilbert spaces, and let'T' : H — K be a bounded linear operator.
Then there exists a unique bounded linear operator T : K — H, called the adjoint of T, such that

(Tz,y)x = (&, T y) -
forallx € Handy € K.
Proof. Fixy € K and consider the map:
L,:H—K
x— (Tx,y)

The map L,, defines abounded linear functional on H. By the Riesz Representation Theorem (Propo-
sition 10.2) there exists a unique h € H such that

(Tz,y) = Ly(z) = (h,z).
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Define T*y = h. Itis clear that T is a linear map. To see that it is bounded, observe that
1Tyl = (12|

= sup [(h, 2)p|
Jell=1

< sup [|T2|x - [lylx < sup [T - [l - [lyll = [T} - |yl

z||=1 [|z]|=1

We conclude that 7 is bounded, and that ||7*|| < ||7']|. We now show that T* is unique. Suppose
that S € #(K, H) also satisfies

(Tz,y)k = (2, Sy)H-
forallx € H andy € K Then, for each fixed y € K, we have
forallz € Handy € K. Thisimplies Sy — Ty = Oforally € K. Hence, S = T™, proving
uniqueness. U
Example m.2. We compile a list of some basic examples of adjoint operators on Hilbert spaces.

(1) Consider H = C" with the standard inner product andlet 7" : C"* — C" be the linear map
given by matrix multiplication T’z = Ax for some fixed n X n matrix A. Then the adjoint T
of T'is given by

Tz = A"z, xeC".
where A* is the complex conjugate transpose of A. To see this, observe that

(T'z,y) = (Az,y) = (Ax)"y = 2" A"y = (2, A"y).
(2) Let H = L?[0, 1] and consider the multiplication operator
T, : L*0,1] — L?[0,1],
f—af.

for some fixed function a € C'[0, 1]. Its adjoint is the multiplication operator given by the
conjugate function @, thatis, T); = T5. To see this, observe that

1 7 1 [
(Tuf.g) = /0 a(t) F(1)g(D) dt = /O F(tyalDg(t) dt = (f, Tag).

(3) Let H = ¢?(N). Asin (2), consider the multiplication operator defined by T,z = (a;z;) jen
forz = (z;)jen € (*(N), where a = (a;)jen € £°°(N). The adjoint of T, is the multipli-
cation operator corresponding to the conjugate sequence @, that is, 7, = T5. The argument
isasin (2).

(4) (Shift Operators) Let H = ¢?(N) and consider the right shift operator R on ¢2, given by

R: *(N) — (*(N),

(1‘1,.%‘2,.%’3, .. ) — (O,xl,xg,azg, .. )

Its adjoint is the left shift operator L, given by
L: *(N) — (*(N),
(x1,22,23,...) — (T2, X3, 24, ...).
To see this, observe that for any z,y € 2,
(Rz,y) = (0,21, 2,73, ...), (y1,Y2,Y3, - - -)) = T1y2 + Tays + T3ya + - -,
which can be rewritten as

((z1, 72, 23,...), (Y2, 93, Y4, .. .)) = (v, Ly).



FUNCTIONAL ANALYSIS 35

Thus, the operator R* satisfying (Rz,y) = (z, R*y) forallz,y € (*is R* = L.
We now discuss various properties of the adjoint operator.

Proposition 11.3. Let H, K, L be Hilbert space.
() If T € B(H,K), then (T*)* =T.
2) IfT,S € B(H,K) and o, B € K, then

(aT + BS)* =aT* + BS*.
3) IfT € B(H,K)and S € B(K, L), then
(SoT)" =T"0S".
4) If T € B(H) isinvertible in B(H ), then T™ is invertible in S8(H ) and
(T = (1)
(5) fT €T eB(H), then|T*| = |IT]|

(6) IfT € T € B(H), then | T*T|| = || T|?
(7) T is a closed operator.

Proof. The proof is given below:
(1) Letx € H,y € K. We have that

This shows that T = T**.
(2) Letz € H,y € K. We have that

(T + BS)z,y) i = (x, (aT + BS)*y) ik = (z, @T* + BS*)y) K

This shows that (aT + 3S)* = aT* + BS*.
(3) Letz € H,z € L.

(@,(SoT)z)m = ((SoT)x,2)r
= (5(Tz), 2)1
=(Tx,S"2)k = (x, T"S" )
This shows that (S o T')* = T™ o §*.

(4) Skipped.
(s) Itsuffices to prove that || T'|| < ||7*|. The reverse inequality then follows by invoking (x). For

any z,y € H with [|z|, |ly|| = 1,
(T, y)| = [{z, T"y)[ < [zl - [Tyl = T"y]-
Taking supremum over all unit vectors x, we get

[Tz| = sup [(Tz,y)| = sup [(x,T7y)| < sup [ T"y[| = [T

lyll=1 llyll=1 lyll=1
Taking supremum over all ||z|| = 1, it follows that
T[] < 17

(6) The inequality |T*T|| < ||T'||? is clear from (s5). Let # € H. By the Cauchy-Schwarz in-
equality, we have

| Tz||* = (T2, Ta) = (z, T*Tx) < ||| T*Tz| < |T*T| ||z
We have ||T||? < ||T*T||. Hence, ||T||? = || T*T|.
(7) Skipped.
This completes the proof.
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Remark 1.4, If H is a Hilbert space, then operators in S8( H ) satisfy the following additional proper-
ties: | T o S| < | T\ - |S|| by Remark 4.7, and |T*T|| = ||T||? by Proposition 11.3(6). These facts
imply that B(H ) is, in fact, a C*-algebra.

We now define various types of special operators that play a crucial role in spectral theory and related
areas.

Definition 1r.s. Let H be a Hilbert space. Let T, P,U, V, N € %(H). We say that:

(1) If T' = T, then T is called selfadjoint.

(2) If P = P? = P*, then P is called an orthogonal projection.
(3) fU*U = UU* = Iy, then U is called unitary.

(4) fV*V = Iy, then V is called an isometry.

(s) ENN* = N*N, then N is called normal.

Remark 11.6. A unitary operator U corresponds to a “rotation of the coordinate system,” i.e., it maps an
orthonormal basis to another orthonormal basis.
An isometry V. preserves lengths and inner products because, for v € H, we have

IVz|* = (Va,Va) = (2, V*Va) = (z,2) = |,

and by the polarisation identity, it also preserves inner products. The difference between a unitary opera-
tor and an isometry is that isometries are not necessarily surjective. In the finite-dimensional setting, an
isometry is automatically unitary due to the dimension formula. However, a standard counterexample
in the infinite-dimensional setting is as follows. Let R be the right shift operator. Then R* = L is the
left shift operator which cannot be an isometry because it is not injective. Hence, R is not unitary.

Example 11.7. Let’s discuss some basic examples of adjoint, unitary, and normal operators.
(1) Let T : C™ — C" be the linear map given by matrix multiplication T'x = Axz. Recall that
T*r = A*z. Hence, we have:
(a) T is self-adjoint if the matrix A is self-adjoint, meaning A* = A.
(b) T is unitary if the matrix A is unitary, meaning A* = A~L.
(2) Let T, be the multiplication operator on ¢*(N), defined for some fixed a € ¢°°(N). This
operator is normal, since it follows from T}; = T that
TiT, = TaTy = Tiopp = T
Ty, is unitary if and only if (|a1 ], |az|, |ag|,...) = (1,1,1,...). For instance, T} is unitary if
a=(1,i,—1,—i,...) = (i")52,.
Moreover, Ty, is self-adjoint if and only if @ is real-valued, since then
Tr =T =1T,.
only in this case.
(3) The right shift operator R on ¢?(N) is not normal. For any z € ¢*(N),
R*Rx = LRx = L(0,21,x9, 23, ...) = (21,29, 23,...) = [z,
but
RR*x = RLx = R(x2,x3,24,...) = (0,22, 23,24, ...) # I.
Since R* R # RR*, the operator R is not normal.
We close this subsection by studying some basic linear algebra properties of the kernel and image of
T and its adjoint 7™, and how these results relate to each other.
Proposition 11.8. Let H be a Hilbert space, and let T' € X(H).
(1) ker(T*) = im(T)*
(2) ker(T) = im(T*)*
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(3) kerT' = ker T*T.
(4) m(T) = ker(T*)*
)

(s) im(T*) = ker(T)*

Proof. The proof is given below:
(1) Letx,y € H. We have
Tz =0 < (T*z,)0 < (z,Ty) < z € im(T)*
(2) This follows by (1) and that T = T™*.
(3) The C inclusion is clear. Let x, y € H. We have
(T"T)x =0 < (I"T)z,y) =0 <= (Tz,Ty) =0

Letting = ¥, we have T'x = 0. This proves the reverse inclusion.

(4) This follows from (1) and the fact that (M 1)+ = M for any subspace M of a Hilbert space
(Corollary 8.8) .

(s) This follows by (4) and that T" = T™*.

This completes the proof. O
In light of Proposition 11.8 and the fact that for any closed subspace M of H we have H = M ©®
M+, (Corollary 8.8) it follows that
H =ker T @ ker(T)* = ker T @ im(T*).
Similarly, we have
H = ker T* @ ker(T*)* = ker T* @ im(T).
The last decomposition allows one to check if the range of an operator is dense in the space X by

determining the adjoint operator and its kernel. This can be a very useful strategy in practice, as it is
often more difficult to determine the range of an operator than its kernel.

ir.2. Lax-Milgram Lemma. The Lax-Milgram Lemma is a a powerful and general framework for
proving the existence and uniqueness of solutions to a wide class of linear variational problems. By
leveraging the Riesz Representation Theorem, the Lax-Milgram Lemma connects bounded, coercive
bilinear forms on Hilbert spaces with bounded linear functionals, offering a key tool in the analysis of
partial differential equations and functional analysis.
Definition 11.9. Let H be a Hilbert space. A bilinear form B : H x H — Kis said to be:

(1) Bounded if there exists a constant C' > 0 such that

|B(z,y)| < Cllzfl[[yll forallz,y € H.
(2) Coercive (or elliptic) if there exists a constant ¢ > 0 such that
B(z,z) > c|ul? forallz € H.

Proposition 1r.x0. (Lax-Milgram Lemma) Let H be a Hilbert space, and let B : H x H — K be a
bouncded, coercive bilinear form. Then for every bounded linear functional ¢ € H™, there exists a unique
x € H such that

ly) = B(x,y) forally e H.

Proof. For fixed z € H, the mapy — B(x,y) defines a bounded linear functional on H. By the
Riesz Representation Theorem (Proposition 10.2), there exists a unique element 2, € H such that

B(z,y) = (23,y) forallz € H.
Define the map
T:H—H

T 2y
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It is clear that T is linear and continuous. Thus, im(7T’). is a linear subspace of H. We claim that
im(T") = H. We first show that im(7") is closed. Now, let {y;, } 7 ; be any sequence in H. Then

1
[yn—ym|* < E\B(yn—ym,yn—ym)l =T (Yn—=Ym)s Yn—=Ym)| < 1T Wn)=T Ym) | l|yn—yml
Hence, we have

1
”yn - ymH < EHT@/n) - T(ym)H

Thus, if T'(yn) — yo in H, then {y,, }72 ; is a Cauchy sequence, and hence converges to some yo €
H. By continuity of T', we must have T'(y,) — T'(yo) so necessarily yo = T'(yo). Hence, yo €
im(T"), and we conclude that im(7") is closed. We now show that im(7)* = 0. Lety L im(7T). It
follows that

B(z,y) = (z2,y) = 0= (T(2),y) =0
forallz € H, Hence, B(z, x) = 0. We have

1
J#l? < - |B(a, 2)] = 0.

Hence, x = 0. This shows that im(7") = H. Since im(7T") = H, existence follows from the Riesz
Representation Theorem. Uniqueness of such y follows from the coercivity of B since if

B(z,y) = B(x,y9) foralx € H,
forallz € H, then ||y — yo|| = 0 since B is bounded from below. O

12. WEAK AND STRONG OPERATOR TOPOLOGIES

Let H be a Hilbert space, and let Z8(H ) denote the Banach space of bounded linear operators on
H. There are numerous topologies that can be defined on Z(H). For instance, the norm topology
(SOT) on #(H ) is the topology generated by the operator norm. We discuss some other topologies
below.

Definition 12.1. Let [ be a Hilbert space.

(1) The strong operator topology (SOT) on Z(H ) is the topology generated by a sub-basis con-

sisting of sets of the form
U(T;z5€) :={S € B(H) : |(T - )zl <e},

forT € #B(H),x € Hyand € > 0.
(2) The weak operator topology (WOT) on Z(H ) is the topology generated by a sub-basis con-

sisting of sets of the form
U(T;z,ye) :={S € B(H) : [{(T — S)z,y)| < e},
forT € B(H),x,y € Hyand e > 0.

It is much more important to understand what it means for a net to converge in these topologies.
Let (T3)ier € A(H)beanetandlet T € H(H). We have the following statements that can be
easily checked:

(1) (T3)ier converges to x in the strong operator topology (SOT) if
lim |(T —T;)z||=0 Vxe€ H,
1—00

(2) (T3)ier converges to T in the weak operator topology (WOT) if
lim (T - T;)z,y) =0 Va,ye H.
1—00
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Viewing H as a metric space under its norm, we have the following slogan:

Norm convergence <= Uniform Convergence,
Strong convergence <= Pointwise Convergence,

Weak convergence <= Weak Convergence.

Norm convergence implies strong convergence. This is clear. Similarly, strong convergence implies
weak convergence. This is a simple consequence of the Cauchy-Schwartz inequality. Hence, we have
the following ordering of the topologies:

Weak Operator Topology C Strong Operator Topology € Norm Topology.
The inclusions are in general strict. Here are some simple counter-examples:

Example 12.2. Letm be the Lebesgue measure on R. For a measurable subset S C R, define the char-
acteristic function 1g as an operator on L?(R, m) via pointwise multiplication: for f € L*(R,m),
1sf € L*(R, m) is given by

(Lsf)(z) = Ls(x)f(x).
Thisinducesan operator on (L*(RR, m)) given by multiplication by 1. The sequence (1, ) )nen
converges to the identity in the strong operator topology (SOT). Indeed, fix € > 0. Forany f €
L?(R,m), there exists N € N such that

1/2
(/ Fik dm) <e.
R\[-N,N]
Thus, for any n > N, we have

1/2
”(1 - ]1[,717”])]0”2 = </ ’f‘Qdm> <€
R\[—n,n]

Therefore, this sequence of operators SOT-converges to 1. We claim that the sequence doesn’t con-
vergence in the norm topology. Note that 1 — 1_,, ,j = 1{_ e is a projection, so

||]1[—n,n] —1||=1 foralln € N.
The previous examples shows that
Strong Operator Topology C Norm Topology,

in general.

Example 12.3. Consider the right shift operator, R, on #?(N). Form € N, let T,,, := R™. Note that
Ty, is a unitary operator for each m € N. We claim that the sequence (7}, ) e converges to the zero
operator in the weak operator topology (WOT) but does not converge in the strong operator topology
(SOT). Fixz,y € ¢*(N). If P,, denotes the projection operator on the orthogonal complement of
the first 7m components, we have,

(T, )| < (T, Pmy)| < 1 Tnel[[| Pyl < (2] [ By [| =00 O

The last inequality follows because || P, y|| — 0asm — oo. This shows that (T5;,)meny WOT-
converges to zero. However, since 15, is unitary, we have

Tl = 2 = € ().
Thus, the sequence (T}, ) men does not SOT-converge to zero.
The previous examples shows that
Strong Operator Topology C Weak Operator Topology,

in general. We now discuss some basic properties of these topologies:
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Proposition 12.4. Let H be a Hilbert space.

(1) The SOT and WOT topologies are Hausdor(f.
(2) If H is finite-dimensional, then

Weak Operator Topology = Strong Operator Topology = Norm Topology.

(3) Addition and scalar multiplication are jointly continuons in both the SOT and WOT topologies.
(4) If A € B(H), then the maps

T—TA, T— AT

are both WOT and SOT continuous.

(s) The adjoint operation is WOT continuous but not necessarily in the SOT topology.

(6) If (T3)icr is a net of normal operators in SB(H ) convergent to a normal operator T € B(H),
then (T} )ic1 converges to T in the SOT topology.

Proof. The proof is given below:

(1) LetT, S # AB(H). Then thereexistsax € H suchthatT(x) # S(z). If | T(z) — S(x)| :=

€ > 0, we have that
T eU(T;z;¢/2), SeU(S;x;¢/2)

Moreover, U(T; x;€/2)NU(S; z;¢/2) = 0. Ifnot, themif U € U(T; x;¢/2)NU(S; x;€/2),

then we have that
(T =Szl < (T = U)x+ (U -T)z[| <e€/2+¢/2=¢,

which is a contradiction. A similar argument shows that the WOT is Hausdorff.
(2) (Sketch) Assume that H = M,,(C). Let (A;)icr € My, (C)and A € M,,(C). One can show
that

A, — Ainthe WOT topology <= (A,)jr — AjrinRforeachjk=1,--- n.

The latter convergence condition is given by the norm
IAlr = |Ag]
k?j

on M, (C). Since all norms on M, (C) are equivalent, the claim follows.

(3) This is clear.

(4) Suppose that T; — T in the SOT topology. Then T;x — T'x for each x € H. It follows, in
particular, that

T;(Ax) — T(Ax)
foreach z € H. Since each A € HA(H) is continuous, we also have that

AT;(x) — AT (x)

foreach x € H. This proves the claim regarding convergence in the SOT topology. The claim
now readily follows for the WOT topology.
(s) Assume that T; — 7' in the WOT topology. Let z, y € H. Then

(Tiz,y) = (z,Tiy) — (x,Ty) = (T"z,y).

This proves the claim regarding convergence in the SOT topology. Let H = ¢*(N) and let T’
be the right shift operator. Then T}, := (S*)¥ converges to 0 in the strong operator topology
(SOT)as k — oo, but T} = Sk does not.
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(6) Since T and each T; are normal, we have that
(T, T x) = (Tiz, Tiz), (Tz,T"x) = (Tx,Tx)
foreach x € H. We have
1T — T2 = (T2, Tyw) — (T, T'a) — (T2, Trz) + (T2, T*2)

= (Tyx, Tix) — (z, T;T*z) — (I;T"z,z) + (Tx, Tx)
— (Tz,Tz) — (x,TT*z) — (TT*x,x) + (Tz,Tx)
= (Tz,Tz) — (x,T*Tx) — (T"Tx,x) + (Tx,Tx)
=(Tz,Tz) — (Tx,Tx) — (Tx,Tx) + (Tz,Tzx) = 0.

This proves the claim.

This completes the proof. O

Remark 12.5. If H is an infinite-dimensional Hilbert space, then one can check that multiplication is
never continuous in the SOT topology. This implies that the SOT topology, in general, is not metrizable.
The same is true for the WOT topology, but the proof is harder (from what I have been told).

Why should we consider the WOT and SOT topologies on Z(H )? One reason is that, in a weaker
topology (both WOT and SOT topologies are weaker than the norm topology), closed sets are more
likely to be compact. Indeed, we have that the unit ball in Z(H ) is compact in the WOT topology
but not in the norm topology. The proof is an application of the Banach-Alaoglu theorem.
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